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Anderson Hamiltonian

Anderson OO0 000000000 DOOCODOOO Schrodinger O
oo

H, = —kA + V,

O (2RYDDO0A(ZH)00000V, 000 stationary, ergodic
ooood.

V,O0GoOoogd alloy model

Vo(x) = Z wqV(x — q)

qezd

O random displacement model

Vi(x) = Z v(x — g —wgq).

qezd

2/26



Localizations

v, ooooooooboooo b"oobouoobogoooobog
gooooboog:

Spectral localization (elliptic)
H,O0OOODOoOobobobobooboboboooo.

Dynamical localization (hyperbolic)
00000000 ¢00D0000DO00D0DOO e*f¢pnnn
o00000.

Localization of diffusion (parabolic)
e~tHesy D0 00000000O0O0O0OO0OOODODODODOO.
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goooog.
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ooo yv,0obgoobobuo Apgbobuoboobooo.
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Acceleration

k0000 = 0007

00000000 O0O0oOooOoooooooon van den
Berg-Bolthausen-den Hollander, Sznitman, Konig-Schmidt O O O
gooooogpooo. oo oooguoooogono

k<t —= (emtHego) DO DO.
000000000000x> Y = (e"tMeg) 00D 0.

F.-Konig (unpublished): 00000000000 0OOOO

k>t (d=1), k> tlogt (d=2), k>t (d > 3).
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Acceleration

k0000 = 0007

00000000 O0O0oOooOoooooooon van den
Berg-Bolthausen-den Hollander, Sznitman, Konig-Schmidt O O O
gooooogpooo. oo oooguoooogono

k<t —= (emtHego) DO DO.
000000000000x> Y = (e"tMeg) 00D 0.

F.-Konig (unpublished): 00000000000 0OOOO

k>t (d=1), k> tlogt (d=2), k>t (d > 3).

0000000 “homogenization" OO0 O0OO.000
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Setting of the problem

0000000 “homogenization” OO O0O.
» DCRY: 000000000D000OO;
>Q:Dﬂ%¢DDDDDDD

> Af(x) =€ 230, q=e(f(y) = F(x)):
>§d:ng)er}DDDDDDDDDD.

{Ab etk 0

) 4 g(e)

O0o000O b. 000D DirichletDOOOOOODOODOOO.
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Setting of the problem

0000000 “homogenization” OO O0O.
» DCRY: 000000000D000OO;
»Q:Dﬂ%¢DDDDDDD

> Af(x) =€ 230, q=e(f(y) = F(x)):
>§d:ng)er}DDDDDDDDDD.

{Ab etk 0

) 4 5(6)

O0o000O b. 000D DirichletDOOOOOODOODOOO.

Remark
A + €6 on D, —— —e2AD 4 £ (e) on e 1D..
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Assumptions

(1) ({€9(x)}xep.,P)DDODOOO K>2v45000

sup sup E |:|§(€)(X)’K] < o0
e€(0,1) xeD.

(2) 00 U,VeG(D)ODOO000 e>00 xe D000

E[£€(x)] = U(x), Var(§“(x)) = V(x).
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Assumptions

(1) ({€9(x)}xep.,P)DDODOOO K>2v45000
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Expect: —A©) + £ O Avu

6
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Homogenization of eigenvalues

» A\ ~A+Uon H¥D)DO kODOODOOODOO.

Theorem (homogenization)
Assumptions0 0000 k>10000

)\(Bigﬂ)\(Dk) as €]0

in probability.
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Fluctuation around the mean

» A\ ~A+Uon HYD)DO kOODODOODOO.
» SN 00000000,

Theorem (fluctuation)

Assumptions 00 000N, ...\ 00000000 oooo,

O~ B N~ B L 4 (0.0)

D€
gobooboooobooboon

. (k7)
o = /D(p(Dkl)(X)290D1 (x)* V(x) dx.
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Where does the fluctuation come from?

goboogobooooooo

(€9, (0p)2) = ) € (x)?

XEDe

ooocToooo.
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Where does the fluctuation come from?

goboogobooooooo

(€9, (6B)2) == 3 e (x)l) (x)?
XEDe
ooocToooo.
doooooooboooo g §DDDDDDDDDD

A e =IV© g“)fumw (gb) ¢)*)

kmetlc energy potential energy

000000000 DOO0O00O0 potential energy 0 OO0 OO
oooooooooboo. ooboooobooooooog

Var(|[Vgp) [I3) = o(e?).
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Optimality of the moment assumption

gooo

d
sup sup E [|f(‘)(x)]K] < oo forsome K >2V —
c€(0,1) €D, 2

goboobobooobooooo

sup [€9)(x)| < e 24,
XED&
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Optimality of the moment assumption

gooo

d
sup sup E [|f(‘)(x)]K] < oo forsome K >2V —
c€(0,1) €D, 2

goboobobooobooooo

sup |€9(x)| < €273,
XED&

goboodgbod

sup £9(x) > %,
x€ D¢

0000000000 —coOOOOO.(DDODO)
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Related works

Crushed ice problem

» Kac (1974) and Rauch-Taylor (1975): DO OO0 O0OOO
O"000000 —A0OD0U0ODOUO homogenization;

» Figari-Orlandi-Teta (1985) and Ozawa (1990): d =30
“homogenized eigenvalue” DO DO OO OOOOOO0O

Poisson-type equation

» Figari-Orlandi-Papanicolaou (1982): (—A® + @)y =f00
O homogenization O O O O O GaussianO .

Without scaling

» Biskup-Konig (2014): 000000 0000 —AW+£0
000 0O extreme value distribution O 0O O .
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Related works 2

» Bal (2007):
—A+q(-/e) on D C RY (d < 3),

U000 g0 stationary OO0 OO 0OOO0DODO

1. 00000000000
2. E[¢°(0))]<cc 0O OOOODODODO

O0000dOOPoisson0O00O0OOOOOOO
homogenization 0 00 O 0 00 Gaussian[ .
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Related works 2

» Bal (2007):
—A+q(-/e) on D C RY (d < 3),

U000 g0 stationary U0 OO Q0O QOODO

1. 000b0o0obooog

2. E[¢°(0)] <coOODOODODOODO
O0000dOOPoisson0O00O0OOOOOOO
homogenization 0 00 O 0 00 Gaussian[ .

Remark
~AD0DD0D00D0D000D00000Green000 L300
gooogg.
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Proof of the fluctuation (martingale decomposition)

Martingale CLTOOO. D0OOO00O E[¢] =0, Var(§) =10000
o000 xp.000000.
De={x1,...,xp}0 Fm = 0[&(x1),...,&(xn)]| 0O O

Ap.e — E[Ap. ¢] = Z E[Ap, | Fm] — E[Ap, | Fm-1]

m=1
n
=: Z Zm.
m=1

gogodoooooooaad:
(1) e 9> E[Z2|Fp-1] — A0 — [ ep(x)*dx in prob.;
(2) ¢ ZmE[Z§1{|Zm|>5€d/2}|fm_1] % 0inprob. (DO DO D)

13 /26



Proof of the fluctuation (Hadamard's formula)

gooobgo

Zm

E[Ap, ¢|Fm] — E[Ap, ¢ Fm-1]

= =

=

_>\De:§§m» g>m - )\De:5<m) gzm:|

rrém ~
g am)\D67£<m:gmyg>md€m:|

[ Em N
d_2
/ ¢ gD€7§<m,€m,E>m(Xm)d§m:| .

L/&m

O000=0 Hadamard OO OO OOO:

6m>\D€,§ = Enge’E(Xm)z.
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Proof of the fluctuation (heuristics)

Homogeniation O OO O O0OOO0OOOOO0O

2

ém _
2 _ o 2 2 o
El2nlFm-1] = e / Pleem)E [/Em gDe,s<m,5m,£>m(Xm)d5m]

L [t | /g 5 b))

— €2d§0D(Xm)4

2

= ZE[Z,%,]fm_l] ~ Z e op(xm)* ~ / op(x)*dx.

m D

0 0O O "dummy variable” gm 0 0O 0O D0 O homogenization 0 0O 0O O
in probability 0000 OO0 iooooooo.
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Proof of the replacement

goboooogo

R Em ) ~
[ rene| A ;oo

, T ftm -
L [raen | [ g o

2

2

Lemma
Om IoggD€ Xm) <5Xm’ HDe,ﬁ /\De’g)flpf'(sxn»

= dGDE (Xm7Xm; 5)

000 PO (gpe)t0O0D0ODOO.

16
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Proof of the replacement (comparison)

oooooax>o000,

1
Gp, (Xm, Xm; §) = Z 755’33,5(’("’)2

Q)
k>2 )‘De — A,

NZ}\(k

k>1 7D,
:(HD€,§+>\) (Xm,Xm).

€y

®) 2
X
¢t )\goe,g( m)

0o HDe,gEl HDG,ODDDDDDDDDDDDDDDDDDDD
OO0 OK:

1 d=1,
(HDe,O + )‘)_I(Xm7xm) S log %, d=2,
=4 d>3.

I
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Proof of the replacement (Khas'minskii's lemma)

(HDe@ + A)il(vaxm) = / eit(HDE'§+)\)(Xm7Xm)dt
0

00000

Khas'minskii's lemma

-
3Ir >0, sup I;,(§) := sup / esHbeog_(z)ds < 1/2
zeD, zeDe JO

= e_tHDef(xm,xm) < etC(T)e_tHDE»O(Xm,Xm).
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Proof of the replacement (Khas'minskii's lemma)

(HDe@ + A)il(vaxm) = / eit(HDE'§+)\)(Xm7Xm)dt
0

00000

Khas'minskii's lemma

.
3Ir >0, sup I;,(§) := sup / esHbeog_(z)ds < 1/2
zeD, zeDe JO

= e et (x, xm) < (M e tHpeo(x, x,).
Remark

000000000 E7[f] é&-(Xs)ds] 00000 E*[e Jo §(X:)ds]
0O0o0O000oOoooooooo
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Proof of the replacement (Khas'minskii's lemma)

(HDE,f + A)_]'(Xm7 Xm) = / e_t(HDe,E'i'A)(Xm7 Xm)dt
0

0000 om

Khas'minskii's lemma

-
31 >0, sup I ,(§) := sup / e sHoeog (z)ds < 1/2
zeDe, zeDe JO
= e*tHDe’ﬁ(xm,xm) < etC(T)e*tHDE»O(Xm,Xm).

gooodgboo-rgobooab,

(Hp.e + A) ™ (xms Xm) S/ e~ tHpeotA=C(T)) (5 . )dt
0

= (Hp.o + A = ¢(7)) ™" (Xim, Xm)-
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Proof of the replacement (finding 7)

Ellrz] = E[f, e P0¢_(z)ds] < rmax, E[¢_(y)]. O 71000
0O0ooo0ooooooon

1 2(€) — ba()] < / le=*2 (2, )2ll€ — nll2ds
=€ = nl» e725A(€) z,z)Y%ds
€ —n|| |

Fl-d/ad)2 g <3
S € —nll2§ log(re™?), d =4,
€2, d>5,

O000000OTalagrandOOOOOODO ()00 0000ODO
gooooo® gorgooo.
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Proof of the replacement (finding 7)

Ellrz] = E[f, e P0¢_(z)ds] < rmax, E[¢_(y)]. O 71000
00000000000000

1 2(€) — ba()] < / le=*2 (2, )2ll€ — nll2ds
— 1l = 2 / e 28 (7, 2)1/2ds
0

Fl=d/agd2 g <3

S € —nll2§ log(re™?), d =4,
€2, d>5,

O000000OTalagrandOOOOOODO ()00 0000ODO
gooooo® gorgooo.
0o0o0ooooooL.()o0bo0¢, 0000000000
0000000 Odummy variable O OO0 OO
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Thank you!



Proof of the homogenization

We focus on the first eigenvalue and drop the superscript (1.

Rayleigh-Ritz formula

AD.¢ = inf Vg3 + (¢, g%},
Pt e (Do) legllo=1 Vel + (6.5}
Ap = inf {IVyl5 + (U, 9%}

YEHG(D),[[¢ll2=1

— gD, ¢ and ¢p are minimizers.

> Ap..¢ S Ap by substituting ¢p to the first formula;
> Ap..¢ 2 Ap by substituting gp, ¢ to the second formula.
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Proof of the homogenization 2

The first step
Ape < IV9%plI3 + (€, ¢B)
€l0
— |[Vepli3 + (U, ¢p) = Ap

is nothing but the weak law of large numbers.
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Proof of the homogenization 2

The first step
Ap.¢ < IV9%pll5 + (€, ¢D)
€l0
— [IVenll3 + (U, ¢p) = Ao
is nothing but the weak law of large numbers.

The second step

2 2 ) 2 2
IVep,. clls + (U, 8b,.¢) ~ IV8p. ells + (€, 85, ¢)
————

need an interpolation randomly weighted sum

is more problematic.
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Proof of the homogenization 3

We use the following two tools:

Finite element method
3 piecewise affine interpolation gp_¢ such that
IV9ep, ¢ll2 = [ Vep. ¢ll2-

Elliptic regularity

[V©gp, ¢l|3 is bounded (with high probability).
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Proof of the homogenization 3

We use the following two tools:

Finite element method
3 piecewise affine interpolation gp_¢ such that
IV9ep, ¢ll2 = [ Vep. ¢ll2-

Elliptic regularity
[V©gp, ¢l|3 is bounded (with high probability).

H'-boundedness & Poincaré inequality

\
8D, ¢ can be well-aproximated by a
step function with large plateaus.

For a step function, we can use weak LLN (with a tail bound)
step-wise.

g
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Moser's iteration

Let A\:==Ap.¢, § :==gp.¢ and s > 1.

IVe®|5 = (sg° *Vg,5g° 'Vg)
— 2< 25—2vg’vg>
= c(s)(Ve* 1, Veg)
(s)(g* ' —Ag)
c(s)(g* L, (A—9g)
< c(s)Ixy — &l llgllz-

Il
o)

We know A is bounded (with high probablity) and ||£]|, as well if
r < K. By our moment assumption, we may take r > d/2 and
hence r' < d/(d — 2).
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Moser's iteration 2

We get for g := gp, ¢ and s > 1,

2 2
IVe®la < c(s)llgllzs-
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Moser's iteration 2

We get for g := gp, ¢ and s > 1,
IVe®|I3 < c(s)lgll35-
Sobolev's inequality tells us
IVe®|z > c(D,q)llg°llg,  (2<q<2d/(d—2)).
We thus infer a recursion relation
g3 < <(D. a,5)llgl3

which bounds a stronger LP-norm by a weaker one when g > 2r’.

> lteration = Vp > 1, ||g||, is bounded, and ||[Vg]|2 as well.
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