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Abstract

The purpose of this paper is to introduce an enriched presentation,
called a shade quandle presentation, containing informations that can be
used to normalize Alexander type invariants. We also introduce transfor-
mations on shade quandle presentations and show that two shade quandle
presentations of an oriented link are related by the transformations. We
see that the transformations are finer than the strong Tietze transforma-
tions to normalize Alexander type invariants.

1 Introduction

The Alexander polynomial [1] is a well used classical link invariant, and there
are many different ways to compute the polynomial invariant. One of the most
famous ones is the Fox’s method, which is called Fox calculus. The Alexander
polynomial by Fox [5] was defined for a finitely presentable group (for example a
knot group), and it is an invariant of not only classical links but also groups. The
Alexander polynomial was generalized by Lin [12] and Wada [15] who introduced
a twisted Alexander polynomial. In particular, the version defined by Wada
was given for a finitely presentable group with a group representation, and was
obtained by using a similar method as Fox calculus.

We note that the (twisted) Alexander polynomials obtained via Fox calculus
are determined up to multiplication by units. Hence, studies for the normaliza-
tions, i.e., studies for removing this multiplicative ambiguity, were sometimes
seen as important. It is well known that the Conway polynomial [3] is regarded
as a normalization of the Alexander polynomial. A normalization of the twisted
Alexander polynomial of a knot was introduced by Kitayama [11].

A quandle is an algebraic structure introduced by Joyce [10] and Matveev [13],
which satisfies three axioms corresponding to the Reidemeister moves on link
diagrams, where we note that a quandle is a generalization of a group. In [7],
the first and third authors defined a quandle version of Fox calculus. In [§],
a quandle twisted Alexander invariant of a finite presentable quandle with a
quandle representation was defined by using the quandle version of Fox calcu-
lus, where we note that this invariant can be regarded as a generalization of
a twisted Alexander polynomial. The quandle twisted Alexander invariant for
oriented links is normalized in [9] via diagrams.

In this paper, we focus on the Wada’s study given in [15]. He introduced the
strong Tietze transformations which relate two group presentations obtained
from the same link group, where the ordinary Tietze transformations relate two
group presentations of the same group. Thanks to the strong Tietze transfor-
mations, the multiplicative ambiguity of the twisted Alexander polynomials is



decreased somewhat. Besides, the strong Tietze transformations also made a
contribution for Kitayama’s normalization. However, the multiplicative ambi-
guity is not completely removed even if we adopt the strong Tietze transforma-
tions.

The purpose of this paper is to introduce an enriched presentation con-
taining informations that can be used to normalize Alexander type invariants.
Concretely, we introduce a shade quandle presentation and equivalence trans-
formations on the presentations. A shade quandle presentation is an extended
quandle presentation, and the equivalence transformations can be regarded as
the shade quandle version of Tietze transformations. We also introduce how
to obtain a shade quandle presentation from a diagram of an oriented link and
we show that the equivalence classes of shade quandle presentations give an
oriented link invariant (Theorem 3.2). Using a quandle version of Fox calculus
for a shade quandle presentation, we obtain a triple of matrices and show that
such triples give an invariant of shade quandle presentations (Proposition 7.3).
Note that it was shown in [9] that from such triples of matrices, we can ob-
tain Alexander type invariants such as the Alexander polynomial [1], the Con-
way polynomial [3], the twisted Alexander polynomial [12, 15], quandle twisted
Alexander invariants [7, 8, 9], quandle 2-cocycle invariants [2], and so on, and
they are uniquely determined without the multiplicative ambiguity.

This paper is organized as follows. In Section 2, we recall the definitions of
a quandle and a quandle coloring. In Section 3, shade quandle presentations
and transformations on the presentations are introduced. It is also explained
how to obtain a shade quandle presentation from a diagram of an oriented link,
and one of our main results, Theorem 3.2, is mentioned. Section 4 is devoted to
prove Theorem 3.2. Section 5 presents that the equivalence relation on shade
quandle presentations is a finer relation than the strong Tietze transformations.
In Section 6, we give shade quandle presentations for closed braids with a braid
group action and also give an explicit formula of shade quandle presentations
for torus links. In Section 7, we recall the definitions of an Alexander pair
and relation maps and introduce three matrices obtained from a shade quandle
presentation. It is shown that the equivalent shade quandle presentations induce
the equivalent triples of matrices.

2  Quandles

In this section, we recall the definitions of a quandle and a quandle coloring,
which is regarded as a quandle homomorphism from the fundamental quandle
to a quandle.

A quandle [10, 13] is a non-empty set Q@ equipped with a binary operation
<4:Q x Q — @ satisfying the following axioms:

e For any a € Q, a<a = a.
e For any a € @, the map <a : Q — @ defined by <a(z) = z < a is bijective.
e For any a,b,c € Q, (a<b)<c=(a<c)a(b<c).

We denote (<a)” : Q@ — Q by <"a for n € Z. Let (Q1,<1) and (Q2,<2) be
quandles. A quandle homomorphism from Q) to Q2 is defined to be a map
f Q1 — Qo satisfying f(a <y b) = f(a) <2 f(b) for any a,b € Q1. We denote
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Figure 1: Crossings and regions

by Aut(Q) the set of all quandle automorphisms of a quandle (). Then Aut(Q)
forms a group with the composition of maps and acts on @ by ¢ - = ¢(x)
for ¢ € Aut(Q) and = € Q. The inner automorphism group Inn(Q) of Q is a
subgroup of Aut(Q) generated by {<a |a € Q}. We denote by orb(a) the orbit of
a € Q under the action of Inn(Q) on Q. That is, orb(a) = {p(a) | ¢ € Inn(Q)}.
We set Orb(Q) := {orb(z) |z € Q}.

For a quandle (Q,<), a Q-set is a non-empty set Y equipped with a map
<:Y x Q — Y satisfying the following axioms:

e For any a € Q, the map <a : Y — Y defined by <a(y) = y < a is bijective.
e Forany y € Y and a,b € Q, we have (y<a)<b= (y<b)<(a<b).

Here, we note that we use the same symbol < as the binary operation of @ for
the map of a @-set. We denote (<a)™ : Y — Y by <"a for n € Z. The associated
group As(Q) of a quandle @ is a group defined by the presentation:

1

(x(reQ)|ray=y ay (z,y € Q)).

Then As(Q) is a @-set with y <a = ya.

Let L be an oriented link, and let D be a diagram of L in R?. We denote by
C(D) the set of crossings of D. We denote by R(D) the set of complementary
regions of D. We denote by A(D) the set of arcs of D. We denote by SA(D)
the set of curves obtained by removing all crossings from the arcs of D. We call
an element of SA(D) a semi-arc of D. The normal orientation is obtained by
rotating the usual orientation counterclockwise by 7/2 on the diagram. For a
crossing ¢ € C(D), we denote by v, the over-arc of ¢ and denote by u.,w. the
under-arcs of ¢ such that the normal orientation of v. points from u,. to w. (see
the left picture of Figure 1). We denote by r(«) and r’(«) the regions facing a
semi-arc « such that the normal orientation of « points from r(«) to r’(«) (see
the right picture of Figure 1). Let @ be a quandle, and let ¥ be a Q-set. A
Q-coloring of D is a map C : A(D) — Q satisfying the condition

Cue) < C(ve) = Clwe)

for each crossing ¢ € C(D). We denote by Colg(D) the set of Q-colorings of D.
A Qy-coloring Cy of D is an extension of a -coloring C' of D that assigns an
element of Y to each region of D satisfying the condition

Cy (r(a)) aC(@) = Cy (r'(a))

for each semi-arc o € SA(D), where & is the arc from which the semi-arc «
originates. We note that the colors of the regions are determined by those of
the arcs and one region.



Let D be a diagram of an oriented link L. We denote by Fqna(S) the free
quandle on a set S. For R C Fgud(S) X Fqnd(S), we denote by Nqnd(R) the
minimal quandle congruence relation including R. We then have a quandle
(S|R) = Fqnd(S)/Nagnd(R). We often write a = b for (a,b) € R. We set
—(a,b) := (b,a) for (a,b) € R. We define r. € Fqna(A(D)) X Fqna(A(D)) to be
the relation w. = u.<v, for a positive crossing ¢ and the relation u, = we <" v,
for a negative crossing c¢. We then have a presentation of the fundamental
quandle Q(L) with respect to the diagram of L:

Q(L) = (A(D) [{re | c € C(D)}).

A quandle representation p of Q(L) to @Q is a quandle homomorphism p : Q(L) —
Q. From the presentation of Q(L), a Q-coloring C' of D can be regarded as a
quandle representation of Q(L) to Q). We then often use p instead of C. For a
quandle representation p : Q(L) — @, we denote by p the Qa4(g)-coloring of D
that is the extension of the Q-coloring p satisfying p(rout) = 1, where 7oyt is the
outermost region of the link diagram D. For further details, we refer the reader
to [4, 10].

3 Shade quandle presentations

In this section, we introduce the notion of a shade quandle presentation and
transformations on the presentations and explain how to obtain a shade quandle
presentation from a diagram of an oriented link.

We call the form

(X1, e T ] 71y e e o YLy e v oy Yn)

a shade quandle presentation, where S = {x1,...,z,}isaset, R = {r1,...,rm} C
Fqnd(S) X Fqnd(S), y1,---,ym € Z[As((S|R))] and pu : Orb((S|R)) — Z is a
map. Putting u; := p(orb(z;)), we also write it as

<m1a"'7l‘n;,u'17"'7,u’n|T17---ar7n;y15""ym>'
For a map p : Orb((S| R)) — Z, we define the map p|q,=p : Orb((S|R)) — Z
by
P if O = orb(a),
iz (0) = ()
1(O)  otherwise.

We then define transformations on shade quandle presentations:

(S1) (@1, s @iyee oy Ty oo T | Ty They ey Tl ey T
ylv"'vykv"'vyla"'vym>
ST, T T T ] T T TRy e T
YlseoosYlyevosYkye v s Ym)s

(82) <$§M‘T17~-~,7"i7~--;7"j7---77"m§y1a--~7yi»-~-ayj,---7ym>
<—><w;//["7ﬂ17"'7rja'"a_’riw"arm;yl;"'ayj7"'a_yia"'7ym>7

(S3) (x;p|r,c= a1 <°b,a; = az;y, z,w)
“{xsp|r,e=ay <€ bya; = ag;y,z,w—2<°b) (e =-1,0,1),
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Figure 2: Relators on crossings

(S4) (z;p|r,c=a<by,by =ba;y,z,w)
s (mp|rye=a<by, by = by y,z,w+ 24 by — (z24¢) <L by),

(S5) (x;pu|r,c=a<1 by, by = by y, z,w)
o {xyp|r,e=a< by, by = bo;y,z,w— 2+ z<c),

(SG) <$; M‘a:p | ’I", a = b; y7 Z> Ans <x;/~5|a:p+1 |’I", a = b<] a;ya AN a>7

(S7) (1, x| T3y) € (T1, - Ty T3 | T Ty = w3y, 0)
(xn-l-l ¢ FQnd({xla ce 7'1:”})7 w e FQnd({l'h s vxn}))v

where a bold symbol indicates a sequence of the symbols. Two shade quandle
presentations are said to be equivalent (~) if they are related by a finite sequence
of these transformations.

Hereafter, we assume that link diagrams satisfy the condition that every
component has at least one undercrossing. Let L = K; U---UK, be an oriented
r-component link, and let D be a diagram of L. Let D(K;) be the diagram of
K; that is obtained by removing the other components from D. Let ¢q,..., ¢,
be the crossings of D. We denote by z; the arc starting from a crossing c; for
1=1,...,n. Weset u; := uc,, v; := v, w; := we, and r; := r¢,. See Figure 2.
Let K[; be the component of L such that x; is an arc of K;. We define p; € Z
by

rot(D(K[i])) + WI“(D(K[Z-])) +1
B )

i = (31)
where rot(-) stands for the rotation number and wr(-) stands for the writhe.
For an arc o € A(D), we use the same symbol « to represent the semi-arc that
shares an initial point with the arc a. We set

yi = idgr)(r(z;)) € As(Q(L))
for the Q(L)-coloring idgr) : Q(L) — Q(L). We then define

Q(D) = <xla'-~7$n;ﬂl>"'7un|T17---7rn;y17"'7yn>-

Example 3.1. Let D be the diagram of a two-component link as illustrated in
Figure 3. Then, we have

Q(D) = <.’L'17{)32,(E3,$4,.’L'5;3,3,3,370|.’171 =24<422,T2 =21 42X3,T3 = T2 421,

—1 —1 . -1 —1
Ty =a3<9 " Ts,T5 =5 Ta; T2, T3, T1,T5 Ty ).



Figure 3: An oriented link diagram
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Figure 4: Relators on bivalent vertices

Theorem 3.2. Let Dy, Dy be diagrams of an oriented link L. Then we have

Q(D1) ~ Q(D2).

We prove this theorem in the next section.

4 Proof of Theorem 3.2

In this section, we prove Theorem 3.2. First of all, we extend the definition of
Q(D) to oriented link diagrams D with bivalent vertices.

Let L = K1 U---UK, be an oriented r-component link. Let D be a diagram
obtained by adding finite bivalent vertices on a diagram of L. An arc of D is
a piece of a curve such that the end points of the piece are undercrossings or
bivalent vertices. Let c¢q,...,c, be the crossings and bivalent vertices of D. We
denote by x; the arc whose initial point is ¢; and denote by z} the arc whose
terminal point is ¢; for i = 1,...,n. We define r; € Fqnd(A(D)) x Fqnd(A(D)) to
be the relation w; = u; <v; if ¢; is a positive crossing, the relation u; = w; <~ v;
if ¢; is a negative crossing, and the relation z; = a if ¢; is a bivalent vertex. See
Figure 4. We also define y1,...,y, and p in the same way as in the previous
section. We then define

Q(D) = <1’1,-~-75%;#‘7’17--~77”n;y17--~7yn>-

It is easy to see that two oriented link diagrams with bivalent vertices rep-
resent the same link if and only if they are related by a finite sequence of the
moves depicted in Figures 5-13. Then, it is sufficient to show the invariance of
Q(D) for these moves. Each of Figures 5-13 indicates diagrams D, Do (and
Ds) that are identical outside a disk where they are the tangles depicted in
the figure. Let ¢1,...,¢,—1 be crossings and bivalent vertices of Dy, Dy (and



Ds) that stay outside the disk, and let ¢, ¢py1,... be the other crossings and
bivalent vertices of Dy, Dy (and D3) that stay within the disk.

Cn+1 Cn Cn
T & Tn—-1

D1 D2

Tn—1 Tn

Figure 5:

For Figure 5, we have

@(Dl) = (T, Tpyp 1 0| T Tp = Tpg1, Tngl = Tn_1;Y, 2, 2)
~ <$7$n+1;u | T Tp =Tp—-1,Tpt+l1 = xn—l;yazvo>

~ <J¢;M‘T‘,.’En = xn—l;yaz> = Q(DQ)

Tp—1 Tn—1

Cn+1 ‘ ‘ Cn+1
Tn41 — Tp—2

icn lcn

Tn Tn

Tn+1

D1 D2
Figure 6:

For Figure 6, we have

Q(Dy) = (®; | 7y = Ty 1 4 By 1, Tyt = T 2; Y, 2, 2)

~ <wvﬂ | T Ty = Tp-1 <]_1 Tn—2,Tpn+1 = Tn—-2,Y,2,% <1$n> = Q(D2>

Tn—1
: |
‘ Cn+1

Tptl «—6——— Tp—2 <> Tpnil «——o—— Tp—2

Cn+ 1 icn icn

In T
D1 D2
Figure 7:

For Figure 7, we have

Q(Ds) = (x5 11| 7Ty = T 1 ATy 1y Trp) = T3 Y, 2 L1, 2 4 Tn1)

~ <w,ﬂ, ‘ T Tn =Tp—1<9Lp—2,Tpt+1 = Tn-2;Y, 2 Tp41, Z> = Q(Dl)



Tn—1 Tn—1
Cn+41
Cn+1 Tp_o nt
Tn41 < Tp—2 C <
n
Tn—2 C
n
|
T T T,
D, Dy D3
Figure 8:

For Figure 8, we have

Q(D1) = (X, Tpy 15 1| 7, T = Ty 1 < T2, Tpys =

~ <$7$n+1; H | T, Tn

Tn-1,Y,%,2 <]5L'77,72>

71 .
Tp-1<4 " Tp-2,Tpt1 = Tpn-1;Y, %3, 0>

= Q(Ds)

~ <:E;;L | T Tpn = Tp-1 a! xn_g;y,z>

and
Q(D?)) = <$;xn+1;,u | TTn = Tn4+1yTn+l = Tp-—1 <]_1 Tn—-2,Y,%, Z>
~ A, T3 | P T = 1 9 Ty, T = o1 4 T3y, 2, 0)

. _ -1 . — N
~ <.’13,,U,|T,{En =Tp-14 In—27y;z> *Q(D2)
Tn—1 Tn—1 Tn—1
Cn+41 Tp_o Cn+1
Tn41 e Tn—2 c < Tn41
n
Tp—2
Cn Cn
|
Ln L L
D, D, Ds
Figure 9:

For Figure 9, we have
) -1
xnfl,yazvzq xn72>

= Tpt+1 9Tp—2,Tp41 =
Tn-1;Y, %, 0>

Q(D1) = (x, xpq1s |7, 2y
~ (m,xn+1;u|r,zn
~ <$;M | T Tn = Tp-1 <11:n_2;y,z> = Q(DQ)

=Tp—149Tn—2,Tn+1 =

and
@(D3) = <$7xn+l; 1% | T Tn = Tpt1;Tntl = Tpn-1<Tp-2;Y, %, Z>

~ <337.Tn+1;/1, | T Ty =Tp—1<Tp—-2,Tn+1 = Tn-1 <](En72;y7270>

= Q(Ds).

~ <337M ‘ T Tp = Tpn-1<4Tp-2;Y, Z>
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Figure 10:

For Figure 10, we have

Q(Dl) = <:13,17n+1; ,U|xn:p+1 |T7xn =Tp+1,Tn+1 = Tpn-1<LTn4+1:Y,%2, 2 <]xn>
T, Tn+1; H'mn:p ‘ TTp =Tpt1, T+l = Tpn-1,Y,%2, Z>

~
~ <w>$n+1§ ,U/|a:n:p ‘ TTpn =Tp-1,Tn+1 = Tn-1,Y, Z7O>
~

&5 il —p | 720 = T3y, 2) = Q(D2)

and
Q(D3) = (T, Tpi 15 1| T, Tn = T 1, Tyt = Tpo1 4 Tpo13 Y, 2, 2)
= <$7$n+1;u|7',$n = Tn+1,Tn+l = xn—l;y;zvz>
~ <$, Tn+1; 1 | TTn =Tp-1,Tn+1 = Tn-1,Y,%, O>
~ (x| r e = 2013y, 2) = Q(Da).
Tn—1 Tp—2 Tpn—1 Tp—2 Tpn Tn—2
Cn+1 Cn
z
T z
gy R2
Cn+2 < <
Tpyo or
Cn Cn
\ \
T T Tn—1
D1 DQ Dl D2
Figure 11:

For Figure 11, we have

Q(Dl) = <m71'n+1733n+2§ 2 | Ty Ty = Tny2, Tpntl = Tp—1 ITp_2,
Tngo = Tni1 < ' Tp2Y, 2,24 Tp_2,2)
~ <m> Ln41s LTn4+2;5 W | T Ty = Tp42,Tptl = Tp—1ALp—-2,Tn+2 = Tp—1;
Y,2,0,2)
~ T, T 1, Tpg2s | T T = Tpe1, Tpg1 = Tp1 9Tp_2, Tniz = Tp_1;
v,2,0,0)

~ <ZB;LL‘T'71'n = xnfl;yuz> = Q(DZ)



Tn—2 Tp—1 Tn—2 Tp—1 Tn—2 Tp Tn—2 Tp

Cn+1 Cn Cn
R2 Int2 gy
c
n+2 < Cn+2 <
or
Tt _— <
Cn Cn Cn+41
\ A\
T T Tn—1 Tn—1
D, D,y Dy Dy
Figure 12:

For Figure 12, we have

Q(D1) = (@, Tp1, Tna2i 1| P, Ty = Tg2, Tng1 = Tpo1 < ' Ty,
Tp42 = Tni1 Tn_23Y,2,2< " Ty_o,2)

~ <.’I},:L'n+1,ftn+2;,u | Ty = Tp4+2,Tn+l = Tp—1 471 Tp—2,
Tptos = Tn-1;Y, 72,0, 2)

~ AT Tt 1, Tng 2 U] Py T = T 1, Tyl = Tp1 4 Ta,
Tpn4+2 = Tn-1,Y,%, 07 O>

~A{xy | v, =213y, 2) = Q(D2).

Tp—3 Tpn—2 Tn—-1 Tp—3 Tn—-2 Tn—1
Cn+2\ \ Cn
YWQ
R3
Cn4+1 Cn+42
YLJ&
Cn \v \vcn—i-l
Tp Tp41 Tn Tp41
D, Dy
Figure 13:

10



For Figure 13, we have

Q(D1) = (x, pyo;p| 7, Tp = Tpeo <Tp—1,Tpt1 = Tpto < Tp_1,
Tpt2 = T3 <Lp_2;Y,2<Tp_1, (2<92Lp—2) <Tp_1,2 <L Tp_2)
~ A, Tpg 2 | Py Ty = T2 X1, Tyl = (X3 4Tp—2) <Tp_1,
Tpta = Tp3g < Tp-2;Y,2<Tp_1, (2<Tp_2) 4Tp_1,0)
~{xsp|r, e, = Tp_o < Tp—1,Tpt1 = (Xp_3 A Tp_2) <Tp_1;
Y, 2<9Zp—1, (292p_2) 4Tp_1)
~{E | T Ty = Tp—2<Tp_1,Tnt1 = (Tn_3<9Tp_1) <Tp;
Y, (2<9@p_3)dxpn_1,(24Tp_1) <xy)
~ A&y T | Ty Ty = T2 ATp—1, Tpa1 = (T3 <Tp_1) < Tn,
Tpto = T3 <Lp_1;Y, (2<92p_3) <Tp_1, (2 4Tp_1) <Tp,0)
~ Xy T2y | Ty Ty, = T2 ATp—1, Tl = Tt < Ty,

Tnt+2 = Tpn-34Tp—-1;Y, (Z < :I"7L—3) ATp—1, (Z < -Tn—l) 1Tp,2d xn—1>

= Q(Ds).

5 Strong Tietze transformations

In this section, we see that the equivalence relation on shade quandle presen-
tations derived from the transformations (S1)—(S7) is a finer relation than the
equivalence relation on group presentations derived from strong Tietze trans-
formations.

We denote by Fgp(S) the free group on a set S. For R C Fgp(S), we denote
by Nerp(R) the normal subgroup of Fgp(S) generated by R. We then have a
group (S| R) = Fgrp(S)/Narmp(R). The Tietze transformation theorem [14] states
that two finite presentations of a group are related by a finite sequence of the
following transformations:

(TO) (T1y.e s @iyee oy @y, T | T) 3 (T1y e Xy Ty oo, T | 1),
(@71, Tiy ey Ty T > (® T, Ty Tay e T

(T1) (@|7) < (®|r,r) (r € Nop(R)),

(T2) (@ |r) < (@, 2pp1 |7, 201w ") (Tnt1 & Forp(®), w € Forp()),

where a bold symbol indicates a sequence of the symbols. Wada [15] showed
that two Wirtinger presentations of a link are related by a finite sequence of the
following transformations:

(STO) (@1, Tiyee ey Tjyee s T | T) > (T, Ty o Ty e, T | T,

T T, iy Ty T 2 (T 71, Ty Tay o ),

:c|r1,...,7'i,...,rm><—><zc|r1,...,ri_1,...,rm>,
T|T1, iy ) (@ T, wrw T ) (W € Forp(x)),
Ty, Ty ) (71, Ty ) (K F£ 1),

z|r) & (@, g1 [ 720w ) (Tt € For(T), w € Forp()),

11



We write (z|7r) ~gr (&'|r') if they are related by a finite sequence of the
transformations (ST0)—(ST4).
For a relation r = (a,b) € Fqna(x) X Fqnd(x), we set

7:=ab ' € As(Fqnd(T)) = Forp().

1

For example, we have (a<b,c) = b~labc™!. For a sequence of relations r, we

denote by 7 the sequence 71,...,7n.

Proposition 5.1. Let (x;pu|r;y) and (x'; 1/ |r';y') be shade quandle presen-
tations. If (; | v ) ~ (s ' | 77337, then (@ |F) ~sm (2 | 7).

Proof. Tt is sufficient to show the invariance of (x| 7) under the transformations
(S1)-(S7). The invariance under the transformation (S1) follows from (STO).

The invariance under the transformation (S2) follows from (ST1), since we have
—r; =7; '. For the transformation (S3)

(xyp|r,c=a1 <€ bya; = az;y, z,w)
o (xyp|r,e=ay <€ bya; = a9y, z,w— 24 °b),

we have

s
(x| 7, cbCa; 'b%, aray ") AR (x|7,b°cba; ", aray ")

(S£>3) 1

(x|7,b°chb"Cay ,alagl)

(S£>2) (x| 7, cb a5 0%, aray ).
For the transformation (S4)
(T;p|r,c=a<by, by = by, z,w)
x| rye=a<by, by = by, z,w+2< by — (z<¢) 9L by),

we have

(S12)

(x|7,cby a ™ by, biby ) e (x| T a  hyehy Y, biby )

CEY (2|7, a tbreby L, brby L)

A x |7, bicby ta”t biby )

(STl)
(ST3 CC| ,abgc bl 2_1

(x
'
7
& (x| T, abye by ,b1b21>
7
SZY

(ST2)

4 <J)|’T‘Cb a bg,b12

)
x |7, bacby ta”t b1y )
Y

In a similar manner, the invariance under the transformation (S5) follows from
(ST1)—(ST3). For the transformation (S6)

(@5 pla=p |70 = b;y, 2) < (5 ptla=pr1 |70 =b<asy,z<4a),

we have
(x |7, ab™ ") A (x |7, b ta).
The invariance under the transformation (S7) follows from (ST4). O

12



1 1 1+1 n 1 1 t+1 n

0; o

Figure 14: Artin’s genelators

Figure 15: The closure B of

6 Shade quandle presentations for closed braids

In this section, we give shade quandle presentations for closed braids with a braid
group action and also give an explicit formula of shade quandle presentations
for torus links.

Let B,, be the braid group of degree n. It is known that the group B,, has
the following presentation:

<O'1,..-,O'n_1

We call the generators o1, ...,0,-1 Artin’s generator (see Figure 14).
Let S = {x1,...,2,} be a set. The braid group B,, acts on Fqnq(S) from
the left by

0i0j = 005 (|Z—j|>1)
0i0i410; = 0i4+10:0i41 (i=1,...,n—2)

Tit1 (=1,
O = § T; T4 (j=1i+1),

For a braid 8 € B, its closure B is the oriented link depicted in Figure 15. We

then have a presentation of the fundamental quandle Q(f):
(1, oy |21 = Ba1, ..o, Tn = Pay).

We define a shade quandle presentation associated to a braid § € B, as

follow: We set y1 := 1 and y; := x1---x;—1 € As(Q(B)) for i = 2,...,n. Let
u : Orb(Q(5)) — Z be the map defined by (3.1) for a diagram depicted in
Figure 15. We then define

@(6) = <.’I,'1,...,$n;/14|1'1 :ﬂxla"wxn:an;yla"'ayn>-

13
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w h z
] "

Figure 16: w, L l

Figure 17: wew),

Let w be a word of {o1,...,0,-1}. We use the same symbol w to represent
the n-strands braid represented by w. We denote by D,,, the diagram of the
closure of w,, where w, is the diagram obtained by adding bivalent vertices to
w as shown in Figure 16. In a similar manner, we define D, for words w, w’
of {o1,...,0,-1} (see Figure 17). We recall that we extended the definition of
Q(D) to oriented link diagrams D with bivalent vertices in Section 4.

Proposition 6.1. For a braid B € B,,, we have @(Dg.) ~ @(6)

Proof. For words w,w’ of {o1,...,0n-1},1let c1,...,¢cn, ¢}, ..., cl, be the bivalent
vertices that are the initial points of the arcs x1,...,2,, 2}, ..., 2}, in Figure 17,
andlet ¢,11,...,cmand ¢4, ..., ¢, be the crossings of w and w’, respectively.

We denote by x; and ] the arcs starting from ¢; and ¢} for ¢ > n, respectively.
We then set

! / /.
7‘1,...,’r'n,7",7‘1,...,’l“n,’l°,>
)

QDusu ) = 1,y @y 2
( ww.) e s £ yla"'aynayayiw"ay;my,

where y1 := 1 and y} := z} ---2,_,. It is sufficient to show the following claim,

K3
since we have

Q(Dw.) ~ Q(Dw.(ﬂ.)
! /
Jx1, &, |1 =2, =2,
- ! /. ! ! .
Ty T [T = WEL, T = WER YLy ey Yns YLy e -5 YUn
~ Tiye-3Tn, I1 = WT1y...,Tpn = WInp,
! /. ! ! .
Tlyeo oy Ty b | 2] = WT1, ..., T, = W3 YLy - vy Yn, 0,...,0
N<x1""7xn;u|‘rl:wx:l?""‘rn:wxn;ylﬂ"'7yn>
= Q(w).
Claim. Let w be a word of {o1,...,0,-1}. We have

~ TlyeeeyTn,
Q(Dw.wL) ~ < ,

/ /.
AP )

! ! /.
Tlyeo 3T, Ty = WL, ..., Ty = Wy, T,

/ / / bl
yla"'7ynay17"'ay’rL7y

for any word w’ of {o1,...,0n_1}.
We show the claim by induction on the length of the word w. Obviously,

the claim is true for the empty word (). We assume that the claim is true for

14



Figure 18: w,(o;w’)e and w.(o[lw').

words w of length [. We denote the sequence x1,. ..,z by xr. We also denote
the sequence zf,...,z, ., by @’.

We will show the claim for a word wo;. Let ¢, 11 be the crossing corre-
sponding to ;. See the left picture in Figure 18. By the induction hypothesis,
we have

Q(Dw.(mw’).)
" o__ ’_ / _ /
o | Ty 53T, T, T —J)ki,xl—Z‘kl,...,xi_l—$k,£71,$i—$k1+1,
[ Tm, T, | N R o '
“\z'ip Tipq = LisTijio = Lhipor--+1 Ly = Tk, T3
) ’o / /A ! !
Y, oo 5 Yns Yy Y Y15 - - Y51, YT 7yi+1a"'7yn7y
" o__ r_ / _ I
x .13” Tlyeeey T, T = WX, T, = WAL, ..., T;_1 = WL;—1,T; = W41,
" ) / -/ / / _ A /.
~ o Ty =T QTG T o = WEi42, -+, Ty = Wy, T
) o ! 1o 0 ! ’
yl"'"yTL?yi’ylv"'?yi—hyix ayiJrla""ynay

We then have

é(D(woi).w’.)
~ Q(Dw.(mw’).)

" __ ! / _ !
o gl | T T & = W T = WE Ty = W, T = Wi,
) ) / _ . / / _ . ! /.
ri = (Wey) QT Tj Lo = Wiy, .., Ty = Wy, T';

!/

€5 / / ’ ’ I

y17"'aynvoayly'"’yi717yi(wxi)7yi+17'"ayn7y
! / _ A

x T1y0+.3Tn, T3 = WL1,...,T;_1 = WLj—1,T; = WTi41,

ny / _ . !/ !/ _ . ! /.
~ :n/.‘u xi-‘,—l - (wxl) qxi?‘%‘i-}-Q - wxl-‘rz,' .- axn = WTp, T,
’ /

/ / ’ / /
yla"'aynayla--'7yi717yi(wxi)’yi+17'"7yn’y
! / _ A

o Tlyeooy Ty @y = WT1, ..., Th_ | = wWxi_1, T, = WEi41,
) / _ / _ /I /.
~ g [T = (wxy) Q(WTig1), Tjyo = WTit2, ..., L) = WLy, T';
) / / ;oo A
yla"'ay’ruyla'"7yi717yi7yi+1""7yn)y

! !l /.

Xy, |1, e, 2 = (wo) a2, = (Wog) T, T

- I, / ! ! .
LT Yty sYns Yy Yy Y

We will show the claim for a word wo; L Let Cm+1 be the crossing corre-

sponding to o, '. See the right picture in Figure 18. By the induction hypoth-
K3
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esis, we have

Q(Dw.(a;lw’).)

"__ r_ / _
7 Tlyeo oy, T, T 7Ik7‘,+1’x17xk17"'7xi717"'Eki—17
[ Tm, T, R r A ’ ’.
“\ a2 p Ty =T Lig19Tip1 = ThinTiga = Thigor -y Tp = Thy T3
5 I / roor o
ylv"'7yn7yayixi+1vy17"'7yi7yi7yi+27"'7yn7y
" __ r_ / _
7 T1yeeey T, T = WTj41,T7 = WT1,y...,T;_1 = WT;—1,
Ly Ty | ot —1 I WA ) o ’.
Moy T T, T = WT, g = WTigo, .y Ty = Wy, T
)

!0 ! !/ ! /! ! !
y17~"7yn7yixi+1ay17'"7yi7yivyi+21"'7yn7y

We then have

Q(D(wafl).w’.)

Q
rl,...,rn,x”:wxiﬂ,x’l:wxl,...,ngl:w:ri_l,
Ty, 2", |2, = (wxipr) <1 Tiiq,
' p Ti ) = WL, Tj g = WTigo,. .., T, = Wy, T';
y17-"7yna0?ylla"'7y§7yz/"y§+27"'ay':myl
TlyeooyTn, Ty = wxy, ..., 2t = wr; 1,7, = (Wrip1) < Tiyq,
< P = W, Ty = Wiy, ..., Ty, = W, T
Yiseo s Y Ylo e Yo Yis Yigos - Uns Y’
Tlyevns Py &) = WT1, .., Th_ ) = W1, 25
< Tiy) = WTi, Tj g = WLigo,. .., T, = Wy, T';
y17~--7ynay/15"'ayz{7yg+17y£+27"'7y;ayl
<a:n, TlyeonyPp, @) = (wo;l)xh...,x’n = (wail)scn,r’;>
T yla-“aynvyi""vy;wy/ .

(wrip1) <t (way),

~

This completes the proof. O

We denote by |z| the maximum integer less than x, where we remark that
|z| = 2 — 1 for any integer x € Z. For a € @ and w € Fgp(Q), we define a <w
by a<1 = a and

a<dzy = (a<dz)dy (z,y € Ferp(Q))-

We note that a<b™! = a< ' band a<(b<c) = a<(ctbe). As a corollary of
Proposition 6.1, we obtain a shade quandle presentation for an (n, m)-torus link.
We set i := i —n|i/n| for i € Z~o. That is, i + kn =i for any i € {1,...,n}
and k € Z. We denote the sequence z1,...,2, by . We set T := 1 --- x,,.

Corollary 6.2. Let 8 := (01 0p-1)™ € By, where m is a positive integer.
Under the same conditions as Proposition 6.1, we have

T = xmﬂfL(erl)/nl, e, Ty = l,m+n<]$L(m+n)/n7>

yl?""yn

Q(Ba) ~ <w;u

Proof. Tt is sufficient to show that for each i € {1,...,n},
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for any positive integer m. We show the equality by induction on m.
First, for ¢ < n,

(01 s an_l)xi = (01 trr0i—104 " Un—l)xi
= (o1 0i_107)x;
= 01"'0i—1)9€i+1

— (141
= Tiy1 :xmqmt( +1)/’“|,

where we note that 1 +¢=14+1 and [(1+¢)/n|=0. For i = n,

(0—1 N O—n—l)xn = (0’1 e 0‘71_2)(l’n_1 < xn)
= (0'1 s Un_z)l'n_l < (Ul T 0'n—2)xn

= ((o1-0n—3)(Tp_2<9xp_1)) Qxy

X1 <4xg)dx3) ) ATy
(1‘1 <l$1)<1.132)<1l‘3)<1---)<1£n
AT = xmqu(1+n)/n\7

where we note that 1 +n =1and [(1+n)/n|=1.
Next, for ¢ < n, by the induction hypothesis, we have

(01 Op_1)™2; = (01 0p_1)((o7 -~ 0n71)m_13¢i)
= (o1 op1) (@ 4§L(W*1+i)/”|)
= (01 Op1) T < (01 - Jn_l)ft(mflﬂ)/nl
= (01 op1) T A (01 -+ Op_q)®) LM 1H0/7l
= (01 On-1) Ty (T2 2021 45))L(m71+i)/nl
= (oy--- a'n_l)xm71+z_ qglm=1+49)/n| (6.1)

If m — 1+ < n, then we obtain
(6.1) = 27—y g AL/ = g qglmA D/l
If m — 1+ ¢ = n, then we obtain
(6.1) = (z1 a@) @M=L = g qgllm+D/nl,

This completes the proof. O

7 Triples of matrices

We recall the definitions of an Alexander pair and relation maps and introduce
three matrices obtained from a shade quandle presentation. We also recall the
equivalence relation on triples of matrices and show that the equivalent shade
quandle presentations induce the equivalent triples of matrices.

Let @ be a quandle, and let R be a unital ring. The pair f = (f1, f2) of
maps f1, fo : Q X Q — R is an Alexander pair if fi; and fy satisfy the following
conditions:

17



e For any a € Q, fi(a,a) + f2(a,a) = 1.
e For any a,b € Q, fi(a,b) is invertible.
e For any a,b,c € Q,
fila<b,c)fi(a,b) = fi(a<c,bac)fi(a,c),

fila<b,c)fa(a,b) = fala<e,bac)fi(b,c), and
fa(a<b,c) = fi(a<e,b<ac)fa(a,c) + fa(a<e,b<c)fa(b, c).

An f-column relation map feo : @ — R is a map satisfying

fcol(a < b) = fl(aa b)fcol(a) + fQ(a7 b)fcol(b)

for any a,b € Q. Let Y be a Q-set. An f-row relation map frow : Y X Q@ — R
is a map satisfying

frOW(y7a') = frow(beva'Qb)fl(aab)v and
frow(yqavb) = frow(yab) + frow(ydb,aQb)fQ(a7b)

for any a,b € Q and y € Y. For a presentation @ = (x|r), we denote by

pr: Fqnd(x) — @ the canonical projection. The f-derivative % : Fqnd(z) = R
3

is a map satisfying
i

S (aab) = fi(pr(a) pr@));;j(a) T folpr(a), pr(b))(f;j

95

(b), oe; (i) = bij
for any a,b € Fond(), where 4;; is the Kronecker delta. Hereafter, we omit the
canonical projection pr as fi(a,b).

We define 687];((1 =b) = aa—xfj(a) - ;%(b). We extend fiow : Y X Q — R to

frow : Z]Y] x @ — R linearly and define fiow(y,a = b) := frow(y, a).

Definition 7.1. Let Q = (T |ry) = (@1, o s 71, T YLy ey Ymn)
be a shade quandle presentation. Set @ := (xz|r). Let f = (f1,f2) be an
Alexander pair of maps fi,f2 : @ X Q = R, feol : @ = R an f-column rela-
tion map, and frow : As(Q) x @ — R an f-row relation map. For the orbit
decomposition (x1,...,&n |71, ., Tm) = |_|i:1 orb(z;), we set w; := f1(z;, 2;),
pi = p(orb(z;)) and w(p) = wi* ---w!. We then define

B(<$;M|T;y>;frow) = (.frow(yhrl) frow(ymarm) O),
Orr1 Ofry
ale aj;n 0
Al ulriy)i frofo) = | oo e
oz 0Ty
0 e O w(u)_l
fcol(xl)
Cllain|riy)i o) = |
fcol(xn)
0

18



Let R be a unital ring. We denote by R* the group of units of R. We
denote by GL(n; R) the set of n X n invertible matrices over R. We define
P, E;j(r),Ei(u) € GL(n; R) by

P)ij = (617...,61‘_1,6]‘,€i+1,...,6]‘_1761‘,(-3]'4_1,...,6”),
El(T) = (61,...,6j_1,6j —|—7“ei,ej+1,...,en) (’L #]),
Ei(u) = (e1,...,€i_1,u€;,€i11,...,€y)

for r € R and u € R*, where e; is the unit column vector whose components
are all 0, except the ith component that equals 1.

Definition 7.2 ([9]). We write (B, A,C) ~ (B’, A’,C") if they are related by a
finite sequence of the following transformations:

e (B,A,C) <« (BE;j(r)~Y Eij(r)A,C) (r € R),
e (B,A,C)« (B,AE;;(r),E;j(r)~'C) (r € R),
o (B,A,C)  (BEi(u), Ei(u) ' AE;(u), Ej(u)~'C) (u € RX),

.(B,A,C)H((B 0)7(3 (1)>(§>)

We remark that we have

(B,A,C) ~ (BP;Ej(-1), E;j(-=1)P;; A, 0),
(BvAaC) ~ (B>APijEj(_l)ﬂEj(_l)PijC)a
(B,A,C) ~ (BP,;j, P APy, Py, C)

as we see in [9]. Using triples of matrices obtained from link diagrams, we
have Alexander type invariants such as the Alexander polynomial [1], the Con-
way polynomial [3], the twisted Alexander polynomial [12, 15], quandle twisted
Alexander invariants [7, 8, 9], quandle 2-cocycle invariants [2], and so on. The
invariances of Alexander type invariants are verified via the equivalence relations
on triple of matrices. For further details, we refer the reader to [9].

Proposition 7.3. If (x;u|r;y) ~ (x'; 1/ | r';y’), then we have

(B({x; |75 9)5 Frow)s Al | 3 y); f1, f2), C(xs | 73 9)5 Feol)

~ B 1 |5y Frow)s AU 1 175 y")s fu, f2), U s 1 |75 97); Fear))-

Proof. Tt is sufficient to show the equivalence for the transformations (S1)—(S7).
We set

A= A((s | v y); fi, f2), A=A\ 1) | v y')s fus fa)s
B = B({x;pu|r:9); Frow) B =Bt |7 y'); Frow):
C = C(m; 1|5 9); Feol), Ch=C((@ 1 |75 y'); Fea)-
We denote by a; the i-th row vector of A and denote by a;; the (4, j) entry of
Ofr
821
Ofr .
A Weset g = |
ofr
Oz
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For the presentations

(s p | 75Y) = (@1 s Ty ey Ty ey B o Ty e ey Tl e e ey Tl e ey T
Yooy YkyooosYlyeevsYm)s
(@ |5 y) = (@, Ty Ty TR ] T T e TRy e T
Yooy Yly e sYky e osYm)s
we have
(B,A,C) ~ (BPy, P APy, P;;C) = (B', A", C").
For the presentations
(s | my) = (@1, Ty Ty Ty Ty ey T
Yooy Yireo s Yjoeeer Ym)s
(@) | vy) = (@, mp T T =T T
Yty s Yjrevos—Yir ey Ym),

we have

(B,A,C) ~ (BP,;E;(-1),E;(-1)P;A,C) = (B, A", C").

For the presentations

(Tip|riy) = (@p|r.c=a1 < ba1 = az;y,2,w),

(s [r'sy) = (@;splr,c=ag <" b,ar = ag;y, 2,0 — 2 < b),

we have
Ofr
% 0
8f”“n—2 O
(B7 A7 C) = (B7 Bm
s itk
8f(l1 _ af(lg 0
ox ox _1
0 w(p)
Ofr
% 0
o) .n—2
~ (B” fg:c 0
dgc B Oyraz B % 0
ox ox ox
Bfal _ 3f(12 0
ox ox 4
0 w(p)
where
fl(al,b) ifa’:‘:l,
a=+(1 ife =0,
fl(al a1 b, b)il ife = -1,
fQ(alv b)
B=40
—fl(al <1_1 b, b)_lfg(al <l_1 b7 b)

20

ife =1,
ife =0,
ife=-1,

,C) = (B, A,C),



A'=E, 1 ,(a)A and B’ = BE,_1 ,(a)7!.
For the presentations

<$,ILL|7',’y> = <m;u|r,c:a<1b1,b1 :62;y727w>7

(s | v'sy) = (x| r e =a<by, by = bosy, z,w+ 24 by — (z<¢) < L by),

we have
Bf’l”l
oz 0
8,f"’n—2 0
(B,A,C) = (B, Tow .C)
ch _ 8fa _ afbl O
ox Yoz ox
95b1  95bo 0
ox ox 4
0 w(p)
Ofry
0w 0
, Bprn—2 0 P
~ (B, 92 .C) = (B, A',C"),
% _ Bfa _ bez 0
ox S ox
be1 _ beQ 0
ox oz 71
0 w(pe)

where o = f1(a,b1), 8= fa(a,b1), A’ = E,_1,(8)A and B’ = BE,,_1,,(8)"".
For the presentations

(@ip|riy) = (@plr.c=aa by,by = by, 2,w),

(s | y) = (x| rye=a<  bo,by = bysy, 2w — 2+ 2<¢),

we have
8f’l‘1
ox 0
8frn,2 0
(B,A.C) = (B, o 0)
dyc . dyra B O¢by 0
ox Bz ox
95b1  O5bs 0
ox ox _
0 w(p)
Ble
Ox 0
, Bprn_2 0 P
N(B7 oz ,C):(B,A,C),
ch _ 3fa _ 8fb2 O
ox Bz ox
9rbi  O5ba
ox ox 4
0 w (k)

where a = fl(a a ! bl,bl)_l, ﬁ = —fl(a <! bl,bl)_lfg(a <! bl,bl), A =
En—l,n(ﬂ)A and B’ = BEn—l,n(ﬁ)_l-
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For the presentations

(x; |5 y) = (x5 pla=p | 7,0 = b3y, 2),
(@1 |75 y) = (@ plampsr |70 =b<asy, 2 <a),

we have
Ayr
oo
_ o r',,,_ )
(BaA7O)*(Bv % 0 70)
dra A¢b
s o
0 w(pla=p) ™!
Ofr
e 0
~ (B | 2 0 0" = (B A, C"),
0 W(ﬂ‘a=p+1)7l

where a = fi(a,a), A = E,(a)AE,41(a™t), B = BE,(a™!) and ¢’ =
En+1(a)C.
For the presentations

<:12,,U,|’I’,y> = <x1,...,xn;u|r;y>,

(w’;u’lr’;y'> = <$1,--~7115n,17n+1;ﬂ|7°,13n+1 = w;y,O),
we have
Orry
bz 0
B, A = (B : :
( ) 70) ( ] af,r" O 70)
ox
0w
Ofry
% 0 0
: : : C
~ arn
@ oz o o |(5)
0 1 0
0 0 wp!
Ofr
G0
~((B 0),| &= o 0 ,C") = (B,A',C"),
2]
1 o
0 0 wp)!
w wy [C
where O/ = En+171(%) . "En—i-l,n(ngn) <0> -
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