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Oriented percolation

(w = (w(k; ) (k0)enxz: Pp) is
independent, Bernoulli(1 — p).

(h2) is open if w(k,z) =0,
’ closed if w(k,z) = 1.

0 < dp¢ < 1 such that

p < pe = Pp((0,0) <> 00) =0,
p > pe = Pp((0,0) <+ 00) > 0.

The result at p = p¢ is due to Bezuidenhout—Grimmett (1990).
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Oriented percolation

(W = (W(k, ) (k.0 enxz: Pp) Ts
independent, Bernoulli(1 — p).

(h2) is open if w(k,z) =0,
7'7: | .
closed if w(k,z) = 1.

0 < dp¢ < 1 such that

p < pe = Pp((0,0) <> 00) =0,
p > pe = Pp((0,0) <+ 00) > 0.

The result at p = p¢ is due to Bezuidenhout—Grimmett (1990).

Question: How many open paths are there?
Answer 1: Exponentially many. F.—Yoshida (2012)
Answer 2: 3Growth rate. Garet—Gouéré—Marchand (2017)

Disclaimer: We focus on (1 + 1)-dimension for simplicity.
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Oriented percolation

Let N,, = #{open path from (0,0) to (n,Z%)}.
Theorem (F.—Yoshida (2012))

On {(0,0) «» oo}, liminf, , £ log N;, > 0.

Theorem (Garet-Gouéré—Marchand (2017))

On {(0,0) > oo}, Jap, = limy, 500 % log N, > 0. In fact, the ‘“directional
growth rate” oy, (v) exists and oy, = sup,, o (v).

Question 1: Is ay, continuous in p?
Question 2: Is ay,(v) strictly concave in v7?

We will answer the first question.
The second question seems to be hard.




First set of results

Theorem (F.—Junk (2021))
The growth rate o, is continuous in p € (pe, 1]. J

We deduce this from the following results, which establish a “good finite
volume approximation”.

Proposition (F.—Junk (2021))
For any §,& > 0 and r > 0, there exists ¢ > 0 such that for all p > p¢ + ¢,

IP’p(‘logNn — E,[log N, | (0,0) ++ oo]| > nato ‘ (0,0) < oo) <en "

v

Proposition (F.—Junk (2021))
For any 6, > 0, there exists ¢ > 0 such that for all p > p¢ + ¢,

546

1
‘Ep[log Ny, | (0,0) <> 00] —ap| < cn”2
n
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Zwy= Y efTiiuta)

7: path of length n

Indeed, we have limg_, Zﬁ(w) = Np(w) as long as n € N is fixed.



Directed polymer in random environment

There is a positive temperature version of our model:

Zwy= Y efTiiuta)

7: path of length n

Indeed, we have limg_, Zﬁ(w) = Np(w) as long as n € N is fixed.

For 0 < B < o0, the existence of the growth rate is relatively easy.

Theorem (Comets—Shiga—Yoshida (2003))

For every 5 € [0,00), there exists f(3,p) € (0,log(2d)] such that,
P,-almost surely,

1 1
lim ~log Z)(w) = lim —IE[log Z;)(w)] = (5,p)-

n—o0 N,

Question: Is oy, = limg_,o0 f(5,p)?



Second set of results

Theorem (F.—Junk (2021))
For any p € (pe, 1], ap = limp_s0 (B, ). }

This follows from the following results.

Proposition (F.—Junk (2021))
For any 6, > 0 and r > 0, there exists ¢ > 0 such that for all § € [0, 0]
andp > pc +e¢,

Pp(\log 28 —Eyllog 27 | (0,0) < oc]| > n2™? ‘ (0,0) ¢ oo) <en

v

Proposition (F.—Junk (2021))

For any 0, > 0, there exists ¢ > 0 such that for all 5 € [0, 00| and
p>pcte,

'iEp[log Z 1 (0,0) +» oo — f(ﬁ,p)‘ < en~3t,



How it goes when 8 < oo: super-additivity

For 8 < oo, we have a simple structure:

B B
log Zm+n log Z Z(O,O)ﬁ(m,z) Z(m,x)%(ern,Zd)

B
B —(m,z)
= log Z,, + log Z Tz(m,:v)%(mm,%d)

Jensen

B mx)
> logZ,, +Z ng(mz) (mtn.zd)"
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For 8 < oo, we have a simple structure:

B B
log Zm+n log Z Z(O,O)ﬁ(m,m) Z(m,x)a(ern,Zd)

B
B —(m,z)
= log Z,, + log Z Tz(m,:v)%(mm,zd)

Jensen

B mx)
> logZ,, +Z ng(mm) (mtn.zd)"

Taking expectation, we get
[IOg m+n] > Ep[log Zrﬁn] + Ep[log Zﬁ]

1
= Elnhm —E,[log Z]7].
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Basic principle in measure concentration

For a function of many independent random variables:

Stable under re-sampling coordinates = well-concentrated.
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How it goes when 3 < oo: concentration

Consider the environment changed at one time:

Wk = (Wl1yxzd, Wlayxzds - - - Wlp—1yxzds Ol {ky xzds Wl iks1yxzds - )
Then we have
Dy : = |log ZE (&) — log Z5 (w)]

S B I Bt (e
S BT, @t D)

log

B (k. (k)

108 Gt

)

< sup
s

which is bounded. By the bounded difference inequality,

5 5 s nl+20
P <loan — Epllog Z,]| > n2 ) < exp{—cn}.
oAl : | 2 k=1 1 DklZ



Troubles around 3 = oo

Even for 8 < oo, the bound on D;, depends on 5 and hence we don’t get a
uniform concentration around the mean.



Troubles around 3 = oo

Even for 8 < oo, the bound on D;, depends on 5 and hence we don’t get a
uniform concentration around the mean.

At B = oo, it gets worse. For the super-additivity, we can write

(0,0)
log Nyin > log Ny, + Z % log N(m,x)ﬁ(mﬂb’zd)-

m

But (0,0) <+ oo does not imply (m,z) <+ (m + n,Z%), and hence the
right-hand side is typically —oco. As for the influence, it is possible that
Nyp(w) >0 and Ny (@) = 0, which implies Dy, = oo

Common Problem: An open path can be discontinued.




Plan of the remaining talk

In the remaining part, | will explain how to prove the concentration around
the mean, that is,

1 1
~log Ny, — —E,[log N, | (0,0) <> o0]| < cn~ 2+
n n

with high probability on {(0,0) <+ co}. The basic method is to “repair”
the discontinued paths.
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In the remaining part, | will explain how to prove the concentration around
the mean, that is,

1 1
~log Ny, — —E,[log N, | (0,0) <> o0]| < cn~ 2+
n n

with high probability on {(0,0) <+ co}. The basic method is to “repair”
the discontinued paths.

| will not discuss the other matters since
@ the same repairing procedure can be used to prove almost
super-additivity for L, [log N,, | (0,0) « oc],
o the rate of convergence for 1E,[log N, | (0,0) ++ 0o] — oy, follows
from the concentration thanks to Yu Zhang's argument in his 2010
paper.



Basic principle and naive expectation

Basic principle in measure concentration

For a function of many independent random variables:

Stable under re-sampling coordinates = well-concentrated.



Repairing: the issue

T (i2)

HEN
HE4

i n

For a path having an extremal slope, the percolation cones starting from a
and b might miss each other. — Impossible to repair the connection.



Repairing: the issue — continued.
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It should be possible to make the cones meet if we move far away from k.
But then the repairing path can be used by many other disconnected paths.



Repairing: the issue — continued.

T (4i1) a

HEN
HE4

i n

It should be possible to make the cones meet if we move far away from k.
But then the repairing path can be used by many other disconnected paths.

This means that between the paths before and after re-sampling, there is
only many-to-one correspondence, which is useless.



Burkholder's inequality

Theorem (Burkholder 1966)

For every q € N, there exists C' > 0 such that for every martingale

((Mp)nen, P),
(Z(Mk = Mk_1)2> ] :
k=1

We apply this to the martingale Mj, := E,[log N,, | Fi] under the measure
“Pp(- | (0,0) > 00)".

E[(M, — My)*] < CE

Then, we only need a moment bound for the martingale difference

Mk — Mk,1 = Ep[log Nn ’ fk] — Ep[lOg Nn ’ ]rkfl].




Burkholder's inequality

Theorem

For every q € N, there exists C' > 0 such that for every martingale
(M= D\

Once we get a good bound on this

" martingale difference, we are done! -
v,

Then, we only need a momen¥N A« for the martingale difference
Mk — Mk,1 = Ep[log Nn ’ Fk] - Ep[lOg Nn ’ ./T“kfl].

The bounded difference inequality suggests to bound this by using (w, wg).
We use a different coupling.




Repairing: the key idea
The key idea is to write the martingale difference as
E,[log N, | Fi.] — Ep[log Ny, | Fre—1]

= E;I’e |:10g Nn([w’ we]k) — log Nn([wa WSIa we]kfl,kJr(logn)g) :

HEN
7

n

The only remaining problem is how to extend the cones into the slab.
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Repairing: the procedure

@ Insert an independent slab and shift the path. (¢, = (logn)?)

@ Move /2 away from the slab to find many connections.

© One of those connections continues forever (forward & backward).
© From a percolation point, the cluster grows like a cone.

© The backward connection must be captured by the cone.



Conclusion

The path constructed in this way can be used to repair at most
(2d)2(10g”)4 open paths.

Thus with very high probability,

Ep[log Ny, | Fi] — E,llog Ny, | Fir—1] < 2(logn)* log(2d).



Conclusion

The path constructed in this way can be used to repair at most
4
(2d)?(1°5™)" open paths.

Thus with very high probability,

Ep[log Ny, | Fi] — E,llog Ny, | Fir—1] < 2(logn)* log(2d).
The other bound

E,llog Ny, | Fi] — E,llog Ny, | Fi_1] > —2(log n)* log(2d).

can be proved similarly. These bounds are good enough to get the desired
concentration inequality.

O



Final remarks

© Duminil-Copin, Kesten, Nazarov, Peres and Sidoravicius (2020)
studied maximal paths in the directed last passage percolation. The
number of paths question makes sense even in the sub-critical phase.

» Exponential growth is proved.
» Growth rate does NOT go to zero as p \ pc.
» Existence of the growth rate is left open.
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© Duminil-Copin, Kesten, Nazarov, Peres and Sidoravicius (2020)
studied maximal paths in the directed last passage percolation. The
number of paths question makes sense even in the sub-critical phase.

» Exponential growth is proved.
» Growth rate does NOT go to zero as p \ pc.
» Existence of the growth rate is left open.

@ The number of self-avoiding paths on non-directed percolation cluster
is also an interesting object. From mathematical side, Lacoin (2014,
two papers) proved the non-coincidence of quenched vs. annealed
growth rate. Existence of the growth rate is left open.



Thank you!



