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D/ —MiE, RS "M FRe Y —1 9 CTO#E T4-dimensional light bulb theorem
by Gabai I} ZHF &R E T 57 OI/FKL £ L7, Gabai DX [G] DIFNTT.

This particle is written down for the Workshop “Differential Topology 19” (March 2019,
Tokyo). I give a talk on the paper [G] by D. Gabai.

1 %{H
HiEE T3 DIFRDEH > 7,

Theorem 1.2 Let M be an orientable 4-manifold such that 7 (M) has no 2-torsion. Two
embedded 2-spheres with common transverse sphere G are homotopic if and only if they are
ambiently isotopic.

—75, W¥rR L% % Smale DEHIZL
IR 4.1 [Smale (1957)] A1 Z AT ATRE 74 4 RITL R M ~D S? DEEDIAZRICBIL C,
homotopic 7 & I¥ regular homotopic.

(X 5I125%9 % L) generic & regular isotopy & HIRED finger move, Whitney move %> 5
%5,

GEHD T A T 72N T BHIC, it L %5 2 L2V ODIENT 5.,
(0) 4T tktEDh o A 25 I2H 72> T, JHFwL Tl Motion picture & Z 9 TH WK
B FELMAEDINTVS, 12Ol BfEbs 2 b H 5,
(1) 4RIk M I A2 DSEEDIAFNTE D, T 5612 A DHICHIFE ! 2SDAF LT
52L& (M*DA2DcY) , Teziilie 3% A L¥AT7% Tube (T(c))s DEZ 3.

/ 7 T(c)

A
Figl: M D ADcH»56dD Tube T(c) (£XIE Motion picture % FIH)
(2) 4 RICHRE M* WO ¢ I/ L, Widims ORI (9c) x D? Z[EE LT, TeZilicd o

Tube (cx D?* H %W ex S1) ) #ET 51213 framing DSHETH 5. m(SO(3)) = Zo
DT ERIZ 28D . M NOHERIZIE framing Z HHE L T framed curve & FE5,

*The author was supported by KAKENHI (Grant-in-Aid for Scientific Research) No. 16K05143

1



2 TE-ER
EF DD RS T XM ICHEAET 2 Lok, BEIE, tube DO ALIERIR 2 FI L 72 {RAE
EE 5.5 ° A tubed surface A in M IZRDHDEPSKS.

lo:x~yC Xy EFHWAS THHE X ND 25 2,y Z27% < immersed 5 o) DK,
HHTE Ag N, IRDRBLEIX generic (R 2EHMPIT) T, RulE WEUOHKAD X H12) BT
Bz b, (= 78I 3GELMDHHE)

(i) generic T HUCHEBIN 7 immersion f: Ag 3 M, 22T
-« Ag \ZPAHRTA Tunderlying surface) “CIER, 2,
- B Ay = f(Ay) Tassociated surface)
° A1 @2@)#:753‘71. f IZ X Z)iéf%’d? (xi,yi) (xi,yi € Ao, 1= 1,2,...,n) ka‘%(
(i) M T, A; = f(Ap) L MEWIBRIA (transverse sphere) G 1 i z = f(z0) TXX.
(iii) H il LTHo;:20~a; CAg (1 =1,2,...,n)
(iv) - rfHDPHC 7ot 20 €y C Ag (j=1,2,...,7)
°Qy J:@,'.ﬁ: bj & Ao J:O),'.ﬁ; q; @%ﬂ (pj,Qj)
M W@g)KTj : f(pj) ~ f(Qj) CM. 7L int(Tj) C M\(A1 U G)
(aj & single tube £\, (1; TIE%R < T))
(v) - sHDIMDX (B, ) (k=1,2,...,s)
<38 Br s 20 ~ by C Ag, k20 ~ gr C A
« M NDIR Ak f(bk) ~ f(gk) CM. 77701 int(/\k) C M\(A1 U G)
(\x % double tube £ \>9 . FMYIZIE Hopf linkx[0, 1].)
i Ttube guide curvesy MM o;, aj, Bi, v C Ao.

s Mframed tube guide curvesy 7, Ay C M
WIND tube DEIZ2 5.

BRR 5.7 A tubed surface A DFEBL (realization) in M
MR, fRE S NI > T tube Z3EBLL 7R, XITHIT 5.



(iii) M 2,y oy

(iv) K pj,q; Ik aj, framed 7; (= single tube)

oIk
V& bk :>
,%.
20
Ap 7’
Ak

(v) Mbg,gr R B, e, framed \; (= double tube)

Fig.2 : Tubed surface &% DB (BERX)



) BHIA f : Ag — Ay C M % embedding.
b) I a; DHFEL 2> (r=0).
(¢) K Br, v ¥EAHS embedded T, FEAL 2o Z b & UTHERIRIC (KREHAID 12)

a

E#E 5.23 : A tubed surface A % Normal form 1%, LT OFEEZ-THD
(
(

61771) 627727 R 68778

EEFIEL &
(d) BEAL Agy ., A 1E, MM DH IS HEZ 2 (2 T DT L% 5.

EBZBREZDT, I 120EHAZaE—1L L.

Theorem 1.3 Let M be an orientable 4-manifold and Ry, Ry be embedded spheres which
coincide near the common transverse sphere G. Then Ry can be put into a normal form with
respect to Ry via an isotopy fixing a neighborhood of G pointwise.

WX X, GEH O FEICED
EHE 5.9 ! Tubed surface A I 5, LT D X 9 BEE% tube sliding moves &£\,
(i) HAME A TP, D 74 7= A4 A% —24JF RII, RIIL
(ii) M 29 DD TD, IIDNEfF AL HA

(iii) Tube guide curve 2% 2 HJ (y;) ZHA 5 A 74 F.
722l oy Dy K2 5 DITER,

(iv) Tube guide curve %% double tube DR ZH#Z 5 A 74 F.
72U, v D3y & HDW0IE B DY g, A D DIFEEH]

(v) Tube guide curve %3 single tube DY 22 5 A 74 F.
7272 L, ay 7b§pj F 720 q; %?@Z ) 0)03(115,5']

0O - OC S
\%’\52\ \<‘*\A/
L XKL

Fig.3 : Tube Sliding Move (k& oy, Bk, v DT 41H)
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E#E 5.18 : Tubed surface A 1K 5 elementary tubed surface isotopy lZ, XD DD K5,

(a) Combinatorial % %8 2 7 \> smooth change.

(b) Tube sliding moves (€% 5.9)

(c)

(d) Tube locus free 7% (Whitney disk %% framed tube guide curves &3¢ 5 7 \»)
Whitney moves

Finger moves



EI 5.19. Tubed surfaces A & A’ %% elementary tubed surface isotopy TH D & I % 51X,
Zi 6 DEBL isotopic.

AEHH L JRFTE 7 DT, local RS EC EEHTCE 5, O

CCT-H HEH L, EH 519 OFEHD 9 % (c) finger move DEEFEIZ R DHETH > 72,
fHRE 5.1.
BE ¢ A RICERRIR M NIZEEDIA F 7o e ghifl R 23REWIBRIN G 2 62 & T 5.,

R finger move #fEL 7% b D% Ry £ 9% & E, Ry 12 G OATERE 2% tube LT, 45K
SN 28R ZH LD D (Ry) 13 R & isotopic.

b L, EF5.18(c) LEM5.19 ZFLA T, FEM

TR finger move ZMi L 7z Ry 1%, HO KDY
2E# 2 % DT, isotopy Tl Eb VT

OB oEENH L, M 5.19 LM 5.1 O DE WL E TEE) OE&Rz, ) —EHA
[EL TIZL V>, Tubed surface 15T ZHTORIAT, VWb IFEDMERROERZIMTHIL 7=
IRAE,

f(o;)

.ZO

2%
it\ b <§<%
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Y; éo
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Fig.4 : Finger move |29 Tubed surface D2

EM 519 1T %, (d) Whitney move 1213 2 1% % . [uncrossed & crossed]
Tubed surface & Whitney move Zid & &, A I N2 B 5O HCRROWR%Z ZNZ
{zi,yi} &z ye} ET 5 (f(xs) = flyi), flay) = f(ye)). TDEZF, tubed surface & L TIE z;
EFERL 20 DK o TESINTE D, 2y BFEKK. Whitney disk DEEDORIED 2 BAHFEHL, 2; &
xy AT DEEDY uncrossed, ¥72 5 B3 DYDY crossed. uncrossed D545 1d single tube
23, crossed D51 double tube 2% move ZIZHIN S,
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Fig.5 : Whitney disk @ uncrossed (/£) & crossed (£5)
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EFE 5.20 : “A regular homotopy f; is shadowed by tubed surfaces”
BE T 4 RTUHRRE M NI 13DIA N il Ry 2SREWTKIE G 2 b2 LT 5,

Immersed Hilfi Ry @, G 25 #4725 % B D generic regular homotopy f; : R — M 23, AR
[512) {tl} Lﬂxﬂ“ﬂiﬁa&ﬁlﬂfﬁﬂ’ﬂ‘f? (ti7ti+1) 3 s5IIXT 3 fs(R) %z R; & 5 R; = fs(R),

0=t < 1 < i < i3 < < tmm =1
Ro= Ry Ry Ry Ry -+ R, = fi(R)
Ro R1 R Ry - Ry

DL Z, tubed surface R; (i =0,1,...,m) DFEL T
* R; 13 R; D associated surface.

* Riy1 1& Ry D elementary tubed surface isotopy (312 finger move > Whitney move)
WD 32D L & Tf is shadowed by tubed surfaces; & \>9).

EE 5.21. If f, : Ag — M is a generic regular homotopy with fo(Ap) an embedded surface, M
a smooth 4-manifold, G a transverse embedded sphere, and f; is supported away from G, then
ft is shadowed by tubed surfaces.

=z s 3 =
3 6F (RF) &7F (M)
6 E Tl Tubed surface DREUT D W CEETwmDNETs
Tubed surface A D% framed curve £ (1; 2> N\ D Ed) 13, EBU X > T G O PATEKIA
G 2o CET(K) ILEDS, P(k)=T(k)UG &@‘%1 if P(k) DM ZE - 5z BEICE
D5 PIZNE {Br, ) EAXDPE DI — 7 ¥ 2 % bk g X 2 DIEICE 210, P(k) D E
iZ, guide curve DFES 29 THRVLF DS DHETOMEORE TED 3,

HiElZ, Tube ZFEHLL 72 L E2D [A)] € mo(M) 225 DZEALTH D, FiamlE KD

s

(A =[] =) (Gl - [GIIM)TY) e mM
k=1

22T, [N & framed curve Ay DB mM = 1 (M\A) DILTH D, moM ~D miM DI %
FPoEHEOTWS, B8 [G] € mM %, 4K, JEAHTH %,
Ay 2% A" & homotopic % %_QODFL@;L_ M A 5137 %@t 2iE M) = M) (e mM), D
¥ D 2-Tor DL PAAMZ, N\ 23, 21 Aer] = [A ] DX} & &OT{%(@?%%EZI)S\%% Z
DXH framing 7 EWC K & FIC, BT NHBETE 5 2 2%, BNISRIN TV S

F(Br) . 1 (Brr) f(a)

ke A/\kr T

ol 2

Fig.6 : [M\i] = [A\e] 7t D & &, KT single tube 12T L, HIK

R 6.9. 4 XIuS A M ND tubed surface A @ asssoiated surface A; D3EEWTERIA (transverse
sphere) % & DIKAIDIDIAATH D | A DEBL A £ homotopic TH-o7-L T3, ZDLE X%
723 tubed surface A’ &, G DO HiN7zHE%Z D A D isotopy DHFET 5.

LP(k) ®J%S Light Bulb Tlx 77> |



- A’ D asssoiated surface I A; T, A/ DFEEIT A DEE, »>O
[m1 M 12 2-Tor 237 \WE5E] double tube 1E4 1 2721 T, mM @yt t LTO0 (null-homotopic).
[m1 M 12 2-Tor 3% %3541 double tube & 4 2-Tor(m M) DA 2 DILOMEE DLUT.

7H T, ROMEIFEH S 1 52,
R 7.1 [ HiE]
4 RILERE M NT tubed surface A 205 A’ 23
- BRifi BT, %72 % tube guide curves il & %\ 3 9K o \p; DL B K5y
DREZMTIHRONDE EE, ZNODHEM A A 11X G P olfini-H% b isotopy THED & .
(A @ Associated surface A; 2% transverse sphere % &> Z & 1ZKE)

AEHD Fi13 Motion Picture. L2»b, vk E L CEHETE, 2 2 CHHWMERM G 29 (G &
AT S2xThED, 2D S?=52x0I %)), FEwXDOK 7213 £ THRBEDHWIKT,
INZHPNPTLTIERIT, b LIS FEA.

COFEIC L D, i LT tube guide curves (a, 3,7, 0 ) 2 “f&te” RIEIZAEL 2w,
AEH D% I o 3 (single tubes) D, &AM CHliT %2 Bl T 28 T, framed
curves T M HEMIC 2 203, 206 bR BT P(r) 23 720 “a 77 ickD, HEIN5,
]

e

[G] D. Gabai, The 4-dimensional light bulb thoerem, preprint Arxiv: math.GT/1705.099809.
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D7 LIZ & 5T Light Bulb Theorem.
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1: Light Bulb Theorem
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