CASSON-GORDON INVARIANTS OF LINKS

MIN HOON KIM

ABSTRACT. This is a note of a talk in mini workshop on concordance, Tokyo.

1. REVIEW OF CASSON-GORDON INVARIANT

First, we review the Casson-Gordon invariant following the original paper [CG86]
with more technical details. Fix a knot K in S3. Let M be the O-surgery manifold
of K and uy be the meridian of K. In particular, H,(M;Z) = H,(S' x S%;Z). For
a prime p and n = p, let 7: M, — M be the n-fold cyclic cover. That is,

11 (M) = Ker(m (M) *2 Hy(M;Z) = Z{ux) — Z/n)
Note that the image of the homomorphism
abom,: m (M) = m (M) — Hi(M;Z) = Z{uxk)
is exactly the infinite cyclic group generated by n - ux € Hi(M;Z). Let
a=abom,: (M) = Z{n - ug)

be a surjective group homomorphism.
For a character x: m1(M,,) — Z/q¢° (q is a prime), we will define

7(K, x) € Lo(C(1)) ® Z[1/q].

We fix such a character x: 71 (M,) — Z/q°.
For a CW-complex X and an abelian group G, there is an 1-1 correspondence

{a set of group homomorphsims m(X) — G} < [X, K(G,1)]

where [Z, W] denotes the set of homotopy classes of maps from Z to W (for example,
[IDKO1, Theorem 7.22]).
Here are some facts on K(G, 1) from [Hat02, Examples 1B.1, 1B.4 and 1B.5].

(1) K(z,1) = St

(2) K(Z/m,1) = Ly, where L,, is the infinite dimensional lens space.

(3) K(G x H,1) > K(G,1) x K(H,1).
So,

XX a: M, = K(Z/¢° x Z,1) = Lys x S' € Q3(Lgs x S1)
1
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Here, ©;(X) is the i-th oriented bordism group of X. From Atiyah-Hirzebruch
spectral sequence (for example, [DK01, Theorem 9.6]) applied to a trivial fibration
x> X = X,

qu = Hp(X;Q4(%)) = Qpiq(X)
It is well-known that Qu(x) = Z, Q1(x) = Qa(%) = Qs3(*) = 0. Therefore, if X is
connected, then H3(X;Z) = Q3(X). So,
Q3(Lgs x SY) = H3(Lys x SYZ) = Ho(Lys; Z) @ H3(Lys; Z) = Z/q°

So, there exist an integer r, a compact 4-manifold W and a map ®: W — L,, xS*
such that

T

q
| | M, =2 K(Z/m x 2,1)
=1

w

commutes. That is, OW is the disjoint union of ¢" copies of M, and the restriction
of ® to each copy of M, is exactly x X a.
Equivalently, the disjoint union of ¢" copies of covering maps

N

Y

We ——= W

is the boundary of

Here, y: M, — M, is the covering map determined by x: 71 (M,,) — Z/q°. Simi-
larly, av: Mo, — M, is the infinite cyclic covering map determined by «: 1 (M,,) —
Z. Since « is surjective, My, is also the infinite cyclic covering of the 0-surgery
manifold M of K.

Recall that Q[Z/q°] = @ Q(( ) where (,; = ¢2™/7 ¢ C. Using the projection
j=0
Q[Z/q®] = Q((ys), there is a sequence of ring homomorphisms:
Q[Z/¢* x Z) = QIZ/¢|[t*] = Q(¢e) [t*'] = C[t™'] = C(¢)
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So, we can define a twisted homology of M,, as follows (similar for W and (W, 0W)):
H.(Mp; C(t)) = Ha(C.(Moi Q) ® _ C(1))
Q(z/q*xZ]

For a Q[Z/q® x Z]-module M,

M © CH=(M ® Q) ® C ® C

Q[Z/q*xZ] ©={ QlZ/q°] () Q(¢qs) )C[til} “
In particular, C(t) is a flat Q[Z/q® x Z]-module and
Ho(My;C(t) = Hi(Moo; Q) ®  C(t)
Q[z/q*xZ)

similar for W and (W, 0W).
Now, we state the following Lemma [CG86, Lemma 4] without proof.

Lemma. Suppose X is a finite CW-complex with a connected infinite cyclic cover
Xoo = X. Assume that there exists a regular g°-fold cover Xoo — Xoo for some
prime q. If Ho(X;7Z/q) = H.(SY;Z/q), then dimg H.(Xs0; Q) < .

Corollary.
H.(My (1) = Hu(Mwi@) @ C(t) =0,
Q[z/q°xZ]

Proof of Corollary. By the definition of M, M = S® — v(K) U S! x D? where
S1 x %, € 0D? is identified with ug, the meridian of K. Since the composition
T (St x D2) 2y (M) 2 Hy(M) = Z is the identity map, Mo = (S% —
V(K))sURx D2, where (S3—v(K))o is the infinite cyclic cover of knot complement
53 — U(K). Since R x D? is contractible, Mo, = (53 — v(K))oo U ¢°R x D2.

By Alexander duality, H.(S® — v(K);Z/q) = H.«(S';Z/q). Therefore, we can
apply Lemma to X = $3 — v(K) and we get

—_—

dimg H,((S3 — v(K))so; Q) < 0.
By Mayer-Vietoris sequence,
dimg H,(Mu;Q) < co.
Then,

dime(H,(Mo; Q) ® C) < dimg H,(Meo; Q) < 00
Q[Z/q°]
til]

Now, H,(My; Q) ®qz/q°) C is a torison module over C| by the classification of

finitely generated modules over PID. In particular,

H(Mx;Q) ® C(t)=(H(Mx;Q) ® C) @ C(t)=0
Q[Z/q° xZ] Qz/¢s] ~ C[t*Y]

This completes the proof of Corollary. O
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By Corollary, H.(W;C(t)) = H.(W;0W;C(t)) and the twisted intersection form
Acwy (W) Ha(W;C(t)) x Hay(W;C(t)) — C(2)
is non-singular.

Definition (Casson-Gordon invariant 7(K, x)).
(K, x) = (Acy (W) —i(Aa(W))) ® qlr € Lo(C(t)) ® Z[1/q]

Here, Lo(C(t)) is the Witt-group of non-singular hermitian forms over C(¢) and
it Lo(Q) = Lo(C(¢)) is the induced map from the inclusion Q — C(t).

Remark. It can be shown that 7(K, x) is independent of r and W where OW =
q’r

|| M,.

i=1

For a group G, let tG be the torsion subgroup of G. By Poincaré duality,
universal coefficient theorem and Hom-Ext seqeunce, we have the following;:

tHl(Mn; Z) = tHQ(MmZ) = EXt(tHl(Mm Z); Z) = Hom(tHl(Mn;Z)§ Q/Z)

Let
N tH(Mp; Z) x tHi(My; Z) — Q/Z

be the adjoint of above composition. (A is called the Q/Z-valued linking pairing
of M,.) Now, we can state main concordance obstruction theorem of Casson and
Gordon.

Theorem. If K is slice, then there exists a subgroup P < tHy(M,;Z) such that
P = Pt with respect to A and for all character x: Hy(My;Z) — Z/q¢° satisfying
x(P)=0, 7(K,x) =0.

Proof. Suppose (53, K) = 9(D*, A) where A is a (locally flat) properly embedded
disk in D*. Let W be the n-fold cyclic cover of D* —v(A). Since dD* —v(A) = M,
OW = M,. It can be shown that H2(W;Q) = 0 using the arguments in [CG86,
Lemma 2] because n = p’ and p is prime.

Let P = Ker(Hy(M,;Z) 2%+ Hy(W;Z)). Then, P is a subgroup of tH;(M,;7Z)
and \(P x P) = 0. By the classification of finitely generated abelian group,
x: Hi(Mp;Z) — 7Z/q° vanishes on P if and only if there exist an integer N and
V: Hi(W;Z) — Z/q" such that the following diagram commutes:

H\(My;Z) —2~ 7)¢° — = Al

incs L /

H(W;Z)
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Because of ¥, we can define twisted homology of W with C(¢)-coefficient. Therefore,
(K iox) = (Acoy(W) — Ae(W)) @1 € Lo(C(1)) @ Z[1/q]

Since Hay(W;Q) = 0, Ag(W) = 0. We can apply Lemma to X = D*—v(A) because
H.(X;Z/q) = H.(SY;Z/q) by Alexander duality. Then, X is a Z./qN x Z-cover
of W. From arguments in the proof of Corollary, H,(W;C(t)) = 0. This implies
that Acy)(W) = 0. So, 7(K,io x) = 0 for x(P) = 0. It is not hard to see that
7(K,i0x) =0 if and only if 7(K, x) = 0. This completes the proof. O

2. FRIEDL-POWELL INVARIANT

Now we review a Casson-Gordon style invariant for 2-component links with link-
ing number 1 defined by S. Friedl and M. Powell [EP].

Let L be an ordered, oriented 2-component link with linking number 1 and
H be the Hopf link. Let X; = S® — v(L) be the exterior of L. For example,
Xpg = S'xS81x]0,1]. Define M, to be the closed 3-manifold obtained by gluing X,
and Xy along boundary, identifying the meridians of corresponding components.

Choose a group homomorphism ¢: Hy (M) — Z/p* x Z/p’ which sends two
meridians of L to the standard basis (1,0) and (0,1). So ¢ induces a p**/-fold
covering M} — M.

Let ¢: m (Mf) — Hi(Mf) — Hi(Mp) = Z* and H = Im ¢. Choose an isomor-
phism t: m (T3) — H.

For a character x: m (M{) — Z/q" (¢ is prime),

XX OUOXp: MY U-T3 = K(Z/q" x H,1)

represents a p-primary torsion element in Q3(K(Z/q" x H,1)).
So, there exist an integer s, a compact 4-manifold W and a map ®: W —
K(Z/q* x H,1) such that the following diagram commutes.

s

q XX b L0X
| | 0 -1 K(Z/q" x H,1)

w

Using the following sequence of ring homomorphisms,

Qlmi (W)] = QIZ/¢* x H] = QZ/¢"|[H] = C[H] — C(H)
we can define a (non-singular) twisted intersection form
Aeeny(W): Ha(W5C(H)) x Ha(W; C(H) — C(H)

Now, we can define Friedl-Powell invariant.
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Definition (Friedl-Powell invariant 7(L, x)).
1
(L, x) = (Acan (W) = Ag(W)) ® i Lo(C(#)) @ Z{1/d]

Let Y C X be the annuli neighborhood of meridian of L. There exists a non-

singular linking form
N tH (X7, Y% Z) x tH(X], Y9, Z) — Q/Z

Main theorem of [F'P] is the following:

Theorem (Friedl-Powell). If L is concordant to the Hopf link H , then there exists a
metabolizer P < tH1(Xy,Y;Z) such that for all characters x: Hy(M};Z) — Z/q"
which satisfies that X‘Hl(Xf;Z) factors through

1)
Xl (xez)r HUXEZ) — Hi(XT, Y7 Z) — Z/q"
and 6 vanishes on P, we have that

7(L,x) = 0 € Lo(C(H)) £ Z[1/q

Because of the following Theorem |[COT03, Theorem 9.11] due to Cochran, Orr
and Teichner, S. Friedl and M. Powell conjectured that 7(L,x) vanishes if L is
height 3.5 Whitney tower/grope concordant to the Hopf link H.

Theorem (Cochran-Orr-Teichner). If K bounds a height 3.5 Whitney tower/grope
in D*, then there exists a metabolizer P such that for all character x: Hy(My;Z) —
7./q" satisfying x(P) =0, 7(K,x) = 0.

Our main result is Friedl-Powell conjecture is true.

Theorem. If L is height 3.5 Whitney tower/grope concordant to the Hopf link H
in S x [0,1], then there exists a metabolizer P < tH1(Xy,Y;7Z) such that for all
characters x: Hi(M[;Z) — 7./q" which satisfies that X|#, (X¥:7) factors through

1)
Xl (xgz): HU(XE5Z) = H(XT, Y Z) = Z/q"
and & vanishes on P, we have that

7(L,x) = 0 € Lo(C(H)) 2 Z[1/d
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