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1 First-Order Categorical Logic
1.1 Coherent Logic: Its Syntax and Semantics

1.1.1 Categorical Preliminaries |
Definition 1.1 (subobject poset). O C O object C 00000 C O subobject Oi.e. C'O codomain 00O

monomorphism 0000000000 posetd Sube(C)ODO00000 Sub(C)O0O0O0O0O0OOO

S<TeSub(C) &L G2
/
c
O

00O first-order logic O semantics 00 Set 00 0000000000000 Set00O00O” 0000
oooooooooooooooOoooooooooomrT-oooobooOo0oooooooOooOooobOooo
O0Set0 00000000 ODOOOOOOOOO

Definitions 1.2 (coherent category (cf. Johnstone [, Al.4])).

(1) 0 c0000000000d - coherent category 00 00
¢ finite limits 00 0O
e 00000 image factorization 0 00 O
¢ regular epi 0 stable under pullbackO
e 00D object A0ODODDOSub(C) O finite unions 0 0 000000000 stable under
pullbackO
0000 Sub(C) 0O lattice 00OOO0OODOO0OOOOO
(2) O C,D O coherent category 000000 F:C—D0O (1) 000000000 coherent functor O

ooo 0



1.1.2 Coherent Logic
logic0 000 many-sorted 00000000 full first-order logic 0000 00O fragmentO coherent
logic [6, D1]000000

Definition 1.3 (coherent formula). R(z),s(z) = ¢(z),T7,L 000000000000000000O0O
{A,Vv,3}00000000000000 coherent formula 00 OO O

000000 logic (regular/intuitionistic/geometriclogic 00 ) 00 0000000000000
Definitions 1.4.

(1) 00D0O0D0 zOOOOO coherent formulas ¢,y 00000 ¢ 5z ¢ O coherent sequent 0 0 O O
(2) coherent sequent 000 T = { @; g, s };c; O coherent theory 0 0 0 O O

Remark 1.5. coherent formula 00 — 00000000 formula 0000000 sequent O axiom OO
o0oOoooo O

Example 1.6. categorical logic 0 0 0O O0OO0O0O0 Vipe(z) 0000000000000 0O0O0OOO
Trze(z)0DDODODODOcoherenttheory 0000000000 DOOOOOOO

e J00000MODODO0O0OOOOOOO00=32((z+y)z=1)Fyy Iz(xzz=1)VIz(yz=1)
¢ D000MODDDD0000=Tk, (z=0)VIy(zy=1) 0

coherent theory 00000000 syntax 10000
coherent logic 000000000000 |

Ylzy Jyp bz ¥
Jyp bz Y olzy ¢ (y ¢ FV(¥))
CAWVX)Fz (P AY)V (P AYX) (distributive law)
o Ay Bz Jy(p AY) (Frobenius law)

—-00000000v,A00000 FrobeniusOOOOOOOO0OO0OOO0O0O0ODOOO0O0OOOO
syntax 000000000 semantics 00000

Definitions 1.7 (structure). £0000C O coherent category 0 O O O

(HOCOOOO0OL-structure M OO O OD0000000O0

* O basic sort A 00000 object AM € C

e J000 ¢: ADOD OO morphism ¢M : 1 — AM

e 0000 f: Ay x--x A, - BOO0O0OOmorphism fM: AM x ... x AM — pM

e 0000 R:A; x---x A, 0000 0subobject RM — AM x ... x AM
() Ltermt: A x---x A, = BOOODOOOtM: AM x...xAM - BM ooooDoOo0DO00000
(3) L-formula ¢(Z) (z;: A;) 0000 Osubobject o™ — AM x ... x AM 0DO00DO00O00O00O00O

000



e U000 s(z)=¢t(z) 000000 equalizer 00 OO

M

(s(2) = t(@))M—> AM x ... x AM —— pM
t]VI

00000 R(t(Z),...,tm(Z) 000000 pullback 000D

RM

|

M M
Bi" x -+ x By,

R(t1(7),. .. tm (@)™

l tIV])

M
A A Gt
n

e JOOD0O T,L:A00000000 Sub(AM) O top (resp. bottom) element 1000000

* YA,V 00000000 Sub(AM x - x AM)0 D000 meet M NyM, join pM UM
goooood

* Jyp(x,y) 000000 image factorization 00 0O O

oMo s AM » pM

e

Byp) M >—— AM

Definitions 1.8.

(1) 0 = (¢ Fz ¥) O L-coherent sequentl C O coherent category 100 OC 0000 L-structure M

gooo

MEo <& oM <yM  jnSub(AM x ... x AM)

(2) coherent theory 70000

METie MOTOO0DO00 €S voeT,MEo

O

Theorem 1.9 (Soundness). T' O coherent theoryl ¢ O coherent sequent 00007 00 cD000DO0O
000000 coherent category COOCOODODOOOO0O0TOOOO0O MOOO MEecOOOO O

Example 1.10 (Models in a Topos). coherent theory 00000000000 0X OO0O0O0O000O0O0DO
Sh(X)0 X0OO0OO0OO0OD0OD0OO0O0D0D0D0O0000O coherent category 1 0000000000 OO Grothendieck
topos 0 0 O M

e Sh(X)0UOODOOUODDUOOODODDOODODDODOODODDOUODODDOOODOODO
e Sh(X)OUDDODOODDODOODODOODOODODODODODODODODODODOODO

~0000000000000M0MO0000000000coherent theory 000000 O categorical logic
goooooooogo g



1.2 Syntactic Category and Completeness

Definition 1.11 (syntactic category). coherent theory 7" O O O O O coherent category Cr (syntactic cate-
gory000)00000000DOOO0

e coherent formulas 0 -0 00000000 object 0000000000000 {Z.9}0000

e {Z.¢} 00 {g.¢} 00 morphism O coherent formula (z,5) DO O0OO000 700000000
000 7T-000000000 [6)@™

0ty (0 AY),
(ONO[Z/9]) Fag.z (U= 2),

CrO0000 “canonical” model M- OO OO OO

® basicsort ADDO OO AMr ={2. T} 0000 20 AO sort00000 M

e 0000 c:ADODO M =[y=¢:{].T}={y.T}O[J0O00DO0MD

e 0000 f:A; x---xA,—-BO0OOO0O M =[f(z)=y]:{2.T} = {y. T}

e OO0 R:A; x--x A, 00000RMT = [R(Z)ANz=2]:{z.R(Z)} — {2/.T}0

oooooo MpOOCrO00O0O0TOOO0OOOODDOOOOOOODODOOOOOOODODOOOOOOOD

000 canonical model 00000000000 ODO0OUOO0OOODO0OOOOOODOOOODOOUOOOO
ooooooooboooo

Theorem 1.12. ¢ O coherent sequent 00 0O

(1) TOD o 00000 <My o
(2) 0O O coherent category POOODOOOO

Coh(Cr, D) ~ T-Mod(D)

0000000000000 coherent functors O natural transformations0 0000000 7700
0000000000000 oboobOobOo0O0O  DPOODODODOODODOODOO

Proof (1) O syntactic category 0000 0000000000 00O0O0O
(0oooUooooooooo

e functor 7 : Coh(Cy,D) — T-Mod(D) 0 0 0 0O O O coherent functor F : Cr - DOO00OOODO
00070000 F(Mp)0ODOOD00O0O0 I(F):=F(Mp)0O0O00OO
e functor J : T-Mod(D) — Coh(Cy, D) DD0D0DO0TO0O0OO MODOODOFy :Cr - DO

Fy({z.p}) =M 00000 @ morphism 00000000000 O0O0O0Ocoherent functor O O
00000 J(M):=Fy, 00000



0000000 MpOOODOOOOOOO My O universal model 0000 0O

Corollary 1.13. T' 0 coherent theoryO ¢ O coherent sequent 0 0 0 00 OO coherent category C 0O C
00o000TOD00D MODODOO MEeeDOOOODODeD TOODOOOODOO

Proof syntactic category Cr O universal model My 000000000000 00OO [ ]

1.3 Classifying Topos

1.3.1 Categorical Preliminaries Il
00000000000000000 coherentcategory 000D 0000000000000 0OOOO
00o0oO0oooooooo

Definition 1.14 (Grothendieck topos). locally small coherent category E 0000000 Giraud OO OO
0000000€&0 Grothendieck topos0 000000

e £ 0 regular category 0 O O effectived 0000000 equivalence relation a,b: R =2 E0O000
coequalizer c: £ — FODOOOOOOO a,b0 ¢O kernel-pair 0 0 OO

e £ 0 small disjoint coproduct 0 000 00 00O stable under pullbackO

e £0000D00D0OUDOULOOUDOLODCOOUDULOOUDOUOOUDO
E,FefO000O0O0O02000000 f,g: F=zFOO0O0DOOOOOOCeCO R:C—FEDOOO
000 fh#£¢gh00O00O O

Remark 1.15. O O O O Grothendieck topos 00 00000000000 D00DODODO smallsite (C,J)00
o* 00" ooooocooo
& ~8Sh(C,J)O

00O0O0OSh(C,J)O JOOOO COO sheaf0OOOODO0OOODOOM

000000000000000Giraud 00000000 00OMacLane & Moerdijk [, Appendix]0 O
00 Johnstone [A, C2.2] 0 OO0

0 O O Grothendieck topos 0 0 0 O O elementary topos 00O D0 00000000 O O elementary
topos O O first-order logic 0 0 0 0 00O higher-order logicD D0 000000000000 0O0DOO0O
0000000000000000000000000Otopos 00000 Grothendieck topos O 0O O O
ooo 0

Definition 1.16 (Geometric Morphism). £, F O (Grothendieck) topos O O O O geometric morphism p :
£—FO000000p=(p4p,)00000000000000000O0O

e p.:E—-FOOP : F—=E&
e p*Hp, 00000 p* O finite limits 00 O O

00 OO p, O direct image functorD p* O inverse image functor 000000 0p,q: &€ = F O geometric
morphism 0000000000 n:p*=¢* 0000 pO0 ¢0OO0 geometric transformation 0 0 O O
n:p=¢0000&D00 FOO geometric morphisms 00 0 0 O geometric transformations O 0 O O
0 Geom(E,F)0 000 O



1.3.2 Classifying Topos
00000000000 ]Johnstone [6, D3] OO0 MacLane & Moerdijk [Z, Ch. X]OO OO

Theorem 1.17. T' 0O coherent theory O O O O coherent category Cr O O “canonical topology” Jr O O
00000000000 Grothendieck topos Sh(Cp, Jr) DO0O0DDOO00ODO
000 Grothendieck topos £ 0000000

Geom(&,Sh(Cr, Jr)) ~ T-Mod(€)
O0000o00ooooooogo E0oooooooogon

Proof 0 00 coherent category C O 0 0 00O canonical topology J OO OO D00 OO Grothendieck topos

gbobgoobooboooobd
Geom(&,Sh(C, J)) ~ Coh(C,¢)

000000 Coh(Cr,D) ~T-Mod(P)0DOOD0OD0 |

0oooog Sh(Cr,J) 0000 universal model Uy O inverse image functor 00000000000
00000000000 Up00Cr0000 universal model M 0000000 y:Cpr — Sh(Cp,Jr) O
DDDDDDDDDDDDDDDDDDDDDDDDDDDtoposD[ITIZIDclasszfyingtoposl]IZIDDSet[T]
gooo

topos000000 logicO0ODOOO0O00O000000Otopos000000 Deligne00O0D0O00O0OO
gooon

Theorem 1.18 (Classical Completeness). T'O coherent theoryl o = (¢ Fz ¢) O coherent sequent 0 O
0070000 Set-000 MOOOOD MEcODODODOODOOeO0 TOOOODOOOOODO

Proof Deligne0 0000 Sh(Cr,J7) 0000000000000 Ogeometric morphism 00O {p; : Set —
Sh(Cr,Jr)}ie; 0/ 00000000000000000000000
Sh(Cy,Jr) 00DDOO00 EOODO S, €Sub(E)0000D0

Viel, p;*S < p;*$' in Sub(p;*E) = S <5

000000+ e€lI00000M, :=p*(Ur)0 Set0000 7-000000 M; FolD0O0OOO
M < pMiin Sub(AM)O O 000 M = p*(Vr), M = p*(pPU7) 0000000000 ie 000
0 pi*(0YT) < p*(4Y7) in Sub(p;*(AYT)) 000000 YT < U7 in Sub(AY7)0000 Uy Eo 00
oooo n

Corollary 1.19. 70000 Set-000 M UOUOUOO M =o0000000000 coherent category O O
00000 TOD0O0O0D MOOOOOD MEcODODO O

1.3.8 Various Aspects of Grothendieck Toposes
Set[T'] O universal model Uy 0000000 topos 000000000 geometric morphism Set —
Set[T] 000 Ur O inverse image 0 000000000000 0Set[T]0 T O semantical 10000



Oo0odooooooOoooooooooooooooooooooooooooooooooooogon
0000000000000000000000000000000D0 000 classical completeness O
Deligne 000000000

O000Set[7)0 DO0OO" DODO0O0ODOOOC DOOO T-DOO" O0OO0DO0ODODODOOOODODOOO
000000 Osheaf toposO Set[7] 000000000 DO0O0O0O0O0 ZOOO=0000Z0O0O0O0OO
0000000000000000000000 dassifying topos O Zariski topos 10000000000
000000000 0Ocf. MacLane & Moerdijk [7, Ch. VIIL4](D

0000Set7)0000/0000000000TO 00000 0O 00000 DODOOOOOOO
0 000Ocf. “Toposes as bridges” Caramello [B](10 O O O classifing topos 0 0000000000000
00000000000O00O0O0Set7T)0 TO* 000" DO0OOODODO

0000000000000 0000000000000000000000SGA4 [MooooO
Grothendieck topos 0 0000 M 0000000000000 O0DO0O0OO0ODODOOOODOOOOO
000000000000000000000000000000WeilOODOOOby DeligneDO000O0O
Ooboodobooboooooooooogoodoooooooooooooooooodnn codd
ooooooooOoOoOOOOOO0OO0OO0O00O00OoOoOoOoOod

000000000000 000D0O000DOO0oOODSetT0ODO0DO0D00DOODOOTO DOODO" O
oooooooooOoOoOOO0OO0O0O0O0

2 Geometric Representation for Classifying Toposes

(classical) propositional theory 7" 0 O O O O Lindenbaum 0 O Ly O ultrafilter 00 0 O O Stone O O
Sr00T00000ie TOODOODODOOOODOOODOOOODODOOOODODOOOODDODODODOODODO
000000000000 000Oo00oO0SyrO00Stonel 000007 O0OO0OOOOOOOOODOOO
gboooogo

coherent theory 70000000007 0000000000000 DO0ODO0ODOO0O0OODOOO
syntactic category Cr O Lindenbaum 0000000000

gbobooooooboooboog

propositional case coherent case
Lindenbaum 00O Ly syntactic category Cr
T-model=Bool 000 | T-model=coherent functor
v:Lp—2 M : Cr — Set
Stone 0 O semantical groupoid
St = Hompa (L1, 2) Gt “=" Coh(Cr, Set)

2.1 Topological Groupoids and Equivariant Sheaves
0CO0000000000000000

® object DO OO C
e morphism 0000 ¢



e dom,cod:C; = Cyid:Cy — Cy
e comp : C; X¢, C1 = C4

000 Cy X¢y C1:={(g,f) € C1 xCy; domg = cod f }0
e dom, cod,id,comp 000000000000

dom
comp , g
Ci ¢, C1 —=C1 < _Co

cod

0000000 morphismOO0O000O groupoid 0000000000000 O0O0OO0O0ODOOO
g“ bgoobog” bogoo

Definition 2.1. topological groupoid GO OO OD0O00000000 Top OO0O0O internal groupoiddd O
0000000 Gy, G:00000000000000000000O00000O000000000O0

dom
comp .
G1 %G, G1 —= G1 4Gy
]

Go={*}000000000 topological groupoid 1000000000000

Definition 2.2 (Spaces over a topological groupoid). G O topological groupoid 00000000 7 :
E—-Go0000000G+E,GxG+xE000D0 pullbackODOOOOO

proj,

G+ FE—F G+xGxFE G« FE E
I U L
Gl G() Gl X Go Gl G1 dom Go

| lmd

dom
Gy ——Gp

coooooooocoobooooo

e GxE={(n,e) e G x E;m(e) =doma}
e GxG+xE={(B,0,e) € G1 x G1 x E; m(e) = doma, coda = dom 3}

O000G+«G+«EQ pullbackDO00OO0O0O00O0O00O00O0O0OO
G*G*EﬁGl XGo (G*E)Z(Gl XGOGl) XGoEﬁ(Gl XGOGl) XG, (G*E)
g

Definition2.3. 0000 X O0OOOOOOOOODOOOOO FO0ODOOOO0OO0»:E—-X0O0O0OOOOO
0000000000 D0O00ee FOOUO eD00ODDUOUDOUD#p0DO0ODODOODODOOD



ooooooodm:E—-X,m:F—-X000000O00O0O0O0OO0O0oOo0O000o0oo000o0ooo0oo0o0o
0O f:F—-FOOOOODOOOODOOOOOOD

f

E——F

N A

X

gooooooooOoOoOoOOOO0O0OO0OO0OO0OO0~OOOOOOOEOOOOODODODOOOOOXOODOOO
00000000000000 XO0Osheaf0OOOOODOOOD Sh(X)DODOOOOODOODOOOODO
oo 0

Definition 2.4 (Equivariant Sheaves). G O topological groupoid 0 0 O O

(1) GO O equivariant sheaf 000000000000
e Go0ODOOO0ODODOOODOODOODOOOO0 7:E— GO
e 00O p:GxE — EO
e JO00O0O0O0OOOOOOOOOO

(idom,idg)

G+E-L s E E—=GxFE G*G*E%G*E
projll ln \ip idGIXpi lp
G, — Gy E GxEF——m s> F
cod 14

equivariant sheaf 0 (E,p) 000000
(2) (E,p), (E',p) 0000 equivariant sheaf 0 0 O O equivariant sheaf 0 000 00MM G, 0000
0000000 f:F—F O00000000D0O000O0O

G*EL>E

idclel if

G*ElﬁE,
p

G OO equivariant sheaf 00000000000 Sh(G)0ODOOO O
equivariant sheaf 0 000 0000000000000000000O0OO

arpSveG 0000 py=pla,—):E,-EODE,0FEQDpu00stalk000000000 p, 00
gooooo

Im(pa) C E, 0000000 pe:E, S E, 00000
pia, = idg,
S 14
PB O Pa = PBoa (n—v—2X)



0000 GO FOstalkOOOOOOO” 000000000000 00O0O00O0O00O0O0 equivariant
sheaf 0000000000000 O000O0O0O0O0000 e:p>rveG, 00000

EHL)EV

A

/ /
EM ’ El/
Pa

Theorem 2.5 (¢f. Moerdijk [B]). Sh(G) O Grothendieck topos O O OO O

2.2 The Semantical Groupoid G of Models and Isomorphisms

0 O O coherent theory 70 0O O O O O Breiner [B, Ch. 1] 000 00 O O O semantical groupoid G O O
00000000 k> |£j0000O0O0O

Definition 2.6 (Space of Models). 0000 (Gr)o=Go0DOO0O0O0O00O0

e GoUUO pO0O0O00oooooooog
- k-small model M, 000000000 basicsort ADDDOD |[AM«|<x 000000 7T-0000
- 0 basicsort ADDO OO K;j‘ngDDD infinite-to-one valuation v;‘:Klf—»AMMD
oooM,000 z:A=(x;: A;),00000000O0DOOOOODO

T ._ AMu M,
[My|" = A7 x - x A
T .__ A1 .. An
K, =K x:-xK,
z._ A1 An . T T
vy =0t X Xt K | M

e o(Z)0 kex™:=k"00000
Vo = {n € Gos k€ Kj, My, = (v (k) (e vi(k) € ")}
00000o0oooood Goooood O
Definition 2.7 (Semantical Groupoid). D000 (Gr)y =G, 00000000

e G;000000000 a:M, =M, (uve GO
00000000 a0 2:A000000* 2007 0a®:|M,|* 5 |M,|)*0000
e JOOOODODDDODDOODO

dom
comp T
Gi Xg, Gi —>=G1 <2 _ Gy

doma=p,coda=v0000a:p>rv0000
o (@), ¥(y), (k1) €ki®¥, i jcrr 00000

V[@(E)7¢(Z)7€'i—> ﬂ = {Oé e :> v e Gl VRS Vap(fc)? ve Vw(i)v O(E(UZ(Z)) =v,

W
—
<
~
——

000o0oo0o0oooo Gyo0o00oo
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000000000000000 Go,G; 0000000000000000000topological groupoid
Gr0O0D0O00000 Gr O T O semantical groupoid D0 0 O O

2.3 Definable Sheaves on G

Definition 2.8 (Definable Sheaves). {Z. ¢} € Cr 00 000Gy OO equivariant sheaf []0 definable sheaf
goooooooood

Wy = {(ma) € [¢]; (k1) € K9, vi(k) = @, My, = (a,05(0)}
000000000000 [p]0000000000000 o] —»Go000D [¢]0 GoOODOO
googooo

* p,:Grxp] = [e]00O0DOO0O0

pela, (p,a)) = (v,a™(@)) ((n.a) € [¢], a:p=veG)

000 0000000000000 M, @ 00000000M, ¢(ef(@)0000000
0000p,000000000000000([¢],pe)0 Gr OO equivariant sheaf 0000 O

Remark 2.9. [o] 000000 peGoOO stalk D000 [o], = MO O
Proposition 2.10 (Forssell [B, §2.3.4, §3.2.2]).

(1) {Z.¢} €Cr 00 [p] €Sh(Gr) 00DO0D00D0000 [-]:Cr— Sh(Gr)0O0000000

(2) 00000000 coherent, fully faithful, cover-reflecting 0 0 0 0 0O Cr O O definable sheaf O
0000 Sh(Gp) DOODDOODO PODOOODO

(3) definable sheaf 100000 Sh(Gy) 00000 D0O0O0O0O00E,FeSh(Gy)000000 200
0000 f,g: E= FOOOOOOO0 [¢]0 h:[p] > EOO0DOOOfh#£gh000D0 O

Theorem 2.11 (Representation Theorem). coherent theory 70 0 O OSh(Gr) O classifying topos Set[7']

gooon
Sh(Gr) ~ Set[T|0

Proof 000 Grothendiecktopos £0 £00000000000000COODOOCE00 COO canonical
topology J OO DO £~ Sh(C,J) 0000 DOOUOOUODOGrothendieck topos Sh(Gr) U definable sheaf
0000 DO canonical topology J 00 000 Sh(Gr) ~ Sh(D, J)O

000[-]:Cr — Sh(Gr) O coherent, fully faithful, cover-reflecting 00000000 [-]00000
00000 Cr~DO0000(Cy,Jr)0 (P,J)0site0000000000

00000Set[T] ~ Sh(Cp, Jr) ~ Sh(D, J) ~ Sh(Gr)0 [ ]

11



gon

¢ coherent category 0 0000 0Set 000000 coherent logic O syntax 0 semantics 00 0O
ubooooboobooboboboooooobooo
— theory = coherent category
— model = coherent functor
e syntactic category Cr O O classifying topos Set[7] 000 0000000000000 0O0OO0ODO
coobooooooocoooo
e Set[I10000000000O0TOODODODODODOlogical/algebraic/geometric0 00000000
~ T0O“ 000" 0000 Set[T]O

goon
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