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First-Order Categorical Logic

@ First-Order Categorical Logic
@ Syntax and Semantics
@ Syntactic Category and Completeness
@ Classifying Topos
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First-Order Categorical Logic

Subobject Poset

Definition (subobject poset)

0 CO object COOOOOC O subobject Oi.e. C'O codomain O
00 monomorphism 0000000000 poset 0 Sube(C) O
00000 Sub(C)OODOODOOOO

S<TeSub(C) &L —2.7

=

Q=<=—<n
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First-Order Categorical Logic

Set-like ("Logical") Categories

OSet00O00O000O0OOOOOOOODOOO

Definitions (cf. Johnstone [6, A1.4]))

(1) D 000000000 0d coherent category 000 O

finite limits 0 O 0 O

00000 image factorization 00 0 O

regular epi O stable under pullbackO

000 object ADODOOOSub(C) O finite unions 10000
000000 stable under pullbackO

0000 Sub(C) O lattice DO O0OOOO0OOOOOO

(2) O C,D O coherent category D0 OOOO F:C—D0O (1)0
00000000 coherent functor 00 O O
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First-Order Categorical Logic ~ Syntax and Semantics

Coherent Logic

logic 0 0 O 0 many-sorted 0 00 OO
000 full first-order logic 0 000000 fragment 00000
Definition (coherent formula)

R(z),s(z)=t(z),T,L000000000000000O0O0OCO
{A,Vv,3}00000000000000 coherent formula 00 OO

000000 logic (regular/intuitionistic/geometric logic 0 0 )
gooobdooooogbodon
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First-Order Categorical Logic ~ Syntax and Semantics

Coherent Logic

Definitions
(1) DOOO0O0O0O zOOOOO coherent formulas ¢,y 00000
¢ Fz ¢ O coherent sequent 0 0 0O O

(2) coherent sequent 000 T = {; k3, s },.; O coherent theory
agooad

Remark
coherent formula OO0 - 00000000 formulad00OOO0O0O
0 sequent 0 axiom OO OOO0O0O00O0O
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First-Order Categorical Logic ~ Syntax and Semantics

Examples of Coherent Theories

categorical logic 00000000 Vzp(z) 00OODDOO0O0O0OO0
0000000000 Tke(z) 0000000
coherent theory D0 D 000000000000 OO

o JIIIIUIMMIDIUUUUODOoooooouooo
F((z+y)z=1) Fpy F2(zz=1) VIz(yz =1)
e J0IUIMMJOODOODOODO

Tk (x=0)VIyley =1)

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 9/ 49



First-Order Categorical Logic ~ Syntax and Semantics

Syntax

coherent theory 00000000 syntax 00000

coherent logic0 00000000000
¢ Fay ¥ Jyp ba ¢
Jyp bz o Fay ¥ (y ¢ FV(9))
eNWVX)Fz (eAY)V(0AX) (distributive law)
e A Jy bz Jy(p A ) (Frobenius law)
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First-Order Categorical Logic ~ Syntax and Semantics

Structures in a Coherent Category

Definition (structure)

L£0000C0O coherent category 00O M COOOO0O
L-structure M OO0OO00O0O00O0O0O00OO

@ O basic sort A 00000 object AM € C

e 0000 ¢: ADODD OO0 morphism ¢ : 1 — AM

e 000D f:A; x---x A, — BOOOOOmorphism
M A x o x AM — BM

e 0000 R:A; x---x A, 0000 0Osubobject
RM s AM x ... x AM
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First-Order Categorical Logic ~ Syntax and Semantics

Structures in a Coherent Category

Definitions (Continued)

(1) Ltermt: Ay x---x A, - BO0000O0O0O0O

tM:AM x ... x AM 5 BM ODD0OO00D000000O
(2) L-formula ¢(z) (z; : A;) 00 OO O subobject

oM — AM x ... x AMOO0O00D0D000000000
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First-Order Categorical Logic ~ Syntax and Semantics

Structures in a Coherent Category

Definitions (Continued)
e JDOO0D s(z)=t(z)000DO0O equalizer 000 O

M

(5(z) = ¢(z))M—> AM x ... x AM ? BM

e 00000 R(t(%),...,tm(2)) 000000 pullback 0000

R(t1(Z), ..., tm(7))™ RM

M l M(t{[\/l 7777 t'r]r\{) M M
A x - x A ———= B X --- X B}
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First-Order Categorical Logic ~ Syntax and Semantics

Structures in a Coherent Category

Definitions (Continued)

e 00000 T,L:A000D0O0O0DOO Sub(4AM) O top (resp.
bottom) element 0 0 00000

@ pAY, vy 00000000 Sub(A¥ x ... x AMyoooaO
meet oM NyYM, join M UM DDOODDOO

@ Jyp(z,y) D00 0DODO image factorization 0 0 O O

oM AM » BM

N

(Fyp)M>— AM

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 14 / 49



First-Order Categorical Logic ~ Syntax and Semantics

Soundness

Definitions

(1) 0 = (¢ Fz ¢¥) O L-coherent sequentl C O coherent category
O000cCcooo00 L-structure M 0000

MEo & oM <ypM  inSub(4Y x --- x AM)

(2) coherent theory 7"0 00 O
METie MOTOOODDOD & VoeT, Mo

Theorem (Soundness)

T 0O coherent theory o O coherent sequent 10007 00 o O
00000000000 coherent category COOCOODOOODOO
070000 MOUOOMEeOODOO
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First-Order Categorical Logic ~ Syntax and Semantics

Examples: Models in a Coherent Category

coherent theory 0 0000 0000000XODOO0O0O0O00O0O
Sh(X)0 XOOOOOOOOOOOOOODO coherent category
000000000000 Grothendieck topos O O 0O [

e Sh(X)JOUODDODDUODUOUOUOUDOODDODODOODDOO
goooooodn

e Sh(X)UODUODDODDUODOUOUOUOOUDODODOODOODOO
goooo

~00000000000000M000000000DO0Ocoherent
theory 0 000000 categorical logicO0 OO OOOO0OO0OO0OO
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First-Order Categorical Logic ~ Syntactic Category and Completeness

Theories as Categories

Definition
coherent theory 7' 0 0 O O O coherent category Cr (syntactic
category000) 000000000000

@ object: coherent formulas 0 o-0000000000¢ 0O
00000 {z.o}0000

@ morphism [0] : {Z. ¢} — {y.1}: coherent formula 6(z,y) O
000000 TOO0OO0O00O0OO0OOO functional formulalT

0 tzg (0 AY),
(0N 0[2/9]) bagz (§ = 2),
o k5 300

00000000000 00D T-00D000OO0DOOOO™
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First-Order Categorical Logic ~ Syntactic Category and Completeness

Models as Functors

Definition
Cr 0000 “canonical” model MO0 00DOO

@ basicsort ADDOOO AMr ={2. T} 0000 =0 ADO sort
00000

e 0000 c:ADDOOOM =[y=¢:{[]. T}={ T}
e D000 f: A x---xA,—-BOOOODO

r=1f@) =yl {z.T} = {y. T}
e 0000 R:A; x---xA, 00000

RMT = [R(Z)AZ =2 : {Z. R(Z)} — {z'. T}

00 Mp0OD0Cr00000TOOOODOOOO
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First-Order Categorical Logic ~ Syntactic Category and Completeness

Models as Functors

Theorem

o O coherent sequent 0 00O

(1) TOO o 00000 < Mrlo

(2) OO0 coherent category DO D OO OOOO

Coh(Cr, D) ~ T-Mod(D)

0000000000000 coherent functors O natural
transformations 0 0 00O OO0 70000000000
oood
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First-Order Categorical Logic ~ Syntactic Category and Completeness

Models as Functors

Proof.

(1) O syntactic category 0 00 0000000000000 0OO0
20o0oooooooooooo

e functor I : Coh(Cy, D) — T-Mod(D) U O O O O O coherent
functor F': Cr - D0O00D0O0DOO0OO TOOOO F(Myp)
000000000 I(F):=FM/) 00000

e functor J : T-Mod(D) — Coh(Cr, D) 000 D0OTOOO
OMOOOOOFy:Cr—D0 Fy({Z.9}) =M 0000
O @M morphism 000000000000 OOOcoherent
functor 0000000 J(M):=Fy, 00000 |

0000000 MpOODOOOODOOO My O universal model O
oooon
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First-Order Categorical Logic ~ Syntactic Category and Completeness

Completeness

Corollary

T 0O coherent theoryO o O coherent sequent 00 0 M 000
coherent category CO0OCOO0OOO0T7T 0000 MODOOO
MEocOUOOOOODOOeO TOOODOOOOOO

Proof.
syntactic category Cr 0 universal model My 000000000
ugboooognd |
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First-Order Categorical Logic ~ Classifying Topos

Grothendieck Topos

gooogoooooogoogoon coherentcategoryDDDD
Oo000oo0ooooo0ooooooooooooooooooo

Definition (Grothendieck topos)
locally small coherent category E 000000 0Giraud 0000
O0000000¢&O Grothendieck topos 0000 0ODO 0O

e £ 0 regular category 0 O 0O effective0 0000000
equivalence relation a,b: R = £ 0000 coequalizer
c:E—-FOO0O0OO0OO0O0O a,b0 ¢O kernel-pair00 00

e £ 0 small disjoint coproduct 0 0 0000 00O stable under
pullbackO
e £00DODODOODOOO
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First-Order Categorical Logic ~ Classifying Topos

Grothendieck Topos

Remark

000 0 Grothendieck topos 000 0000000000000
00 smallsite (C,J)DO0O0DO0O

£ ~ Sh(C, J)O

OooooSh(C,J)O JOoOOoO  cOoOoUooOooOooOooooom
0 O 0O Grothendieck topos 0 OO0 OO0 0000000

0 O O Grothendieck topos O 0 0O OO elementary topos 0 0O 0 OO
000000000 elementary topos O O first-order logic O O O
000 higher-order logic0 0000000000 0O0O00O00O0O
gobodobooooboobooogodood

00 0Otopos 00000 Grothendieck topos 0000000 )
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First-Order Categorical Logic ~ Classifying Topos

Geometric Morphism

Definition (Geometric Morphism)

&, F O (Grothendieck) topos O O O O geometric morphism

p:£€—FO000000O0p=(p*p,)0000000000000O
ooooo

op:E—~FOOp : F—=E
e p*Hp, 00000 p* O finite limits 00 0O O

0000 p. O direct image functorQ p* O inverse image functor O O
00000&EDO F0OO geometric morphisms 000000
geometric transformations0 00000 Geom(&E,F) 0000

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 24 /49



First-Order Categorical Logic ~ Classifying Topos

Classitying Topos

Theorem

T 0O coherent theory 0 0 O O coherent category Cr 0 O
“canonical topology” Jr 0000000000000
Grothendieck topos Sh(Cr, Jr) 00D 000000
000 Grothendieck topos £E0 000000

Geom(&,Sh(Cr, Jr)) ~ T-Mod(€)

0000000000000 00 E000Oo0ooOooooon

000000 Sh(Cr,J) 0000 universal model Ur O inverse
image functor 0 0000000000000 O0O0O0DOOOOODO
0000000000 topos 00T O 0O classifying topos 0 0O O O
Set[T] 0000
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First-Order Categorical Logic ~ Classifying Topos

Classical Completeness for Coherent Logic

topos0 00000 Deligne00OO0D00D00O0O0OOOOO

Theorem (Classical Completeness)

T 0O coherent theoryd o O coherent sequent 00007 0000
Set-000 MOOUOO MEeOUOUOOOOe O TOOODOODO
good

Corollary

TOOOO Set-000 MOOOO MEecOOOOOOODOOO
coherent category D0 00000 7'OOO0OO0 MOOOOO
MEccOOOO
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First-Order Categorical Logic ~ Classifying Topos

Various Aspects of Grothendieck Toposes

Set[T'] O universal model Ur 0000000 topos0 00000
0 O O geometric morphism Set — Set[7] 00 0O Ur O inverse
image 0000000000000 0OSet[7]0 T 0 semantical O
ggobbooobbboooobobuoooobbooooooooa
gogoboboogoboboooobobooobbbooooooboa
ggobbuooobobbuoooobboooobobmoboog

classical completeness 0 Deligne 000000000 M

0000Set[T)0* 00D0O0" D0D0D0OODO0OOOD ODOOO T-O
00" D0000000000000000D00000sheaf topos
0 Set[7)0000000D0000O0O0O0OO ZOOO=00007Z
gbooboboobooboboobooboboboobo
classifying topos O Zariski topos 0 D000 0000O00

0 MacLane & Moerdijk [7, Ch. VIII4]0 0000000000
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First-Order Categorical Logic ~ Classifying Topos

Various Aspects of Grothendieck Toposes

O0o00o0oo0oooooooooooooooooooooon
00 000SGA4 [1]0 O 0 O Grothendieck topos 0 D 0 0 0O O
gdoddodododouooooooooooooooouooooa
goooooooooooooouooouoooooooon
Weil 0000 Oby Deligne0 DODOOO0OO

gdobboooobboooobbbooobbboooooboobo
oboboboogobbibod oo boooobbod
ugooboooooooboooon

00000000000000D00000000O0000Set[T] O

o0oooboOooooToO* 0bO00O” booDOooDOooooobDoo
gogooobod
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Geometric Representation for Classifying Toposes

© Geometric Representation for Classifying Toposes
@ Topological Groupoids and Equivariant Sheaves
@ The Semantical Groupoid of Models and Isomorphisms
@ Definable Sheaves on the Semantical Groupoid
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Geometric Representation for Classifying Toposes

(classical) propositional theory 7' 0 0 O O O Lindenbaum 0O O
Ly O ultrafilter 00000 Stoned O S, 007 0000Oide T
gboobobooboobobooboobobooboobob
g000O0o00o00ooooooooooooooooogsSyO
OStone 000 000T7TO0OD000000000O0OOODODODODO
god

coherent theory 7’00 00000007 O00O0O0O0DOO0OOO
0000000000000 000 syntactic category Cr O
Lindenbaum OO0 00000000

gogoboboooobbogo

propositional case coherent case
Lindenbaum OO Ly syntactic category Cr
T-model=Bool 0 0 O | T-model=coherent functor
v: Ly — 2 M : Cp — Set
Stone O O semantical groupoid
St = Homgpa (L7, 2) Gr “ =" Coh(Cr, Set)
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

OcO0ooooooooooooonoon
@ object 0D OO C
@ morphism 0000 C;
@ dom,cod :C;y = Cyid: Cy — C4

@ comp : C; X¢, Cy = (4
000 Cy Xe, C1 :={{g,f) €C; xCy; domg = cod f }O
@ dom,cod,id,comp 000000000000

dom
comp -
Cl X ¢ Cl —>C1 <LCO
cod

0000000 morphism 000000 groupoid 0000
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Topological Groupoids

Definition
topological groupoid GO OO OO0O0O0D00D0000 TopOOOO

internal groupoid0 D 00000000 Gy, G, O00O0O00OOOO
god0ooooobooobooooodooooooononn

dom
comp

Gl X Go G1—>G1<LGO
E—

U cod

inv

Go={+}000000000 topological groupoid 000000
ugboooognd
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Spaces over a Topological Groupoid

G O topological groupoid 00000000 7: £ — GoO0OO
0000 Gx+E,GxG+EO0DODODDODODOOODODOOOOOO Top
0000 pullbackD0O 0000 MM

0 GxE :={(n,e) e Gy x E; m(e) =doma}
e GxGxFE
={(B,a,e) € G1 x G1 X E; w(e) = doma, coda = dom f3 }

T
v A
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Ftale Spaces

0000 XO00OO0DOooooooooooo pOD0DOD0OOOD

r: /K= X0O00O00OODOO0O0OO0OODOO00O0O0OODmMoOOobO eceE
0000 e0000UOUO0OOmpy0000O0OOOODOOOOO
oo0o0ooddOm:E—=X,m: F—=-X0O0O0OOOOOOOooOOoo
00000000o0o0o0ooooDoooD f:F—=FOOOOOOO
goobooooooo

f

N

X

ooo0ooOOdoOOoO0ooOOoDOOobOoO0ooOO0D0bOD ~ODODOODOE
0000DbOO00000O0O0DXDbOOoooboooboooobooooo
00 XOOsheaf DOOOODOOOOO Sh(X)ODODOODOOOO
gogooboogd
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Equivariant Sheaves

Definition
G O topological groupoid O 0 O O
(1) G OO equivariant sheaf 0000000 (E,p) 00000
e GoUUIDOODDODOODODODODODOODO 7: E— GoO
e J00OO p:GxE — EO
ea:pu—v eG 0000 py=pla,-):E,—-FOE,0FE
Op00stalkDOOOODOOOO p, DOOOOODOO

Im(p,) CE, 0000000 p,:E,SE 00000

pid, = idg,

o B
PB © Pa = PBoa (M_>V_>)‘>
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Equivariant Sheaves

Definition (Continued)

: e pa(e)l e pﬂoa(e)

t<:‘—|(‘b
2L
S 3
=
<~
3
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Geometric Representation for Classifying Toposes = Topological Groupoids and Equivariant Sheaves

Equivariant Sheaves

Definition (Continued)

(2) (E,p), (E',p/y 0000 equivariant sheaf O 0 O 0 equivariant
sheaf 00 f: (E,p) > (F,p)00DMG, 00000000000
f:E—-FE 000000000000 e:p>veG, 00000

EMLEV

o

/ /!
Eu / Ey
«@

G OO equivariantsheaf 0 0000000000 Sh(G)OOOO
00000Sh(G) O Grothendieck topos O O O O cf. Moerdijk
(8]0

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 37 /49



Geometric Representation for Classifying Toposes ~ The Semantical Groupoid G- of Models and Isomorphisms

Space of Models

0 O O coherent theory 7' 0 O O O O O semantical groupoid G O O
OO000Ocf. Breiner 3]0 0000 x> |£|000000

Definition
0000 (Gr)o=G, 00000000
e G000 «00000000000000000000
pe€G, 00000 TOOOODO M,0000
000M,000z:A=(z;:A);00000
IMJE =AY % ... x A CxrODO0
@ p(Z)0 kex®P:=xk"00000
Vo = {1 € Gos k € |MLI°, My, |= p(k)  (ie. k € ™)}

)

000000000000 Goooood
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Geometric Representation for Classifying Toposes ~ The Semantical Groupoid G- of Models and Isomorphisms

Semantical Groupoid

Definition
0000 (Gp), =G, 00000000
e G,000D0O00ODO a:M,> M, (u,v e Gy)O
D0000000 a0 Z:A00000@O0" 2007 O
o IM,IFS IM,|*0000
e 0000DDDOODDODO

dom
ﬁ-
G 4Gy
U cod

inv

comp

Gy X Go G, —

doma=p,coda=v0000a:p—rv0000
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Geometric Representation for Classifying Toposes ~ The Semantical Groupoid G- of Models and Isomorphisms

Semantical Groupoid

Definition (Continued)
e o(x), (@), (k1) e k¥, 5 j€x*00000

Vip(k), $(1),7 > j]
={a:p>veG;pueV,m,veVyp, (i) =7}
O0o0DO0boOooooDoono G,oooog

000000000000 000 Gy,Gy0ooooooooog
00000000 topological groupoid Gr 00000000 Gr
O T 0 semantical groupoid 0 0 0 O
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Geometric Representation for Classifying Toposes  Definable Sheaves on the Semantical Groupoid G

Definable Sheaves

Definition
{Z.¢} € Cr 00000 Gy OO equivariant sheaf [0 definable
sheaf DO0DODOOOOODOOO

° [¢] == {{u,k); u € Go, k € |M,|", My, |= p(k)}

e ¥(7,7), (k1) es® 0D00ODO

Wyin = {(u. k) € []; L € M7, M, b= (K, 1)}

000000000000 [pJoO00o0o0ooOonoooon
[e] = GoOOOO [e] 0 GoOOOODOODOOOOOO
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Geometric Representation for Classifying Toposes  Definable Sheaves on the Semantical Groupoid G

Definable Sheaves

Definition (Continued)
0 p,:Grxp] > [¢]00DODODODOO

p¢(Oz, (1, El)) = (v, aa_c(]%» (<N7%> € [v], a:p Ve G1)

000 0000000000000 M, ):go( yooooo
000M, = ¢(a ())DDDDDDDDDDDWDDDDD
0000000000 ([¢],pe) O Gr OO equivariant sheaf
gooo

[p]0D00000 peGyoOO stalkOO OO

H‘PHM = QOMH
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Geometric Representation for Classifying Toposes  Definable Sheaves on the Semantical Groupoid G

Representation Theorem

Theorem (Forssell [5, §2.3.4, §3.2.2])

coherent theory 7" 0 0 0 O Sh(Gy) O classifying topos Set[T'] O
ugood

Sh(Gr) = Set[T]0

Sketch of the Proof.

(Step 1) {z.¢} €Cr 00 [¢] € Sh(G,) 00D DO0ODDO0
[-]:Cr — Sh(Gr)DOODDOO0OO

(Step2) OO0 [-] 0D OCrO0Odefinable sheaf 000 0O
Sh(Gr) DODODDOO0O DOOOOOOOOOOOO

(Step3) DODO Sh(Gy)OODODOOO JOOOODO
Sh(D,J)~Sh(Gr) 0000000000000 Cr ~D
00000 (Cr,Jr)0 (D,J)0site 0000000000
0000 Set[T] ~ Sh(Cr, Jr) ~ Sh(D, J) ~ Sh(Gy)0 W

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 43 / 49



Future Work

00000 =0000 -0 J

ogoooboooobobboooooobooon
~00000000Die 0DDDDOOODOODOOOOOOOOO

ugooboooooood

Observation
e JID0OODNOD typeDJODOOODOOODOOODO
type000O StoneO00 0000

@ Stone duality O ring-affine-scheme duality 0 0 0O O
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Topos
Zariski topos
étale topos . ..

N

Algebra Algebraic Geometry
scheme
algebraic space

ring, module

Topos
classifying topos

7 T~

Logic Logical Geomtry 77
theory, model logical scheme

00 00 (Aratake Hisashi) Classifying Toposes of Theories 20150 110 270 45 /49



Future Work

@ classifying topos 00000000000 00000000
gboboboboooboobobboobooboobo
O cf. “Toposes as bridges” Caramello [4]0

@ classifying topos 0D 000000 0000000000
g gbodboobobbooboobobboboobo
O cf. Breiner [3]0
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oo

@ coherent category 0 D000 0Set D00 OODO coherent
logic O syntax 0 semantics 00 0000000000000
O000000o0o000

e theory = coherent category
e model = coherent functor

@ syntactic category Cr U O classifying topos Set[7] 00 OO
gobobboooobboooobboooobboooobn
god

e Set7]00UIDUIOOOOLODODTOOLOLOO
O logical/algebraic/geometric0 00000000
~ T0O* 000" 0000 Set[T)O
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