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100 Introduction

4-manifolds <— Lefschetz fibrations — mapping class groups

total space monodromy

Elliptic surfaces w/o multiple toi —> Hyperelliptic Lefschetz fibrations
natural generalization

In this talk ...
* We define a new invariant w for hyperelliptic Lefschetz fibrations
* We employ Kamada’s chart description to introduce w

% A detailed proof of invariance of w is given

Reference: H. Endo and S. Kamada,
Counting Dirac braids and hyperelliptic Lefschetz fibrations, arXiv:1508.07687.
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20 Hyperelliptic Lefschetz fibrations

o Lefschetz fibrations

M, B : closed oriented smooth 4-manifold and 2-manifold
>y ¢ a closed surface of genus g , f : M — B : a smooth map

Def. : f is a (achiral) Lefschetz fibration (LF) of genus g

<= (1) A C B : the set of the critical values of f,
f is a fiber bundle with fiber 3., over B — A

(2) there exists a unique critical point p on F}, := f~1(b),
f is written as (z{, z3) — 2122 Or 2125 about p and b

(3) no fiber contains a (+1)-sphere

M : total space, B : base space, f : projection, 3, : fiber,
Fy, : singular fiber (b € A)
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e Anatomy of an LF

Fy,, Fp,
anO
M pl\D p2 e o o
f
Y :
bo
B
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e Monodromy

D : 3, — Fy:= f~1(bo) : an orientation-preserving diffeomorphism
v :[0,1] - B — A : a loop based at b

~~ the pull-back ~v*f : v*M — [0, 1] of f is a trivial bundle
~» 3 a natural “bundle map” ¢ : [0,1] X ¥, — M extending ®

~ p (B — A,by) = m(BDiff 1 3,) = mo(Diff 3,) =: M,
: [v] — [® o 1] : monodromy representation of f w.r.t. ®

~ p C < tétl =
— _ ) —\i
bo

Dehn twist

% The mapping calss group M, of 3, acts on the right.
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o Hurwitz system of LF over S*

7"'1(‘S’Z_A9bO) — <a’19"' aa’nlal"'an:1>

wp:al---an=1l—>t211---tfb’;=1EMg (g; = £1)
~ (p(ai),...,pan)) = (t3,...,t5") : a Hurwitz system of f

Theorem (Kas, cf. Matsumoto) : g = 2

{LF f: M — B of genus g }/ isomorphism = of LF
PN { homomorphism p : (B — A, by) — M, with p(a;) a Dehn
twist }/ equivalence

<y Hurwitz system te1, ..., 5 Hurwitz equiv. & con,.
B=52 y @1 an
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o Singular fibers and vanishing cycles

P C

< <
< <
=\

Fy Fq Fy
non-separating, type I~ separating, type II,jf
# = ng (f) # = . (f)
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o Hyperelliptic mapping class group
L: g — X4 1 an involution of X, with 2g 4 2 fixed points

Hg :={p € M,y | pt = 1p} : hyperelliptic mapping class group

C:  Con[iCauin Cy

\/
*tceHy <& tyc)=tc & L(C)=C

* Ci = tc,, op :=1tg, (i:17°°°729+19h:]-a"'?[g/z])
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Hyperelliptic Lefschetz fibrations

f:M — B : an LF of genus g
® : 3, — Fy:= f~1(bo) : an orientation-preserving diffeomorphism
p:m(B— A,by) - M, : monodromy of f w.r.t. ®

f. : (f, ®) is a hyperelliptic LF < Imp C H,

% We can define an isomorphism = of two hyperelliptic LFs.
(1) (/L 2)=m(f,®") & p,p’ is equiv. in H, up to conj.
(2) (f, ®) =0 (f,®') = f=f as LFs
(3) Imp="H, and f= ' = (f,®) =y (f, )

* We often denote (f, ®) by f for short.
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30 Chart descriptions
G-monodromy representations

B : a closed oriented smooth 2-manifold

A : a finite subset of B , by : a base point of B — A
X : aset, R,S : sets of words in X U X!
G

: a group with presentation (X | R)
C:=(X,R,S)

M(B, A, by;C) :={p: m (B — A,by) — G : homomorphism
| p([€]) ~ [s] (3s € S) for every meridional loop ¢}

. 14
0 be A

% We can define an equivalence of two such ps.
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o Charts
I' : a finite graph in B, edges oriented and labeled with x € X

Def. : the intersection word wr(~) of a simple path v w.r.t. T
= N S A N -
Y — — wr(y) = zy
R
Def. : I' is a C-chart in B
<= I saitisfies (1) and (2):
(1) vertices of I" : white vertices and black vertices
(2) for each white vertex v, wr(m,) € RUR ™Y
for each black vertex v, wr(m,) € S

le=lzy

m, : a (counterclockwise) meridian loop of v

v : white vertex of type r <= wr(m,) '=r€eR
v : black vertex of type s <= wr(m,) =s € S
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Charts and monodromies

I' : a C-chart in B with base point by
Ar : the set of black vertices of I

Def. : the homomorphism determined by I'
<= pr:m(B — Ar,; b)) = G : [n] = [wr(n)]

Theorem (Kamada, Hasegawa) :
For any p € M(B, A, by; C), there exists a C-chart I" with pr—=p.

Theorem (Kamada, Hasegawa) :
M(B, A, by; C)/ equivalence of G-monodromies

PN { C-charts I' in B }/ chart moves

% We use the terminology of chart description in Kamada’'s paper:
S. Kamada, Topology Appl. 154 (2007)
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e An example of C-chart I

~ wr(71) = 01_102_1010201, wr(72) = 01_103(71a ... etc.
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e Chart moves
I',ITV : C-charts in B, by : a base point of B

Def. : T is obtained from I' by chart move of type W
<= oeI'N(B—-—IntD)=1"Nn (B — Int D)
e both I' " D and IV N D have no black vertices
for a disk D embedded in B — {bg}

e —
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Def. : I' is obtained from I' by chart move of transition
<= I" is obtained from I' by a local replacement depicted below

>

where s,s’ € S, w € X U X1, and
e s’ and wsw ™! determine the same element of G
e the box labeled 7' is filled only by edges and white vertices
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Def. : I' is obtained from I' by chart move of conjugacy type
<= I" is obtained from I' by a local replacement depicted below

eb, — :13 ® by e :13

Def. : chart moves for C-charts
<—> the following four kinds of moves:
e chart moves of type W
e chart moves of transition
e chart moves of conjugacy type
e sending by orientation preserving diffeomorphisms of B
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4] An invariant w
Three explicit Cs — @ C for M 242
G = M 2412 : the mapping class group of S* with 2g + 2 points

Co := (Xﬂa RO? 80)7 Xp 1= {519529 « oo 9€2g—|—1}9
Ro = A{r1(3,7) ||t — J| > 1} U {r2(2) |’i =1,...,29} U {r3, 14},
So = {le(i)F|i=1,...,2g + 1} U {£"" |h_ 1,...,[g/2]}

r(i,5) = &8 & (li — 4| > 1),

ro(i) == &ibira&i€i & € (E=1,...,29),
r3 1= &1&2 - €2g+1€2g+1 -+ &2,

ryi= (&1€a - - E2941)%972,

lo(2) :=& (t=1,...,29g+ 1),

by, 1= (&1&2- - €2h)4h+2 (h=1,...,[g/2]).

* Myop,2g42 = (Xo | Ro) (Magnus)
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» Vertices of types £4(3)*", 71 (4, 5), r2(4)

. J i J i i 1+1
T KX e
1 j J i i+1

e Vertices of types r3, 174, 4,

29 + 1->—) 1 <—M
1>— 1> — 2h
otiz— 29 + 1> Zh ~—
>0 2g+%:3: 1<—
1—_ 2h <—\_
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Three explicit Cs — @ C for By, 2(S?)
G = Bs,.2(S?) : the braid group of S* with 2g + 2 strands

C::: (A?, ’fé, g), o)‘é = {3317 L2y - °9w2g-|-1}7
R = {F1(3,5) | |i — j| > 1} U {fz(z‘)lz;f 1,...,2g} U {rs},
S:i={l(i)*|i=1,...,2g +1}U {6 |h=1,...,[g9/2]}

T1(2,7) = mimjxi_le—l (le — 7| > 1),
~ [ -1 —1 —1 .

”7:3 = L1L2 " **L2g+4+1L2g+1* " L2L1,
{O(Z) =x; (1=1,...,29 + 1),
by = (T12 - * $2h)4h+2 (h=1,...,[9/2]).

* Byy.2(8%) = (X |R) (Fadell-Van Buskirk)

% Vertices of types €y(i)*!, 7 (4,5), 72(3), 73, €5 in C—charts are
similar to those of types £,(i)*', (%, 5), r2(3), r3, £ in Co—charts
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Three explicit Cs — © C for H,
G = H, : the hyperelliptic mapping class group of >,

C::: (X, R,S), X :={C1,C2s.-+5C2g+1}
R :={r1(%,J)|[¢ —j| > 1} U {fz(i),f';ii) [0 =1,..,29} U {73, 74},
S:i={l()FF|i=1,...,2g+1}U{f |h=1,...,[g/2]}

P1(4,5) 2= Ci¢i¢ "¢ (J8— gl > 1),

Pa(i) 1= CiCis16iCinCi G (B =1,...,2g),

3 1= (€162 + * Cag+1agt1 - -+ €2€1)7,

Py = (€182 - - C2g+1)%972,

75(2) = [Gis C1G2* + * Cag+1C2g4+1 - G2G1] (2 =1,...,29 + 1),
lio(i) =( (t=1,...,2g+ 1),

by, = (C1C2 ce Czh)4h+2 (h =1,..., [9/2])

* Hy, = (X |R) (Birman-Hilden)
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Vertices of types 73, 75(%)

1>—) j\z
%gi%: 1->- —>1
| Ty BT
3£ 13=
1> Tz

% Vertices of types 0y(i)*!, #1(4,5), #2(3), F4, £n, in C—charts are
similar to those of types £,(i)*', r1(%, ), 72(3), 74, £, in Co—charts

* 1 — Zy —> Byyi2(S?) —> Mog241+2 — 1 : central extension

* 1 —> Zy — Hy —> Mg g2 —> 1 : central extension
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Charts and Hyperelliptic Lefschetz fibrations

I' : a C-chart in B with base point b,
Ar : the set of black vertices of I
pr : ™1 (B — Ap,by) — H,4 : the homomorphism determined by T’

Propositon (Kamada-E.) :

(f, ®) : hyperelliptic LF of genus g over B, g = 2

p:m(B — A,by) - H, : a monodromy representation of (f, ®)
— there exists a C-chart I' which satisfies pr = p.

Theorem (Kamada-E.) : g = 2

{ hyperelliptic LFs (f, ®) of genus g over B}/ =g
JEiN { monodromies p : m1(B — A) — H, }/ equivalence for H,
PN { C-charts T" }/ chart moves
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An invariant w

(f, ®) : hyperelliptic LF of genus g over B
p:m (B — A,by) = Hy : a monodromy representation of f
I' : a C-chart in B which satisfies pr = p.

Def. : w(T) : # of white vertices of type ﬁtl included in T" mod 2
w(f,®) = w(l)

Theorem (Kamada—E.): w is invariant under chart moves for odd g
I' : a Co-chart in B with base point b
Def. : w(I') : # of white vertices of type rfl included in T' mod 2

(f,(I)),p,f‘ : as above

~ We can construct a Cy-chart T' by changing I" locally
e I' corresponds to py:=mop: m (B — A,by) = My 2412
e w(I) = w(T') in Z,
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Examples

Hurwitz system (for odd g)

W = (Clv c ooy C2g+17 C29—|—19 I Cl)g_l_l
W' = (Cla R C2g+1)29+2
~~ We obtain hyperelliptic LFs f, f’ of genus g over S*

Both f and f’ have 2(g 4+ 1)(2g 4+ 1) non-separating fibers,
and they do not have separating fibers
~> they have the same Euler characteristic and the same signature

Drawing C-charts corresponding to f and {7,
we obtain w(f) =0 and w(f’) =1
~ f and f’ are not isomorphic.

% By a theorem of Usher, the total spaces of f and f’ are
homeomorphic but not diffeomorphic to each other.
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50 Proof of invariance
We will show the invariance of w for Cy-charts.

~ It is obvious that w is invariant under chart moves of conjugacy
and orientation preserving diffeomorphisms

~ |t suffices to show the invariance under chart moves of type W
and chart moves of transition

¢ Invariance under chart move of type W
Prop. : w is invariant under chart moves of type W

We need a lemma.
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Lem. : For a Cy-chart below, the box labeled 7;. can be filled only

with edges and white vertices of types 71 (i, j)%!, ro(i) !, ri'.

+k

2g + 1->— —:>—Zg—|—1

1->— —> 1

29 +1>— Lk —>2g9+1

1> s ]
29 + 1>/ — 29 11
1>— > 1

Y

Proof : The Dirac braid A := (x125---T2,11)?9"? is included in
the center of of By, 2(S?)

~~ We can fill the box labeled 7} with C-chart

~» Change all labels x; of edges into &; to obtain a Cy-chart [
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Proof of Prop. : It suffices to show that w(I') = 0 for every
Co-chart T in S? without black vertices.
~» Consider the chart move of type W below

k K
2g + 1>— 29 + 1— )
19— 1—>— >
29 + 1>—"1 Y — 2941 T | o174
2Q-|-%‘>:_ 294—%»:— 3
1k

~» By Lemma, the box labeled 7, can be filled only with edges and

white vertices of types (i, j)*!, ro(7)*1, rfl.
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~+ Use this move repeatedly to obtain I'; below from I

~+ Cancel pairs of white vertices of type rfl to obtain I'; from I,

n := # of white vertices of type 7} in I';

~» Replace all white vertices of type 7] with black vertices of type
lo(2) € to obtain I'; from I’

% the box labeled ®,, ®; is filled only with edges and white vertices

of types (i, j)F, ro(i)EL, rit,
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~» Change all labels &; of edges into =; to obtain a C-chart T';

~ The intersection word w is A" = (z1@5 - Toyyq)c29TI,
which represents 1 of By, 2(S?)

~+ 1 must be even because A represents an element of order two

Thus we have
w(l') = w(l) =w(l3)=n=20

and this completes the proof. [
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e Invariance under chart move of transition
Prop. : w is invariant under chart moves of transition if g is odd

We divide chart moves of transition for Cy-charts into two cases.

05,5’ € {Eo(i)il e =1,...,29 + 1} (4o(2) := &;)
@s,s' c {7 |h=1,...,[g/2]} (b := (£1€2- - Ean) P T2)

:

We will give a proof of Prop. only for Case 9.
The proof for Case @ is omitted.

>Ww
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Proof for Case ® : Assume s = s’ = (£&,£€5 - - - €3, )40 T2,

= [w], Th = [(&1&2- - €2h)4h+2] € My,2g+2
~ a relation 1,0 = 74, in M 2542 from the chart above

r: ¥, — X,/I = S?: the projection
a; := pr(C;), by := pr(Sh)
F : S? — S?: an orientation preserving diffeo. representing ¢
~+ (by) F is isotopic to by,
~+ We can assume F’ fixes b;, pointwise because g is odd

: : 1
~+ o is represented by a word w’ in £1i oo ,£2h, 2h+2, : ,£2g+1
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We divide the box labeled T into three boxes labeled 77, ®, ®*

............................. > W

+
Ez(h)C :
+

+
T 5
+

............................. > w

-of§

............................. > W
@*
............................ ..>w’
—— —
5 T g
—— —
............................ .>w’
C,
............................. > w

% The box labeled O is filled only with edges and white vertices

% The box labeled ®* is the mirror image of ©®

% Since w’

is a word in 5%1

+1

. 752}7, ’ £2h—|—2’ c o £2g—|—1’
the box labeled 7" is filled with copies of (a) and (b) below
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J
¥ k—1
i 2h—T>2h
: N 2h[ ——2h
; 1 > 1 S 2
Qo k+1 >k + 1
: : k k
4 2h ?—zh O _k—lbck—l
QQ 1 ;_1 k—2 . .> k—2
. 2h ?—Zh SR/ :
1 1 1 ak
2 Y k
J
(a) (b)

% (@) corresponds to &; (2 =1,...,2h)
% (b) corresponds to &; (j =2h 4+ 2,...,29g+ 1)
* Q. for kK = 2,...,2h is depicted above

% (2, is depicted below
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2h — 1

2h — 2

2h — 3
3
2
1
2h

2h — 1

N 2h — 2
4 4
3 g > 2 > J 3
2 > > 2
1 > Y > 1

1

~ The box labeled 7" is filled only with edges and white vertices

of types (i, j)*" and r5(7)*!
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~+ #£ of white vertices of type rfl included in the box labeled ©*
is equal to that for the box labeled ©®

~» The box labeled 7' is filled with edges, white vertices

of types (i, j) T, 72 (i)E!, !, and an even number of

white vertices of types rfl

By virtue of the invariance under chart moves of type W, any
subchart filling the box labeled 7' has this property [

We thus proved our main theorem.
— Owari —
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