HEEGAARD FLOER HOMOLOGY OF MATSUMOTO’S
MANIFOLDS

MOTOO TANGE

ABSTRACT. We consider a homology sphere M, (K1, K2) presented by
two knots K7, K2 with linking number 1 and framing (0,n). We call
the manifold Matsumoto’s manifold. We show that there exists no con-
tractible bound of M, (12,3, K2) if n < 27(K>) holds. We also give a
formula of Ozsvath-Szabd’s 7-invariant as the total sum of the Euler
numbers of the reduced filtration. We compute the §-invariants of the
twisted Whitehead doubles of torus knots and correction terms of the
branched covers of the Whitehead doubles. By using Owens and Strle’s
obstruction we show that the 12-twisted Whitehead double of the (2, 7)-
torus knot and the 20-twisted Whitehead double of the (3, 7)-torus knot
are not slice but the double branched covers bound rational homology
4-balls. These are the first examples having a gap between sliceness and
rational 4-ball bound-ness of the double branched cover.

1. INTRODUCTION AND COMPUTATIONAL RESULTS.

1.1. Matsumoto’s manifold and the contractible bound-ness. Let
K1, Ky be two knots. We define to be M, (K, K2) a homology 3-sphere
presented by K7, and Ko with geometrically linking number one and framing
(0,n) respectively. See FIGURE 1. Let Wy, (K, K2) be a 4-manifold described
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-

FIGURE 1. Matsumoto manifold M, (K1, K3).

by the same picture. The 4-manifold W,, (K1, K>) is a homology 5% x §2 —
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v(B*), where B* is the standard 4-ball. Y. Matsumoto asked in [1] whether
two generators in Ho(Wy(K1, K3)) can be realized by an embedded S? v S?
(the one-point union of two 2-spheres) or not. If yes, then My(K, K»)
bounds a contractible 4-manifold. If no, then the generators are realized
by two embedded Casson handles in Wy(K, K2), and it is an exotic 2-
handle homeomorphic to D? x R?, by Freedman’s theorem [6]. Following
Matsumoto, we call M, (K1, K3) Matsumoto’s manifold in this paper.

If K is a slice knot, then M, (K1, K3) bounds a contractible 4-manifold,
because M, (K7, K2) is the boundary of the slice disk complement K; to-
gether with a 2-handle. Thus, the attachment has 7 = e and Hy = H3 =0,
hence it is a contractible 4-manifold. If K is not slice, the problem of the
contractible bound-ness is unclear.

Let K be a knot in S3. Then we have

MH(TZ,?M K) = S%(D+(Ka n))a
where T, ¢ is the positive (7, s)-torus knot and D4 (K, n) is the n-twisted
(positive-clasped) Whitehead double of K. S;’ (K') is p-surgery of K’ in S3.
For example, FIGURE 2 is the picture of Dy (T53,n). Let F' be the figure-8

knot. Then we have M, (F,K) = S3,(Dy(K,n)). We argue the existence
of contractible bounds of M, (T3, K) in the present paper.

FIGURE 2. The n-twisted Whitehead double of the trefoil.

If K> is a slice knot, then D (K73, 0) is slice as in [12]. Thus, My(T3 3, K2)
has a contractible bound.
The Alexander polynomial of the n-twisted Whitehead double is as fol-
lows:
Ap, (kn)(t)=-—nt+2n+1—-nt"".

The result in [7] says that if K’ is slice, then the Alexander polynomial
is of form Ag/(t) = f(t)f(t~1), where f(t) is a polynomial with integer
coefficients. Hence, if D, (K,n) is slice, then Ap, (g ,) must be of form
f()f(t~1). This condition is equivalent to n = m(m + 1) for some integer
m.

Table 1 is a list of well-known facts about sliceness of D (K,n) and
contractible bound-ness of M, (K1, K3). We here state Ozsvath-Szabd’s 7-
invariant formula of D, (K,n) by Hedden. The 7-invariant by Ozsvath and
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1976 | Casson, Rolfsen | D (T3 3,6) is slice. [21, 12]
1984 | Maruyama M6 (T,3,T3) bounds a contractible 4-manifold. [15]
1997 | Akbulut My(T5,3,T,3) bounds no contractible 4-manifold. [2]
2006 | Bar-Natan D, (T53,2) is not slice. [3]
2007 | Hedden The computation of 7(Dy (K, n)). [§]
2012 | Collins D (T} 4,n) is slice for any relatively prime (p, q)

for at most one n. [5]

2013 | Tsuchiya Moy +1(T2,3,T53) bounds no contractible 4-manifold. [24]

TABLE 1. The well-known results for the sliceness of
D (Tp4,n) and the contractible bound-ness of M, (T3, K).

Szabé is a homomorphism from the smooth knot concordance group to in-
tegers, i.e., 7 : Coyy — Z.

Theorem 1 ([8]). Let K be a knot in S3.

0 n>27(K)

T(D+(K;n)) = {1 n < 27(K).

In particular, if n < 27(K), then Dy (K,n) is not slice.

We can easily compute the Casson invariant by using the Dehn surgery
formula as follows:

1
(1) )\(Mn(TZ,?),K)) - 5 . A%+(K,n)(t)|t=1 = —n.

One of the main purposes of the present paper is to compute of HEF™ of
S3(D4(T3,n)) and to generalize to S3(D4(K,n)) and to discuss the con-
tractible bound-ness of M, (753, K). Let M, (K) denote M, (T2 3, K).

Theorem 2. The Heegaard Floer homology of My, (T2 3) is computed as fol-

lows:
T4 @ HFyoq (M, (T > 2
HEH i) = {10 O
7?—2) D HFred(Mn(T2,3)) n <2,
and further

Fn—2 OF 5 n>2

H Froq(M,,(Ta3)) = { (-1
IF( %) @}F?_g) n < 2.

This computation is generalized to the case of any knot K as well as 15 3

as follows:

Theorem 3. Let K be a knot in S with genus g. The Heegaard Floer
homology of M, (K) is computed as follows:
Ty ® HEed(Mi(K)) 0> 27(K)

HF* (M, (K)) = {T(+2) ® HFpeq(Mn(K)) n < 27(K)
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and further,

F & B (P2 > 20(K)
i=—g

FTOOT & Hoa(FK0) 0 < 2r(K).
i=—g

HFred(Mn(K))

I

The reduced knot filtration F(K,i) will be defined in the Section 2.2.

F(K,i) is a sub-filtration of the knot filtration
This theorem means that from Theorem 1 we have

7(D1(K,n)) = =2d(S{(D+ (K, n))) = =2d(M(K)).

In the same way as the one of the case of M, (753, K) one can also compute
the Heegaard Floer homology of M,,(F, K) = S%,(D,(K,n)). Here we state
the correction term formula of M, (F, K).

Theorem 4. Let K be a knot in S®. Then we have
d(M,(F,K)) = 0.
From Theorem 3, the following holds naturally:

Corollary 1. If n < 27(K), then M,(K) bounds no negative-definite 4-
manifold.

In particular, if n < 27(K), then M, (K) bounds no contractible 4-manifold,
hence, D4 (K,n) is not slice.

Proof. Since in the case of n < 27(K), the correction term d(M,,(K))
is a negative integer. The non-negativity of d(Y?3) for a homology 3-sphere
Y3 is a necessary condition to have a negative definite bound for Y3 (see
[18]). Hence, in particular, M, (K) has no contractible bound. Therefore
D, (K,n) is not slice. O

The following question is to be solved.

Question 1. Let n be an integer with n > 27(K). Does M, (K) bound a
contractible 4-manifold?
For any integer n, does M, (F, K) bound a contractible 4-manifold?

By using the Casson invariant computation (1) of M, (K), we can give a
formula of 7(K) as the whole sum of Euler numbers of the reduced filtration
of K.

Corollary 2. Let K be a knot in S® with genus g. Then the T-invariant of
K is computed by the following formula:

T(K) = Y X(F(K, 1),

i=—g

where F(K,i) is the reduced knot filtration of K.
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1.2. Rational 4-ball bound-ness of ¥2(D4 (K, n)) and the j-invariant.
The next purpose of this paper is to consider the rational 4-ball bound-ness
of the double branched cover Yo(K') of a knot K’. This is related to the
sliceness of K'. The following always holds:

K’ is slice = Y9(K') bounds a rational 4-ball.
A rational 4-ball B is a 4-manifold with H,(B,Q) = H.(B* Q), where B*
is the standard 4-ball. The §-invariant by Manolescu and Owens is a related
invariant to this relationship. The invariant is defined to be
§(K') = 2d(32(K'), o),
where ¢y is the canonical Spin® structure for the unique spin structure on
Y9 (K'). The d-invariant gives a homomorphism

0 : Com — 7.

Thus, we have the following
Y9 (K') bounds a rational 4-ball= 6(K’) = 0.

They also computed the §-invariant for the untwisted Whitehead double
of any knot or any alternating knot.
Theorem 5 ([14]). For any knot K we have §(D4(K,0)) < 0 and in-
equality is strict, if T(K) > 0. If K is alternating, then §(D4(K,0)) =
—4max{r(K),0}.

Hence, the J-invariant of the untwisted Whitehead double of T5 9,41 is as
follows:

O(D4(T22p+1,0)) = —4p.

Lisca in [13] proved that when K’ is a 2-bridge knot, conversely if 3o (K”)
bounds a rational 4-ball, then K’ is slice. Namely, she proved the following
theorem:

Theorem 6 ([13]). Suppose that K' is a 2-bridge knot. Then we have
K’ is slice < Yo(K') bounds a rational 4-ball.

How about the case where K’ is the n-twisted Whitehead double of a
knot K7

Question 2. Suppose that K' is the n-twisted Whitehead double. Then,
does the following equivalence

K’ is slice & Yo(K') bounds a rational 4-ball.
hold?

We give a negative answer for Question 2

Theorem 7. Let K' be D4 (T57,12) or D4 (T57,20). Then K' is not slice
but 3o(K') bounds a rational 4-ball.

We compute the values of 0 in the cases of K/ = Dy (T2p+1,n) and
D (Ts3p+1, 1)
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Theorem 8. Let n be a non-negative integer and p a positive integer. Then
we have

(D4 (T22p+1,n)) = —4 max {p - LgJ ,0}

and we have

d(D4(T33p41,n)) = —4max {2p - [gJ ,0}

We define £, t;, t5 and g, as follows:

to(K) = min{t € Z|s(D, (K, 1)) = 0}

t-(K) = min{t € Z|7(D4 (K, t)) = 0}
t5(K) = min{t € Z|§(Ds (K, t)) = 0}.

tay () = min{t € ZId(S} (D4 (K, 1)) = 0},

Hedden in [8] showed that ¢, (K) = 27(K) and our result says that ¢4, (K) =
27(K). Hedden and Ording conjectured t4(T 2p4+1) = 3p — 1 in [10]. Theo-
rem 8 shows that

ts(To2p+1) = tr(To2p41) = 2p
and
ts(T53p+1) = tr(T33p+1) = 6p
We say K to be a positive L-space knot, if the positive integral Dehn

surgery of K is an L-space.

Theorem 9. If K is a positive torus knot (or in general, any positive L-
space knot), then we have

ts(K) = 27(K).
We ask the following question.
Question 3. Does there exist a non-L-space knot K with t5(K) # 27(K)?

Theorem 10. Suppose that n is a non-negative integer and s = 2,3. If
Yo (D4 (Ts,sp+1,m)) bounds a rational 4-ball, then (s,p,n) = (2,1,6), (2,3,12),
(3,1,12) or (3,2,20).

These results are due to Owens and Strle’s refinement of the d-invariant
in [20]. Thus we have the following corollary:

Corollary 3. Let n be a non-negative integer and p a positive integer. Then
we have:
Yo (D4 (To,2p+1), 1) bounds a rational 4-ball < (p,n) = (1,6) or (3,12).
Yo (D4 (T53p+1),n) bounds a rational 4-ball < (p,n) = (1,12) or (2,20).
Proof. The two cases (1,6) and (1, 12) are immediate because D (133, 6)

and D (T34, 12) are slice (by Casson). The second two cases are due to The-
orem 7. O
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We can easily extend the proof (by Casson) of the sliceness of Dy (T3 3, 6)
by Kauffman in [12] to the sliceness of D (T} nt1,n(n + 1)). We raise
a question of the rational 4-ball bound-ness of the double branched cover
of Dy (T4, m(m + 1)). Collins’ obstruction in [5] denies the sliceness of
D (Ty gy m(m -+ 1)) unless {p, g} = {m,m+ 1}.

Question 4. Let n,p and q be integers with n = m(m + 1) and {p,q} #
{m,m+1} for some integer m. When does ¥o(D4 (T} 4,n)) bound a rational
4-ball?
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2. HEEGAARD FLOER HOMOLOGY OF M, (T53) AND M, (K).

We prove Theorem 2. Let M,, denote M, (T3 3).
Proof of Theorem 2. Ozsvath-Szabd’s T-invariant of 753 is 1. From
the equality M,, = S3(D+(T23,n)) and Proposition 7.2 in [8], we have

HF (My) = HF(S}(D+(Tp3,m)))

n—4 n—3
g{F(ll)@F(oQ) oV nz2

1ln _n _

F(,l) @F(,Q) @IF(O) eV n<2.
The negative exponent means the quotient operation in place of the direct
sum operation. The summand V' is isomorphic to
1 1

V= & [H(F(Tz3,0)° & [Her1(F(Tzs,1))]"

1=—1 i=—1

The chain complex CFK* (T3 3) is as in FIGURE 3. Therefore, we have

J

FIGURE 3. CFKOO(T2’3)
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]F(_Q) Z == *].
(2) H(F(To3,1) = {Fe i=1
0 otherwise.

As a result, the V-part is computed by

) 2 2
Therefore, we have
(3) HF(M,) =

Fl" o F " ¢ F? n<2.

n—1 n—2 2 2
{IF(O) OF ) OF, ®F 5 n>2
(=3)

(-1)

Here we use the exact triangle

(=2)

oo HE(My) 55 HF (M (Ta3)) Y HF* (M) > HF(M,) — - --

The map j. is the one induced by the natural injection. The multiplica-
tion of U is Ozsvath-Szabd’s usual action lowering the degree by two. The
connecting homomorphism § shifts the degree by 1.

We compute the correction term d(M,,).

HF*(S}(D4(T23,n))) = Ho(C{max(i, j) > 0}),

where the chain complex C' is CFK*(Dy (T2 3,n)).
The case of n > 2. C{i = 0} is filtered chain homotopic to

1
Fip' @ Hoa(F(Ts)? j=1

1
CL0,5)} = {FAT & H(F(Tami)t =0

i=—1

1
Fo) & Hen(F(Top0)° j=-1,
-

due to the result in [8]. The boundary maps:
oF : C{(0,k)} = C{(0,k = 1)},

on CFK*> (D4 (T3 3,n)) consists of following the notation in [8]. We denote
the map:

C{(k,0)} - C{(k—1,0)}
obtained by exchanging i and j by 6. The boundary map 97 induces a
surjective map on the group HFK (Lemma 6.1 in [8])

The component in HF (M,,) attaining the minimal degree in the non-
torsion part in HF*(M,) is located at (i,j) = (0,0), that is, x € Fy) C
C{(0,0)}. This generator z vanishes by the boundary map 9 : C{(0,0)} —

C{(0,—1)}, because it is the generator of ﬁ(S?’). It also vanishes by the
map &Y : C{(0,0)} — C{(—1,0)}. Hence z is a generator in HF*(M,) and
it becomes clearly U - = 0 and gr(z) = 0, where gr stands for the absolute
grading on C. This means d(M,,) = 0.
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The case of n < 2. C{i = 0} is filtered chain homotopic to

FZ" @ & Ho 1(F(Tos,i)?) /F2,  j=1
(0) P (1)

Clo.0) = 7 o (& B @) /Ry 0=0

Fi 5@ (iﬁlH*H(f(Tz&i))z) [FL .,y G=-1

F25" @ Hooy(F(Tys,-1)* j=1

= F?Q?@lﬂQF@h&—&D4 j=0
F? oy © Huy1 (F(To, -1))* j=-1,
due to the result in [8]. The generator z in I/{F(S?’) lies in C{(0,1)}. That

is, z € Fgy C C{(0,1)}. The boundary map

is surjective due to [8]. The U-action C{(—1,0)} > U -z # 0, namely, U -z is

the minimal generator in HF" (M, ) Thus we have d(M,,) = gr(U-z) = —2.
We put HFt(M,,) = Td(M EBl Wi, where Wi = Fng](q,) = F[U]/U™

with minimal degree d;. Then we have
HEF(Mn) =Faot,)) & Fa) ©Fa420,-1)

From the computation of HF (M,,), the number of the components is
n n > 2
m =
3—n n<2.
If some integer i has n; > 1, then there exists in the ﬁ'(Mn) a pair of
two summands with the difference of 2n; — 1 > 3. The pair is just the case

n; = 2 and the only pair is F(g) and F(_3) in the case of n > 2, due to (3).
Hence, the number of the pairs is at most two.

Proposition 1. There exists no such a pair. Therefore, in the case of n > 2,
we have
+ 2 2
HF™(M,) = T IF" (—1) S F s
and in the case of n < 2, we have
1—
HF (M) =T "y &F @@F(w

Proof. We may consider the n > 2 case. Suppose that there exist such
two pairs in ﬁ(Mn) Then the components are ]F[Z]%_?’) and the remaining
part is

To OF( ) @F .
The Casson invariant becomes A(M,,) = —4 — (n —4) +2 = —n + 2. This is
contradiction about (1).
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Suppose that there exists such a single pair F (g, F(_3) in HF (M,,). Then
the component is F[2](_3) and the remaining part is

n—3
T ©F( ) @F (g @ F(y).

The Casson invariant is A = -2 - (n —3)+1—-1 = —n + 1. This is
contradiction about (1). Therefore since we have n; = 1 for any i, we get
the required computation of HF*(M,,). O

This proposition means Theorem 2. In the case of n = 6, we can also
check our computation (Theorem 2) by Némethi’s algorithm ([16]) on any
plumbed 3-manifold with at most one bad vertex. In fact for Mg we can
construct the negative definite bound as in Figure 4. The multiplicity —1
vertex is the only bad vertex. Then HF*(—Mg) can be computed as follows:

4 2
HF(=Ms) = Ty @ Fg) @ Fly.

For example, use HFNem by MAGMA code in [11]. By reversing the orien-
tation, we get

4 2
HF" (Ms) = Ti5) ® F(_1) ©F(_s)-

FIGURE 4. The negative definite plumbing of Mg.

2.1. The Heegaard Floer homology of M, (K). We define C/’f'(K) =
Usez F (K, i), ie., it is chain homotopy equivalent to CF(K) ~ CF(S?).
Here we define to be ¢; the composition

¢ : F(K,i) = CF(K) — F
for any 4, where the last map is the one that the homological generator

is mapped to 1 and any other elements to 0. Furthermore, since the map
CF(K) — F(q) is splittable, we obtain the natural decomposition CF(K) =

CF (K) @& F. We denote the kernel of ¢ by

F(K,i) := ker(e;).

Then F(K,i) is a filter on CF(K) := Uiez F(K,i). The chain complex
CF(K) is acyclic, because CF (K) — F () induces an isomorphism on the
homology. We say F (K,1i) to be a reduced knot filtration.

Proof of Theorem 3. In the same way as the case where K is the
right-handed trefoil,

A () = {0 n > 2r(K)

-2 n<27(K).
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Ry 202 i:egpé Hen (FUE ) n > 2r(K)

FPOOT o BT & Hn(F(K,0)? 0 < 2r(K)
i=—g
For each integer i with i > 7(K), €; is a non-trivial map and H,1(F (K, 1))
contains at least one summand F(_), which is non-trivial via the map
;. For each integer i with i < 7(K), ¢ is the O-map. We thus have

F(K,i) = F(K,i) in such an integer i. Thus, we have the following:

HF,eq(M,(K))

I

U S He (F(K i)

T(K)—1 o 9 . 2
O HA (PP & (e (FUR0)/F )

1

i=—g I

T(K)-1 ~ N g ~ 2
© Hep1(F(K D)) ,_G?K) Hy1(F(K, 1))

1

i=—g i

I

9 = .
& Hepi(F(K, )%
i=—g
O
We prove Theorem 4.
Proof of Theorem 4. The Heegaard Floer homology of —1-surgery of a
knot K’ is computed by using the quotient complex:

CFK>®(K"){i >0 and j > 0},

Since the double chain complex CFK* (D4 (K,n)) can be seen in the proof
of Theorem 3.

Let K" = D4 (K,n) and C := CFK*(K'). Suppose that n > 27(K). Let
xg € C{i = 0} be an element with non-zero [zg] € H,(C{i > 0}). This ele-
ment g lies in C{(0,0)} and clearly survives in ¢ € C{i > 0 and j > 0} as
a non-zero element in F gy C H.(C{(0,0)}). This is the bottom class in the
T *-component in H,(C{i > 0 and j > 0}). Hence, we have d(M, (F,K)) =
0.

Suppose that n < 27(K). The same element in C{i > 0} satisfying the
same condition as above is homologous to an element xo in C{(0,1)}. The
element is the bottom class in the 7 -component in H,(C{i > 0 and j > 0})
with absolute grading 0. Thus d(M,(F,K)) = 0. O

2.2. The total sum of Euler numbers of the reduced knot filtration.
As a corollary of the Casson invariant formula (1) and Heegaard Floer ho-
mology formula (Theorem 3) we give a new formula of the 7-invariant:

Corollary 4. The total Euler number of the reduced knot filtration is 7(K),
namely we have:

g

T(K) = Y X(F(K,i) = > x(H(F(K,1))).

i=—g €L
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Proof. If n > 27(K), then we have

g
AM(K)) = —n = —(n=2r(K)) + > x(Hes1(F(K,))%).
i=—g
By using this equality, the sum of Euler numbers of the chain complex
F(K,i) is 7(K). In the case of n < 27(K), by the same argument, we get
the same result.
Since F(K,1) is acyclic in the case of |i| > 0, the last equality holds. O

3. THE RATIONAL 4-BALL BOUND-NESS OF (D4 (T 2p+1,1)) AND
Yo(D4(Ts3p+1,n)).

If a rational homology 3-sphere Y is the boundary of a rational 4-ball, then
Y is said to be that Y bounds a rational 4-ball. As mentioned in Section 1.2,
the sliceness of K/ = D, (K,n) is a sufficient condition for 35(K’) to bound
a rational 4-ball. We show that the sliceness is not a necessary condition.

First, we compute the d-invariant (smooth knot concordance invariant)
by Manolescu-Owens. To prove Theorem 8, we use the following fact:

Proposition 2. For integer n we have
2(Dy (K, n)) = Stwn (K#K")
2

where K" is the knot K with the reverse orientation.
If X9 (D4 (K,n)) bounds a rational 4-ball, then n = m(m + 1) holds for
some integer m.

We notice that the condition n = m(m + 1) is also a necessary condition
for S3,.1 (K#K") to bound a rational 4-ball. For example, one can see the
2

condition in [4].

Proof. The former assertion is an application of the Montesinos trick.
By using the result by Casson and Gordon [4], the order of the first homology
group of the double branched cover is 4n+1 and it is an odd square number.
Thus we have n = m(m + 1) for some integer m. O

Before proving Theorem 8, we introduce the correction term formula for
rational Dehn surgery. Here we give a brief review of the invariants V and

Let C be a double chain complex C' := CFK*(K) for a knot K. Let A;°
denote

C{i>0orj>k}
and BTt denote
Cfi > o},

The maps vy : Ag — BT are defined to be the natural projections (the
forgetting map of the Alexander grading )

+ . p+ +
o, A — B
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and the maps by : A,j — BT are defined to be the compositions of the
horizontal natural projections and the identification

b : Al — C{j > k} — B*.
AL C H.(A}) is the sub-F[U]-module isomorphic to U"H,(A]) for n > 0.
The homomorphisms Ug, f)g are the restriction maps on le
ol b AT =TT 5 H (BN =TT,

The maps are equivalent to the multiplication by U™ for some m > 0. We
define the exponent m to be Vi or Hj respectively.
The correction term formula by Ni and Wu in [17] is the following:

d(Sy),(K),i) = d(L(p,q),i)—QmaX{VLé-J,HLFTpJ}.

If ¢ is an even integer, then the canonical Spin® structure of S;’/q(K) has

ZO:IH‘Q 1

(see [22]). Then, since VLLOJ = HLMJ’ we have
q q

A(Sy (K, i0) = d(L(p, ) i0) — 2V g .

Proof of Theorem 8. Suppose that s = 2 or 3. Let C,;, denote
the minimal generating complex that Cjp[U, U~ is a chain complex of
CFK*(Tssp+1). The chain complex Cyq is presented by the left of FiG-
URE 5. In general, the differentials of Cs, are stair-shape (see the left in
FIGURE 7). We define C’éi), to be the chain complex which is isomorphic
to Oy ® Ca ) and that the (7, j)-coordinate of the element g with the i-
coordinate minimal is (—p,p) as in FIGURE 5. Then the knot Floer chain

complex of Ty sp11#7Ty 11 is as follows:

CFK™ i= CFK™®(Tyqpi1#T0 4p41) = CEU, U

To compute the values of V; j i, for T sp1#7T7 o, 1 we investigate C’gp). F1G-

URE 5 presents Co 1 and 0521) The number written nearby each of lattice

points is the dimension of the vector space corresponding to the point. Each

of elements surrounded by circles is the unique generator in H*(C’S(Qp)) =

[F(_op) namely all the elements are homologous to each other. The generator

represents a non-trivial element in HF>(S%) = T = F[U,U~!] - [x].
Here we define A: & and BT as follows:

{z>00rg>k}— ASP’
2) (s .
CH{i >0} = BT

The chain complexes Cs, and Cé? are FIGURE 7. Each of the ele-

ments surrounded by the circles represents a unique homological generator
m *( 2,p)'

13
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Sl u e

Ca

2
3

FIGURE 5. The chain complexes C3 1 and Cézl) .

Let F, = CFK*{i < 0 and j < k}. The chain complex A:,p,k means
CFK®/Fy,. Here we define a map ¢; j to be

Gige: C5) & CFK™ — Af .

The map ¢; is defined to be @;(z) = U~z for any element z € C’éiz. The

induced map (¢ k)« : H*(Cé?) =F— H*(A;p’k_) is as follows:

(1) The case of i > p (the left in FIGURE 6).
Then (¢; )« is injective.
(2) The case of |i| < p (the center in FIGURE 6).
o If 2i + 1 < k then (¢; 1)« is injective.
o If 20 +1 > k then (¢; ;)« is the O-map.
(3) The case of i < —p (the right in FIGURE 6).
o If £ <i—pthen (¢;)« is injective.
o If £ > i — p then (¢; )« is the O-map.
Indeed, (¢; k)« is the O-map, if and only if FyN{(i—¢,i+¢) € Z*||¢| < p} # 0.
The values V5, 1 can be interpreted as follows:

Vo p i = max{p — i[(¢; 1)« is injective}.

Hence, we can compute values V5, 1, Ho p 1 to become the table below.

E Jo| 1 2 3 [ [2p=2]2p—1[k>2p
Vope |P| p |p—1|p—1 1 1 0
Hopp|p|p+1|p+1|p+2]---|2p—1 2p k

ko [k<—=2p]—-2p+1]---] =2 ] =1 [0
Vapk L 2p |- |p+l|p+1]p
Hs p k 0 1 o |lp=1] p |p

Thus, we obtain the following values:
p—5) Ikl <2p
VZ,pJg = 0 k 2 2p
—k k< —2p.
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k

// 7,

N

| =

ORET, (2) il <» (3) i 2 —p
FiGURE 6. The images which represent the non-trivial ele-
ment in the homology of gpi(Céiz). Examples of Fj: (2) the
case of k < 2i+ 1. (3) the case of i —p < k.

o

s

o S S ¥

Gy Ci
FI1GURE 7. The chain complexes C3,, C’fg and an element
xo € C’é?{(—p, p)} which is non-vanishing in H*(ng)

Hs,p,k = Vvs,p,—k:

We move on to the case of s = 3. The pictures in FIGURE 8 are examples
of the chain complexes C3 ; and 035,213‘ The construction of the chain complex
C3,p is due to [19]. The differentials of C3,, is the stair-shape whose steps
are p-steps with slope (1, —2) and consecutively p-steps with slope (2, —1)
in the positive direction of . The subcomplex Céiz C CFK>(T5 #7173 ,) is

the chain complex which satisfies C?Eiz = (3, ® C3), and whose left most
element zp as in FIGURE 8 has the coordinate (—2p, 4p).
The elements surrounded by circles represent the one which makes the

unique generator in H,(C3)) or H*(C:§2;3) Notice that any torus knot is a

15
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lens space knot. In the same way as the one of the s = 2 case we obtain the
values V3, 1 as follows:

2p— ] k<6p
2k
3

2p— %] —-6p<k<O
V:ri,p,k: =
0 k = 6p
—k k < —6p.
By using the correction term formula of lens spaces in [22], we have
(2k—r—2)2 =2k —1
(4) AL+ 1.2, = 3 B T
2(2r+1) J = 4r.
In the case of r = 2n, we have d(L(4n + 1,2),i9) = 0. Thus, we have
0 n>2p
6(Dy(To2pt1,n)) = —4Vopn = n _
g g —Ap—1[3)) 0<n<2p
n
- - [2] )
maxq p 5
and
0 n > 6p
(D4 (T , = —4V: = -
(D+(T5,3p+1,1)) 3,p,m {_4(2p_ %) 0<n<6p

- —4max{2p— L%J ,0}.

Remark 1. This computation of the values of V' can be also done in the
cases of more general torus knots, however to compute the such chain com-
plexes derails our aims, and we do not write down it here. It, however,
seems that the determination of the rational 4-ball bound-ness for the dou-
ble branched covers of twisted Whitehead double of any torus knot or more
general knots becomes a challenging work.

g

As a corollary we give a sufficient condition to satisfy §(D4(K,n)) =0
for a knot K with non-negative 7(K).

Corollary 5. Let K be a knot in S® with 7(K) > 0. If n > 27(K), then
5(D (K n)) = 0.

Proof. We claim that if k¥ = 27(K) = 7(K#K"), then we have V}, = 0.
Then, by the decreasing property Vi > Vi1 > 0, the assertion required
holds.

Let C denote CFK*>(K#K") and let k denote 27(K). There exist a
generator x € C{(0,k)} and some element o € C{max{i,j — k} > 0} such
that a non-zero class [z + o] € H,(A{), and its image by v} : H.(A]) —
H.(B™) =TT is the bottom generator. Thus this means that [z + «] # 0.
Clearly, U - [x + a] # 0, [z + o] is the bottom generator in A} . This means
Vi = 0. See FIGURE 9.
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o RO Aco
Qmww
Qmw«&w

Lo Ao o o

17

Q«t&ww

(Rerto

0372. 0
2
Ci
FIGURE 8. The generators and differentials of C'3 2 and 03(,22)

and the element xg.

Therefore, for any n > 27(K), we have
5(Ds(K,n)) = 2d(S3pus (K#K"), i0) = 2d(L(4n+1,2),i0)—4V, = 0—0 = 0.
2

v |

7

+
a Agr (i)

Z

FIGURE 9. The generator z and some element « in A; .
7(K)

If 0 < n < 27(K), then the behavior of V,, depends on the filtered chain
complex with respect to K.
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Proof of Theorem 9. Let K be a positive L-space knot. Then the genus
g(K) coincides with 7(K). We choose the minimal chain complex CF K,
which the dimension of C FK*°{(i, j)} is at most one. Since CFK>{(0,7(K)—
1)} has dimension one due to [9, 23], the chain complex CFK>(K) is as in
FIGURE 10.

As described in FIGURE 10, V(g = 0 and V,(x)_; = 1 hold. Thus, from
Corollary 5, if n > 27(K) holds, then §(Dy(K,n)) = 0. From FIGURE 10
we have

O(D+(K,27(K) = 1)) = =4Var(x)-1) = —4.
This means t5(K) = 27(K). O

27(K) —1 27(K)

c:
o o

7 % ﬂ/’ %V

=N

(
N

+
CFK™>(K) AT k)1 Asr )
F1GURE 10. The minimal CFK*(K) of an L-space knot K
: + +
(the left picture). A2T(K)—l7 AQT(K) for K#K" (the central
and right pictures). The points indicated by the circles rep-
resent the unique generator for each of homologies.

3.1. An obstruction by Owens and Strle. If K is a slice knot, then
the double branched cover ¥o(K) must bound a rational 4-ball. To show
Theorem 10 (the rational 4-ball bound-ness), we use the following refinement
of the d-invariant by Owens and Strle.

Proposition 3 ([20]). Let Y be a rational homology 3-sphere bounding a
rational 4-ball X . If the order of H*(Y) is h = t2, then

for any B € T C H*(Y), where to is a Spin° structure, T is the image of
the map H*(X) — H?(Y), and |T| = t.

By using Proposition 2 and 3 for the half-integer surgery of 75 2,41 #1391
we prove Theorem 10.
Proof of Theorem 10. Suppose that

Xopm = Bo(Dy(Ts.spy1,m(m +1)))

bounds a rational 4-ball.
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Since the canonical Spin® structure corresponds to i = 2m(m + 1) + 1,
Owens and Strle’s subset tg + 7 is {ig + £(2m + 1)|0 < |¢| < m}, because
the subgroup of order 2m + 1 in H?(X; pm,Z) = Z/(2m + 1)?Z is unique.

By using the formula (4), we have

26 (0 —1) €=20; —1

d(L((2m +1)%,2),ip + £(2m + 1)) =
(L(( )7,2), 40 + £( ) {2@ (=90,

‘Q,p,LWJ = Vs7p,m(m+1+€)+L“TIJ
H

S7p

,LiOH(?mH;*(?mH)Q)J - Vs,pM(mﬂ—@-L%J

and

max{‘/s,miwé(imﬂ” ) H&p’Lio+z(2m+1%f(2m+1>2>J} = V:s,p,m(m—l—l)—mﬂ—\_éj'

Thus we have
260(60 = 1) = 2V, p mma1—0)—e, 11 € =20 —1
26% - 2‘/?3,p,m(m+l—€)—€1 0=20.

Suppose that £ = 2 < m holds. Then we have V; , .2, 1 = 1. In the
2

2

d(XS7p7m, 10 +€(2m+ 1)) = {

case of s = 2, since m?> —m—1 is odd, we obtain m?> —m—1 = 2p—1. In the
case of s = 3, since m> —m — 1 = £+1 mod 6, we have m?> —m —1 = 6p — 1.
If m = 2, then (s,p) = (2,1) holds.

Suppose that m > 3 and £ = 3 < m. Then we have V, , .2 o, 1 = 2.
In the case of s = 2, we have m?> — 2m — 1 = 2s — 3, or 2s — 4, thus
(m,p) = (3,3). In the case of s = 3, since m? — 2m — 1 # 3,6 mod 6, we
have m? — 2m — 1 = 6p — 5,6p — 4 holds. Thus (p, m) = (2,4), (1,3).

Therefore, we obtain (s,p,m) = (2,1,2), (2,3,3), (3,1,3), and (3,2,4).

O

The obstruction (Theorem 10) by Owens and Strle [20] for K = T59p4+1
and 733,41 coincides with the condition for ¥o(D4 (K, n)) to bound a ra-
tional 4-ball. It would be unlikely that the coincidence can be extended
to other torus knots version. For example, the double branched covers of
D (T35,12), D4 (T3.11,30) and D (75 20, 56) satisfy the condition by Owens
and Strle, however we do not know whether rational 4-ball bounds of the
manifolds exist or not.

Question 5. Let K' be D+(T375, 12), D+(T3711, 30) or D_:,_(Tg,go, 56). Then
does the double branched covers of K' bound a rational 4-ball?

Proof of Theorem 7. The knots K’ = D (T 7,12) and D4 (757, 20) are
not slice by Collins’ result [5]. We prove that each of the double branched
cover of K’ actually bounds a rational 4-ball. Each of the double branched
covers is Yo(K') = 5’29/2(T277#T2T’7), S§1/2(T3,7#T§’7). They are diffeomor-
phic to each of the last diagrams in FIGURE 11 and 12. The O-framed
components in the last diagrams consist of slice knots S; and S respec-
tively. Indeed, the knot S; (in the K’ = D (T 7,12) case) is 10155 in the

Rolfsen table. It is a well-known slice knot. The sliceness of Sy (in the
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s e
*gwiﬁq@‘fg/j)

FIGURE 11. A diffeomorphism of Sy o (T2,7#1% 7).
40 02 q %6 B
AN/ N AN/
o &0 o)

oy s,
LSS

~ PP
St

Ficure 12. A diffeomorphism of 531/2(T3»7#T§,7)'

K' = D, (T37,20) case) is proven in FIGURE 13. Let By, and By be the
slice disk complements of S and Sy together with the —2-framed 2-handles.
See FIGURE 14 and 15. By computing H; and Hs of B; and By from the
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band sum
the 2-component unlink

FIGURE 13. The sliceness of S.

(ﬁ\\‘%w(ﬂ/*\%g

IR

FIGURE 14. A rational 4-ball B7: A slice disk complement
of S1 = 10155 attaching —2-framed 2-handle.

FIGURE 15. A rational 4-ball By: A slice disk complement
of Sy attaching —2-framed 2-handle.

last pictures in FIGURE 14 and 15 respectively, we obtain immediately
Hy(B7) 2 7Z/7Z and Hy(B7) =0

and
Hl(Bg) = Z/QZ and H2(Bg) = 0.

Hence, By and By are rational 4-balls bounding the double branched covers
of Dy (T»7,12) and D (T3 7,20) respectively. O
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