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1. Galaxy Formation and Evolution

Matter in the early Universe was almost uniform, and slightly dense regions evolve by gravity, finally into
a galaxy. It was attempted to develop a theory to deal with the star formation and associated history of heavy
element synthesis, under an assumption that a galaxy has formed from a single, huge gas cloud. While the
research in this direction was once completed in the first half of 1980s, this was not the end of the studies of
galaxy evolution. Cosmological research that has progressed in parallel has revealed that galaxies merge and
grow. This indicates that the galaxy evolution is a very complicated process that strongly depends on the
density of the surrounding galaxies and the gas density. In order to formulate the galaxy evolution, it is
necessary to determine such a huge system of equations. Though astrophysicists have constructed the
governing equations from the physical laws from the first principle before, such a method is not realistic
anymore when the quantity space exceeds 10 dimensions. Galaxy surveys as of the 21st century provides
hundreds (or even thousands) of physical quantities for hundreds of millions of galaxies, typical big data in
both quality and quantity indeed. The feature space of the galaxy to be analyzed exceeds 100 dimensions.
Therefore, the characterization of the galaxy evolution is no longer possible by the traditional method relying

on phylical intuition.

2. Galaxy Manifold
2.1 Rise, fall, and revival of the galaxy manifold
From 1970s to the mid-1980s, classical multivariate analysis methods such as the principal component
analysis (PCA) were used to combine physical quantities of galaxies in a high-dimensional space. Various
(logarithmic) linear relations, so-called galactic scaling relations, have been discovered. Research to unify the
scaling relations and find the fundamental relationships has led to the concept of galaxy manifolds. However,
the galaxy manifold has once been almost forgotten because the classical PCA could treat only linear relations,
and it remained a limited concept, though they are still useful for exploring (log)linear relations of galaxies.
Recently, we discovered a galaxy manifold that expresses the basics of galactic evolution by the Fisher EM
algorithm. Because of its strongly nonlinear spatial structure, it could have never been found in previous studies
based on the classical PCA. To understand the manifold, a more sophisticated method beyond a mere
classification is needed. We focused on a method known as the manifold learning, one of the latest methods of
data science that is completely different from conventional methodologies
2.2 Galaxy manifold constructed by manifold learning

We adopt the algorithm Isomap and UMAP (Uniform Manifold Approximation and Projection). Isomap



defines the neighboring points by using input-space distance and the distant points as a sequence of “short
hops” between neighboring points. Isomap tries to find shortest paths in a graph with edges connecting
neighboring data points. By construction, Isomap preserves the “surface density” of data points in the feature
space. UMAP is based on differential geometry and algebraic topology. The algorithm is founded on three
assumptions: 1) the data are uniformly distributed on a Riemannian manifold, 2) the Riemannian metric is
locally constant (or can be approximated as such), and 3) the manifold is locally connected. From these
assumptions it is possible to model the manifold with a fuzzy topological structure. Sine it defines the manifold
so that the data points distribute as homogeneously as possible, it does not preserve the surface density of data
points. UMAP also preserves some important structural properties, and it is more robust against noise than
Isomap. Manifold learning algorithm can “unfold” a curved and/or rolled manifold in the feature space, and
provide a local coordinate system on it. The resulting manifolds with local coordinates from Isomap and
UMAP are presented in Fig. 1. From Figure 1, we clearly see that the galaxy manifold is two-dimensional. We
also stress that two different algorithms, Isomap and UMAP yield similar two-dimensional manifolds. The
difference of the two estimated manifolds is clearly seen in Fig. 1. Since Isomap preserves the density of data

point cloud, we observe that the manifold has a density structure, i.e., dense and sparse regions on the manifold.

— UMAP Figure 1: The “unfolded” galaxy manifold by

L. a manifold learning algorithm Isomap and
UMAP. Left and right panels show the
manifolds from Isomap and UMAP,
respectively. Though the global shape is
slightly different from each other, they share

common features on the manifold.

2.3 Result

The galaxy manifold obtained with Isomap preserve this & s . o 7;
information and reveal the speed of galaxy evolution at various s ) s
stages along the manifold. e.g., galaxies passes the green valley g * Seiies Z .:, o o0 %
very fast. In contrast, the galaxy manifold obtained with UMAP é : w0 ‘é
is imposed uniformity on the galaxy data, leading to a more £ 0 _1‘0‘2
robust and representative description of the observed galaxy =5 —1.5::3

|
N
=}

properties e.g., galaxies evolve continuously in the feature space, “10 0
Manifold Axis 1
without a discontinuity or “jump” on their evolutionary tracks.
Figure 2: The vector field of star formation
Thus, the galaxy manifold provides a clue to the evolutionary
rate on the galaxy manifold.
path of galaxies on the manifold. The SFR and stellar mass fields

do not show the same evolutionary path. This supports that the galaxy merger without star formation plays a
significant role in the growth of stellar mass. Next step is to fully parametrize the evolution equation of galaxies.

For example, we can construct a vector field of the star formation rate on the galaxy manifold (Fig. 2).
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lasso Z 7z IPW #EEEIZMEOHEEE X D mid2 o 7.

BB TCIE, LiEe 7D b A LDERICHV S ZBE DX EMEAR a7 ETNE T Y b LAFEEE T LD



MAZRBICED 2 F VA (HARa7ETLE TV M AEKET VO G ZIEL K RERRER S FVUA) &
WiE e 79 s 7 5 DEBICHG 2 ZRERER L THAR 3 7 7N X72E7 ¥ b A alllEe 7L o a5
EHLTFVE (HARITZETVERIETY VALRIFET L, HEWVEZOMGTEFEIEREST 527U 4)
ZaxE L7z. outcome-adaptive lasso Z Wz IPW #EE&EIE, A2 7ET7 AV ZIEL K FFEARERZE T,
HEEMOMHBEBREIREZ L RBICONTHRMNBOHEED NS 7 AL FRBKEL Ko7z, ZOFERKE LT,
AR 27 OB X 2 EADPMIRCRKEL LD I ehFEToNs. HARI 7 EE 7Y b Al ZBEMT
MW PERERNROHE R, ZOETAVEZRRET 256, WD BN RE L Rof. BT lasso ZHW
72 AIPW H#EBIIETD S F VU FIZBVTA, TADBKREL Ko7 H D5, Farrell OHEE R [7] 13 MEHA] R
ATETNEET Y DA LAREET LV EZIEL S RRERTRERG S, BB lasso ZHWVWz ATPW #EER L D H3
A7 ADPNEL BRBMEAD Doz, Db, HHIT lasso & HWV 2 & Hi/MEE D72 DI+ 57 1 A& HIHEE T
XNV DANAL T APET 72 E 272, outcome-adaptive lasso ¥ adaptive lasso & F\W 72 AIPW #EE&X, 1
MRIATETNVERET Y M AEFETAZIEL S RERTRERYG S, MMOHEER & AT AL 7 2 & 0H»N
T oz, ZHUE, outcome-adaptive lasso & adaptive lasso DA 7R E L, HARI7ETLE 7Y b
7 LEFETADHESTTT Y b A LB T 228028 INTE, BHO lasso X D dfi/MEESEZIT{ VW
THRPCKEOBTAREENT D TH B e EZ . HRRAATETNET Y M LEGETAVOWM T Z2RAET 5
SFVATIE, TRTOHERDAA 7 AL THHFABREICKREL Ko7

outcome-adaptive lasso % W7z IPW #EE &I, E7— XN TIXMMOHERIC X 2HEMI D b EWEEZ L
D, BUEEBRTIEIANA 7R DB RKREL BAEABD -7z, 2D h 5, outcome-adaptive lasso & 7z
IPW HEERIIMDOHEER LD &AL T RAETHPREL LD R T VI eARK SNz, COHBL LTHAR 2
7 DI K ZEADPMIGICRKELRD ZEDREZONE 720, MilHREADE UIZ { W stabilized weight %
W2 Z e THEER L7 IPW HEEBSSEET 28R H 5. HARX a7 EFVE2E TV b A sEFET NV
Z1E L FPERRE/ 581X, outcome-adaptive lasso ¥ adaptive lasso & W\ /= AIPW #EE D NA 7 2 ¥ 0El
l%, outcome-adaptive lasso Z Wz IPWH#HEER X D /N R o7, — /T, METAZRNES 255135
BIRRE U723 RT D AIPW HEEB DA 7 22708008 IPW HEE R 7 ¥ b o AR & 2 HEER & RREICK
EL x0T
FESENE

[1] Shortreed S and Ertefaie A. Outcome-Adaptive Lasso: Variable selection for causal inference. Biometrics
2017; 73: 1111-1122.

[2] Antonelli J, Cefalu M, Palmer N. Doubly robust matching estimators for high dimensional confounding
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BRI v— MIPOBEEDERED R

WK HER 12 KB !
URGERLACY 2 AACHNIRELS  HSIRIRE (PD)

AHE TR, ZEORKITLBY ¥ TP 4 XX D & REGEDEADTHILTEATHI, £ DEBUE
THBRAEY 4 ¥ v — MO EMR DRSOV T Lz, FRY 4 ¥ v — MTFIOEER
13 Uhlig [7) 12 & o THE R BNz, Srivastava [4] I3FRY 1 > ¥ — MTHDBEIHHED[FR 916 %
Stiefel ZHRA L DFETTHRILL 7. Shimizu and Hashiguchi [1] 1%, Z DFEIFD % BEEIE THRR
T 27 DIZIEFREERABIE 2 EA L, Sugiyama [5] DFET A2 FH L TRAEEED LR
i KD 7z, BRREHEOSMERL, FHREIFREZXT 2 Z R H—ICKRBHTE 5.
¥ 7z, Shimizu and Hashiguchi [2] 1, FFEY 1 > v — M7l ZN MV OIEFRFEY 4 > v —
MTHID LD LRI, .ﬁfﬁo)ﬂﬁ# R, RAKERED AR EZKRDTz. ZORKERHE

SRR IFRRDOXANL KR —ANTKRBETE 5. 512, Shimizu and Hashiguchi [3] T,
BRIEBUEIC R E R I KEAHE & S NEHEO O IEMER 2 B Lz, £72, FEBRICOMORHE
ARET 20y —FAZEHADEE Y — T VZHAOMEHETREAT 2713 XL %12
Z L7z, 723, Shimizu and Hashiguchi [1, 2, 3]1%, EHBZEZ =1 L TEL SRRV 1> ¥ —
MTPNCET 25 DTHD, B=20EEK, =4 @@E’f&@% ROV —MRHERTD 5.
A ETlE, Shimizu and Hashiguchi [1, 3] DR ZE K OHE (B =1) THMT L L.

LRI Ny (0, 3) IZHNAZHED m KITRZ MLZ 1, 20, .. ., 20 E L X = (21, T2, ..., Ty)

35, RELSEmRXOEEMETIE T2, ZOLE, vasry— MW =XXT LE
EL, V4= 0ME W,(n,2) ERT. n>mTHI55D0W ZIFREY 4 > % — MT
Hl, m>nTEFREY 4 > v — MIFILIERZICT 2. REOBEOW G H H =1, 27
2 mxnithl Hi #AW3 22T, W=HL1H 2ARZ M MORTZEZIENTES. 72751,
Ly = diag(41,...,4,) TH 5. Ullig [7]1F, KRV 1 > v — MTHI W OEEREE %

7.‘.(—mn—i-nQ)/Q

2mn/2T (n/2)(det)"/2
527 12U, Th() BZBEED V<BEBTH 5. m ZFMTHI A LT, TP o#E%
IR %

fF(W) = exp(—trS T W/2) (det Ly )1/

k=0 ke Pk q)ﬁ !
CERTS. L, a=(a,...,0p), B=(B1,..-,8¢), (@) =]["1(a—(i—1)/2),, F—#
LRy AN —GETHD, (a)s, =[[[Li(a+j-1) TH5.
Shimizu and Hashiguchi [1, 2] i&, FfE2Y 1 > v — MTINCE T 2 EHEIMOEH TEHE L &
% IEFTREERMIBIRZ RD X S ITER L 1=,

EE. A%Z m ROXMIMTIN, B % n ROMMTINIE L, m>n 5. ZOrE, JEFREEM
B2 LT CTERT 5.

qu(mn) :8; A, B) Z Z . ) CK(A)(CN(B) (2)

k= oﬂepk Ba)n KICy(Im)



FEL W~W,nX), m>nk35. ZOrE WORKEHIME/LH OSBRI T TR
ns.

Pr(4; <z)=

r«n+mmx)WW mmy (M. nFm+1 1
RECIIFRREDYSE 75:!:/‘3'”’9“% 7K, 74 ¥y — MIYIORKEGED EMETHIET O
EH 2D LS IR TE 5.

EIE 2. KR - R Y 4 v — MW IZBWT, ZORKEHGHE (G OFMBEBIIL T TR
ns.

Ly (L) (2)nm/2 nn+m+1 1
P E — 2 2 ot 2,1
I‘( 1 < 37) Ft(m—l—;+1)|2‘n/2 151 <2’ 2 9
Ft(% (%)”m/2 T m+1n+m+1 1
= Ft(m+§l+1)|2\”/2 exp —5'51“2 1Fy > ; 2 §x2

7272 L, t=min(n,m) TH 5.
Sugiyama [6] I3IFFFERDIFEIC, V1 ¥ ¥ — MV OmRKR/DEGHED L 1 — 4, /0, DIERER
D" RDIz. m >n DA, Shimizu and Hashiguchi [3] TRD X 5125 2 67,

I 3 (Shimizu and Hashiguchi [3]). W ~ Wy, (n,0%L,), m>n& 5. ZOLE, x=1-40,/l
DEEMBIILLTO LS5 2SN 5.

[e.e]

L(mn/2 + k) n—1)(n+2)/24+ktt—1 (M —D(n+2)/24+ k +t
=C Z >~y 2 / .
k= OKEPk 1 t=0
{(n—m+1)/2};(n/2+1)s 5
x Z Z n+1) N,TC5(IH*1)

TEP, 4 jePktY

=EL, g E—FASEROBICHNZ RHTH 3.

BE 3R

[1] Shimizu, K. and Hashiguchi, H. (2021). Heterogeneous hypergeometric functions with two
matrix arguments and the exact distribution of the largest eigenvalue of a singular beta-
Wishart matrix. Journal of Multivariate Analysis 183, 104714.

[2] Shimizu, K. and Hashiguchi, H. (2022). Expressing the largest eigenvalue of a singular
beta F-matrix with heterogeneous hypergeometric functions. Random Matrices: Theory
and Applications.

[3] Shimizu, K. and Hashiguchi, H. (2022). Algorithm for the product of Jack polynomials and
its application to the sphericity test, Statistics & Probability Letters. 187, 109505.

[4] Srivastava, M. S. (2003). Singular Wishart and multivariate beta distributions. Annals of
Statistics. 31, 1537-1560.

[5] Sugiyama, T. (1967). On the distribution of the largest latent root of the covariance matrix.
The Annals of Mathematical Statistics 38, 1148-1151.

[6] Sugiyama, T. (1970). Joint distribution of the extreme roots of a covariance matrix. Annals
of Mathematical Statistics. 41, 655-657.

[7] Uhlig, H. (1994). On singular Wishart and singular multivariate beta distributions. Annals
of Statistics 22, 395-405.



O X7 v ZERETILICEITZRERIEMR/N—XIERNLE

WHUR, ENZFEH - PRI > X —  JEHE
HEUR /NI
BORMITERFBER, WEZTER RFHAOE
HHlk KREER
80 N NI

L OIS

Oy R7 4 v ZERETFTATIETHEE KITN RN CTRAHEEEDFEL LRV EBHISHNT
BY, BEERRREOEIAFICBOT UL LIEHEE 722 [1, 2. DBEEOIRIICE VT S HEE(HE
PEOND K5 BRHEEE L LT Jeffreys HRIIAIC X 5 SR Z 0L ISR S HEE LD IRR
NTEY, ARFRTIEZOHEEEZ Firth ORI S RILEL L3 [3, 4, 5].

FEEDIRIUC B 2HEEEIIBFT SN TVWE =T, ETVEROGEZIZE ALIREINT
WRW, ARIFFE TR Lasso IR FE S 2 Zo8—= R ERNKIEICEH T % [6]. Fan & Lilk, A %—
AHEEIWCBIT 2MHEEDEE LWHE L LTA 7 71 (oracle property) 218 L7z [7]. #HEE
AT IR DD XS R A =R EHNRIEE LT, 2BBEHEEICX 527 0 —FTH % Adaptive
Lasso {£%°, JEMOIERLIEZ W5 SCAD 75, MCPIEREDIREINT WS 8, 7,9]. HHED
KBV T NS DOFEOFHEZMET T2 2 b TE 20, FAENRT X —XOBFU - THE
EDREE L T2 5MENET 5 [10]. £72, SCAD i MCP IETIIHXHMED K X285 X —&
WXL CEIRIZBRI RV Z e o3 EBICR LW Z 223D 5. FHEDIRHICB W TH ZEMNNIC
HEMEZFHAT 2D TE, POWEENLT F 7 NVNEE D DX I BRANR-IEERIIERIN
TWRL.

Z ZTAMSE T, Firth O1RIMN 2 mAE L IR R =X EAHLEDOHEICEBR L, Jeffreys
B ED < FIRITH & IEM 2= R AN 2 A G O L EALIEZ RS HEEEZIRR T 5.

REA

p KICDOMALEANY bV @ = (250, ...,Tip1) ERPERT (i=1,...,n). 7L, YK
BT 2 E 20 =1TH3. nxpDTHFA 7% X = (21,...,2,) | ERT. X357
NIV I THBEARET . pIILOEMEENRZ v vk B = (Bo,...,Bp-1) €ERP ERT. 7272
L, Bo YR Z2RT. AR (z1,11),. .., (@n, yn) BEOLNGEDOB Y X T 4 v Z[EFE T A DNE
BHUEZIB) =", {yzaz;—ﬁ — log (1 + exp(m?ﬁ))} TRT. 7z, MATIIW(B) Z W(3) =
diag {w1(B), - .., wn(B)},wi(B) = m(B) {1 — m(B)} , m(B) = exp(z; B)/ {1 +exp(z{B)} TE

1



R 5. ERETIZEANS S BOCE

p—1
1H(8) = 108) ~n Y pr (15D + 5 loa X TW(B)X|
r=1

DAL DHERZED L. py, (0)1F N, >0ZHNVTO € [0,00) TERSNZENHIBEHTD
D, FEMAR =R IEANLIEZ RS 5.

AT HIE, IRRTRICB S 25rilla S, RRHTB O & WL E B 3 2 a2 /o

L7005, BUEEZ@E L AREARTNTORZBEDMRE & FEIBDEZEWR T — X~ DwAHIz
DWTHE L.
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7y IHEERE W BIC 0Z4 e 20
RRHETIAE - VR EE

FHRE S RO D o (REEBRFE I F v > 2)
10 H27H ~10 A 29 H

~

s, ITHIDIREZ R T DO LT 5. BHIRS ML (Y“w;)’ i, UTF D2 A= 2B E TV
WHES & F 5.
Yi =By +Bivi+- 4 Br, Tk, i tui, (i=1,..,n)

=05+ B1w1i+ B Thei £ 00 Tpe 1+ + 00 2p, 5+ s,

72U, @ = (T1iy 0, Tp, i) &y RTOBMBAEREZR TR FL e L, Y, SHEHIAERE 5
5. %7 8" = (65,61, 65,,0,--,0) € RvFLIZEDANRI X =R —DRZ P YL, 5 #0
(G=1,kn), BECB =0 =kn+1,.,pp) THZ LT 2. u; $HFE E(w;) = 0, DH#
Var(u;) = o} L 2HEIHE T2, 22T, YUFHUADED T X=X =T MLIBIT2IEER
DEREOBATOEREE Son ={j € {1,..,pn}HBo; # 0} &L, ZOBEZDBEE ky, := [So.n|
TRTELZIZT 5. £k, EAAZBOER p, X, EAOKES n ITKFLTD LN EIZT
5. ZOETMTEDERINIER (V,2)) (i=1,...,n) LT, LTOMREET AL EHTIE
HEZEEEZD.

Yi=050+ B+ -+ 5% + € (i=1,..n),

72720 j1yeengi €4, pn b, k=1,0p, £ 5%, 2O E YOFALKE T TIVICHAIA
LU DOWVWTIE, pp, DRITHBZFAUIE K E L RWIHEICIX, AIC, BIC 72 ¥ O IEREHRUEE FHW
TG DIERIT S OVMEENL Y Fa—FTHA5. LrLZED—/T, p, DRILHEL 74D
W, FHii TR EZE T A OBDHERANCIEMN T 2729, 8L D EZRITS OREICKRS. 20X
5 RN T 5 =207 Fu—F & LT, Tibshirani (1996) 12 & % LASSO(Least absolute
shrinkage and selection operator) IZfAR N 2 S1RIN X R/ _FHERDI D 5. BIRINIZI,
y= (Y1, Vo), X1 = (2ji)n % po 351, 1, = (1,..., 1), X = (1n Xl) v B E BN

Low(B) = lly — XBI* + AallBlh (1)

ERNCT 5 B Of B, Bk B. 272U ||Blh = 0m, 18| £ T 5. ZofERIE LASSO #iE
BEIHIN, N, = 00 (n — 00) £ ZDMDNWL D2 DEMHFD S ¥ THHEIERMEZ > 2 & 23815
T3, —7T LASSO #E&EZ € 7 /LERFEOBIED B Bz & 212id, WL D DREN4E



C%. ZAUIPERL — b2 /n THBMHEIERERR D LD/ DF 2 == 7T X—&— ),
DA =X —DIGED T TIZ, EOET N ZEIMERIHHLNC 1 ITRSBVWI EBHsNATNS.
CoMEZzHET 5012, (1) 1B 28AIEZ, IEMOEDO b DIZE 2 72U T 0K
BrEZ, ChER/NCT TR B 2R 3:

Pn
La(B) = lly = XBI” + A Y 1817, (2)
j=1
72EL0< <1235 ZOHERITY v PHERLMEINTVWS. BROZ RS, 7
)y PHEFICB VT HEYR N, ORGSHHEEC 5. Huang et al. (2008) TW&, + 5 7 Aty
Eh 2, HEEE B BHLEIERNE Y, H2MOMNE A2 RS, kb ORZE ORI L
T —HMEEHO LS BEEEEXTVS. BIRIEy =1/2 £ LT, ky = k(EX), pn = logn &
BWEBA, N, DA — X —ITBET 35%M4E, M\ /(nY/*(logn)3/*) — oo (n — o0), A, = o(n'/?) &
BB, FDEDT N, DFEIENZ, N\, =303 THRWVWL, N\, = 10038 TH w23, ¥
BbbH, TO KD BRENEHEECE T 28ERIE N, OFHRUCE LT, [ BRRTVWARNWZ 212k 5.
Huang et al. (2009), Wang et al. (2010) Tl&, A\, ZER79D12, 2 BIC BOHELIEREL T
20, ZOEHICEET 22 LI L T, BIRRTIEAL TR s TRy, ARG T, H25¢
PUELTEEE DS Yamanishi (1998) 12 & D 8% X 717z Extended stochastic complexity & A7+ %
AN L, £ bR L7 BIC 23, ZOREBURAREIIN T 2 5 75 RIS 2B > 72 D
DFEIHY LTIESLTES 2 e 2 L .

BE 3K
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QY RT 4 v ZOmICBT 2EEEICOWT

TERTREC

1 EC®IC

BYRT 4y 7 iOEEIIRXTEZ 605,

TeXp(T($ — /"L)) ) (1)
{1+ exp(r(z — )}

pla|p,7)=

ZIZT, —~0v<r<o0, -0l pu<oo, 7>0TH
3. ZOSMHOFELWEDIE, [Balakrishnan, 1992
WKHb. ZOFHDNRTA—R (u,7) DEEETIE,
FOHMOY  IARBECHELL T, HERE Y
YINBERTRERN I ETHISGNT WS, FA
= (T1,...,0n) BZDAIRT 4 v I HHADHD
BOLR R EREARE §5. ke, 2 =130
95, Elpiq 30fiqdDbETD plZ2O2WTOH
FHEZRT 3 5.

AWFED HIN, 85 X —& (u,7) DA XHEE
BREBATLZIb L, ZTOMREEZIHEST 2L TdH
5. ZOHNDZDIZ, HEHRERHE L TSR
HHiA M2 RET % [Bernardo, 1979].

2 IREMEESE

KFFZTONRA X7 T u—FTl, (tu,7) DHE
B¥EY (i, 7) 2S5, ERSGOBRE, ZofER
BT LETRRHREAINNY 54T 55—
HEDOD L TRELTHTFE—HTE. 0oL E &K
B p(alp,m) = (2m) 7272 exp(—7 (2 — p)?/2) &
LT, (Tp,7) = (72, (n = 1)/ >0 (z; — 2)?) 7z
D, ¥7z, =z %185%. ZOMEHIS, (4,1/7) &
(u,1/7) OFRRHEERICR S, aP AT 4 v 751
WBOVWTRI X=X (tp,7) ZWHENF T L
ZOWT DI EMNT 370, JERANTIIE
ActEzrBbhsd. HADME, mpp,7) x 1/7
THZ 5% [Ghosh, 2011, Example 1].

HHI oM mr(p,7) O R TOHERT ML
mr(u, TlE) o< p(|u, T)mr(n,7) & FTIUZ, (Tp,7T)

* REBORE B T 2T 0 T184-8584 HEUHR/NE F T HE EFHT
3-7-2.
TR HORMIZERT & T190-8862 HEUHET I THiRAT 10-3.

WIAREEE T

DEHFIE,

{fﬁ = E[rp; mr(p, 7|2)]

7 = Elr;mr(p, 7))

THELNE. ZOrE, u OHEER,
. Th
T

LTk 3.

F72, SREFDME mr(p,7) Db & TOEKE—
F (Bmodes Tmode) EZXBDILDBTES. n=20D
EE, fimode = T VMDD, ¥z, wr(p,7lxr) =
w—ln% THEDS, DERKEL
FHERY VWO RABTES.

21 n=2ICEIT3BERKREA

n =20k 22X, IREHERIIGRRZIDFRET

Hb. ThOL, x=(r1,12) LT, R(2) &V,

_ 20 2
T L = (4)

R |21 — 22

DB DILO. E5ic, R(3), 1) &b, o=z H
#Fonsd. Zhid pCHLTRERTHS. Fi,
/7 = |x1 —x2|/2 THBD 5, E[1/7] = 1/7
WHID., £oT, n=21BVTI, (2,1/7) &
(11, 1/7) ORRHEE BIT72 5.
22 Rt

a,b ZEEOER, 1=(1,...,1) 2 LT, y=
ax+bl (a#£0) T35k,
1.
i@ ()
B DALD. TGRS TOEBERI X o TiE
BICTE 2. £72, ¥ RA75 1 v ZOHOEEFA
TRA=R pIZOWTEANMHTHL L, FX
(5) 75, E[p(z);px|0,7)] =0 %1583. T3¢,
Eli(x);p(x|p, 7)) = p B OILD. D% D, flidF
NTD N IZ2WT p ODRFHEERTH 3.

3 VIR

KREITI, RRMEEROMEZRAES 5. KT
LEHFHEER Y LT, RAHEER (Am, Tm) 2E X

y) = aj(x) +b, 7(y) =



K1 1/F DNAL TR

n 1YF 1Fmode  1/Fmi
2 (0) —0.0302 —0.3442
3 0.0034 00180 —0.2109
400030 0.0241  —0.1529
5 0.0018 0.0214 —0.1211
10 0.0049  0.0162  —0.0549
20 0.0017  0.0076  —0.0277

7z [Johnson et al., 1995]. PEREIF W < DhDIELE
BobeT, 2o¥g LY L6;,0) BV Az L
THMEiL7. 22T, midyIal—avEy, b
i FHOV Y IAhB/BENE T A& 0 O
SEME, 013EME, L(6;,0) 3L THS. FTRT
DY —2IBWT, ¥Ial—¥aridm=10,000
mfTo 7. (u,7) BNF XA —XDEME, (p,7) &%
OHEEME L T B, T RA—K (u,7) DFA K-
Vb p e T iZonThEFhcHEE L. K (5) 2
5, n=0,7=1Dr—2ADAE%EHRK-> 7.
3.1 1/7IZ2VWT DR

¥, /7 ICHEL, 2oL 7R, ZFER, A
FRBICOWT VR HER L. n=2 DL & 1/7
B (4) TEEIN S, ROMNFEIMORC IS HEHH
OERTHZIERLTWVWD., EHERD 1/7
BIZIEMRTH 2 Z e BB SINT. 1/Tmode BIF
ENMROEMAD D 225, 1/7 DIFSHB &L D NMEOME
MRV, 22T, 713X (2) OEMRETHEAS
Nz ricEEashzw. 17 ARt H
LTBD, ELELHRBOMEH/NI VI e HBEHES
.
32 TICDWTOLR

KiIZ, TIZDOWTHNz, T IOV TOIREHEER
DYEREIX, N4 TR, ZHEE, ZEIRBUTMAT,
H=GAPSHB/OENZEMINNY 754 75—
BRI & - TRl L7z, 3R BK & A28 8L KL
BETEn =23 TRWEREZRLTED, Fki
LKL BETITBER L2 TXRTD n IZBWTREFRZ
HREZ R L TV .
3.3 pic2VWTOLS

KIZ, p DHEEBIZOWTDY A7 L E{T- 7=
5, IRTDn OBWT, HEHEEE 4 IZTMRT
b5, ZFERTHUKTZL, n=23,4,5T fig D
VR2ZWPNEL, n=10,20TgDYRAZI/NZN

BRIz, LEALINLDY AZEDZEIT/N
hot.
3.4 (p,7) ICDVWTOLES

RIRA=& (,7) DYV RATEEE DALY F
7475 -HBRDODBETITo%. p = plz|u,71),
p=plxlp,7) L LT, ANy 75475 —18%
Elog (p/p); p| KBWTIX, n =2 TREHERD
BWHERTH D, ZhLUNIREHER L EHRE—F
PZIEFAFOMRETH o7z, F72, Ellog(p/p); p]
TliEn =23 TREMEEIBELRERZRL TV
7z. =77, (fiml, o)) WEEPRKZ VR E 2o 7.

4 ER

OYVRAT 4 v Z3HDNRT X —=XEIZBNT,
AR TRE LR A XHEEBOWRER R 2 LT,
TEDBET I/ IRERLE. 2, #HEENSGE
EZ5ETEORIMO—>THBERDHICBNT
BRRERTHEZehS, OPRT 4 v 7 oHicBn
THZONREEHF L Z e EHTH B, EE,
PIal—YaryoiR»5, 1/7 IOV TRIRE
TRTH 2 Z e BRIz, X4 XHEER T,
—RICRREREE L TV, KIFETIRELE
HERDAEELSFEINZBDTIIRL, HBH
BINHIRICE T 2ttt 2 B3 2 TRl FIcERER
TERDBDTHS. THHEDL T, TR
RESBHX NS Z 2 IZEEREN. Z OIEEEE Y
RSB TOHEENROZRE L, ZDORREICD
WTOHERMRILIZ O WTIE, SBELMICEIND
ZeRHFEL V.

BE3

[Balakrishnan, 1992] Balakrishnan, N. (1992). Hand-
book of the Logistic Distribution. CRC Press.

[Bernardo, 1979] Bernardo, J. M. (1979).  Refer-
ence posterior distributions for bayesian inference.
Journal of the Royal Statistical Society. Series B
(Methodological), 41(2):113-147.

[Ghosh, 2011] Ghosh, M. (2011).
An Introduction for Frequentists.
ence, 26(2):187 — 202.

[Johnson et al., 1995] Johnson, N. L., Kotz, S., and
Balakrishnan, N. (1995).
Distributions, Volume 2, volume 289. John wiley
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XAy ALLDHEECREZHNET BTcHDNRT XA

—ER¥ AN
et BORIFZERT Mg K32
L IXC®IC

ﬁu L7z 2 BERNCBIT % 27— 23R 1 I1TRT 2 x 2 pEIRICER SN 5. BREABRICBWY
T, 2 HENICBT 2 PEROEVWEZFT 250 —D2 & LTHEA v XL LI LIEHVWS R
5. WECE Y XHERICE (MLE) THE I NS Z e B2 0D, =D EDE VI 003D 255
13 —o00, oo XIFHEEARREE 72 5. ZAUIHH S 2T/ IMEE XUTBKIEETH 5. K= MLE
(CMLE) 1%, 2EIERET/NATMLE KD BN TWVWS Z & 2¥E (Yanagimoto and Anraku,
1989; Yanagimoto, 1991) XA TW 223, XA v iz HB1r 5 CMLE 1 MLE & [@#tic—2oL &
DIV 0 DD 25E1E —o0, co MIFHEERREL 12 5. FRIREABRCIEIH > TH A4 XV NS WGE
R FIEFERDOGEIC—2OU LD M 0352 Z 2 I1ZB L RWH, ZOHEEICBWTH Y —
R F TN A v XLEDOHEEDP R SN 5. HAEINEA v XL FHT 258, #Z o
HEPHI DA vy R L TREODHEND, BEZ L DEERRH I L D4 v A2 WET 2 HEH
BRWGEDD . RIFFNEIANA REEZ O TNECE v XL BEHEE T 2 HiEERE L.

£ 2x 278K
BHE Positive Negative Total 3  Positive Negative
WLPREE T n—x n AT RS D 1-p
pRpiisics Y m—y m papiisics q 1—¢q

2. REMEE

ZIH A Bi(n, p) XU Bi(m, q) 5 08HEZ Zzh e o Ry & L. 22T, ne mid¥h>
TN A L, p & ql3iERE L. WEHE D Fisher’s exact test Z W A58 p & ¢ DIHEEIZ
LD DH B eEZ NG, —J7, FEEINNEA v X2 W58  p & g DHEEIZEDAERN
LEZIBNL. FIT, AMIERIEZODRFTX—Zpt g DIRHDIZ o =log 11, & 3 = log gl q%
ZHWTRA ZHEEZTo72. 2D &, BIINEA v XHiTiz->TED, 6@?&%@5@5&1‘ v ALt

DEHHETH o7z, R4 XFEITK D, Jeffreys Fi7310 % WV - FHREEIX

exp(zf) exp((t+ 1)a + 3/2)
(Al S ey (™) exp(zp) (1 -+ exp(a+ )" (1 + exp(a)) ™+t

. (Lt exp (aft, B) + 6))" (1 + exp (alt, 5)))™
exp(ta(t, 5))

YLTRENE. 2EL t=2+yTHD, alt,B) 1Et = n- oGS 4 ) ow(adi) %
X

"MTrexp(a(t.8)18) T T Texp(alt.0))
R ZLIkoTRDONT. EoT, “DDRFX—Ka k Bk (&, 0) = [ [ (a,5)

(@, Ble, y)dadB & UTHEE S L.
REHEEEICHIG LT v XEEDEARBICE S WBEIZRD & 5 IR S 7. IR
Ho: B =0, *VRFHHy : 3> 0 DFHIME L 35 & &, Hy ® credibility (Ghosh et al., 2006) 1

fOOO fSOOO 7TM(O‘7 B|$7 y)dadﬁ
JZ00 [ o5 mu (@, Blz, y)dadB

ELTREINT, MEMETEL T(x,y) = C(x,y) & L. X, BIHK S(z,y) = {(w, 2)|T(w,2) >
T(z,y)} ZA&ET 2, PHEHEROKXTAEB SN,

Pr{S(z,y)|Ho} = max{S(z,y); p(z,ylo, 0)} = max <n> @) T ot
)

C(z,y) =Pr{8 > 0;mp (e, Blz,y)} =

N
(w.2)e(ey) \¥ (1 + exp(a))



3. URU L

R’ & P O ER OB XD n 2 Vs, —DH®D B R kullback-Leibler
divergence (KLD) 15D W7z e-divergence $HKT
1—¢q
l—q
ELTRENL. 22T, pe gIHEEEZR L. ZO2HDB R L, DFXTTH % m-divergence
8% (dual KLD; dKLD) T Ly ((p,q), (9,4)) = Le((5,9), (p,q)) £ LTERE Nz, =DHDOBR R
(g T aRFAF (mean squared error; MSE) T Lyqr(8,8) = (B — B)? b LTIk 22
T, BIEHEERER L7z, BARBRETY A7 B EITV, REHERIMFEOHER (CMLE,
MLE, Jeffreys FH{M ZRE L7z BR 8T X — X DHEELF (posterior mean of the canonical
parameter; PMCP), {&1E MLE (MMLE), EIEHFREDOMEHEE R (MMUE)) & AT, [V
FCTU RN Z AR E Tz,

4. 2

EATHERBEEE BT 2 Z 0D LWEERE (REANY Y7 b=V e 7RI F) DI VX
2N T5 1T MEEEREABR D 7 — & (Parzen, 2002) 2 H L7z, 2 OWZEOMRIE 2 x 2 77E|F%
ELTR2D LS ICEN SN IBREER L BIFOHERTHNEA v XLLOMEZIT- 7. BUE
DI, exact IEDHVW LNz, FERIFE 3 I H LN,

2. % I HEERGEERD 7 — XI2B1F 5 2 x 2 7HFE

L D . 1—p g .
Le((9:9): (p,q) = nplog}; +n(l—p)log ) +mqlog§ +m(1 — §)log

s Sl G E(ii
Positive Negative Total Positive Negative Total
REANY T b UEE 0 14 14 2 12 14
h ot 3 FEE 0 11 11 1 10 11
72 3. 58 I AHEGIREABR D 7 — RIS B 2 WECE v XL OH#HEE B X UBRE
Cji s WME P8
%% PMCP CMLE MLE MMLE MMUE BEE Exact
FHEFEAM  —0.2458 —0.2410 - - —0.2318 —0.2409 0.999 > 0.999
HIREEA 0.4780  0.4845 0.4911 0.5108  0.3365  0.4271 0.272 0.593

5. &

FEREBRIC BV TY ¥ T 4 X9V NS WG ERTIZFIEMER OB A, EFD X 5 fm b
ELB2ZEBLL RPN, ZDHAEI, X<HMHHATWS MLE & CMLE 12 & 2H#EEIE —co,
oo MIFHEMAREL 2D, ZAUE/MEE TR AREE TH o 7. WA v Xtk W2 586, BEZ
LOEEOREEDREL LW EBZ NI 05, AFUINECA v XL EEIEE S 2 k%
RBELE VRAZHBICBWT, IRRZHEED Y R 7 3MFOMER X D EE L TN W LT
WENTz FERNTBVWTH, BEHERDOAMMEDHEE S L7z,

SEX
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HIZRTDOBEMX & IRRDH &

I NIV S i o L AT

=
hur}

AR I ZEEAR D A DG W S a1, DA IR 2 e LT, flifaiipHe
AT S N HERDOFA L UTEY; L7z, Bernardo and Smith (2000) TH HEARKPERA & U
THENMINTWS, L2, SHOBKTRS LIREVMIETH 2 —HT. BRI TREMEICZ
LWHSHATH 5, £ 2T, IREZ WU 72 AR O FRESIZEL D #A TV S,

AKIFFEDH 5 —DDHW K, S HOMRE U COMIGHRFAR A TH D, HWiHHE ITFIHT
ELMEMARD RSNV, LHETE S, 25758, MIHFHRIFADM %2 — AL L TIRWIZE»
SIIZET 2 2 LT/ b, BIREWFIRZEDODH 25 DTHWE L7,

2. BIEOHEEN

FRBDAIRICE T 5KE S n OFAY 1 XOBEADEE % p(x|d) = exp{n(z0—M(9))}a(x), 0 €
0. & 95, HEMHTIE, BEARBEIIN U TN atd 2 R >R e 2

mr(0;m,8) = exp{6(mb — M(0))}h(m,0) (1)

CEHET D, ETEREFIE. Z,n B m, 6 CESBISNTWS, HEMITTIEm & 6§ >0 OfE
BEBMIZE R EREATH S,
FREEZIZ. =T +0om)/(n+6) EBWVT

mr(8]@) = exp{(n+8) ('8 — M(6))}h(u",n + ) (2)

ERIND, ZONMHITHEMEBEELRERUKZ LT, u, 6 %2 p*,n+d EANBFZTHEONE, ZD
ME % closed under sampling L WA TW5,
B = M'(0) &z OFHETH D, ZORHUL Argmax, (0] x) = p*. HDWVIE

Epost[t] = p* (3)

THEZOND, BREDOREDHKILYT 70D+ 05M4E, BEZEH 6 PHEATHLEILTHD
(Diaconis and Ylvisker, 1979), Z O#EEME I H 2 L TWaE EIZ, n & § TEANITZHW
XETHZ, RPEZHTH 5,

3. HIZMIT~DIREE

WEA7 D AR T 2 AF N RS % & — D D EE R R FUZ SN <,
1) HETBEEOERDPLZ TH 5,
HARBEE LD —HRamDBRIIET N T WD
2) ZRGCRHI CHIMEE 2 KET 5 72O IERIEREERBEIZR B,
EBAA N(p, o) OBEBFE NI W
HIZIE, RO-HELIERET 5,
3) HHTEE OEN T AR, HE TRISMMERBPH o N TV S,



il 5 D DFHAKRD 51D
4) HETE L DOEDEIE (p, 6) 1FERLT 2 LD ITETW,
e b R o &kE e Rz STBEETH 5
WEAF D ILAARNT 1E, FREE L HEEOMR LN ER I N T, FHEEOERIBIL TH
%5, ZODBURIFANA ZHEGR DA A L TBEL TWD, N A iR, FHOM0 &2 R %
NE, BOHGRIID THETH 5,

4. IR OB

BEAF D AR Tl FHETEE 7r(0;m, §) ITEAZBEED a(x) IZRINT 2 BHIE 0(0) 278V, 5
WEZ B, b(0) x 1 BRBRICE SN T WD, HHEBEEOBRCTIIHRAMZ i =0 LB &, BE
TR RBILEDREL Y, LaL, FBREECTIEANZ =0 L BVWTHEBEIIEEIZRE, Z
DEFEIFBEBINRA XIEORAN IO TH 5, HRIEEOIE CTHREROIEZRIT 5 DIFEK
BRI THD, Lnrd, BERNLHZIHNE L, ZOREITEE 2 IR TRV,

B2, BEARDADPREAMARICET 5L EOHEFMEEDORITIE M(0) 12X U THE LR MBIE
N(m) ZE AT 5, #EREH L WHETEEIX

m(0;m,8) = exp{d(mf — M(8) — N(m))}b(0)exp(—k(m, ) (4)

LRIND, HiFHD exponent 1 Kullback-Leibler divergence % I\ T D(p(z|N'(m)), p(x|6)) &
HRIND, BB = N'(m) ORIZ 012745, ZOHEFEIIE m OHOFHHEE 52 5,

BHIE b(0) IXHHRIITRE T B, T ORI DR & BRI N1 ZILDASEE DT T 5 iR
HIAE L IFFRE R U TdH B, Default & U TDHERIL Jeffreys prior TH 2 &Ebsd, EERKGLD
KRG A 121, Bernardo (1979) A3205 U 7z reference prior DEFHILFHMGF IV H 0 EE—#IRTH 5
EEZOND, BREEIX (2) LHKIIFGONS, ZOEXRTEME closed under sampling 135%
DALD, BFOHEBKE— N, HHEROFEZ T T 2MEIIK D L2\, T TH, #EE
fEld p* Z@LTOA Z, m (HKFT 5,

HeEMEIX H AR D R PEDHERE T N 5, KOHEHIIERSAVREDARICET 555121
plug-in FHITF p(y|d) DA WEFE CREVEZ W72 Z £ TH B (Yanagimoto and Ohnishi, 2009),
SEYAE R D LTI TIEZ D & 5 MBI 72 S 0,

F 72 HAREH D LT3

Epost[e] = N/(M*) + 3k(u*,n+6)/8m

LEETED, COWEEEDTH RO TIEIT 3, - OHIEEE (3) 2547 254,
WIS, von-Mises SETH D VA RWE & L RS NG, BAMICIE. b(6) DRRTIE,
MALEED 6 DADEE L b Kk &R —DDHMEIZRE, ZOBENE-EINDL, m & § BE
ZF B LI, 0 OFBTHENSHEEI NG 1 OHIEMED 1* 1255,

X#k 1) Bernardo, J.M. (1979). J. Roy. Statist. Soc.. Ser. B, 41, 113-147. 2) Bernardo, J.M.,
Smith, A.F.M., (2000). Bayesian Theory. Wiley: Chichester. 3) Diaconis, P and Ylvisker,
D. (1979). Ann. Statist., 7, 269-281. 4) Yanagimoto, T. and Ohnishi, T., (2009). J. Statist.
Plann.Inf., 139, 3064-3075.



ABRUERZERT — 2T BIRNTXETIL

PR RFHEFATR G

1 lZC&®IC

IR DRIV R R ANOF — ZHBERE S, ZOERABRDONTVWE, P dH
HHETIX, WEDD ZHEH. H2HFNCENZFDANBDTHEL TV E00800 5 X512 ->TW»
3, ZOXIRT -, FiTkkA RIGHE TR D, HlxI3, 2GEFHENC X 5 RHESC 2@ B D
AL, 227> —REREORNFRNM, KB OFEIEHE, KEROBHEFED 2 VIS B E
REWCIEHT2 D TES, RRETEIS LT =22 05A2MH L, MRkoBEEIEICD
BB ETNVOFEEFEN LT,

2 REETI

WHDOANATFT =X DT, BHOHEEEX TET NV EHET IZLEDLD - 72, HlZIXEE
HEHTIIIFRR Z 2 OB EANOOEFNI/ NI WA, 7 4 AETIEHFIEKRE IS 205, @
FEBEHOFE DU TONBICEZ2 b D5, 6 DMHEBENITEOHXICHIENR L, Ry LT
2RO NAFARICEN S, DF D, ZERKFNRT—XTH %,

2.1 BRABREETIL

ys(T) Zte{l,.... T HIIHR s e {1,..., N} CBHlIN /T -2 35, re{r,...,Tk}
BEEETHY, BHETOHSAT K HEHlXN2 T3,

DT =R LT, RD XS BRBHRAEETNLVEE X T2,

Yes(T) = 25 (T) + €4, 5ts~N(O,eg), t=1,...,T, s=1...,N,

TIZT gps 1t R s WU THNZFEAEETH D, 2 IIHE T ORMDBMTH 2, F720 215 1
RDH T ZERIZHED CARE L 7=

Zts ™ gp(ft, UER(¢S)),

T, f WEHBEEL R($) = po.(d) BESEEK TS S, DD R, & (i,)) KO H
n2ps. (7 —7i]) 2 K x K79l $2 &,

%A@VMQJWMNNOMWQHWMWMLE%

DEHTRES,

K RIEORT A ZHERBEORRAOERBAIEAL T2 L KEFEHEORRLDHZ, DL
WHEOZERMBNIDOL I K x KTl 20 gHET 2551, K x (K —1)/2fHD T X —
APEHRTREIZIR>TLE D, LaL, HRBEOSZOAREIEREE K22 T, HoH
H—=FNDNRT X=X (GEDTr—ZXTlEn, & ¢,) DAEHETIUILL, SIELERTH 2,



2.2 EFETILOEA
X5, ROWTFETFTNLEEAL =,

Zt = (B®IK>IBt+Vt, Vi NN(O, (Rs))
T :th_1+wt, Wi NN(O,A),

ZZT ze:= (241,200, -, 2en) = (201(11), -+, 201 (T ), 262(T1)s -« o 2en (TE) ) W& NK RITR 2
P v B E DRREIA, = (41, T2, . . Temr) = (241(T1), .., 01 (TK ), T2 (T1), - -, Tema (TK))
i& MK KGE~2 b v, B3RO N x M fiTH 3, (M < N)

1 0 0 A 0
bo1 1 0 - 0
bs1 b3o 1 - 0
B =
bar bara bars .. 1
bari1 basi2 bavgis -o- bayim
by b2 bz ... bnwm

I, NHEO LY FZE XDDBO M RO LY RTHAT 2EFET ISR > TV,
F 72, WTFARTY BI2oWT, SARDIC 1 AR E 51274 > Uik 2R3 L 7=,
ZZTHERDF, WFE2EDLSIRET I VWO METH >, —ZEEMETH R FHEK
PETFORETRD 2 DIFHE L . FEBAEICESWTEEZ S R 0RHIZ 2 L\ 5 FEN R
T»H 5 (Prado et al., 2021), Z OFEROME UL, HEZ S 2K T2 EFHANERT 2 HE DN D
D, HOLRBREFINERENTVEDE D LI RHRETH 2, £ 2 THRA N NERTIMZ vz
KFEIRDHIEDIRE L 7o Fo. WFEMITHNCZEMRIFEME 2 A L 72,

3 BUERER & T — X B#R

BUEERZE LT, R2EE T — 2N T 2IREZFEOEHEREI D 272012, £-. FEBRIZ
AT — R UTIREFREIHRHNEZINZ 5 b DEFHEIE L, MAFAIIN S IOV Tk
L7,

BE Xk

Prado, R., M. A. Ferreira, and M. West (2021). Time series: Modeling, computation, and
inference.



FERMAOMRBEEE 2 RORE IC—MRIL X T 2T EDRE

RAREERIR S R¥GE T ERE R TSR L &%
FRHR RS T8 MR LER iR &R

HDT T NILTHT DIENROMEEIZ X, WAL EI NS T v X AL AR
LB ENEV. L, 7YX LMEERMNED &5 320 AGRBRO SN 135 L WEEEEHE I & - THER
TN, IOITKRALEHTIHASINCES 2, BFEITHEERZEE T 28 (FERER) kel
MCRRDZZENZ V. B, 7Y M0 ) ZAZKRIZEU TS INER & ERERR R > T
WaE, WIENPORRIBETY AR TIZ L2 EEDROBEINEL 5. TR, ABREH 2K
2N BN ROH MDY, R TOBRBIREREL R LI LNMHL. D& 5 HRWIE,
ANZE LR RINL TWB —BlThH 5. EH, RO —MALATEENE (generalizability) & 2 WM dFE ik
A gEME (transportability) DERZ HIE T FEIBET 7 M L OB A THGR S 1, AZ 4D
=D/ Bk e BT HEICE, NNZYEE2S05 I 2z HRNE T2 HETHWONS
INTA Ny IHERZHEHATEA2Z L, ZOODMAMRKENBMINDDH S (Dahabreh
et al., 2019a, 2019b, 2020; Lesko et al., 2017) .

RO AL, T X LMEIBGRBROM R E, g 2 ENENIC B/ Bk T s H0MATE
ZoNTE7., LML, RECIBEEMATSBFAEZEL TRBEDIROHEME, 250N
EEIZKB U 72WIRIS % < EFET S, JASTIS %8 (fba & 2 NaiZfd 51 v X2 — % v bl
HIFR) TEA X2 =%y bFAERHOK R 2 HARANREREHDORRIZ—BILT 2 L2 ATVWDS
(Tabuchi et al., 2021) . 7z, Web 7 7 — b2 S A IEFIEICBT 2 AL L2fE L, 7)) v
MR DHMER%Z FINT Web 7 27 — b O REN D S K 0 JRHIZR RN KGR O — b & A A 7= i
%25 35 (Ferri-Garcfa et al., 2021) . ZD & &, T X LMLIbRERTO &b Bk D k%, B
KM TO—MUL / BIEDHELE U TEDEEHEHT LI LA TENIMETH 5D, BT TD
—fifb Bk R L < T EEMNRMEN DR & 3DFEMET 5. 1D HIZBIZEZEN T O R &
BORBENE, 2 OHIIRIGHHRBIZ BB e — bt BRI BB AN R 155 Retk, 3 OH
FIZERAIR R IZEI D T 5N D T v X LMLIEBGAER & R D, WP SINC ST 2 Th
5. ZOXDBEMWRFEITZ I NE TCOMRTIRIEEMINTE ST, Az —KICEHEL
TS TN TR,

ARIZETIE, TNETT VX LLIBGRBRO — Ml Bk THET S W2 HE & O T H iR EA
fFIF#EE & (inverse probability weighting ; AR, IPW #E&) [ZEFH UL, Lid 3 D OHEiy 2 fHE
ZH 8 U T BRI DI RN R O HERE H & KRR RN — Mk Bk T 2 IPW HE B2 R%ET 5. KH
FEEEZ ORI K > T LElMER DR Z I L, —Mfb Bk S N30 RO /T RESAF: %
BTIPWHERZEH U7z, AFRETIE, BIRITODWTIRET 5 [PW H#EE & O G 0 BUE LR Iz X
% VEBEREAm DR R & W U 7z,

SE B
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F—=Y v 7T DL DEEME ORI T LY
A
(L A € o €
il ER (R RHEL)2
W22 2 [m] .= {1,2,...,m} &L, f72HIC (1,...,1) 2&TATH B = (a;) €
ZPm L hoe Ry DIE D DHERIAADOES
Mg = {p € int(A,,_1) : logp € log h + rowspan(B)}

ER—Uv BTN, b L IRMEIEEA IR, BT 74 VBT, LI,
R € RY, & ¢ e RE, 3% 1, ¢ % RN E T3,

A " xcm m A ;4 "xm
Bz(fl)GZ(d*‘”x , A= (ay) € 2™, A= (ay) € 2,

(1,...,1) € rowspan(A) XL, Mg, %
pj = (waGﬁ II . ielm
i€[d] keld’]

LS5 A LS4 RT S, SEME, bLEETY VIS NAEAIC BT 2RE | 7
L ABIEOME u; j € [m] THETEE, A bIEDLES

Fo(A) :={u: Au=bu e N}, N:={0,1,2,...}

Z oIS 2N MG b € NA =37, Naj | *ﬁﬂﬁfr% b7 7A4N=,9,
ZIZTaj lFADGHIRT bLTHD, bk BEMA SRR

1 y* u u;
P(U = u|AU = b) = Ziley) ul we F(A), v =[] v’ uw=]]u

Jjeim] Jjem]

THB. FEE y; = hy [ Un” € Rop & L7e, ERMLES

U

Zalbiy) = ) %

uEF,(A)

i GKZ BSM%ER, b U< I A BSASIER LTINS T NA OfEIE%
FRSEER L, bd NADLE Zu(biy) = 0 LT 2. (1) ORERBIEHET 1% A
AT L T3,

*1 T190-8562 BUHCARZIITRIT 10-3  HEAHBERIIZEIT SO - HERITZE %
e-mail: smano@ism.ac.jp
*2F657-8501 SRR AN AN 11 TR KeE B AR

e-mail: takayama@math.kobe-u.ac.jp



ICHE DA F 7 S BB 1 TR

veENA and v—a; €eNA = v—a;<v

WA, WAIGO /A0 ZF2bDZ <L a 7R Lu(0) LR, DFO7 LY R
LFIRAEZERZ LA(0) T 52N a7 HETH S, REIZITIT 1 1 ITHIGL, HERIE
W, 2FD u<ov 272 TINOMICBWT o226 u il %,

ZILTY X 1 (Gauss—Manin X7 R b q(b;y), {751 T(b; y) 135E 5 2 72).

AT 475 A € Z9m | +oriiat i b € NoA, 287 X% y € RY,
W Ao DED D ABEBMDARIHED 7 v F LRI B L.

Step 1: Gauss-Manin X7 Vv q(b;y) % #IHIHL.

Step 2: t =1,n = deg(b) £ 7 5.

Step 3: BFEL L 2 WHERHER e(b,b—aj;y) = {T(b;y)q(b;y)};, Vi € [m] Z&HE.
Step 4: [0,1] 2t é(b,b — ar;y) : €(b,b — ag;y) : -+ 2 é(b,b — an,;y) (THTHE.
b—a; ¢ La(0) DEE jHEHIZO.

Step 5: [0,1] O—FkEEz £ D, KX E(b,b—aj;y) CAUL jr =5 LT 5.
Step 6: deg(b — aj,) = 0 THIIE Step 7, Z 9 THRITI NI qu(b — aj,;y) =
yj_tl{}%t(b; Vb y) e, k€OU[r—1] ZdtH, t« t+1,b<b—a;, &L, Step 3.
Step 7: (U1, ..., Um), u;:= [{t: jy = j,t € [n]}] ZH.

750 Pi(b;y) 13 \h 7z 21550 A S LTo & 2O EHERD A 771D Grébner
BN 2 R 2B T2 2 L CBoND, {0,a1,. .. an} OMEE HALHE
{0,e1,...,eq} THI>7AKFEZ r = vol(A) TEL %,

EE 1. 73 XA 1Sk 5 ABEMIMICHE) 7> 5 LXRT RV OEHML DRH
RHEBHENE X O(max{m,r}rn) THS. 2 Tn =deg(Za(b;y)), r = vol(A). =72 L
HEBGEE DA %2 O(1) & L7,

KFHHTIE T VIV RL 1 EZOEBICOWTHHAL, ZuaflERoMyi ok vwe
T OO TR REEEROMBRAHRE L7, HiRE2FLos, X buR) AHEEDOHL
P INFA XL T, oEE 1L EOERICHD 2 EMIE 800 51 Th -7, i
ROCHEL L 2 REENE, BN 2 HEBRMEROF R Z R L2%iE, 2EIROMBUIZIZ AL
7o, ®Y 2 7RBICES I GRIMEZ BEE L 7. BRI IT 2 7 R P
TR TREMTE VD, ZNERT LEEOHERMIZ 2 7BICIZIZ KL 7-.

E PG
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