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Abstract

Suppose that lens space L(p, q) is obtained from p-surgery of a knot in S3. Let d
be the degree of the Alexander polynomial ∆K(x). We show that the coefficients of
the degree xd and xd−1 are 1 and −1 when d ≤ p

2 . Furthermore we also generalize
that result. 1 2

1 Introduction

Ozsváth and Szabó have studied a constraints of the Alexander polynomial of a knot
yielding a lens space in [8]. The main theorem is the following

Theorem 1.1 (P. Ozsváth-Z. Szabó [8]) Let K ⊂ S3 be a knot for which there is
an integer p for which S3

p(K) is an L-space and the Alexander polynomial is not 1.
Then the Alexander polynomial of K has the form

∆K(x) = (−1)k +
k∑

j=1

(−1)k−j(xnj + x−nj ),

for some increasing sequence of positive integers 0 < n1 < n2 < · · · < nk = d.

This theorem says that the coefficients of Alexander polynomials of knots admitting
lens surgery are 0 or ±1 and the non-zero terms of the polynomial alternate in sign.
In this paper we always use symmetrized Alexander polynomial.

From Theorem 1.1 the top coefficient of such an Alexander polynomial is one. In
the present paper we show that the second term of the Alexander polynomial can be
determined naturally by means of Theorem 1.1 and the main result of [9]. We state
the main result.

Theorem 1.2 Let K ⊂ S3 be a knot for which there is an integer p for which S3
p(K)

is a lens space. The notations nk, nk−1, and d are the same as Theorem 1.1. Then
we have

nk − nk−1 =
{

1 d < p+1
2

1 or 2 p is odd and d = p+1
2 .

1Keyword: lens surgery, Heegaard Floer homology, Alexander polynomial
2MSC: 57M25,57M27,57R58
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This result solves Question 1.2 in [3] except 2d− 1 = p.
Alexander polynomial of K admitting lens surgery is as either

∆K(x) = 1 +
r∑

i=1

(xpi + x−pi)−
r∑

j=1

(xmj + x−mj ), (1)

where 0 = p0 < m1 < p1 < m2 < p2 < · · · < pr−1 < mr < pr = d, or

∆K(x) = −1 +
r∑

i=1

(xpi + x−pi)−
r∑

j=2

(xmj + x−mj ), (2)

where 0 = m1 < p1 < m2 < p2 < m3 · · · < pr−1 < mr < pr = d. Theorem 1.2 asserts
mr = d− 1 holds if d < p+1

2 .
We denote by ãi(K) the coefficient of ∆K(x) mod xp − 1, i.e.,

ãi(K) :=
∑

j≡i mod p

aj(K).

The coefficient ãi(K) is

ãi(K) =





1 + a p−1
2

(K) p is odd and d = p+1
2 , and i = ±d, ±(d− 1)

2 p is even, d = p
2 , and i = ±d

ai(K) otherwise
(3)

from the estimate 2d− 1 ≤ p proven in [5].
We define d̃ = d̃(K, p) as max{i|ãi(K) 6= 0 (0 ≤ i ≤ [

p
2

]
)}. Thus if K admits lens

surgery, then from Equation (3) we have

d̃ =





nk−2 p is odd and d = p+1
2 , and nk−1 = d− 1

d− 1 p is odd and d = p+1
2 , and nk−1 6= d− 1

d otherwise.

We define lens space L(p, q) by S3
p/q(U), where U is unknot. We take an isomor-

phism H1(L(p, q)) ∼= Z/pZ which sends the core of a handlebody of genus one Heegaard
decomposition of L(p, q) to 1. Suppose that S3

p(K) is homeomorphic to L(p, q). Then
let h be an integer with 0 < h < p which it corresponds to [K∗] by the isomorphism.
Here K∗ is the dual knot of K in L(p, q). Thus we have h2 = q±1 mod p. We consider
a set {h, p − h, h′, p − h′}. If q = ±1 mod p, then the number of the components of
the set is two. We assume that q 6= ±1 mod p and permute the elements in this set to
define as 0 < h2 < h1 < p− h1 < p− h2 < p. Here we state a more extended theorem
than Theorem 1.2. It is proven in Section 3.

Theorem 1.3 Suppose that S3
p(K) is homeomorphic to L(p, q). The notations mi

and pi are the same as above. Let M be a set {mi|mi ≥ d̃ − h1 + 1}. Then we have
pi = mi +1 for mi ∈ M . Namely ∆K(x) can be expanded as the following: if d < p+1

2 ,
then

∆K(x) = xpr − xpr−1 + xpr−1 − xpr−1−1 + · · ·+ xps − xps−1 + · · · (4)

and if d = p+1
2 , then

∆K(x) =
{

xpr − xpr−1 + xpr−1 − xpr−1−1 + · · ·+ xps − xps−1 + · · · ad−1(K) 6= 0
xpr − xpr−2 + xpr−1 − xpr−1−1 + · · ·+ xps − xps−1 + · · · ad−1(K) = 0

where s := min
i
{i|pi − 1 ≥ d̃− h1 + 1}.

In particular since h1 ≥ 2, we have s ≥ 1, this leads to Theorem 1.2.
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Hence we can prove the following easily.

Corollary 1.1 Suppose that K admits lens surgery. If d < h1, then the Alexander
polynomial ∆K(x) is either

∆K(x) = 1 +
r∑

i=1

(xpi + x−pi)−
r∑

j=1

(xpj−1 + x−pj+1),

or

∆K(x) = −1 +
r∑

i=1

(xpi + x−pi)−
r∑

j=2

(xpj−1 + x−pj+1),

where pi + 1 < pi+1.

For example let K be (−2, 3, 7) pretzel knot. A homeomorphism S3
18(K) ∼= L(18, 5)

induces a set {5, 7, 11, 13}. Since d = 5, the non-zero coefficients of ∆K(x) are every-
where adjacent in pairs. In fact ∆K(x) is

x5 − x4 + x2 − x + 1− x−1 + x−2 − x−4 + x−5.

Conversely Alexander polynomials of knots yielding lens spaces do not satisfy this
condition generally. For example the Alexander polynomial of (4, 7)-torus knot is

x9 − x8 + x5 − x4 + x2 − 1 + x−2 − x−4 + x−5 − x−8 + x−9.

The Alexander polynomials of knots yielding lens surgery has been studied in
[4, 6, 8, 9, 10]. Here we review the formulae used in this paper. Suppose that K yields
lens space L(p, q) and K∗ is the dual knot of K. Let h be the integer corresponding to
homology class [K∗] and g a positive integer satisfying hg = 1 mod p and gcd(h, g) = 1.
Then the Alexander polynomial satisfies the following:

∆K(x) = x−
(h−1)(g−1)

2
(xhg − 1)(x− 1)
(xh − 1)(xg − 1)

mod xp − 1.

The right hand side is the famous Alexander polynomial of (h, g)-torus knot.
We denote by c the following.

c = c(p, h) :=





q−1
2 pq = 1 mod 2

p+q−1
2 p(p− q) = 1 mod 2

h2−1
2 p = 0 mod 2.

(5)

Let p be a positive number. We denote by the symbol [α]p the representative satisfying
0 ≤ [α]p < p and α ≡ [α]p mod p. For any class x ∈ Z/pZ we define x′ by [x−1]p.

Definition 1.1 For h, x ∈ Z we define a {0, 1}-valued function δh(x) as follows:

δh(x) =
{

1 [x]p ∈ {1, 2, 3, · · · , [h]p}
0 otherwise

From Theorem 1.5 in [9] and [10] we have

ãi(K) := −m + Φhi+c
p,q (h), (6)

where h is the class corresponding to homology class [K∗] and Φ`
p,q(h) := #{j ∈

{1, 2, · · · , h}| δh(qj − `) = 1} and m = hh′−1
p . From here we abbreviate (K) in any

coefficient ãi(K).
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2 Proof of Main theorem

First of all we prove the five lemmas to prove the main theorem.

Lemma 2.1 If S3
p(K) is homeomorphic to L(p, q), the following is satisfied for any

i:
ãi + ãi−1 + · · ·+ ãi−h+1 = δh(q − hi− c),

where h is the same integer defined before.

Proof) From Equation (6)

ãi + ãi−1 + · · ·+ ãi−h+1 = −mh +
h−1∑

l=0

#{j ∈ {1, 2, · · · , h′}|δh(qj − (h(i− l) + c)) = 1}

= −mh + #{j ∈ {1, 2, · · · , hh′}|δh(qj − hi− c) = 1}
= −mh + mh + #{j ∈ {1}|δh(qj − hi− c) = 1}
= δh(q − hi− c)

¤
From Lemma 2.1 and symmetry of Alexander polynomial we have

ãi + ãi−1 + · · ·+ ãi−h+1 = ã−i + ã−i+1 + · · ·+ ã−i+h−1

= δh(q − h(−i + h− 1)− c)
= δh(h(i + 1)− c).

Thus, by subtracting the equation replaced i by i− 1,

ãi − ãi−h = δh(h(i + 1)− c)− δh(hi− c)

Hence
|ãi − ãi−h| ≤ 1. (7)

We replace h with p− h to be 0 < h < p
2 , if not.

Lemma 2.2 Thus it follows that

ãi − ãi−h =





1 ⇔ δh(h(i + 1)− c) = 1 and δh(hi− c) = 0
−1 ⇔ δh(h(i + 1)− c) = 0 and δh(hi− c) = 1
0 ⇔ δh(h(i + 1)− c) = 0 and δh(hi− c) = 0.

(8)

From this lemma the following lemma holds

Lemma 2.3 Suppose that S3
p(K) is homeomorphic to L(p, q). Let h be the same as

stated above. Then

ãi − ãi−h = 1, if and only if ãi+1 − ãi−h+1 = −1.

Proof) By using Equation (8) and 0 < h < p
2 , the assertion demanded is obtained

easily.
¤

Lemma 2.4 Suppose that L(p, q) = S3
p(K) and d̃ 6= p

2 . Let h be the same as defined
previously and 0 < h < p

2 . Then we have

ãd̃+h = 0

and p−mµ+1 < d̃ + h < p− pµ for µ with 1 ≤ µ ≤ r.
If d̃ = p

2 , then ãd̃+h = 1.
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Proof) From Theorem 1.1 |ãd̃+h| is 0 or 1. If ãd̃+h = −1, then ãd̃ − ãd̃+h = 2. This
is inconsistent with Inequality (7)

We assume that ãd̃+h = 1. Then there exists an integer ν with 1 ≤ ν ≤ r such that
d̃+h = p− pν . Hence we have ãd̃− ãd̃+h = 0. In the case where pν −mν < p− 2d̃, we
have ãp−pν+i = ãp−pν+i−h = 0 (1 ≤ i < pν−mν) when pν > mν+1 and ãp−pν+1 = −1,
ãp−pν+1−h = 0 when pν = mν + 1. Anyway

ãp−mν
− ãp−mν−h = −1− 0 = −1.

This is inconsistent with Lemma 2.3. In the case where p − 2d̃ < pν −mν , similarly
since we have

ãp−d̃+h − ãp−d̃ = 0− 1 = −1,

this is inconsistent with Lemma 2.3. In the case where p − 2d̃ = pν −mν , since we
have

ãp−mν − ãp−d̃ = −1− 1 = −2

this is inconsistent with Inequality (7). Therefore ãd̃+h = 0.
If p − pµ < d̃ + h < p −mµ, then by the same argument as above this turns out

inconsistencies. Therefore p−mµ+1 < d̃ + h < p− pµ.
If d̃ = p

2 , then from Inequality (7) ãd̃+h = 1. ¤

Lemma 2.5 Suppose that L(p, q) = S3
p(K). Let h be the same as defined previously

and 0 < h < p
2 . Then we have

ãd̃+h−1 = 0.

Proof) In the case where d̃ 6= p
2 , the coefficient ãd̃+h−1 is 1 or 0. From Lemma 2.4

ãd̃+h−1 = 0.
In the case where d̃ = p

2 , from Lemma 2.4 the coefficient ãd̃+h−1 is −1 or 0. From
Theorem 1.1, ãd̃+h−1 = 0. ¤

We are now in a position to prove Theorem 1.2.
Proof of Theorem 1.2) Since ãd̃+h − ãd̃ = −1 holds, from Lemma 2.3 and 2.5,
ãd̃−1 = −1 holds.

If d = p+1
2 and nk−1 = d− 1, then p1 = m1 + 1 holds.

If d = p+1
2 and nk−1 6= d− 1, then

∆K(x) = x
p+1
2 − xm1 + · · ·

= x
p+1
2 − x

p−1
2 + x

p−1
2 − xm1 + · · ·

Hence d̃ = p−1
2 and m1 = p−3

2 , then p1 −m1 = 2.
If d 6= p+1

2 , then d̃ = d, then m1 = d− 1. ¤

3 Proof of Theorem 1.3

Suppose that L(p, q) = S3
p(K). Let h, pi, mi are the same integers as before.

Proof of Theorem 1.3) If p− 2d̃ > h, then since ãd̃+h = ãd̃+h−1 = · · · = ãd̃+1 = 0,
from Lemma 2.3, any ãi, ãi−1 in {ãd̃−h+i|1 ≤ i ≤ h} are satisfied that if ãi = 1 if and
only if ãi−1 = −1. Therefore in this case this theorem holds.

We assume that p− 2d̃ ≤ h and d 6= p
2 . Then

|ãi| ≤ 1 (9)
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holds for any i. If d̃ + h− p + mµ+1 − 1 = mr − pr−1, then

ãp−mµ+1 − ãpr−1 = −1− 1 = −2

This is inconsistent with Inequality (7).
If mν + h− p + mλ+1 = mν − pν−1 for λ, ν, then

ãmν+h−(mν+h−p+mλ+1) − ãmν−(mν−pν−1) = ãp−mλ+1 − ãpν−1 = −1− 1 = −2.

This is inconsistent with Inequality (9). Therefore mν + h − p + mλ+1 6= mν − pν−1

holds. Here we prove the following claims.

Claim 3.1 Let h be the same as before and 0 < h < p
2 . Suppose that

• pν = mν + 1 for an integer ν satisfying 2 ≤ ν ≤ r, and

• p−mλ+1 < mν + h < pν + h < p− pλ, where λ satisfies 1 ≤ λ ≤ r − 1.

Then either

• pν−1 = mν−1 + 1 and

• p−mλ+1 < mν−1 + h < pν−1 + h < p− pλ.

or

• pλ+1 = mλ+1 + 1 and.

• pν−1 < p− pλ+1 − h < p−mλ+1 − h < mν

holds.

Claim 3.2 On the other hand suppose that

• p−mµ = p− pµ + 1 for an integer µ satisfying 1 ≤ µ ≤ r − 1, and

• pκ−1 < p− pµ − h < p−mµ − h < mκ, where κ satisfies 2 ≤ κ ≤ r.

Then either

• pµ+1 = mµ+1 + 1 and,

• pκ−1 < p− pµ+1 − h < p−mµ+1 − h < mκ.

or

• pκ−1 = mκ−1 + 1 and.

• p−mµ+1 < mκ−1 + h < pκ−1 + h < p− pµ

holds.

Proof of Claim 3.1 Suppose that pν = mν + 1 for an integer ν and p − mλ+1 <
mν + h < pν + h < p− pλ. Then we can divide this situation into the following cases
(a), (b).

(a) The mν+h−p+mλ+1 < mν−pν−1 case: When mν+h−p+mλ+1 > 1, ãmν+h−i =
ãmν−i = 0 (1 ≤ i < mν + h − p + mλ+1). Or when mν + h − p + mλ+1 = 1,
(ãmν+h−1, ãmν−1) = (−1, 0). Anyway,

ãp−mλ+1 − ãp−mλ+1−h = −1− 0 = −1.

If ãp−mλ+1−1−h = 1, then due to ãp−mλ+1−1 − ãp−mλ+1−1−h = 1, we have
ãp−mλ+1−1 = 2. This is inconsistent with Inequality (9). Hence ãp−mλ+1−1−h =
0, ãp−mλ+1−1 = 1 namely, pλ+1 = mλ+1+1. The condition p−mλ+1 < mν +h <
pν + h < p− pλ holds clearly.
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(b) The mν + h− p + mλ+1 > mν − pν−1 case: Exchanging mν + h− p + mλ+1 and
mν − pν−1 in (a),

ãpν−1+h − ãpν−1 = 0− 1 = −1

By the same way as (a) ãpν−1+h−1 = 0 and ãpν−1−1 = 1 are proven easily.
Therefore pν−1 − 1 = mν−1 and pν−1 < p− pλ+1 − h < p−mλ+1 − h < mν .

¤
Proof of Claim 3.2 Suppose that p−mµ = p− pµ + 1 for an integer µ and pκ+1 <
p− pµ − h < p−mµ − h < mκ. Then we can divide this situation into the following
cases (c), (d).

(c) The p− pµ − h− pκ+1 < mµ+1 − pµ case: By the same way as (a),

ãpκ+1+h − ãpκ+1 = 0− 1 = −1,

ãpκ+1+h−1 = 0 and ãpκ+1−1 = −1 holds. Therefore pκ−1 − 1 = mκ−1 and
pκ−1 < p− pµ+1 − h < p−mµ+1 − h < mκ.

(d) The p− pµ − h− pκ+1 > mµ+1 − pµ case: By the same way as (a),

ãp−mµ+1 − ãp−mµ+1−h = −1− 0 = −1,

ãp−mµ+1−h−1 = 0 and ãp−mµ+1−1 = 1. Therefore pµ+1 − 1 = mµ+1 and p −
mµ+1 < mκ−1 + h < pκ−1 + h < p− pµ.

¤
By applying Lemma 2.4 and 2.5 to Claim 3.1, we have pr−1 = mr−1 + 1 or pλ+1 =
mλ+1 + 1. We apply these condition to Claim 3.1 or Claim 3.2. After here, by
applying either of the two claims inductively, shifting i of (ãi+h, ãi) per −1, i reaches
i = p − d̃ − h. When i < p − d̃ − h, since ãp−d̃−1 = ãp−d̃−2 = · · · = ãd̃+1 = 0, this is
reduced to the case of p− 2d̃ > h. Therefore the result demanded holds.

The case of d̃ = p
2 is easily proven by putting ãd̃ = 2 and ãd̃+h = 1.

Since if we exchange q for q′ and h for h′ or p− h′, the same argument holds, we
may assume that h = h1. ¤

We remark that taking account of Goda and Teragaito’s conjecture in [2], for
general knots yielding lens surgery at least 2d+1 ≤ p conjecturally holds. The author
hopes that the cases of d = p+1

2 or d = p
2 in Theorem 1.2 1.3 are removed in the

future.
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