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L — M —> moment map ¢;: M — R"

ample line bundle ¢, (M)O ODDOODOOO



L. ogdobogog

[ 0. toric variety

<~
normal algebraic variety of dimg = n with (C*)"-
action having a dense orbit.

toric manifold := 00 0O OO OO O toric variety

0. (g1,---,90) € (C)"

(1) (CH)"~C"

O(z1, .- 20) = (91215, gnn)
000, CH"000b00n0000
(2) (C)" ~CP"

20, 21, - - 5 Zn) ¥ [20, 91215 - - -, GnZn)

[0 (Hirzebruch surface).
v — CP' Hopfline bundle, m 00O

P(y"@®C) CP! bundle over CP!



T = (SH" C (C*)* ~ M : a toric manifold

M/Tt . nO0D000000O0O0

ooocpPt/st=r.

(CPY/T" = (CP/SYH)Y" =2 " (n-cube)

ooo CcCpPY/Tm=n00. O

000 Hirzebruch surface/T* = 00 O

bl <ot

QU0 -"000 -0 - M (M/T"=Q)

OO M OODOO toric orbifold



2. ggooboun
P nO00O000O00OOOMO

f(P):=P00O0D0:0000 (0<i<n-—1)

(fo, f1,---, fae1) O PO 0O f-vector

n—1

(1) 00000 =) (-1)fi+(-1)"=1

(2) Jozn+1

0O0o0o00dgd f-vectorDO0OOOOODOMO

hot"+hit" ' + -+ hy,
=t —1)" 4+ folt — )" e fu

Oo0odogodn
(ho, b1, ..., hy)  h-vector

00000000000hy=1h=fo—n,....

(1) < h, = hy
(2) <= ho < Iy



g-0 [0 (Billera-Lee, Stanley, 1980).

000000 (hy, h,... k) (hg=1)0 O
000000000 PO h-vector

hi = hy—; (Vi). (Dehn-Sommerville eq’s)
ho < hy < - < hyyyy
hivi —hi < (hy — hio) (1 <i<[n/2]—1)



000 @,i0000,

(0 () ()

(a¢>a¢_1>--->aj2j21)DDDDD

(4) (aﬂrl) (Cli—1+1) (ajJrl)

a‘’ = | . + . + et
141 1 741

D00 0Oae=28,+:=4 000

()6
() () () -

HEN



000 («= Billera-Lee)
(= Stanley)
AM (projective toric orbifold) s.t. M/T" = P*.

hi(P) = by (M)
e Poncaré Duality = (1)

e Hard Lefschetz —
Jw € H*(M) s.t.
wU: H" (M) = H"(M) = (2)
o RF:=H*M)/(w): RRFODDOOOOOOOODO
HRERN
dim R* = by; — by 9 = h; — hj_1
Macaulay 0 0 0 = (3)
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OO. 7" 00000 2nd 0 C*0000d0 torus
manifold O OO O [

ooScC'xR)00 7000000

(21,520, Y) = (91215 - -+ s GnZn, Y)

S/T' 0000000000000 00OO
U U000

A
=

SYT: 88T

K:s~loooooood

f-vector, h-vector O O 0O 0O O O

00 K:0000D0OO0000000000000
(fo. f1, f2) = (3,3, 2),
hot> + hit* + hot + hg
=(t—1P+3(t—1)0 +3¢t—-1)+2=¢t"+1
00 O (he, hi, ho, hs) = (1,0,0,1).



00.000000 (ho,hy,. .., k) (hy=1)0 0
SlO000000000n0 KO h-vector

00000000 (= (3))
3 torus manifold M s.t. (M /T) = KO OOO

Indp

HE (M) 25 5 () = 2

l l-

(M) 2% HOpt) =7

Atiyah-Bott-Berline-Vergne formula [ [
w|
Ind = g £ 7
ndz(w) eT(r, M) ©

peMT
(] [ (1),(2)D 00w e H%TL(M)D 0[O
(1) H%(M)D OO0 nOd040dgdg
(2) wl, = e’ (1,M) € H"(pt)

00000 wDOOOD0O0D0OO0OR =0000C0
MT)DODOD0OO

[M*] = x(M) = ZbQi<M) = th'(K)




4. 0ot

M : toric manifold
L—M:T-00000

HWM;L) = S my)t (mi(u) € 2)

u:weight

000 HYM:L)D 00O my(w)000000

. r: oo
L:=(C\{0}))xC/~ — CP.
(20, 21, w) ~ (hzy, hzy, hw) (h € C*)
(20, 21, 20 28] 2 [20,21) (0<k<r)0D0O0

H()((CPl;L) =Cso® Cs1 B --- P Cs,

CP'OOT'O0OO |20, 21] — [20,92] 000000
000000oO0oo0oo



ooy

000 C'x C—C™
0ot
(2, [(2)) <=2 (f(z) €Clz,..., 2))
NN
H(C",C" x C) = Clzi, ..., 2]

Croo T7T-oooog

(21,5 20) = (121, -+ Gnn)
0000
Clz1, ... 20] = @ Czlfl---zz”
b1>0,...,0,>0

Jodootdog



L-MOOOOO3d0O0Ooooon
¢ M — Lie(T)" =R"

. T-000 LO0C00O0
(D, X) =ix0 (X € Lie(T))

L:ample= ¢, (M) 000000

—

HEN

4(O(M)) = dime HO(M; L) = /M e1() td (M)



5. EHRHART U U [

00 (Ehrhart (1956)).
PnUOUOUOUO4dooOoOqU oo
—

#(QP) — anqn + an—lqn_l + e a1q + Q)

1
a, =vol(P), a,_1= §vol(8P), ag =1



000 PO0OOOdample L — M st. (M) = P.

#(P) = dimg HY(M; L) = / et 1) td(M)
M

L~ LT0O0000P ~ qP.

#aP) = [ ey

eCLlLY) — paall) — 1 4 a(L)g+ -+
td(M) = 1+ tdy (M) + tdy(M) + - - - + td,, (M)

)"
Cl( ) _ / 601(L) = VQl(P) (Duistermaat-Heckmann)
M

[
J

td,,(M ) (= Todd genus of M) = 1
M



00 (EhrhartD O 0OO).
#((qP)°) = (=1)"#(=¢P)
Serre duality
H'(M;L)*~ H"'(M:; L* @ N"T'M*)
00000



00 (Pick (1899)). PODOODOOD
—

#(P) = Area(P) + %#(5@) + 1.

Area(P) = 13/2

4(P) =11

#(OP) =T




6. KHOVANSKII-PUKHLIKOV FORMULA

Ehrhart O O
#(P) = #(qP) = vol(P)
Khovanskii-Pukhlikov formula
vol(P) = vol(P(h)) = #(P)

P={ueR"| (u,v) <a;}
h=(hy,....,hy) e RO OO
Ph) ={ueR"| (u,v;) <a;+ h;}

d
hi
td(0/0h) : = H ; _a/ja/am (Todd operator)

1=1

=[]+ a/ah + <a/ah) )

00 (Khovanskii-Pukhlikov (1993)).
td(9/0h) vol(P(h))|, _, = #(P)



(. gogooogoogoot

M : torus manifold
L—M:0O0007T7T-000000C*000000

Riemann-Roch index

RR"(M,L)= > my(u)t" € R(T)

u:weight

00 (Karshon-Tolman, Karshon-Grossberg, M).
mi(u) € Z00000000 &: M — Lie(T)*
HRERERERERERE




