1 Primitive relations
1.1 Braid relation
For any two simple closed curves o and 3, we have
tgtatgl =t1,(a) : the braid relation (in the wider sense),

or equivalently,
tpta = tis()ts,  tola = taty1(p):

Special cases of braid relation :
If anpB =0, then

tatg = tgty @ the far commutativity relation.

If ah B = {x}, then

tatata = tatatp @ the braid relation (in the strict sense).

1.2 2-chain relation

(taty)® = ts
> )
: the 2-chain relation, or the chain relation.

Dl

1.3 Lantern relation

tatgty = ts, ts,ts,ts,

: the lantern relation.

2 Useful relations in low genus MCG’s
2.1 k-holed torus relation
2.1.1 1-holed torus relation

(tatb)G == t(S

@ 1) : the 1-holed torus relation

(the same as the 2-chain relation).

El
' (oy k1) = (1,0).

2.1.2 2-holed torus relation

M . 0 (tatasts)* = ta,ts,
w »? : the 2-holed torus relation
s

(the same as the 3-chain relation modulo braid relations).

(ke k1) = (1,1).



2.1.3 3-holed torus relation
01

(tﬂl lastas tb)3 =5, t5,ts,

a as . _ ;
N : the 3-holed torus relation,
\‘/ b also known as the star relation.

39 53 (KC,Hl) = (172)

a2

2.1.4 4-holed torus relation

04 (tay tastvtastasts)? = ts, ts,tests,
4 : the 4-holed torus relation.

1
5 (ke, k1) = (1, 3).

taltaz e tap+1 = tgo_lt(ﬁ t52 e t6p+1
: the daisy relation.

Note: coincides with the lantern relation when p = 2.

(Key k1) = (0,p — 1).

P p+1
H H tOéi,j = tal,zta1,3tal,4 e toél,p+1 : ta2,3t0¢2,4 e ta2,p+1 U tOép,p+1
i=1 \j=it1

_ p—1l,p—1  ,p—1
= toots, ts, b5
: the rose relation.

Note: coincides with the lantern relation when p = 2.

(Kes k1) = (0, (p— 1)p/2).




3 Representative Lefschetz fibrations and pencils

3.1 The hyperelliptic relation (the Birman-Hilden relation)

(tity - toglagiitagritag .. tat1)? =1
29+1 : the hyperelliptic relation, or the Birman-Hilden relation.
XLF = (CP2#<49 + 5)(CP2

(Ke, k1) = (9,39 — 4).

(t1t2 o t2g+1)29+2 =1
29+1 : the chain relation with length 2g + 1,

or simply, the (2g + 1)-chain relation.

X r = unknown?

(Ke, k1) = (9(9 +1)/2, (9 +1)(3g — 4)/2).

(t1t2 L t29+1)29+2 =155,

(Kes k1) = (g(g +1)/2,9(39 — 1)/2).

(titg - - t29)4g+2 =1

: the chain relation with length 2g,

or simply, the 2g-chain relation.

X1 r = unknown?

(K/cu Hl) = (9279(39 - 4))
29 (trtg - - tog)* 912 =t

&) | |0 (kerm) = (6% (9 - )(Bg —1)).




3.4 The Matsumoto-Cadavid-Korkmaz Lefschetz fibration
g = 2 : Matsumoto’s Lefschetz fibration:

BO Bl B2 C
(te s tB,tc)? = 1.
(key k1) = (1, 3).

Type Llift : tpr tpr tpr ter-tpr,ter el ter = tats,ts;ts,- (Key k1) = (1, 7).

I
Bl,l

(key k1) = (1,7).

g : even case

(tots, -~ -tp,tc)? = 1.

XLF = 29/2 X 52#4(CP2

\\\ 7 (ke k1) = (9/2,(7g — 8)/2).

g : odd case

i\ (tBotm, -~ -tp,taty)* = 1.

XLF = E(gfl)/2 X 52#8(CP2.

(ke, ki) = ((9+1)/2, (79 = 9)/2).




3.5 Lefshetz pencils on the four-torus 7*

Modified Type I lift of Matsumoto’s relation :

0,2

tBéfltB;,ltBé_ltB/ tB{,ztUé_z “toto, = ts tsytssts,-

3.5.1

ta, td, td:; “td, tds Ldg - td7 tds tdo “tdyotdy, td, = 15,16, t53 ts,-

XLP :T4. (l@'c,lﬂ) = (2, 14)
3.5.2 A generalization of Smith’s LP to higher genera (g > 3)

29—2
Eg

ta, tdytay - td4td5tde; T tdﬁg*Sthg—7td6qfﬁ =t ts, - t52_q—2‘

The total space of the pencil is homeomorphic to T*. (e, k1) = (2(g — 1),14(g — 1)).



