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Program

Friday, 29, September

Reception 13:00-13:15

Opening 13:15-13:20 Junichi HIRUKAWA (Niigata University)

Afternoon Session I (in Japanese) 13:20-16:00

Chair Shimatani, K. Ichiro (The Institute of Statistical Mathematics)

1. 13:20-14:00 JIE& f@=, JXM e, il Jk

O BB R F A T, S RSB E R, S R B E R

Hierarchical clustering and its asymptotic behaviors in multiclass HDLSS settings
2. 14:00-14:40 Bk B, FENL HEZ

GRS NS FeE R 7t R

%kt Tensor Product H%# B DO HEE & 2 OMRIIMEE

3. 14:40-15:20 FEh {548, BIL thE

JCALHEE B RALIRAS, ALiEE 2R R gIEAE

2nd order correction term % f/IMbT 5 0EIRO O - F A N—T = o ZPMSIVERRERFE
4. 15:20-16:00 #hiR £F

RS- NG NS 7 & S R

BERAA T R Ze (Al D IR — R MAEDRR % 720 IO T

i

Coffee Break 16:00-16:30

Afternoon Session II (in Japanese & English) 16:30-17:50

Chair Yuichi Goto (Kyushu University)

5. 16:30-17:10 & /i (Xiaogiang Zeng), iR £F (Yoshihide Kakizawa)

Hokkaido University

Some estimators in the ADCINAR(1) process

6. 17:10-17:50 #1A 25 (Tsutomu T. TAKEUCHI)

At B R FRL T I (Division of Particle and Astrophysical Science, Nagoya Uni-
versity, Japan)

SRR X A ERIE(L O E AL & EAYE (Quantification and Formulation of Galaxy Evolution
by Manifold Learning)



Saturday, 30, September

Morning Session (in Japanese) 9:30-10:50

Chair Yan Liu (Waseda University)

7. 9:30-10:10 5k# B

PRUORY: BB IIIERE

GMANOVA €7 /WZEBT D 7T o 7 RGE 3B 73 51 RI EEHE 7 12

8. 10:10-10:50 HEFx ¥, 1M 5w

MR, JU R

Two step estimations via the Dantzig selector for models of stochastic processes with high-

dimensional parameters
Lunch 10:50-13:20

Afternoon Session I (in English) 13:20-15:20

Chair Kou Fujimori (Shinshu University)

9. 13:20-14:00 S&4#—EF (Shimatani, K. Ichiro)

HEHEERMISERT (The Institute of Statistical Mathematics)

ZEIFE A T A KT D ZARMEFR B O FE R E# (Statistical mathematics of biodiversity indices
for spatial species distribution model)

10. 14:00-14:40 3& Jt5R (Chang Yuan-Tsung), &l {54 (Nobuo Shinozaki)

H E R (Mejiro university), BFERT: (Keio university)

Simultaneous estimation of Poisson means: recent developments and its applications
11. 14:40-15:20 B A (Katsuto Tanaka)

Hitotsubashi University (Emeritus Professor)

Extensions of Darling’s Formula for the Fredholm Determinant

Coffee Break 15:20-15:50



Afternoon Session II (Guest speakers session) 15:50-17:50

Chair Junichi Hirukawa (Niigata University)

12. 15:50-16:30 Liang-Ching Lin

National Cheng Kung University

Authors: Liang-Ching Lin (National Cheng Kung Univ.), Hsiang-Lin Chien (National Cheng
Kung Univ.), Hao Sung (National Cheng Kung Univ.) and Sangyeol Lee (Seoul National Uni-
versity)

Comprehensive interval-valued time series model with application to the S&P 500 index and
PM2.5 level data analysis

13. 16:30-17:10 Nan-Jung Hsu

National Tsing Hua University

Authors: Nan-Jung Hsu (National Tsing-Hua Univ), Hsin-Cheng Huang (Institute of Statistical
Science, Academia Sinica), Ruey S. Tsay ( University of Chicago) and Tzu-Chieh Kao (National
Tsing-Hua Univ.)

Matrix Autoregressive Spatio-Temporal Models

14. 17:10-17:50 Hsin-Cheng Huang

Institute of Statistical Science, Academia Sinica

Authors: Chien-Chung Wang (Colorado State Univ.), Chih-Hao Chang (National Chengchi
Univ.) and Hsin-Cheng Huang (Institute of Statistical Science, Academia Sinica)

Stable p-value Assignment in High-Dimensional Regression via Data Splitting

Conference Dinner 18:30-21:30
WD SR TR BRGNS
(TIka-no-sumi)

6.000 yen

(TEL: 025-242-0510)



Sunday, 1, October

Morning Session (in English) 9:30-12:10

Chair Katsuto Tanaka (Hitotsubashi University)

15. 9:30-10:10 1&/& # 2z (Takayuki Shiohama)

A LR T2 (Department of Data Science, Nanzan University)

Modeling Joint Cylindrical Distributions and Related Markov Processes

16. 10:10-10:50 #&#& #6— (Yuichi Goto)

UMK (Kyushu University)

Authors: Yuichi Goto (Kyushu Univ.), Xuze Zhang (Maryland Univ.), Benjamin Kedem (Mary-
land Univ.) and Shuo Chen (Maryland Univ.)

Test for the existence of the residual spectrum with application to brain functional connectivity
detection

17. 10:50-11:30 Yan Liu

Faculty of Science and Engineering, Waseda University

Prediction-based statistical inference for multiple time series

18. 11:30-12:10 Junichi Hirukawa, Kou Fujimori

Niigata University, Shinshu University

Weak convergence of the partial sum of I(d) process to a fractional Brownian motion in finite

interval representation

Closing 12:10-12:15 Junichi HIRUKAWA (Niigata University)



Hierarchical clustering and its asymptotic behaviors
in multiclass HDLSS settings

Kento Egashira®, Kazuyoshi Yata’, Makoto Aoshima’

“Faculity of Science and Technology, Tokyo University of Science
Institute of Mathematics, University of Tsukuba

Hierarchical clustering is a methodology to group a set of datas by building den-
drogram based on a similarity or a dissimilarity between clusters so that datas in a
cluster are similar in the sense of pre-determined linkage function. In hierarchical
clustering, one can observe a process how a cluster is combined or devided through
dendrogram on graphic. Hierarchical clustering has been approved as useful tool
for analysis of gene expression microarray data. In fact, applications of hierarchical
clustering on gene expression microarray data are given by Eisen et al. [4], Perou
et al. [8], Bhattacharjee et al. [2], among others. A characteristic of datas used in
Eisen et al. [4], Perou et al. [8] and Bhattacharjee et al. [2] is that the number of
variables is much larger than sample size. This type of data represented by gene ex-
pression microarray data is called high-dimension, low-sample-size (HDLSS) data.
Substantial work about clustering has been performed on HDLSS asymptotics in
recent years. For example, Liu et al. [6] proposed a two-way split clustering called
“statistical significance of clustering(SigClust)” especially for HDLSS data. Ahn
et al. [1] proposed a hierarchical divisive clustering and considered its high dimen-
sional asymptotics. Huang et al. [5] developed the SigClust by Liu et al. [6] with soft
thresholding approach. Yata and Aoshima [9] gave consistency properties of sam-
ple principal component scores and applied it to clustering under high dimensional
settings. Nakayama et al. [7] investigated clustering by kernel principal component
analysis for HDLSS data. Borysov et al. [3] studied behaviors of hierarchical clus-
tering under several asymptotic settings from moderate dimension through HDLSS,
nevertheless it is considered that theoretical assumptions are strict for HDLSS data
due to having discussions on several asymptotic settings at once.

Given this background, we focused on HDLSS settings and considered asymp-
totic properties of hierarchical clustering with several linkage functions. This study
explores practical assumptions to indicate the behavior of hierarchical clustering.

In this talk, we theoretically investigated hierarchical clustering when both the
dimension and sample size approach infinity at first. Then, we gave an asymptotic
behavior in boundary cases of thresholds which divide asymptotic behaviors. Finally,
we examined the hierarchical clustering theoretically in multiclass HDLSS context
and reported numerical simulations.
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ZRTEL AN T LZBVT, K VHOREGMIC K > THEHEEMKTT2MERH L, I T, F
WL EBET VLR T A N2 5 AOHEEKE O(n—29/20+d) (¢ = 1), (¢ BHEERR, d 1ZRTE) Dk
B%%F 2%, BATHETIE, Scott(1985) & Hjort(1986) 2L A k'S5 A DK Y D&k E CHki T 5
Frequency Polygon(FP) % d It~ LR L. Z OHEEKEE D O(n=4/4H4), (¢=2) T. LA TLEHRE
T5Z %R U, ARETIE, BEOEMTHW S 45 Tensor Product Spline % % & RIS OH#EE 1@ H U,
Z O 2 B4 5, 2 IXITLDYE TOD Tensor Product Spline ZE#EE & (BB, TPS #E &) I2DW\W T,
YR A (MISE) (25D < HERERGE & na (EMIME 2R3, T DOHT, TPS HixE & THEERE DMER;
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2 Tensor Product Spline ZE#ES
2.1 TPSHEEDHEEE ENAMME

R? EOMERBEEMB f(r,y) S nlOT—2%2 52, AN I L0V OHE o 8l z;, (i =
L...,N), y#ifll y;, (j=1,...,M), €%z « 86 by y 800 by, 4, j HFEDOE Y B ; DEHRE%
Bij=[wi— 5, wit 5] x [y - B,y + ] 295,

BV B, I2BWT, % E 7V Tensor Product Spline ZEEHEE & (LA, TPS #5E:) fi j (z,y) XX DE
DThb;

R a1 a1z ai13 1
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A=1| 2 0 : Bij—1  wij  Bij 1 (1) , (2)
“am 0w/ \ vigr @y v ) \O 5

=72 b\ E;EQJ@%{?R%IL:OL\VC\ Bi,j @qj/‘ﬁf@%étigﬁ Vi,j %ﬁﬁb‘f Uq,5 = I/i7j/7’lh1h2\ T T@{ﬁﬁl&ﬁ
o = fuls ) y TORBES B = fu(-, ) @, y THTORED v.. = fay(-,-) TH 2.

= O Nl

TPS HEE & f(z,y) OWHER 7 MISE(AMISE) (&,

5 1.1125 A} p hi . h2h2 /.
AMISE kit B - 2 15
SE{f(x.9)} nhnhy 5760 (Fee) + 5767 (Fw) + 288 1 () (3)

722U, R(¢) = [ ¢(z,y)*dzdy TH 5,
DL E, B VIEE Y =0 (n~1/%), BuNAMISE i O (n=2/3), (¢ =2) T2t FP L#REFA% T

BB, £, f(x,y) FEBEEREAK DO,

22 TPSH#EED/NS A —FHIREE
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PAEDIE (2 — )" Yy —y) 7, b+ 1> 5125532 3HANET S Z 2T MISE OIURL — MMFAZ T
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?]i,j(%y) =azi (v — 9Ui)2 +a13(y — yj)2 + aga(r —x)(y — yj)
+ a1 (x — ;) + a2y — y;) + anr. (6)
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N 4.0210 1
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EREEZ MRS 2 Z LRSI NIz,
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+
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4 fEim
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2nd order correction term % &/MbT B DEIRD -4 1 /18—
DIV AMIAMREMRETE

TCALHEEBE KALIRRE RS0
e EEE RIlEER BaE

1. p-FAN=V TV RE DL DEIRMIIMRERETE.

ZIRTED Jp X Jo X -+ X Jyy DEIRIZBWT, YU TNY A X n MEESNTVS
LN ET VOGS %%zé TbE, (i, im) BV Gm=1,...,Jm;m =
1,...,M) OBUERE X;, i YU, X* = (Xi11, X102y -y X11ddyys -+ s
Xpgpedy) &80 EL, I M X, =0 THB, THE, X* Ik
Z I A Multk (n,p*) IZW>THMT 5, 72720, K ZAHROLVE, $740D0
LK =TI Jny THY, p* = (P11e1s P1112s -y Pllddags - Pidaecdng) s 0 <
Piving <1, Gm =1, ooy g m= 1, M), S S iy, =1 T
BB, M RFTHEROERMMEOEZNE, H < iy = PGt jar)s G =
Loooodms m=1,...,M) TH%, 272U, P(r,...,jm) = =1 P-(mjm)> (Jm =
1,..., Jm; m = 1, ...,M), Tdh D, %BE?' a.(me) =8 Ay GG (]m = 1, ey

Jm; m = 1, M) %, M HOBRZFE2LOHMETDLE, apy),) = Z;]le
m J .
D i ]mifl-- dn=1 Gregmegaes Um = 1oy Jnyome =1, M)

ThHZ 6%5 H0 EBET 720D ¢-divergence (ZED KiEtE Cp 1%, Cp =
oy M POt ) 6Dy /PGt - ) THEES NS, 22T, ¢(t)
Tt >0 TEHRIN ¢(1) = ¢'(1) = 0,¢"(1) = 1 (Pardo et al. [2]) %7z 3 5N
BTHY, P, ..oim) = Ty Dimjnys Piregns = Xjrjne /1 G = Loy Jins
m=1,.... M), Dmjn) = Xtmjm)/M Gm =1,...;Jm; m =1,..., M) “C3f)%>o
Zografos [4] I& M =2 O & 212 2 OfEHEE R U7z, Sanriok# 5D o
T, HEtER Oy XITART, HHEn=K -XM | J, + M — 1 OB 7 1 RN 16 %
D, ¢(t) & UT, B ¢u(t) = {a(a+ 1)} Ht M —t+a(l —t)},(a #0,-1);=
tlnt+1—¢(a=0);=—Int —1+¢(a=—-1) 2EXE, C4, I, Cressie & Read
IRV IRESNINT = KA N=V 2 2 ATIHED MfiFHE R 12725, Ry 135

B E MG R, R ( ) 1% Pearson X2 #fiEta, R(I/) 1& Cressie & Read [1] uJ:O'C
HWRINZMHRTH S, ¢ LT o%(t) = (t — 1)2/[2{a+t(1 —a)}],a € [0,1] %
L E Rukhin [3] 12X D IRFE S Nzfigh & Q) &5 5. Q(I) I Pearson X? izt &

Thb,

2. 2nd-order correction term.

AR Oy ORIERS HYY O L TOEMDEDH D s IRE—A ¥ b OFHD 78
DIEWR E((Co)*|HS) = BI(E)*) +mG(s)/n+on™), (s=1,2,...) 8EZ%,
ZIT, F, 1% HHE7 ®ﬁ4:ﬁﬁfﬁblfﬁ5ﬁﬁ$£;&<‘:‘iéo Z D, mf§(s) i,
2nd-order correction term LIIN5, H L, m] C(s) Mo E I, = ot
BONMBPEBE n DA ZRIAGI ’i&mt%ié; &ii}‘f%éo #z, mS(s) @
HEFRTLHILIZLST, EOMEFRERDIA ZFHMTIENPEFARNDL ZENTE
B, M RILAERIZET BB M IERERGHE Cy 1ZE— A Y FPEEL VWG E



BHB, U LANS, (Ch)° = oo 1272 BHERIE n ORI L CIHHIZHL 01058
DL, 20, REBYUVTNIA X n 1ZHLT, CpDn~! ODA—KX—FLTOERH
A& CpeBLLE, Cy DAL, CF OAMTIHERITEIIBTVEEEZLND,
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BW7=5E D 2nd-order correction term % mg(s) 95,

3. ZRITNERICE T BZTEMIMREDHZE D 2nd-order correction
term LT 2 EES L UVEH I N IR ERETE.

m§ (B L TROEIZ 5,
EE 1. C; OAAIFHERIMAT, o(t) & 4 MWD THE, oW (1) # ¢ =1 THfET,
Piveis = O(K™Y), (jm =1,...,Jmim=1,...,.M) £T5, TDLE, ¢-XAN—
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R KIZFIT 5 L &, 49" (1) + 3¢W (1) 12 012U T 5,

m§ (s) OFHIEIZBE L CTU T OEMEE 2,
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T, pjrojy = OK™Y), G =1,...,Jmym=1,... . M) &35, ZOLE, 4¢"(1)+
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+O(K®) +O(K*Y(XM_ 1.)?), (s=1,2,...) LiHligh 3,
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IBRINA T A%z LY BIEA — R IVEDKR A IEERICDOWNT
FRET AEHEE R AR A GEREA AIEZE R

JFCHIT F—x (X1, Xn)} ~iid FITHEDWT, f(=F), F, fOZ#EELV. BN
iﬁ’rTz%Tﬁ PEH—HIVE (T2, [T k(t)dt=1, [ tk(t)dt=0, [ t*k(t)dt+#0
RIGET %) ISR LT, 3y IR h & LI RE A — 30U o (s) = k(s/1)/h REAT 5.

FEUERN 73 71— OV E S HEE 7 (Rosenblatt(1956), Parzen(1962))

FEP () =n~t i kn(z — X
i=1
EZENEMD K3 MY L TR 5N B 0 fftiE & (Nadaraya(1964))
FfP(x / P (y)dy =n~? Z /
—~
BEM I HEE & (Bhattacharya(1967))
O @) = L FEr@) =t YA X)
DR supp(f) DIz TOMREEND. & Usupp(f) £R7ED, —HHS, BFUSO

L T8N, FHEE, ARG OIEE T — Z3E supp(f) = [0,00) IZBWT u = f) (or
F)ZEZ5EE, BHRAPKD (ky +u)(x) 1&

/00 ik( hs)u(s)d(s:/om%k( hs)u(s)ds:/ik(t)u(xht)dt

o0

DEIICEEEN, IEAH—FIVEEEE DY [~1,1] (say) DEZFFDHEAE, h—-0D& X

min(,1)
/ k(t)u(x — ht) dt — u(x)

i %h%”(w) /_ 11 2(t) dt, 2 € [hy00),
~ 1 1
- u(O)/ B(E) dt + hu’(O)/ (—p+ k() dt, == hp (pe0,1])

E7%0, uw0) > 0(< 0) &5, v =00 THEUZ OQ) DN (L) N T AWH 5.
—7, BISEICE, «(0) = 0 D& EMnh M TN D 5D, TNTEH, w0) =0, HD,
uw'(0) #0751, 2 = 0D TOR) DINA T ADDH S (ZDA—Z—I%, HERSHSEN
NETD O(h?) X0 BEL).

T D “BiFNA 7 A 25l 5558 H 0, B DOZHE (Marron and Ruppert(1994))
OAtll, iR A —3)Vik (renormalization 1%, reflection 7%, —WAbT vy 7+ 1 7ikiE, BRI,
Jones(1993) ZZMR) Wigam & Nz, —77, Silverman(1986; p28) &, HifliZx 1 D7 A7+ 7
ELT, #ELIZVEEOEES Y F T 2K 7% (MTEMN) H—3I)V 2 ESNE LERHL TN



AU [0,1], FHERX [0,00) DT —XICHT %, TD7 7 0—F I Chen(1999,2000) 7
N—K | VI — 3V EREE R IER LT LU, “JERFR I — 3Ll LHIBN TS,

2. BT —RITHTBIERHA—RIVE AHGT, FAT—XZ{X),... X} ~ild F
KDL f(= F') & F OIERFRA— 32U HEEIEICDOWT, ZefriigizEd L ea—L, R
) OHEEEDHLREZ TR (T ORERD T A T ¢ 7 FeA TG L 52 % T IR %).
LUF, A7 A Hz T 2 FEb/ 5 A—27%2 b &9 5.

2.1. IERFRA—FRIV  Chen(2000) D> < J1—3 VLI, FiA OIERFRA—FIVHMERNIC
RBERIN, BEA T a VidEBEICE-> TS, ARETE, #le LT, MIEEC, g(u?) %
TH & LIED qBS A—F)VikE qIG/qRIG 71— %)V (Kakizawa(2018,2021)) Z#i/T L 7z.

2.2. FRMA—XIVBERERE Il — IOVEREHGER fy(x) = n )t 0, k(X5 b, x)
DOMHERFE Kakizawa(2021) 7 & 7254,

2.3. FERHH—RIVDH/ BEBIHERBDFTA—THR F—712d, “fi(-) B (or
W) N KV EESITENRY, b5,

Fyle) = /0 hwdy =0 /0 " k(X byy) dy,
1=1

4~ n r

= oo Po(@) =07 Yo k(Kb )

17 ()

EVOHEEREDH D A BN, LLFNOMEMNS, TASIEFHRINGZL.

e i (Chekkal et al.(2023)) Tld y B BUERE IR S E B2 2720 ;
o N A—xIV W r =1 OHEER (Dobrovidov and Markovich(2013)) (& &7
NOFLFRICAH] G > < B D s FEPEBIE B 5- L, /3 7 AEHE Rid@ LAEN).

2.4. IERED— IV BEMSEEE /xk(s;b,y)dy DEDBYIZ, /Ook(t;b,m)dt
ZEFI L, Mombeni et al.(2021) 3IERHER A — 3Lk it ’

Fy(z) =n"" Z/X k(t;b, ) dt
i=17Xi

B LTOS. A, MR (2022; ERE/HABEEIMPBREEIRR) I KB IR
71— VEERO HEE &

FOy () = S (1RO (X3 b, )
=1

LT, INAT AW 2.2FOFERT £, f/, f7 % fO), frt) 0D 1cFinEz CHEENE T &
iR LTz, &I, (Dl & b)) EMEEREE 2 15 L Lizh qBS A1 — 3V O%E Tk
IS RINIC G- Z Tz,

3. BbYIT FEA—FIVOMHANS, 2IOULIIERATHSH, R —F3 )Lzl
C LB TEH (Kakizawa(2022) Z2MH). EFE, oBSBEEE, nfime L THHEEZ &
I UTE2 LD RTRE T, AR IFHIEEZ IR AEMEEZRHTNE, DARMICIERRIE 55,



Some estimators in the ADCINAR(1) process
Xiaoqiang Zeng and Yoshihide Kakizawa
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1 Introduction

The analysis of count time series has rapid progress. There is a huge literature about formulation
of models, probabilistic aspects, and statistical inference (see Weil3 (2008,2018)). Al-Osh and Alzaid
(1987) proposed nonnegative integer-valued autoregressive process of the first-order (INAR(1)), based on
the binomial thinning operator due to Steutel and van Harn (1979). Du and Li (1991) gave the stationary
condition of the pth-order INAR process, and proved its ergodicity. Silva and Oliveira (2004) discussed
some moment structures for the stationary INAR(1) process under the Poisson innovation, focusing on
Yule—Walker (YW) type equation of the third raw automoment (and autocumulant) function. Schweer
and Weil3 (2016) derived, for any positve integer r, the (r + 1)th autocumulant function of the stationary
INAR(1) process under the Poisson innovation. Under a general innovation, Zeng and Kakizawa (2022)
gave the third, fourth, fifth, and sixth autocumulant functions.

Nasti¢etal. (2017) (see also Risti¢ etal. (2013)) not only introduced an alternative dependent counting
nonnegative INAR process of the first-order (ADCINAR(1)), with a modification of the original Steutel
and van Harn’s (1979) thinning operation, but also considered the estimation of the parameter @ and the
new parameter ©. Recently, even for the stationary ADCINAR(1) process, Zeng and Kakizawa (2023)
studied higher autocumulant functions, except for the autocovariance function. Since the asymptotic
normality of the estimator for ¥} was established by Nasti¢ et al. (2017) under an unrealistic assumption,
i.e., a is known, our first goal is to revisit such an asymptotic theory.

In the statistical analysis of the count time series data, the conditional least squares (CLS) method due
to Klimko and Nelson (1978) has been widely used. See, e.g., Al-Osh and Alzaid (1987) and Park and
Oh (1997) for the stationary INAR(1) process, and Nasti¢ et al. (2017) for the stationary ADCINAR(1)
process. The YW estimator for @ can be applied easily, since a is the autocorrelation at lag 1 of various
INAR(1) type models, as in the usual stationary AR(1) process (e.g., Brockwell and Davis (1987)). These
estimators have desirable asymptotic properties, but are biased in a finite-sample. Some authors derived
asymptotic expansions of the biases in order to perform an analytical bias-correction for the stationary
INAR(1) process (see Bourguignon and Vasconcellos (2015), Weil and Schweer (2016), and Zeng and
Kakizawa (2022)). Our second goal is to develop the bias-corrections of the CLS and YW estimators for
a in the stationary ADCINAR(1) process.

2 ADCINAR(1) process

As usual, B(p) is the Bernoulli random variable, i.e., P[B(p) = 1] =1 - P[B(p) = 0] = p(€ [0,1]).
Let S;(a,9) = B;()B(a/9), where 0 < @ < < 1(¢ # 0) and {B ()} is a sequence of IID Bernoulli
random variables, which is independent of B(a /). An alternative generalized binomial thinning operator
was recently introduced by Nasti¢ et al. (2017), as follows. Given a nonnegative integer-valued random
variable Y, letaog Y = 2}21 Sj(@,9),Y =1,2,...(whenY = 0,a0sY = 0), where {B; ()} and B(a/®)
are independent of Y. Note that §;(«, ) is distributed as the Bernoulli distribution Bin(1, @), whereas
{Sj(a,9)} is, in general, a dependent sequence, i.e., for i # j, Cov[S;(a,?),S;(a,?)] = a(? - a).



Nastié et al. (2017) thus defined the ADCINAR(1) process by ¥; = aogY;—1+&,t =0,%1,..., where an
innovation {&;} is a sequence of IID nonnegative integer-valued random variables, such that &, and Y;_;
are independent for all integer ¢ and positive integer i (it is implicitly assumed that the operations @y
at different times are performed mutually independently, which are also independent of {Y;} and {&;}).
Note that the INAR(1) process is a special case of the ADCINAR(1) process with ¢ = a(€ (0, 1]). As
mentioned in Nasti¢ et al. (2017), the ADCINAR(1) process {Y;} is strictly stationary and ergodic when
0 <a <9 < 1(J #0). We assumed this assumption throughout this paper.

3 Estimation of « and ¢

Minimizing the criterion J (@, z) = X1, (Y, —E[Y:|Y:-1])* = X1, (Y, —aY,—1 — )%, the CLS estimator
@c s for a can be obtained (see also Klimko and Nelson (1978) and Al-Osh and Alzaid (1987)). Further,
a general estimator @, ., for @ is available, where the YW estimator is given by @ ; (see Zeng and
Kakizawa (2022)). The estimators a@crs and @, ., have the desirable asymptotic properties (strong
consistency and asymptotic normality). On the other hand, the criterion J(a, i) is free of the parameter
9, hence, another tool, referred to as the two-step CLS (2CLS) method, is needed to estimate ¢, as in
Karlsen and Tjgstheim (1988) (see also Nasti¢ et al. (2017)). Suppose that an estimator @ for a(> 0)
is available. Define Y = n™!' ¥, and o2 = n~! 3/, (¥; — Y)%. Then, the 2CLS estimator for ¢

can be constructed in the closed-form, denoted by 5( 8.Y.52) (the detail is omitted here). Under suitable
1.0y

conditions, we showed that the 2CLS estimator 0(&,?,&% ) is strongly consistent and asymptotically

normal.

4 Bias-corrections of the CLS and YW estimators for o

Let uy (u, £, €) = E[(Y; — tty) (Yrau — pty) (Yrse — py)?] be fourth automoment function at lag (u, £, £) of
{Y;}, whereu =0,1and £ = 1,...,n— 1. Recall ayw = @;,;. In the same way as Zeng and Kakizawa
(2022), it can be shown that acrs = @10 + O, (n72), and that the bias of the estimator @, ., is given by
E(@c,.c,—@) = —n"[1+(c1+c2)a] —(no-{})_l{M(l)—a/M(O)}+o(n_1), where M (u) = Y77, uy (u, €, ),
u =0, 1. We proceeded to estimate M (1) — aM (0) in two different ways. One is based on the analytical
evaluation; the other is the nonparametric method applying the lag window-type kernel (note that the

former analytical evaluation needs a further extra tedious calculation of M (1) — aM(0)).

5 Conclusion and future works

The asymptotic normality of the 2CLS estimator 5( 37.52) for ¢ was revisited. We proposed the lag
window-type bias-correction and the analytical bias-correction of the commonly used CLS and YW
estimators for « in the stationary ADCINAR(1) process and then conducted some simulations.
Bootstrap and jackknife procedures are alternative methods of constructing bias-corrected estimators.
Jentsch and Weil} (2019) proved the validity of bootstrapping for the stationary INAR process, so that the

extension of thier result to the stationary ADCINAR(1) process was left for a future topic.



Quantification and Formulation of Galaxy Evolution by
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Matter in the early Universe was almost uniform. Slightly dense regions have grown by gravity, and finally
turned into galaxies. Astrophysicists have searched for the equations governing the complex physical phenomena
of galaxy formation and evolution over 13 billion years of the cosmic age, from the first principles of physics.
We, instead, elucidate the physics of galaxy evolution by applying manifold learning, one of the latest methods
of data science, to a feature space spanned by galaxy luminosities and cosmic time. We have discovered that
galaxies consist a complex but low-dimensional subset in an ultra-high-dimensional feature space (Siudek et al.,
2018). We refer to it as the galaxy manifold in a modern sense. The discovered galaxy manifold by Siudek
et al. (2018) has a strongly nonlinear one-dimensional structure. Further, surprisingly, the spectra of the sample
galaxies were discriminated only by a few broadband luminosities, not complicated combinations of quantities.
This suggests that the galaxy evolution at optical wavelengths can be described by only a few parameters at
most. This is a new characterization of galaxy evolution that could have never been found by conventional
methods. We will further pursue the galaxy manifold and elucidate the dependence of parameters (probably
several at most) that govern the physics of galaxy evolution from the galaxy manifold, and derive the governing
equations for galaxy evolution.

We then applied the unsupervised machine learning to express it even in an easier way. This is a part of
the technique referred to as the dimensionality reduction. We used the method topological data analysis to
elucidate the (possibly several at most) parameter dependence that governs the physics of galaxy evolution
from galaxy manifolds. Especially, a method known as the manifold learning is optimal for parametrizing the
galaxy manifold. Multimodality, and dispersions in classical scaling laws are merely a consequence of unsuitable
projection of the galaxy manifold. We make use of this method to construct the governing equation(s) of galaxy
evolution.

After obtaining the galaxy manifold, for example, observational quantities as luminosities missing for objects,
or more physical quantities as SFR and stellar mass M, can be straightforwardly estimated from the location
on the manifold. We adopt the algorithm Isomap Tenenbaum et al. (2000) and UMAP (Uniform Manifold
Approximation and Projection) McInnes et al. (2018, 2020). Isomap defines the neighboring points by using
input-space distance, and the distant points as a sequence of “short hops” between neighboring points. Isomap
tries to find shortest paths in a graph with edges connecting neighboring data points By construction, Isomap
preserves the “surface density” of data points in the feature space. UMAP is based on differential geometry
and algebraic topology. The algorithm is founded on three assumptions: 1) the data are uniformly distributed
on a Riemannian manifold, 2) the Riemannian metric is locally constant (or can be approximated as such),

*E-mail: tsutomu.takeuchi.ttt@gmail.com.
tJSPS Fellow (PD)
$JSPS Fellow (DC2)



and 3) the manifold is locally connected. From these assumptions it is possible to model the manifold with a
fuzzy topological structure. Sine it defines the manifold so that the data points distribute as homogeneously as
possible, it does not preserve the surface density of data points. UMAP also preserves some important structural
properties, and it is more robust against noise than Isomap. Manifold learning algorithm can “unfold” a curved
and/or rolled manifold in the feature space, and provide a local coordinate system on it Tenenbaum et al. (2000);
Roweis & Saul (2000). We also stress that two different algorithms, Isomap and UMAP yield similar manifolds.
Since Isomap preserves the density of data point cloud, we observe that the manifold has a density structure,
i.e., dense and sparse regions on the manifold.

To demonstrate that the manifolds contain important information on galaxy evolution, we compared SFR
and stellar mass as a function on the manifold. The behaviors of SFR and stellar mass are both qualitatively
very similar, suggesting that the estimated manifold structure is robust. This means that the manifold learning
actually “learns” the important characteristics of galaxy evolution at optical wavelengths. Since we could connect
the manifold and some physical quantities such as SFR and stellar mass, we can also parametrize the evolution
of galaxies on the manifold. As stars are formed, the stellar mass, namely the total mass of accumulated stars
will increase. This is one of the fundamental aspect of galaxy evolution, and we can visualize this evolution as
a vector field on the manifold.

Last question is how to describe and interpret the evolutionary track of galaxies on the manifold. We applied
a classical theoretical model of the chemical evolution of galaxies. Chemical evolution is a field of galactic physics
that treats the formation and evolution of elements in galaxies based on the stellar evolution theory. This strange
terminology comes from the fact that the theory has been used to analyze the chemical composition of stars and
the interstellar medium (ISM) in a galaxy. The important physical process is the nucleosynthesis via nuclear
fusion in the center of stars. We adopt a simple model with infall and outflow of matter proposed by Lilly et al.
(2013).

M. (tnsr) = M (t,) + (1 — r)SFR(t,) At , (1)
Meas(tn+1) = Meas(tn) — (1 —r +n)SFR(t,) At (2)

where r is the returning mass fraction, 7 is the mass loading factor, and At is the timestep (Cooray et al., 2023).
We calculate theoretical evolutionary tracks of galaxies from eqgs. (1) and (2). Interpretation of the vector field
on the galaxy manifold can be given by comparing egs. (1) and (2) with the vector field on the galaxy manifold.
However, a sophisticated methodology is desired to interpret the observed manifold more directly.

We restricted our discussion to multiwavelength photometric surveys, but this method can in principle be
extended to spectroscopic surveys. In this work, we have discussed the optical properties, but also we can include
any other properties of galaxies, not only luminosities at other wavelengths but also dynamical, structural, and
environmental properties. Manifold learning will provide a fundamentally new insight to the studies on the
formation and evolution of galaxies.
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GMANOVA ETNICEITZ 7S D VREDAFBER S REHETE L
(=)
RHORY: ZEH B M kH B
AFHEE T n HO S LT, K I p BRIE Xz 7 — ZHERE 7 — &
DIz HE 2TV, 2O K5 BERHE 7 — 21280 T, 2 TOMERTHIE L 72R D
fili o TV 2 A, Potthoff and Roy (1964) 12 & D BRI N/ RD— L L LB DB
(GMANOVA) ETLATOGMBEL ENTWE Z e 2N LT

Y =1,/ X"+ AEX' + €, (1)

ZIZT, Y BRIV ZEEORRHE 7 — 2 545 nox p BT, 1, 32 TOESEDN
1D nRILDNRZ Fob, pld ¢ RITRFINZ by, X HEERNGHETTA] & FEE 25 JIERE
RO BIESND px ¢ BERHATHI (FENEER), A ITERBEGTETY] & FREh 2 HIE R S
R R B ER DRI E R T EE D 525 n x k BEATTHI TSI THIMbEhTws 2 L,
EXkx ¢ RANTHITH D, €% E[E] = 0,0, T Varlvec(€)] = L@ I,, D n x p iAzZ={T5
THYH, 0, IFETOERN 0D r KITR2T ML, TIERHOD p x p IERNTHITH 5.

Y ORI AE) (FERAE)) 2HEE T 2B, EHRNETETY X 0 ifTHE LT, i
HHOBER St (i=1,...,p,t1 < -+ <t,) OEB»LRZTHDPHCENE Z L&
N7z FHC, ABETIEDPDRTEDEDIC, X DifTHELT@®,. .., t7 ") 2Hw
TRID u R EZHET 2 22T, Yh & ERBOBRBUTHRIG L7257 D HEE T =,
EE% ;D (q— 1) RZHEATHETE 2 Z e 2HIRL .

ZOETN (1) TBWT, pREDHERIRDV R ZHR/MNIT 2 TiITbhs
2R LTz,

tr{(Y — 1,4/ X' — AEX)E1(Y — 1,4/ X’ — AEX")'}. (2)

ZDYVRIZERNCT 2 p Ex2RD DS, 1ERIE rank(A) = k D rank(X) = ¢
PIRELTOVWS Z e ZENAL, RBEHTIZ NS DREDI M2 XN WIGE OHEELE TR
KL7. 2T, &KH(2021) D74 T7EHNT, SV TMTARX & (Ay,..., Ag)
(X1, Xg,) EFEIL, pPEERZNLTNORZZIWZEDET (U1, .., 1ay) PED j
THZ (Bj1,...,8ja,) (j=1,...,d1) enEIT 2 %2EZ . ZOTEILTATIIRE "
FAWT, pREEHET 2RO w1,y R B, Bldyy -+ Byl - - - > By dy 2 HE
ET 5T, rank(A) =k D rank(X) = ¢ & DIFFITRNMRED T T, Fl8IZAHT3
WY RY (2) ZR/MNCT 2 p EOHEEZIRE L. 2618, HEILAT5%2HWTY
RO ERBEHERINCT 28, (i=1,...,d1;j=1,...,do) BEERDZ L, ZNo%21G57
DIZKRDES & LTW BT UNDOETOEABRHEL D, FIHHES I AR BE
RBIEEMNALE. CORBEERT 2720, VRAZOEMEZTLRLLEEZH#BEL, *
AUTED W HEEEZIRRE L 7.
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Two step estimations via the Dantzig selector for models of
stochastic processes with high-dimensional parameters
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Let 6 € © C RP be an unknown parameter of interest and h € H a possibly infinite-
dimensional nuisance parameter where H is a metric space equipped with a metric dp.
Consider the following random maps:

P05k, g0 - R,
U,:OxH—RP, ¥,:0xH—RP,

where n is a number of observations. The random maps w,(f) and V¥, are corresponding to
some score functions and 1/},(11) and ¥, are their compensators, respectively. We suppose
that the true values 6y € © and hg € H satisfy that

DM (0) ~ 0, (g, ho) ~ 0.

We are interested in the estimation problem for 6y = (6o1, ..., HOI,)T under the following
high-dimensional and sparse settings;
We first construct an estimator for Ty to achieve the dimension reduction. To do this,

we consider the following Dantzig selector type estimator éﬁf) for 6y, based on @by(ll):

0 = arg min 01, Co = {0 € O [[9{V(0) oo < A},
€Cn

where A, is a tuning parameter. Using 0}(}), we define T}, as follows:

T, = {j: |én]] > Tnt,

where 7, is a threshold level, which is a tuning parameter. Then, we have the following
theorem.



Theorem 1. Under some regularity conditions, it holds that

P (\égl) — Opl|co > ch) — 0, n— oo, (0.1)

where ¢, 1= ||1/)7(11)(é§3)) - 7,[}7(11)(90)Hoo- Especially, it holds that
16 = b lloe = Op(A), 1 — .
Moreover, if the threshold T, satisfies that 4\, /0 < 7, < infjcr, |00j]/2, then it holds that
P(T, =Ty) =1, n— oc. (0.2)
For every index set T', we consider the following random map restricted by 7"
U :O0r x H—-RTL 0070 x H— R

where O is a set of sub-vectors of © restricted by T'. Let ﬁn be an estimator ~of heH
such that dg(hy, ho) = op(1) as n — oco. Then, we consider the new estimator 6,, for the
parameter 6 of interest, with help of h,, and T;,, as a solution to the following equations:

\IlnTn (GnTn, hn) ~ 0, enTﬁ =0.
Then, we can derive the asymptotic distribution of 6,,, as well as Theorem 2.1 of Nishiyama
(2009). In this talk, we apply the general theory discussed above to ergodic time series

models and models of diffusion processes.
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Statistical mathematics of biodiversity indices for

spatial species distribution model

Shimatani, Ichiro Ken (The Institute of Statistical Mathematics)

In order to express biodiversity, many indices were proposed. The number of different

species (species richness) has been most widely used, and when we have species

abundance data, the following two indices have been most commonly used.

Shannon entropy H = —X ps log ps,

Simson index D =1 — X, pi? ,

where p; is the relative frequency of species s (=the probability that a randomly chosen
individual is species s).

It is shown that the three indices are unitedly interpreted in the Hill number defined by
s 1

D= p.)"
s=1

When ¢g = 0, it is identical to the species richness. When g = 1, it is equivalent to the
Shannon entropy;

1 ’zpslnps
D=e ,

and when ¢ = 2, it corresponds to the Simpson index;

Thus, we can comparatively examine biodiversity of two or more communities not by a
single number but by curves parametrized by 0 < g (practically, in many case, < 2 or 3),
which indicates a balance (weight) between rare species and dominant ones.

The Hill number, however, does not provide a perfect quantification of biodiversity. The
biggest problem is that the Hill number is highly underestimated if observed relative
frequencies are inserted into the equation (Fig. 1).

Other indices are also proposed and comparatively examined. An example is the
generalized Simpson’s entropy defined as;

S
¢ =y pd-p,) (r=1,2,..))
s=1

This is interpreted as the probability that (r + 1)st observation will be of a species that has
not been observed before, and an unbiased estimator is known.



Fig. 1 Hill number is highly biased if observed relative frequencies are directly used in the equation. Examples using
100 samples. The left panels indicate the given relative frequencies and the Hill numbers for the four ecological

communities. The upper right two graphs are for community A (left) and B (right). The lower two are for community
C (left) and D (right).
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Recently. a goal of community ecology tends to change from finding the “true
community to identifying a hidden stochastic process that controls realized communities
and an observed community is nothing more than one realization of the stochastic process
(Fig. 2).

Fig. 2 Stochastic process
e.g. spatial point process

Realization of point patterns

Given by
equation -
- . ¢ Real community (true abundances of
Diversity member species, N, ..., N)

index

Up-to-date

. Classical
Observation model statistical statistical
Classical (sampling) inference inference

diversity studies
(e.g. unbiased
estimator)

Observed abundances
(numbers of individuals, n,, ..., ng)

In this regard, the presence of an unbiased estimator may not be so big advantage and a

new overall statistical inference is an on-going statistical issue in biodiversity studies..



Simultaneous estimation of Poisson means: recent developments and its applications
Yuan-Tsung Chang (Mejiro University), Shinozaki Nobuo (Keio University)

In estimating p(> 2) independent Poisson means, Clevenson and Zidek (1975) have proposed a class of estimators
that shrink the unbiased estimator to the origin and dominate the unbiased one under the normalized squared
error loss. This class of estimators was subsequently enlarged in several directions. Here, we disscuss

1. the problem and proposes new classes of dominating estimators using prior information pertinently. Domi-
nance is shown by partitioning the sample space into disjoint subsets and averaging the loss difference over
each subset. Estimation of several Poisson mean vectors is also discussed. Further, simultaneous estimation
of Poisson means under order restriction is treated and estimators which dominate the isotonic regression
estimator are proposed for some types of order restrictions.(Chang and Shinozaki (2019)).

2. the shrinkage estimation of Poisson means when observations are given in the form of a two-way contingency
table. Assuming a multiplicative Poisson model, estimators which shrink to the specified values or an order
statistic in one dimension and in two dimensions are considered and are shown to dominate the maximum
likelihood estimator (MLE) under normalized squared error loss. Further, assuming the full model, shrinkage
to the multiplicative model is devised to improve upon the unbiased estimator. Shrinkage is made after
determining the basic cells so that the observed frequency is not smaller than the estimated frequency for
each of the other cells. (Chang and Shinozaki (2022)).

1 Some classes of improved estimators using prior information

Let X; be distributed as Po();),7 = 1,...,p, and suppose that Xi,..., X, are statistically independent. Let the

loss function when we estimate A = (A1,...,A,) by A=, .., Ap) be the normalized squared error one
p v 2
N (A =)
LA, A) = — 1.1
AN =X (1)
Then Clevenson and Zidek (1975) were the first to propose a class of estimators of the form
X4 e(Z) ;
CZ(X) = X; — -2, —1,...,p, 1.2
3K = X - 2 i=1,..p (1.2

where Z = "% | X;. Clevenson and Zidek (1975) have shown that when p > 2 and if ¢(-) is a non-decreasing

~C ~ ~
function satisfying 0 < ¢(-) < 2(p — 1), then A Z(X) = (Af4(X),...,A§%(X))" dominates X. Since then broad
classes of dominating estimators have been given by many authors, including Tsui and Press (1982), Hwang (1982),
Ghosh et al. (1983), and Chou (1991).

1.1  Shrinking to a specified point other than the origin

We first consider a class of estimators which shrink X; to a; only when x; > a;,i = 1,...,p, where a;’s are specified
nonnegative values which are chosen according to prior information about \;'s. Let C = {(x1,...,2p) | @i > a;,i =
1,...,p} and let I¢ be its indicator function. We consider a class of estimators of the form
- X — a;
AM(X)=X; —p(Z)—=——T"I¢, i=1,...,p,
i ( ) % 30( ) Z+d C p

where Z = "% (X; — a;) and d is a positive constant.
Theorem 1.1. Let ¢(-) be a non-decreasing function which satisfies 0 < ¢(-) < 2(p — 1) and suppose that

d > sup ¢(-)/2. Then ;\a(X ), whose i-th component is given by (2.1), dominates X under the normalized squared
error loss (1.1).

1.2 Shrinking to the order statistics

Here we consider a class of estimators which shrink to the order statistics. We first consider the following shrinkage
estimator toward Xy = min{Xy,..., X,} :

Xi — Xq)

MY (X) = X — o W) S

, 1=1,2,...,p,



where W = >~ | (X; — X(1)). Then we have the following.
Theorem 1.2. Suppose that p > 3. If ¢(-) is a non-decreasing function which satisfies 0 < ¢(-) < 2(p — 2) and

d > sup p(+)/2, then 5\(1)(X), whose i-th component is given by (2.4), dominates X under the normalized squared
error loss (1.1).

2 Shrinkage estimators of multiplicative Poisson means in two-way
contingency tables

We consider two-way multiplicative model where z;;, ¢ =1,...,1, j =1,...,J, are independent random Poisson
random variables with means
Aij:Aaiﬂj; i:17...,1,j:1,...,J,

where «; > 0 and 8; > 0 satisfy Zle a; = 1 and Z}I:1 B; = 1, respectively. We denote the one-dimensional
frequencies and the total frequency by

J 1 1 J
Ti+ :Zzij7i:1,...,l, Tyj :inj7j: 1,...,J, Ty4 :ZZ.IU
j=1 i=1

i=1 j=1

As discussed in Hara and Takemura (2006) complete sufficient statistics are &1 = (z14,...,274+) and @y =
(®41,...,247). The MLE of \;; is

v _ Lit T4y if 2., #0
ij = Tyt
0 lf Z'++ = O

They have given a class of improved estimators which shrink the MLE toward the origin under the normalized
squared error loss. The simple one is

; ; d , .
55T:$+I+3{1— }, i=1,....0, j=1,...,J,

Tt Tyq+d

2.1 One-dimensional shrinkage to an order statistic or a specified point

Let z(y)4 be the (-th smallest observation among 1, ..., z7+. We assume that I > £+2 and consider the following
estimator which shrinks x;, toward x ;) when x;y > x5

. L +
s = T4 ), WM =1,...,0, j=1,...,J.
ij T4 Tit+ 90( ) W +d y ¢ ) y 4y ] ) sy

where W = Zf:1($i+ —z(+)T, a™ = max(0,a) and d is a positive constant. Then we have the following.

Theorem 2.1. Suppose that ¢(W) is a non-decreasing function satisfying 0 < (W) < 2(I — ¢ — 1) and thatd >
sup (W) /2. Then 51(;),1' =1,...,I improves upon the MLE A%L,i =1,...,I under the loss function Zle(j\ij —

Nij)?/Nij for any j=1,...,.J.

2.2 One-dimensional shrinkage to a specified point

Let b; > 0,7 =1,...,I be given numbers and we propose the following shrinkage estimator which shrinks x;; to b;
when z;4+ > b;:
(ir — b)) "

@ _ Thi )N i=1,...,1,j=1
5 {IZ"F (p( 7W)W+d(N) }7 ? EA ) 7.] 7"'7J7

“ T+
where W = Zz'[:1(xi+ —b;)" and N = #{i|z;4+ > b;}. Then we have the following.
Theorem 2.2, Suppose that p(N, W) is a non-decreasing function of W and satisfies 0 < (N, W) < 2(N — 1)*
for any 0 < N < I. Suppose that d(N) > supy, ¢(N,W)/2. Then 62%2),2' = 1,...,I improves upon the MLE
S\f-Vj[L,i =1,...,I under the loss function 21'1:1(5‘17‘ —Xij)?/Aij forany j=1,...,J.
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BRI U T, EROEMER Tt & 2 ML TR CRIRN R AENIRETH DL Z &
ZAEIAL, BRFIZRU7Z. ARIELFO@ED TH 5.

IIFEM 5 OB K (s,t) £ Brown M E {WW (1)} o LT, Het&

S = / / (s,8) dW () AW (1)
EERDH., DL E, IROTEHDKILT 5.

I 1: Anderson-Darling OFEE. HiglE S ORMERELUL

E(eies) = {exp {29/ / (s,t)dW (s W(t)}]
- (-5 - ey

n=1
THEZOND. 22T, M, Ny, ..., & K(s,t) ODEAETEEEDONZITFEVIRING.
£72, D(\) & K(s,t) ® Fredholm 174 (FD) T %.

FD OE#HEH»S FD 28T 13— RIZHHETH L. TD-OIZHED A%
RS AR (FEEREM) 22U T, T 5 FD OfEtz o), EERIZ FD
ThHDHI L EHAHATI2OWNEEDHETHS. LU, MEEPEMRGEE, SHH1R
s,
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0, HIZEIRMIZ FD 251ATE 5 HiEZ2RELEZ. Z0HODHED—DE LT
Darling (1955) D AR Z#EIr L 7=.
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Ki(s,t) = min(s, ) — st = 9(s)(t),  $(0) =0, (1) =0

EEHTDH. ZIT, @) IEFEMATEETHD. ZDOLE, K(s,t) ® FD IZIXRATE
ZoNb.

Dl()\)zsm\/_—Z/ </ Y'(s) cos )\sds) W' (t) cos VA(L —t) dt (1)
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J=1

D FD &

\}F POV (3)

THEZL6NE. 22T, P(\) & mxm OXFRTHIT, TD (j,k) BRIZIRD &L 5 IZE
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Pu(d) = —m [ [ e@uonsodsa G#5),
{cos Vs cos VAL —t) (s <t)

Ds(N) =

Ll(S,t) =
cos VAt cos V(1 —s) (s >1).
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EIE 5. KK

Dy(X) = cos VA[P(N)] (4)

COS\/_ (/ ¥;(s) sin Vs d5> (t) cos VAL —t) dt,

Paly) = VA [ e i ndsde G #b),
{sin Vs cos VAL —t) (s <t)

sin vVt cos V(L —s) (s >1).



Comprehensive Interval-Valued Time Series Model with Application to the
S&P 500 Index and PM2.5 Level Data Analysis

Liang-Ching Lin®* Hao Sung® and Sangyeol Lee?
@ Department of Statistics, Institute of Data Science, National Cheng Kung University, Tainan, Taiwan.

b Department of Statistics, Seoul National University, Seoul, 08826, South Korea.

1 Introduction

In recent years, modern data architecture has been recorded in short time intervals, but still
contains rich information resources. Such data may contain several problems such as missing
data, repeated observations, and recording non-equidistant time points. To resolve such issues,
researchers have considered reorganizing the data into interval-valued data consisting of daily
or weekly maximum and minimum values as it can preserve more information than merely
aggregated daily or weekly mean data. For instance, the PM2.5 levels are recorded hourly but
there are 5588 missing observations. To handle missing data, Gao and Tsay (2019) aggregated
the data into weekly mean observations. However, we arranged the data into weekly maximum
and minimum observations. Then, we consider to fit the auto-interval-regressive (AIR) model
proposed by Lin et al. (2021) and the auto-interval-regressive moving average (AIRMA) model
by Lin et al. (2023). Further, we fit the GHVAIRMA (generalized heteroscedastic volatility
AIRMA) model to improve the accuracy of the one-step-ahead prediction of the high and
low prices of the S&P 500 index. Overall, our findings strongly confirm the adequacy of the
proposed model.

2 Interval-Valued Time Series Model
Let Y; = (Y4, Yi)". Lin et al. (2021) proposed the AIR(p) model as follows:
Y=Y+ -+, Y p + Ay,
where ¢;, i = 1,...,p, are model parameters, A; = (A,;, 4;;)" are i.i.d. errors with A, ; =
max{A ..., A} and Ay = min{A4,,..., A,,}; and A;,, ¢ = 1,...,n, are i.i.d. normal
random variables with a mean of zero and variance of o2 for some n > 1. Lin et al. (2023)
proposed the IVMA(q) if the following equation is satisfied:
Yt - At - elAt,1 — qut,q. (21)

{Y,} is said to follow an AIRMA(p, q) if the following equation holds:

Yt = ¢1Yt71 + -+ Qﬁth,p + At - 01At71 I qut,q. (22)

If the error terms A;;, ¢ = 1,...,n have a mean of zero and the conditional heteroscedastic
variance of o2. Then, A; follows a general heteroscedastic volatility model with lags 7 and s,

*E-mail address: lclin@ncku.edu.tw



abbreviated as GHV(r, s), if o7 satisfies equation

2
r s Au _A
o = ap + Zaiﬁ_i + Zﬁjaf_j where 7} = (@_1 — ! q)l_tl T ) . (23)
i=1 j=1 (n72a+1) - (n72a+1)
Combined with the ATRMA model from (2.2]), we have the GHV(r, s)-AIRMA(p, ¢), where the
interval-valued time series {Y,;} satisfies

Yt - ¢1Yt—1 + te + ¢th—p + At - QlAt—l — ‘qut—q' (24)

3 Real Data Analysis

In this application, we consider the prediction of one-step high and low prices for the S&P 500
index. The MDEs of the proposed GHV(1,1)-IVMA(3) model outperform the VAR-DCC and
HVAIR(1,1) models.

For the PM2.5 level data, we fit the AIR(p;), IVMA(q;), and AIRMA (ps, g2) models with
p1 <10, ¢1 <12, py < 2, g2 < 4, and the exogenous parameter n = 24 X 7 = 168 to the dataset,
and choose the best models as those with the lowest AIC and BIC values. We investigate
the relationships among the stations by using the dandelion plot proposed by Zhang and Lin
(2022), which establishes the pairwise correlations of the center-to-center and range-to-range
of the residuals. The residuals deduced from the proposed models provide more intuitively
appealing results. For comparison, we also fit a VAR(1) model to the weekly mean data. All
other stations exhibit higher correlations with each other. The results indicate that too much
information has been aggregated into a single point. These comparative results indicate that
our method preserves more information and provides a more intuitively appealing result.

4 Concluding Remarks

Our models can be relaxed by replacing it with other distributions, and the coefficients of the
maximum and minimum values can be allowed to differ from each other as follows:

Yu,t — (blYu,t—l + Au,t . ‘91Au,t
Yi ®2Yi 41 A O2A14-1)
All these issues are worth further investigation and should be examined in future studies.
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Abstract

We develop a matrix-variate autoregressive (MAR) model to analyze spatio-temporal data orga-
nized on a regular grid in space. The model is an extension of the bilinear MAR spatial model of
Hsu, Huang and Tsay (2021) by increasing its flexibility and applicability in empirical applications.
Specifically, we propose to model each autoregressive (AR) coefficient matrix of the MAR model by R
bilinear terms, thereby establishing a rank-R model. The extension can be interpreted as decompos-
ing the AR dynamics of the data into R bilinear MAR components. We further incorporate a banded
neighborhood structure for AR coefficient matrices and utilize a flexible nonstationary low-rank co-
variance model for the spatial innovation process, leading to a parsimonious model without sacrificing
its flexibility. We estimate all parameters of the model by the maximum likelihood method and de-
velop a computationally efficient alternating direction method of multipliers algorithm, involving
only closed-form expressions in all steps. Applications to a wind-speed dataset and an employment
dataset, as well as two simulation experiments, demonstrate the effectiveness of the proposed method

in estimation, model selection, and prediction.

Keywords: Alternating direction method of multipliers, Bayesian information criterion, Kronecker prod-

uct, Low-rank approximation, Matrix-variate time series, Nonstationary spatial model, Singular value

decomposition.

1 Matrix Autoregressive Spatio-Temporal Models

Consider a zero-mean n X m matrix-variate time series Y; with 7" observations, {Y; = (ytij)nxm : t =
bAS?

T}



We proposed an MAR(p) model with rank-R bilinear forms focusing on the dynamic information
in neighboring columns and rows of Y;’s to achieve dimension reduction (Hsu, Huang and Tsay, 2021;

Hsu, Huang, Tsay and Kao, 2023):

p R
Y, =) Y 0rAj Y B, +m, (1)
j=1r=1
which forms a specific case of an vector AR model:

p R
y = vec (V) = Z (Z ojrBjr® Aj,r) Yi—j + vec(ny), (2)

j=1 \r=1

with structured AR coefficient matrices satisfying

R
®; =) 0jr (Bir®Ajr), j=1....p. (3)
r=1
For model identifiability, we set
tr(A% Ajs) = tr(Bj,Bjs) =05, 0j1>-->0jr>0; 1<rs<R,j=1,...,p, (4)

where 6,s = 1 if r = s; and 0 otherwise. The AR coefficient matrix ®; in has a close connection to
the singular value decomposition (SVD) of a re-shaped matrix with rank R.
Regarding the specification of the covariance ¥ for the innovation m;, we adopt the fixed-rank

covariance model (Cressie and Johannesson, 2008):
¥ = var(vec(ny)) = FMF' + 01, (5)

where F' is a pre-specified nm x K matrix of basis functions, M and a% > 0 are unknown parameters.
We recommend using the multi-resolution spline basis functions of Tzeng and Huang (2018) for F' which

are flexible to characterize features up to a chosen scale.

2 Maximum Likelihood Estimation

Denote ® = [®1,...,®,], Yy, = [Yt,,- -~ Ys), and let

Yp Yp+1 - Yr-1 Yp:(T—l)
veo | b0 [ Yo
Y2 Y 0 Yr—p+1 :

Yi Y2 o YTy Yi.(1r-p)

The Gaussian log-likelihood of (®, ¥), conditional on Y7.,, can be expressed as

T— 1 X _ ¥
U® ) =—— Plog(det(w)) - R [(Y(pH):T —3Y*) O (Vpyr)r — BY )] : (6)



Thus, the constrained ML estimators (MLEs) of (®, ¥) (conditional on Y7.,) are given by

tr [(Y(IJH):T - ‘I’Y*)/ v (Y(erl):T - {)Y*)] } J (7)

(®,¥) = argmin {log(det(\ll)) +
3w

subject to the constraints , , .

T—p

2.1 ADMM Algorithm for Obtaining MLEs

The constrained parameter estimates & and ¥ do not have closed-form expressions, We develop an
alternating direction method of multipliers (ADMM) algorithm (Boyd, et al., 2011) to solve the resulting
constrained optimization problem. First, we augment an auxiliary (nm) X (pnm) parameter matrix,

C=[C,...,Cp] with

R
CJ = Zo-jﬂ' (B],T®AJ,T)5 .] = 17"'7p7 (8)
r=1

to alleviate the direct handling of the rank-R structure in ®. This transfer of the rank-R constraint

from ® to C simplifies the overall optimization process. By introducing C, the augmented Lagrangian

of with the constraint C = ® follows

Ly(®,C, ¥, A)= log(det(¥)) +

7" { (Yo —®Y") U (Y — @Y*)}
+tr[A(@-0)] + L@ - O}, (9)

where A = [Aq,...,A,] is the matrix of Lagrangian multipliers, p > 0 is the augmented Lagrangian
parameter. Starting with some initial estimates C©, () A©) of €, W, A, the proposed ADMM
algorithm iteratively cycles through four steps: ®-step, C-step, W-step, and A-step, until convergence.
The algorithm is computationally efficient due to the presence of simple closed-form expressions in all
four steps, as detailed in Hsu, Huang, Tsay and Kao (2023). The algorithm’s pseudo-code is outlined
in Algorithm

2.2 Model Selection

The proposed MAR model consists of four structure parameters to select, including the autoregressive
order p, the reshaped matrix rank R for {A;,} and {B;,}, the dimension K for the spatial covariance
matrix M, and the bandwidth L of {A;,} and {Bj,}. Note that, the rank R of the reshaped matrix
is upper bounded by Rpyax = min{n?,m?} corresponding to the maximum rank of SVD representation
of R(®;). We consider Akaike’s information criterion (AIC, Akaike, 1973) and Bayesian information
criterion (BIC, Schwarz, 1978) to select these structure parameters (p, R, K, L):

2 L 2
AIC = —mf(é, W) + T {df(®) + af(®)},

log(T' —p

2 L. )
BIc:_ﬂe(Q,w)+ e {df(®) + df(P)},



Algorithm 1 An ADMM Algorithm for the MLEs
Input:

initial estimates: C©, ¥ A,

learning rate p;
Output:

set k < 0;

repeat

H-step: ®FD = arg min L,, <<I' ch) gk Ak )>;

C-step: Ck+1) = arg min L, (<I>(k+1 C,v (k) A(k)), subject to and ;
W-step: W+ = arg mlnL (CI’(k'H c+D , U A(k)), subject to ;

A-step: A+ — A(k) +p (@ P+1) _ C(k“)),
k< k+1;
until a stopping criterion is satisfied.

Table 1: Model selection results for the wind-speed data.

p R K L BIC PMSE
13 150 3 -447.13 1.556
2 3 140 2 -459.33 1.583
3 2 140 2 -462.24  1.560
4 3 140 1 -466.02 1.546
5 2 140 1 -466.54  1.549
6 2 140 1 -469.08 1.558
7T 2 140 2 -466.86 1.534

where df(®) and df(¥) represent the numbers of free parameters in ® and ¥. Under the banded
constraints on (A, B) with a bandwidth L,

df(®) =pR[2n—1—-L)L+(2m —1—L)L4+n+m—R], 0 < L < Lyax, 1 <R < Rpax.
Under the Toeplitz constraints on (A, B) with a bandwidth L,
df(®) =pRMAL+1— (R—1)], provided R <A4L+ 2.

The number of free parameters in ¥ has been shown by Tzeng and Huang (2018) to be:

aE(w) = K(K+1)/2+1, if K <T,
"\ KT+1-T(T-1)/2, if K>T,

where K < nm.

3 Applications

We apply the extended MAR models to the wind-speed data, which consist of 6-hour averaged U-wind
(i.e., eastward wind component) values at 289 locations (17x17 regular grid), collected from November

1992 to February 1993 over the region within latitudes 14°S-16°N and longitudes 145°E-175°E.



Similarly to previous studies (Hsu, Chang and Huang, 2012; Hsu, Huang and Tsay, 2021), we first
removed the temporal average for each of the 289 locations and applied our method to the mean-adjusted
data {Y;:t =1,...,480} with Y; being a 17 x 17 matrix.

For fitting and performance evaluation, we split the data into a training sample {Y7,..., Y400} and

a validation sample {Yjo1, ..., Yago}. We select the best MAR model via BIC among the candidate set:
(p,R,K, L)y e M={1,...,7} x{1,...,4} x {10,20,...,280} x {1,...,16}.

Table [If reports the performance of our best model compared with the popular models in high-

dimensional time series. Our MAR model has an overall satisfactory performance among others.
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Abstract

In the rapidly evolving landscape of statistical research, high-dimensional regression mod-
els have emerged as a critical tool for tackling complex data structures. These models, which
feature a large number of predictors relative to the sample size, present unique challenges that
are not adequately addressed by traditional statistical methods. Conventional approaches,
such as the ordinary least squares (OLS) estimator, often fall short of providing reliable
estimates and inferences in high-dimensional settings. This limitation is particularly evident
in the realms of variable selection, confidence interval construction, and hypothesis testing
targeting individual regression coefficients.

A plethora of specialized model selection algorithms have been developed to navigate the
complexities of high-dimensional data. These include Lasso, SCAD, Adaptive Lasso, SIS,
MCP, and OGA, among others. Each of these algorithms brings its own set of advantages
and limitations to the table, and they have been widely adopted in various applications
of high-dimensional regression analysis. However, a common challenge that persists across
these methods is the difficulty in conducting rigorous statistical inference on the selected
models. Traditional inferential procedures often fail to account for the intricacies involved
in high-dimensional model selection, leading to biased or inconsistent results.

In this work, we introduce a series of pivotal modifications to the existing multiple-
splitting paradigm, aiming to improve the robustness and reliability of variable selection in

high-dimensional regression models. Our modifications are designed to mitigate the conser-



vatism that is inherent in the original multiple-splitting approach. We redefine the p-value
assignment mechanism for individual data splits, incorporating a more nuanced statistical
framework that better captures the underlying data distribution. Furthermore, we integrate
the stability-selection approach into our methodology, which allows for a more rigorous con-
trol of the false discovery rate.

To further enhance the overall performance of the variable selection process, we intro-
duce the concept of multiple dependent p-value aggregation. This innovative framework
capitalizes on the underlying correlation structure among the predictors, thereby offering
a more comprehensive and accurate variable selection strategy. Unlike existing methods,
our approach does not focus on computational efficiency but prioritizes the robustness and
reliability of the variable selection process.

To validate our methodology, we conduct extensive simulation studies encompassing var-
ious scenarios, including varying sample sizes, predictor correlations, and signal-to-noise ra-
tios. These simulations confirm the robustness of our approach in different high-dimensional
settings. While we have not yet applied our methodology to real-world data sets in fields
such as finance and social sciences, the empirical results suggest that it holds promise for
such applications.

In summary, our work offers an advancement in p-value calculations for high-dimensional
regression models. By redefining the p-value assignment mechanism and introducing multi-
ple dependent p-value aggregation, we provide a more rigorous and reliable framework for
statistical inference. This focus on p-values ensures that our methodology not only excels in
variable selection but also provides more accurate and robust hypothesis tests. We believe
these advancements will be a cornerstone for future research in high-dimensional statistical

inference.

Keywords: Exchangeable p-values; Family-wise error rate; False discovery rate; Multiple

testing; Post-selection inference; Selection consistency; Variable selection
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Abstract

Joint cylindrical distributions are key probability distributions that make possible a mul-
tivariate regression analysis as well as Markov models on a cylinder. In this study, some
joint cylindrical distributions are proposed, and their statistical properties together with
algorithms for random number generation are investigated. For proposed joint cylindrical
distributions, the marginal distributions for various combinations of linear and circular vari-
ables are obtained. These marginal distributions are applied to the Markov process on a
cylinder. The maximum likelihood estimation for unknown model parameters is investi-
gated. To illustrate the applicability of the proposed models, time series analysis using wind
speed and direction data is investigated.
keywords : circular statistics; cylindrical data; Markov process; maximum likelihood esti-
mation.

1 Introduction

Bivariate data which has a form of the combination of angular and linear variables are called
cylindrical data. Examples of cylindrical data can be found in various fields in the environment
and natural science, engineering, information science, and so forth. Because a cylindrical data
analysis may provide clear insights into the probabilistic structures and relationships between
the angular and linear variables, many common and conventional statistical tools are applied to
the data analysis.

Fitting cylindrical data using cylindrical distribution has a long history. Example of early
works includes the distribution proposed by [5], where they considered the exponential dis-
tribution on a linear variable and von Mises distribution on a circular variable. The normal
distribution on a linear part and von Mises distribution on a circular part are proposed by [7],
where the mean and variance of the normal distributions are the functions of circular variables.
The drawbacks of this model were found to be difficult to express the marginal distribution of
a linear variable. In [2], a Weibull von Mises distribution on a cylinder was considered and
illustrated the model’s tractability for real data analysis. This distribution was extended to
describe heavy tails on linear variables by [4].

Time series analysis for cylindrical data is of special importance in the prediction of wind
speed and directions in wind firm management with accurately predicting wind energy. Hidden
Markov Models based on the Weibull von Mises distribution proposed by [2] are considered by
[6], and they found that their models can explain parsimonious accommodations of circular-linear
correlation, multimodality, skewness, and temporal autocorrelation of the cylindrical data.



Joint cylindrical distributions are beneficial as they provide a regression analysis for both
response and explanatory variables that take values on a cylinder. For time series modeling, the
joint cylindrical distribution is needed to formulate a Markov model on a cylinder. Despite the
necessity for such needs in statistical modeling, there is little known about the joint distribution
of a cylinder. Recently, joint cylindrical distribution is proposed by [1]. However, the proposed
distribution has several shortcomings to fit the models in real data applications. The idea
behind this study is a natural extension of the modeling that is used in the study [3] and [1].
The possible way of constructing a joint cylindrical distribution is to apply an approach adopted
by [8] and [5]. However, this modeling needs to handle distribution functions for each marginal
density which makes it difficult to formulate various combinations of joint marginal distributions.
Similar difficulties arise when we apply copula-based multivariate modeling.

The joint cylindrical distributions proposed in this study and their applications to regression
analysis and time series analysis are classified into a distributional regression approach. These
statistical methods may provide more flexible modeling than nonparametric regression models
as they provide whole probabilistic information on the conditional distribution of the response
variable given explanatory variable, including quantiles and median of the predicted response
variable.

Because of its mathematical tractability and a good fit to real-world data, the Markov
property of a conditional cylindrical distribution is a basic concept in state-space modeling and
is widely applied in various fields. In this study, we elucidate how to construct joint cylindrical
distributions that are tractable for data analysis and deduce conditional distribution which is
applicable for Markov transition density for time series analysis. We show that the resulting
Markov processes are found to have a non-linear first-order autoregressive structure. In addition,
conditional circular autocorrelation functions are obtained for the proposed processes.
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Prediction-based statistical inference for
multiple time series

Yan Liu !

Abstract

A new minimum contrast estimator is proposed in this work for multivariate time series in the
frequency domain. It is based on the prediction problem of time series. The properties of the
proposed contrast estimation function are explained in details. We also derive the asymptotic
normality of the proposed estimator and compare the asymptotic variance with the existing re-
sults. The asymptotic efficiency of the proposed minimum contrast estimation is also considered.
The theoretical results are illustrated by some numerical simulations.

keywords: Minimum contrast estimation, Prediction problem, Spectral analysis, Multiple time
series, Spectral density matrix, Asymptotic efficiency

1. Prediction-based contrast function

Let {z(t)} be a second-order stationary process

2(t) = ZG(j)e(t -5, tez. (1.1)

7=0
Assuming Z?io trG(j)KG(j)" < oo, the process has a spectral density matrix

1
flw)= Q—k(w)Kk:(w)*, we A :=(—m, ],
7T
where k(w) = Y277 G(j)e*.
We propose a new contrast function Z for multivariate time series analysis as follows:

7(fo.9)= [ al6)tllfalw)Pge)] do. (1.2
where |fo(w)| := v/ fo(w)* fo(w) is the square root of the matrix fg(w)* fo(w), and
—p/(p+1)
B ) B
1, p=—1.

Lemma 1.1. Let p < 0. Suppose the matrices fg and g are both Hermitian and semi-definite
in any w € A. The following inequality holds:

P(fo.) > ( | wllgry dw)l/w. (1.3)

—T
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Yan Liu/ Prediction-based statistical inference 2
2. Statistical inference
In this section, we discuss the parameter estimation problem based on the new contrast function
(1.2). The following assumptions are imposed.

Assumption 2.1.

(i) The parameter space © is a compact subset of R?.
(ii) If 8, # 64, then fo, # fo, on a set of positive Lebesgue measure.
(iii) The spectral density matrix fo(w) is three times continuously differentiable with respect

. . 92 . . .
to @ and the second derivative 5p55+ fo(w) is continuous in w.

Lemma 2.2.
Under Assumption 2.1, when p < 0, 8y minimizes the disparity 2(fe, fo,) if 0o € ©.

Theorem 2.3. Under reqularity conditions, if 8 € © C R, then the following holds:
(a) 0, -2+ 6,.
(b) (6, — 8) % N(0. H(80)~'V(80)H(B0) ™).
Assumption 2.4.

e The Gaussian-Fisher information matrix % (6y) is invertible.
e The eigenvectors of fg(\) do not depend on the parameter 6.

Theoretically, it can be shown under assumptions that
F(00)™" < H(00) ™'V (60)H(00) ",

where the equality holds then @ = —1, or the spectral density matrices does not depend on w.

3. Numerical simulations

In this section, we present the numerical performance of our minimum contrast estimator for
multivariate time series. The data are generated from the following models:

Model (i)
x, = (22 o X;_1+e€ €~ N(0,Iry9);
t — 0 0.4 t—1 ts t s £2X2)5

Model (ii)

0.2 @ 0 0

where Io denotes the identity matrix of size 2.

The finite sample performance of the new minimum contrast estimators is shown by the Q-Q
plots, and a thorough investigation based on different parameters #; = 0,0.2,0.4,0.6,0.8,1 and
02 =0,0.2,0.4,0.6,0.8, 1. The size of the data is n = 100. We conclude that the estimators when
p = —2,—3,—4 concentrate around 0 more than the Whittle estimator (when p = —1).
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Weak convergence of the partial sum of /(d) process to a
fractional Brownian motion in finite interval representation
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ABSTRACT

An integral transformation which changes a fractional Brownian motion to a process with independent increments
has been given. A representation of a fractional Brownian motion through a standard Brownian motion on a finite
interval has also been given. On the other hand, it is known that the partial sum of the discrete time fractionally
integrated process (/(d) process) weakly converges to a fractional Brownian motion in infinite interval representation.
In this talk we derive the weak convergence of the partial sum of I(d) process to a fractional Brownian motion in finite

interval representation.

1 Introduction

Stochastic analysis for FBM has been developed by Decreusefond and Ustiinel (1997) using Malliavin calculus. Norros
et al. (1999) showed that many basic results can be obtained more directly with rather elementary arguments and
computations. Norros et al. (1999) considered a normalized fractional Brownian motion (FBM) (Z;),5 with self-
similarity parameter H € (0, 1). Mandelbrot and Van Ness (1968) defiend the process more constructively as the
integral

00

Z,—Zsch(f (t—u)H_'/deu+f {(t—u)H_l/z—(s—u)H_l/z}dW,,),

where W, is the standard Brownian motion. The normalization E (le) = 1 is achieved with the choice

[ 2HT (3 - H) ]
CHy =
T(H+})T@2-2H)

12

where I" (-) denotes the Gamma function.

1.1 The fundamental martingale M

Norros et al. (1999) considered the following process. Let w (¢, s) be the function

.9 sV = 121 fors € (0,1),
wi(t,s) =
0, fors ¢ (0,1),

where

1 !
c1 = {2HB(§ —H H+ E)}



and B is the beta funtion
IF'wrI (v)
B = — "\
(,v) I'(u+v)

Then, the centered Gaussian process

!
M, = f w(t, s)dZ
0
has independent increments and variance function
E(M?) = 3",
where

CH
= ——.
T 2H@Q -2

In particular, M is a martingale.

2 Weak convergence of / (d) process

Now, we obtain the following functional central limit result for 7 (d) process, if d > 0,

1 1 [nt] [nt]-1 ([nt]-1
7o 1/2 o 1/2
O-nd+1/2Z|’”] ) ZIVHDWS + ond+1/2 Z {Z 9u»‘¢+1svs—1}DWS

s= s=1 u=s

:ﬁfos-‘i{fs (- s)"! uddu}dW(S) :=fodZ(s)=Z(f)~
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