EXOTIC 4-MANIFOLDS OBTAINED BY AN INFINTE
ORDER PLUG

MOTOO TANGE

ABSTRACT. In the previous paper the author defined an infinite order
plug (P, ) which gives rise to infinite Fintushel-Stern’s knot-surgeries.
Here, we give two 4-dimensional infinitely many exotic families Y,,, Z,
of exotic enlargements of the plug. The families Y,,, Z, have by = 3,
4 and the boundaries are 3-manifolds with b1 = 1, 0 respectively. We
give a plug (or g-cork) twist (P, ¢p,q) producing the 2-bridge knot or
link surgery by combining the plug (P, ). As a further example, we
describe a 4-dimensional twist (M, p) between knot-surgeries for two
mutant knots. The twisted double concerning (M, i) gives a candidate
of exotic #25% x S2.

1. INTRODUCTION

1.1. Corks and plugs. If two smooth manifolds X, X’ are homeomorphic
but non-diffeomorphic, then we say that X and X' are exotic (or exotic
pair).

A cut-and-paste is a performance removing a submanifold Z from X and
regluing Y via ¢ : 0Y — 0Z. We use the notation (X — Z) Uy Y for the cut-
and-paste. We call a cut-and-paste a local move in this paper. Let Y be a
(codimension 0) submanifold of a 4-manifold X. Let ¢ be a diffecomorphism
JY — 0Y. We denote the local move along (Y, ¢) by

X(Y,6) == [X ~ Y] Uy Y,

and call such a local move a twist.

For a pair of exotic 4-manifolds X, X’, we call a compact contractible
Stein manifold Cr a cork, if Cr is smoothly embedded in X, and X' is
obtained by a cut-and-paste of Cr C X according to a diffeomorphism
7 : 0Cr — OCr. Hence, the boundary diffeomorphism 7 cannot extend to
inside Cr as a diffeomorphism. We also call the deformation a cork twist.
Suppose that X and X’ are two exotic simply-connected closed oriented 4-
manifolds. Then they are changed to each other by a cork twist (C'r, 7) with
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an order 2 boundary diffeomorphism 7 ([3], [7], [13]). Namely, this means
X' =X(Cr,1).

Hence, in some sense, the existence of such a cork (C'r, 7) causes 4-dimensional
differential structures. Akbulut and Yasui in [4] defined another kind of

twists, which are called plug twists, and which change smooth structures.

The definition is given in the later section. A study of cork and plug should

play a key role in understanding differential structures of 4-manifolds.

In this paper, we produce infinitely many exotic enlargements of P. The
meaning of studying enlargements is to investigate to what extent the ‘exotic
producer’ like cork or plug can extend to a larger 4-manifold. Combining
a plug (P, ) defined in [16] and isotopy, we give many enlargements. We
also apply 2-component links, rational tangles, and the knot mutation to
4-dimensional twists.

1.2. Infinite order cork and plug. Let P denote a 4-manifold described
in FIGURE 1. A diffeomorphism ¢ : 9P — OP is defined to be FIGURE 2.

Remark 1. Throughout this paper, any unlabeled component in any dia-
grams of 4-manifolds or of 3-manifolds stands for a O-framed 2-handle or a
0-surgery respectively.

FIGURE 1. A handle decomposition of P.

The paper [16] shows that the twist (P, ¢) is an infinite order plug, and
the square twist (P, ¢?) is a generalized cork (a g-cork), as defined later.
Namely, (P, ¢) and (P, ¢?) satisfy the following:

Theorem 1 ([16]). P is a Stein 4-manifold. The map ¢ : OP — OP has
infinite order and @ cannot extend to a self-homeomorphism on inside P.
There exists a 4-manifold X such that {X (P, ")} is a family of mutually
exotic 4-manifolds.

The map ©* can extend to a self-homeomorphism, but cannot extend to
any self-diffeomorphism on P.

In general, we define an infinite order plug, cork and g-cork.

Definition 1 (Infinite order plug). (P,¢) is an infinite order plug if it
satisfies the following conditions:
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FIiGUure 2. A diffeomorphism ¢ : 9P — OP.

(1) P is a compact Stein 4-manifold.

(2) ¢ cannot extend to a self-homeomorphism on P.

(3) There exists a 4-manifold X and embedding P C X such that { X (P, p*)}
s a family of mutually exotic 4-manifolds.

Definition 2 (Infinite order cork). (C, ¢) is an infinite order cork if it sat-
isfies the following conditions:

(1) C is a compact contractible Stein 4-manifold.

(2) ¢F cannot extend to any self-diffeomorphism on C for any positive

integer k.

If X(C, %) are mutually exotic 4-manifolds, then (C,¢) is an infinite order
cork for {X(C,¢*)}. In the case where C is not contractible, in place of
being contractible in the (1) condition, we call (C,$) a generalized cork (or
g-cork).

The order of each ¢ in Definition 1 and 2 as a mapping class on the
boundary 3-manifold is infinite. The twist (P, ¢) defined above is an infinite
order plug and (P, ¢?) is an infinite order g-cork. Furthermore, the plug
twist (P, ¢) can make a Fintushel-Stern’s knot-surgery. Let V' and C' denote
the neighborhoods of Kodaira’s singularity III and II. See FIGURE 3 for the
diagrams. C is called a cusp neighborhood. These diagrams can be also seen
in [11].

Theorem 2 ([16]). Let X be a 4-manifold containing V and let K be a
knot. Let Xg be a knot-surgery of X along the general fiber of V.. For a
knot K' obtained by changing a crossing of a diagram of K, there exists an
embedding i : P — Xy such that for the embedding i we have

XK/ = XK(P, (p)
The n-th power (P, ™) makes an n times full-twist
XKn - XK(Pa gpn)a

where K and K, are the two knots whose local diagrams are FIGURE 4 and
whose remaining diagrams are the same thing.
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FiGurE 3. The neighborhoods of Kodaira’s singularity I1I
and II (cusp).
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FIGURE 4. K, is the n-full twist of K.

(
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Remark 2. The crossing change is a local move for knots or links. Theo-
rem 2 means that the plug twist (P, ) plays a role in ‘the crossing change
of 4-manifolds’ obtained by knot-surgery in some sense. Similarly, for many
other local moves of knots or links, one can construct a local move over 4-
manifolds. We will give an example of a 4-dimensional local move (twist)
coming from a local move (knot mutation) of knots and links at the later
section.

Here we define the knot-surgery and (2-component) link-surgery accord-
ing to [8]. Let T' C X be an embedded torus with trivial neighborhood
and K a knot in S3. The 0-surgery M cross S' naturally contains an em-
bedded torus Ty, = {meridian} x S! with the trivial neighborhood. Then,
(Fintushel-Stern’s) knot-surgery X is defined to be the fiber-sum

X = (Mg x SHY#7, —7X.

Let U1, Uy be two 4-manifolds containing an embedded tori T; C U; with
the trivial neighborhoods. Let L = K; U K3 be a 2-component link. Let

ar:m(S*—L) =7

be a homomorphism satisfying a(m;) = 1, where m; is the meridian curve
of K;. Let My, be the a(¢;)-surgery of L, where ¢; is the longitude of K;.
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Let T, be a torus m; x St C M, x S*. Then, we denote by (U1, Us)y, the
following double fiber-sum operation:

(U1, Ua)r, = Ur#tri=t,,, (M, x SY)#1,,,,=1,Us.

In the case of U = Uy = Us, we write as (U,U)r, = Ur. We call (Uy,Us),
the link-surgery by the link L.

1.3. Two kinds of enlargements Y,, and Z,. Akbulut-Yasui’s corks
(Wh, fn) and plugs (Wp, n, fmn) in [4] can give exotic enlargements by at-
taching 2-handles. In this paper we consider two kinds of enlargements
Yy = PUhy and Zyg = P U hy U ho, where hy, and hy are two 2-handles on
P as indicated in FIGURE 5 and the framings are both —1. Hence, we have

FIGURE 5. Two kinds of attachments Yo = PUhy and Zy =
P U hy U hs.

Yy = Y#CP?
and
Zo = Z#*CP2.
Y (and Z ) are 4-manifolds presented by the left (and right) diagrams in

FIGURE 6.
Let Y,, and Z,, define to be other enlargements obtained by twists

and
(2) Zn = Zo(P,¢")

with respect to the embeddings P — Y and Zy. Since Y,, and Z, are

the 2-handle attachments of the simply-connected manifold P, they are also

simply-connected and the Betti numbers by of them are 3 and 4 respectively.
The g-cork (P, ¢?) in [16] gives the diffeomorphisms:

(3) Yn+2 =~ Yn
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and

In this paper we use notation = and ~ as a diffeomorphism and a homeo-
morphism respectively. Hence, Ya,, (or Za,) is homeomorphic to Yy (or Zy)
and Yop4+1 (or Za,y1) is homeomorphic to Y7 (or Z1). Actually Y, and Z,
give the four homeomorphism types.

Proposition 1. Let X beY or Z. In {X,} there exist two homeomorphism
types Xy and X1 and we have

Xn:{XO n = 0 mod 2

X7 n=1mod 2.

This proposition is proven by seeing intersection forms in later section.
The boundary 0Y,, is diffeomorphic to the 3-manifold described by the left
diagram in FIGURE 6. This is a O-surgery on —(2,3,5) as the left diagram
in FIGURE 6. The boundary 07, is 1-surgery of the granny knot. The proof
is in FIGURE 7.

7/

)

O~
VY

\

FIGURE 6. Diagrams of Y and Z (as 4-manifolds) and 9Y
and 0Z (as 3-manifolds).
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FIGURE 7. 0Z, is homeomorphic to 1-surgery of the granny knot.

From the view point of geometry, Y,, and Z,, have the following property.
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Theorem 3. Let n be a positive integer. Y, and Z, are submanifolds of
wrreducible symplectic manifolds.

For the differential structures, we get the following theorem.
Theorem 4. Let n be any positive integer n. Then Y, and Yy are exotic.

Whether {Y,} are mutually non-diffeomorphic manifolds is unknown,
however, we can prove the following.

Theorem 5. Fach of {Yan|n € N} and {Yan41|n € N} contains infinitely
many differential structures.

We will prove this theorem in Section 2.1. The differential structures
{Z,} satisty the following.

Theorem 6. {Z,|n > 0} and {Zap11|n > 0} are two families of mutually
exotic 4-manifolds.

1.4. A twist for a rational tangle replacement. Let K; be a knot or
link for i = 1,2. K> is a tangle replacement of K1, if the local move K1 ~ Ko
satisfies the following:

e I, is a local move of K with respect to a closed 3-ball B3 that K;
and OB? transversely intersects at K; N 0B3.

e KN B? and Ky N B3 are proper embeddings of several arcs in B>.

e the arcs are homotopic to each other by a homotopy that fixes the
boundary.

The usual crossing change of knots and links is one example of tangle re-
placements. FIGURE 8 is a picture of tangle replacement which is described
schematically.

In this paper we treat the tangle replacements satisfying the following
conditions. Let T} denote K; N B3.

e OT; C OB3 are four points
e B3\ K; is homeomorphic to B?\ Kj.

The first example is the case where B3\ K; is homeomorphic to the genus
two handlebody. We call the replacement rational tangle replacement.

T, T,

F1GURE 8. The tangle replacement 17 — T5.

Let (p,q) be relatively prime integers with p even. We define a diffeo-
morphism ¢, , : 0P — OP in Section 3. The pair (P, ¢, ) satisfies the
following;:
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Proposition 2. Let p be an even integer with p # 0. The twist (P, ¢y q) is
an infinite order

plug p=2mod4 or
g-cork p=0mod 4.

Let O,, denote the n-component unlink.

Theorem 7. Let X be a 4-manifold containing V' and let K, , be a non-
trivial 2-bridge knot. Then there exists an embedding i : P — V C X such
that the twist (P, pp—1,4) with respect to i gives the knot-surgery

X = X01 ~> X(P7 (pp—LQ) = XKp,q'

Let X; be a 4-manifold containing C' and let K, 4 be a non-trivial 2-bridge
link. Let X be X1#Xo#5%x S%. Then there exists an embedding j : P — X
such that the twist (P, ppq) with respect to j gives the link-surgery

X = (X1, X2)0, ~ X(P,¢pgq) = (X1, X2)K, ,-

This is a generalization of the result (Theorem 1) that (P,¢) is a plug
and (P, ¢?) is a g-cork. Namely, the case of (p,q) = (2n,1) corresponds to
the equality 2,1 = ¢".

By combining the twist and the inverse in Theorem 7 we also obtain a
general rational tangle replacement

-1

Xi 2 Xo, 28 Xyor.
1.5. A twist for mutant knots. We call an involutive tangle replacement
as in FIGURE 9 knot mutation and we call two knots K, K’ which are ob-
tained by the knot mutation mutant knots. It is well-known that mutant

1884

FIGURE 9. A knot mutation.

knots have similar topological properties. Any two mutant knots have the
same hyperbolic volume and HOMFLY polynomial, in particular, the same
Alexander polynomial.

The next variation of (P,¢) is a twist between knot-surgeries for any
two mutant knots. The knot mutation is not a rational tangle replacement,
because the local tangle complement is not homeomorphic to a handlebody.
Indeed, compute the fundamental group of the local tangle complement.
We found a twist (M, p) of 4-manifold between the knot-surgeries for two
mutant knots. Let M be a 4-manifold described by FIGURE 10. A map
u:OM — OM is defined in Section 3.3. From the diagram in FIGURE 10, we
can prove that M is an oriented, simply-connected 4-manifold with OM =
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OP#S% x S', H, (M) = H,(Vv35?), bs(M) = 0. OM = 9P#5?% x S' is
described in FIGURE 11.

FIGURE 10. The manifold M.

Theorem 8. Let X be a 4-manifold containing V. Let K, K' be any mutant
knots. Then there exist a twist (M, ) and an inclusion i : M — Xg such
that the square of the gluing map p: OM — OM is homotopic to the trivial
map on OM and changes the knot-surgeries as follows:

Xir = X (M, p).

sliding

canceling

FIGURE 11. A diffeomorphism OM = 9P#5?% x St
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Proposition 3. The map u: OM — OM extends to a self-homeomorphism
on M.

It is a subtle problem whether u extends to a self-diffeomorphism on M.
One reason is what M may not be a Stein manifold. Another reason is what
for mutant knots K and K’, the Seiberg-Witten invariants are the same by
Fintushel-Stern’s formula in [8].

Remark 3. If u can extend to M as a diffeomorphism, then two knot-
surgeries of all pairs of mutant knots are diffeomorphic to each other. Unlike
the examples by Akbulut (2], and Akaho [1], this diffeomorphism suggests a
meaningful map coming from knot mutation.

If i cannot extend to inside M as any diffeomorphism, then (M, u) would
be a new (possibly not-Stein) g-cork giving a subtle effect.

The twisted double D, (M) := M U,, (—M) is homeomorphic to #35? x
S2. Its diffeomorphism type is not-known. D, (M) has one connected-sum
component of S? x S2, i.e. it is not irreducible.

Proposition 4. My be a 4-manifold M with a 2-handle deleted and let pg
be a boundary diffeomorphism 0Mgy — 0My naturally induced from . Then
we have D, (M) = D,,,(Mo)#S? x S2.

Here we summarize several questions.
Question 1. Does M admit a Stein structure?

Question 2. Can the map p extend to a self-diffeomorphism on M ?
Question 3. Is D,,(M) (or D,,,(Mp)) an exotic #35%x S? (or #2S%x 5?)?

ACKNOWLEDGEMENTS
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2. EXOTIC ENLARGEMENTS.

2.1. The homeomorphism types. We consider four homeomorphism types
Yo, Y1, Zy and Z; of the enlargement of P.

Lemma 1. The intersection forms of Y, and Z, are as follows:

Oy = (0O)®H n : odd
Yo 0y ® (1) ® (—=1) n: even,

&2H n:odd
Qz, = 2 2
@=(1) ®* (=1) n:even,

where H is the quadratic form presented by {(1) (1)]



EXOTIC 4-MANIFOLDS OBTAINED BY AN INFINTE ORDER PLUG

Proof of Proposition 1. Lemma 1, (3), and (4) imply the required
assertion. U

Proof of Lemma 1. From the homeomorphisms (3) and (4), we may
consider homeomorphism types Yy, Y7 and Zy, Z; respectively. From the
picture in FIGURE 5 together with 2-handles, the intersection forms of Yj
and Zy can be immediately seen (0) @ (1) @ (—1) and ©?(1) @2 (—1) respec-
tively. The diagram of Z; is the left of FIGURE 12 and the diagram of Y7 is
FIGURE 12 with the —2-framed component erased. Hence, the intersection
forms of Y7 and Z; are isomorphic to (0) @ H and ®2H respectively. O

FIGURE 12. Z; and Z5.

2.2. Infinitely many exotic structures on Y; and Y;. Fintushel and
Stern in [8] computed the Seiberg-Witten invariant of the link-surgery. Let
L,, be the (2,2n)-torus link, in particular, the (2,2)-torus link is the Hopf
link. Then the Seiberg-Witten invariant is as follows:

(5)  SWg),, = Ar,(t1,t2) = (tita)" ' 4 (t1t2)" > + -+ + (tat2) .
Thus, the basic classes are the following:
(6) Bgay,, ={ilti+t2)li=-n+1n+3,--- ,n—1}

Each variable t; € H2(E(1)y,) is the Poincaré dual PD(2[T;]). The sub-
manifolds T, and T, are general fibers of the two copies of E(1). This
implies that F(1)r, are mutually non-diffeomorphic manifolds. We prove
the following lemma about E(1)r,,:

Lemma 2. For any positive integer n, E(1)r, is an irreducible symplectic

manifold.

Proof. We assume that E(1), has an embedded sphere C with [C]? =
—1. Since the intersection form is odd, n is even. We may assume C is
a symplectic sphere. Let E’ be the blow-downed manifold along C. Then
the Seiberg-Witten basic classes Bp(y), ~are of form {k + PD(C)|k € Bg}.
The basic classes k+ = k + PD(C) satisfy (PD(ky) — PD(k_))? = 4C? =
—4. However, from the basic classes (6), the self-intersection number of the
difference of any two of the basic classes is zero. This is contradiction.

n

11
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Since E(1)r, (n # 0) is a simply-connected, minimal symplectic manifold
with b > 1, it is irreducible due to [12]. Thus Z, is also an irreducible
symplectic manifold. O

We prove Theorem 3.

Proof of Theorem 3. We will prove Y,, C E(1)r,. The manifold
P C Y is embedded in E(1)r, by the definition. See [15] for the embed-
ding. The twist of (P, ¢™) via the embedding P — E(1)r, gets E(1)L,-
Then Yy changes to Y,, in E(1)r,. This result is due to Theorem 2 or [16].
From Lemma 2, Y,, and Z,, are submanifolds of an irreducible symplectic
4-manifold. For n = 1, see FIGURE 13.

Applying the same twist for Zy C E(1)r,, we can obtain an embedding
Zn— E(1),. O

Notice that each of 2-handles hq or hs in Y, and Z,, corresponds to the
sections in E(1) — v(T?).

Proof of Theorem 4. From Theorem 3, if n is positive, then Y, is
irreducible, however Yj has a (—1)-sphere. Thus Y, is not diffeomorphic to
Yy. From Proposition 1, Yy and Y5, are homeomorphic. O

P QP o[ Q

[$3—v(Ls)]x 51
Uvanishing cycles
U 2-handle

FIGURE 13. Y3 < [S? — v(Ly)] x S U 3 vanishing cyclesU2-handle.

Next, we will prove the existence of infinitely many mutually exotic dif-
ferential structures in {Y,,}. First, we prove the following lemmas:
Lemma 3. Let Q be a quadratic form (0) @ (—1) @® (1) on Z3. Any isomor-
phism (Z3,Q) — (Z3,Q) preserving Q is presented by

e1 a b
0 €2 0 s
0 0 €3

where each €; is +1 and a,b are any integers.

Proof. Let ¢ be any isomorphism ¢ : (Z3,Q) — (Z3, Q) preserving the
quadratic form @ = (0) ® (—1) & (1). For the standard generator {e;} in
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73, we denote the images by ¢(e;) = a;e; + b;ez + c;e3. Since ¢ preserves
Q, we have

b2+t =0, —b3+c3=—1,

—b% + C?)) =1, —biby+ c1ca =0,

—b1b3 + c1c3 =0, —babg + cac3 = 0.
Solving these equations, we have co = 0, b3 = 0, by = +1, and c3 = *£1.
Furthermore, we have by = ¢; = 0. Here we put by =: €5, and c3 =: €3. Since

the map ¢ is an automorphism on Z3, we have a; =: €, where ¢ = *+1.
Hence, defining as a = a2 and b = a3, we get the presentation matrix of
¢ 0

Lemma 4. Let Q be a quadratic form (0) ® H on Z3. Any isomorphism
(7Z3,Q) — (Z3,Q) preserving Q is presented by

eg a b €eg a b
0 e 0], 0r |0 0 e
0 0 e 0 e O

where each €; is 1 and a,b are any integers.

Proof. Let ¢ be any isomorphism (Z3, Q) — (Z3, Q). For the standard
generator {e;} in Z3, we denote the images by ¢(e;) = ae1 + bjes + c;es.
Since ¢ preserves @), we have

b161 = 0, bgCQ = 0, b363 = 0,
bica + c1by = 0, bicg + c1bg = 0, bacg + cobg = 1.

If by # 0, then ¢; = 0 holds from the first equation. Then, from ¢y = — <12

b1
and c3 = —czll’?’, we obtain c¢s = c3 = 0. This is contradiction for the last

equation. Thus b; = 0 holds. In the same way ¢; = 0 holds.

Since bobgcocs = 0, we have bocg = 0 or cobg = 0. If boeg = 0, then
cobs = 1, hence, cg = b3 = £1 and by = ¢35 = 0 (because byca = 0 and
c3bs = 0). If cobs = 0, then bycz = 1, hence cg = bg = +£1 and bg = c3 = 0.

Since the map ¢ is an isomorphism, we get a; = £1. Therefore, we get
the presented matrix of ¢ as above. O

Here we introduce the following result in [14]:

Proposition 5 ([14]). Suppose that ¥ is a smooth, embedded, closed 2-
dimensional submanifold in a smooth 4-manifold X with b3 (X) > 1 and for
a basic class K we have x(X) — [X]? — K([X]) = 2n < 0. Let € denote the
sign of K([X]). Then the cohomology class K + 2ePD([X]) is also a basic
class.

Lemma 5. Let m be a positive integer. There exists a generator {11, T, Sim}
in Ha(Py,) such that T; (i = 1,2) are realized by tori and the genus of the
surface realizing Sy, is m(m — 1). The presentation matriz with respect to
this generator is

0 0 0

0 0 1

01 —2m?-m—1

13
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Proof. Recall that Yy = PUhy and Y,, = Yy(P, ¢™). Here hy is the
-1
~C

-1
—

=~ —m-1
> (A~

0 —-m al, m
—/ :

FIGURE 14. The torus knot for S.

2-handle in FIGURE 5. We denote by a; the attaching sphere of hy and by
aq ., the image ¢ (av). The attaching sphere aq p, is the (m, 2m + 1)-torus
knot on the boundary of the 0-handle (see the fourth pictures in FIGURE 14).

Let m1, mo be the meridians for the link L,,. Let T; be the embedded
torus Tp,, = m; X Sliny,, corresponding to m;. T; can be seen in Figure 15.

Let S,,, be an embedded surface made from the union of a slice surface in
P of oy 4, and the core disk of hy. Hence, the pair {1}, 1%, Sy, } is embedded
surfaces generating Ha(Y},), because Y, consists of aj,, and 0-framed 2-
handles by canceling two 1-/2-handle canceling pairs. The latter O-framed
2-handles correspond to the handle decomposition of P.

The genus is g(Sp,) = M = m(m — 1) since aq,, is the (m,2m +
1)-torus knot. The self-intersection number of S, is —2m? — m — 1 by

FIGURE 15. These tori are embedded in Y,, as 11, 1.
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canceling other components by handle calculus. The intersection of T5 and
S:n can be understood from what attaching sphere of T5 is a meridian of S,
homologically in the same way as FIGURE 13 in [16].

Thus, the presentation matrix for the generators {17, 7T5, S, } becomes
the claimed one.

Proof of Theorem 5. Suppose that there exists a diffeomorphism ¢ :
Y., 2 Y, for some m,n with 0 < m < n and n = m(mod2). We denote by
{T{,T},S,} such a pair corresponding to Y,,. We get a smooth inclusion:

Sy C Yip > Vs E(1) 1, .

We denote 6(S,,) simply by Sy, in E(1)r,,.
Suppose that m is even. The isomorphism f5 : (Z3,Qy,,) — (Z3,Qy,)
can be decomposed as follows:

0 0 O 0 0 O
(Z°,Qy,) = (Z°, [0 =1 0)) = (Z°, [0 =1 0]) = (Z° Qy,)-
0 0 1 0 0 1
Using Lemma 3, we obtain the following presentation for fs:
1 0 0 e1 a b 1 0 0
0 —n?-% n?+%+1 0 e 0 01 —m?-2—
0o -1 1 0 0 e/ \0 1 —m?>-%
Hence, the class of S, in Y,, via 0 is presented as follows:
_ _ 2 @ _ /
Sn) = (~(a+b) (m*+F) —a) (73]
_ 2 MY (2 ﬁ) ( 2 ﬁ)
+{(€2 63)(m—|—2)<n —|—2 +n—|—2 €2
(7) —(m*+ ) e} 1)+ (2 — o) (m? + 5 ) + ) Sl
Thus, we have the following intersection number
m
(Sl - (T +113) = (2—e3) (m?+ T ) +e

Here putting k& = PD(ea(n — 1)([T]] + [T%])) and n = =29, we have
E([Sm]) = (n — 1)((2m2 +m)n+1) > 0.
Here we have
X(Sm) = [Sm]? = k([Sm]) = 2—2m(m —1)+ 2m* +m +1)
—(n = 1)(2m* + m)n +1)
= 3m+3—(n—1(2m*+m)n+1)
= 3m—n+4—(n—1)2m>+m)y
< 3m—n+4.
If n satisfies 3m + 4 < n, then x(Sp) — [Sm]? — k([Sm]) = 2¢ < 0 holds.
Using Proposition 5, we have a basic class k + 2P D([Sy,]).
Here S, represents a section in F(1)z, thus [S,] is a non-vanishing class

in H2(E(1),). From the basic classes (6) of E(1)y, , the coefficient of [S,] in
[Sim] must be 0. The coefficient of [S,,] is an odd number. See the coefficient
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in (7). Thus, this has some contradiction. Therefore, if 3m +4 < n is
satisfied, then Y,, is not diffeomorphic to Y,.

Suppose that m is odd. Any isomorphism (Z3,Qy,,) — (Z3, Qy,) can be
decomposed as follows:

000 00 0
Qv., -0 0 1] =>(0 0 1| =0Qy,.
010 010

Using Lemma 4, we obtain the following presentation for ¢:

10 0 €17 a b 1 0 0
01 n2+22 |10 e 0])f0 1 —m?-—mH
00 1 0 0 e 0 0 1
or
10 0 e17 a b 1 0 0
01 n2+2 110 0 e [0 1 —m2-mH
0 0 1 0 e O 0 0 1
In fact, any automorphism preserving (0) @ H is the solution of
m+1 1
[Sp] = (b —a <m2 + 2)) [T]] — e2(m — n) <m +n+ 2) [T5] + €2[Sh)
or

[Sp] = (b—a<m2+m;1>>[T{]+eg<1—<m2+m;1> (n2+n;1>>[T§]

Thus, we have

S0 (1] + 75) = ex or = (24 32,
Here putting k = PD(ea(n — 1)([T]] + [T4])) or PD(—ea(n—1)([T]] + [T3])),
we have k([Sp,]) =n—1> 0or (n—1) (m? + L) > 0 respectively. Thus,
we have
n—1
X(Sm) = [Sm]? = k([Sm]) = 2—-2m(m—1)+2m>+m+1— {(n 1) (m? 4 =)
= {3m+4—n <3m+4—n.

3m+3— (n—1)(m?+ k)

If n satisfies 3m+4 < n, then x(Sy) — [Sm]? —k([Sm]) = 2¢ < 0 holds. Using
Proposition 5, k + 2PD([Sy,]) is also a basic class. In the same reason as
the case where m is even, the coefficient of [S,] in [S),] must be 0, namely,
we have

2m* +m+1=0.
Since this equation does not have any integer solution, Y;, is non-diffeomorphic
to Y,.
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In both parities of m and n, we can get an infinite subsequence {m;} in
N such that Y}, are mutually non-diffeomorphic to each other. O

2.3. 4-manifolds {Z»,} and {Z2,,1} obtained by a g-cork (P, ¢*"). In
this section we show infinitely many non-diffeomorphic exotic enlargements
Zy of P.

Zo =P Uhy Uhy = Zy#>CP?2,
Proof of Theorem 6. Let Ep; — D? (i = 1,2) be two copies of the

5 —1-framed
2-handles

%(2 3 6)

6 —1-framed
2-handles

FIGURE 16. Milnor fiber attached one 2-handle (M.(2,3,5)).
The boundary is 3(2,3,6).

fibration of the complement E(1) — v(T?) of the neighborhood of a fiber 72.
The definition of the link-surgery gives E(1)z, = ([S® — v(Ly,)] x S1) Uy,
Ep.1 Uy, Epg (see the first picture in FIGURE 18). Each gluing map w; is a
map from OFEp, to one component of dv(L,) x St.

Here, Dvy, and Ds; in Ep are the neighborhoods of the compressing
disk for the vanishing cycle and a section of Ep; — D?. Dwsy, Dus, and
Dss in the other component Ep o are the neighborhoods of the compressing
disks for the vanishing cycles and a section of Ep o — D?. We use the same
notation Dv;, and Ds; as the parts put on [S® —v(L,)] x S! via gluing maps
w1 and wa (see the second picture in FIGURE 18). Since the following holds:

Ep1— Dvy — Ds; = M.(2,3,6)
and
Eps — Dvy — Dvg — Dsy = M.(2,3,5),
we get
E(), = (([S* = v(Ly)] x ST UL, Dv; UL | Ds;) U M.(2,3,6) U M(2,3,5).
Here the Milnor fiber is defined to be the set
Mc(p,q,7) = {(21, 22, 23) € C3|2} + 23 + 25 = € and |21> + |22]* + |23]> < 1},

for a non-zero complex number e. The handle decomposition is seen in [11].
FIGURE 17 gives Z, Uhs Uh3 = ([S? —v(Ly)] x SY)U2_| Dv; U?_; Ds;. The

17
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FIGURE 17. Z, < ([S? — v(Ly)] x SY) U2, Dv; UL | Ds;

5 (L) L) xSt T?xD?  Dv, Mc(2,3,6)
[S3—u(Ly)]x St

D3y gluing
E E(I)Ln

FiGure 18. E(1)p, = ([S® — v(L,)] x SHUEp U Ep =
([S? —v(Lyp)] x SYYUL_, Dv; U2 Ds;UM,(2,3,6)UM.(2,3,5)
and N(1).
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link-surgery is constructed as follows:
E(1)r, = Z, Uhs UR® U M.(2,3,6) U M.(2,3,5).

The handles hs and h3 are the 2- and 3-handle indicated in FIGURE 17.

Let R denote the union h3 U h3. The attaching region of R is a thickened
torus T2 x D! on 9Z,. The boundary d(Z, U R) is the disjoint union of
¥(2,3,5) and %(2,3,6). The isotopy class of the essential torus in 07, is
uniquely determined from JSJ-theory. Thus the self-diffeomorphism on Z,
can extend to Z, U R uniquely.

Next we attach the Milnor fibers on the boundaries ¥(2, 3, 5) and (2, 3, 6).

Here we claim the following lemma:

Lemma 6 ([10],[15]). Any diffeomorphism on ¥(2,3,5) or ¥(2,3,6) extends
to M.(2,3,5) or M.(2,3,6) respectively.

Proof. The proof is the same as Lemma 3.7 in [9]. We remark the
case of ¥(2,3,6) here. By the result in [6] the diffeotopy type of 3(2,3,6)
is isomorphic to Z/2Z. The non-trivial diffeomorphism on ¥(2,3,6) is the
restriction of rotating by the 180° about the horizontal line in FIGURE 16.
Thus the diffeomorphism extends to M.(2,3,6). O

Thus, any self-diffeomorphism on ¥(2,3,5) and %(2,3,6) can extend to
M.(2,3,5) or M.(2,3,6).

The diffeomorphism on Z,, can extend to Z, URUM,.(2,3,5)UM.(2,3,6) =
E(1)r, . This means that the diffeomorphism type of E(1)r,, is determined
by that of Z,,. Conversely, if m # n, then Z,, and Z,, are non-diffeomorphic.

O

Hence, we have the following corollary.

Corollary 1. Any diffeomorphism Z, — Z,, extends to a diffeomorphism

Hence, in this case Z has the same role as Gompf’s nuclei N in [9].

3. SOME VARIATIONS OF PLUG TWISTS.

In this section, combining the plug twist (P, ¢) and other twists, we show
the 2-bridge knot-surgery and 2-bridge link-surgery (Theorem 7) are pro-
duced by the same P.

3.1. The 2-bridge knot-surgery. For an irreducible fraction p/q, take
the continued fraction

1
plg=a1 — ————— =la1,a2,a3, -+ ,az).

a —_——
27 o — L

The continued fraction determines the 2-bridge knot or link diagram as
FIGURE 19, where in the figure stands for the k-half twist. The isotopy
type of K, , depends only on the relatively prime integers (p,q) and does
not depend on the way of the continued fraction.

19
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G o G

a as ay, = 3-braid
I - | _) C rai :)

FIGURE 19. An example of the 2-bridge knot or link K, ,.

The following deformations of coefficients do not change the isotopy class
of K, , and the rational number p/q:

(8) (al,--~ s gy Qi1 " ,an)H(al,--~ ,aiil,:tl,ai+1i1,--~ ,an)

9) (a1, ,an) <> (£l,a1 £ 1, -+ ;an), (a1, -+ ,a, £1,£1)

By using this deformation, for any irreducible fraction p/q we get the con-
tinued fraction
p/q = [b1,b2,--- ,bN]

such that N is an odd number and b3, bs, - - - , by are all even. If by is odd or
even, then K, , is a knot or 2-component link respectively. We define the 3-
braid indicating as in the right of FIGURE 19 with respect to (b1, ba, - ,bn)
to be By 4.

Let p be an even integer. Then we take a continued fraction p/q =
[b1,--- ,bn] as above. Namely, N is an odd number and by,bs, - ,by are

F1GURE 20. The definition of .

even integers. We denote the map ¥ : 9P — 0P as in FIGURE 20. We define
Yp,q : OP — OP as follows:

(10) Pp,g = gobTN o¢bN—1o---ogpb73 o¢b2090b71.
This definition may depend on the way of continued fraction of p/q. We
choose such a continued fraction for the fraction p/q. Here we prove Propo-
sition 2.

Proof. First, we show that ¢, , is not a torsion element. Let B3 be the
3-braid group with the following presentation:

B3 = (01, 02|010201 = 020103),



EXOTIC 4-MANIFOLDS OBTAINED BY AN INFINTE ORDER PLUG

and let Bg be a subgroup generated by o and o3. The generators o7 and
o9 are as in FIGURE 21. This group is a normal subgroup in B3 and gives

\ \
N\ A\

01 02

FIGURE 21. The generators 01,09 in Bjs.

a homomorphism 7 : B — MCG(OP) defined to be a map satisfying
m(o1) = ¢ and 7(03) = . Hence, ¢p 4 lies in 7(BY). Here MCG(IP) is the
mapping class group of JP.

Claim 1. Bg = Fy X Z, where Fy is the rank 2 free group.

Proof. We have the following short exact sequence:

1R BY R 70,

where f3 is the number of half-twists between the first string and the second
string, namely, it is the map BY — By = Z obtained by forgetting the
third string. The subgroup in BY satisfying fo = 0 is considered as the
homotopy class of a path on the 2 holed disk with a base point. Thus we
have Ker(f2) = F,. This exact sequence is splittable since By = (07) is the
subgroup in BY as a lift of fa. O

Since F5 and Z are torsion-free, Fy X7 is also torsion-free. This means that
if ¢p 4 is torsion, then ¢, = id holds. Since the twist (P, ¢, 4) of E(1)o, =
3CP?#19CP? is trivial, namely, Ag, ,(t1,t2) = 0. The 2-bridge knot with
Alexander polynomial zero is the 2-component unlink only. Therefore if
p # 0, then ¢, , is not torsion.

We compute the intersection form of Dy, (P). The double is described
in FIGURE 22 (the case of N = 3). The two (0-framed) fine curves are the
attaching spheres of the upper manifolds of the double. The curve is parallel
to the thick curve in each box with +boy1-half twist and is twisted in each
box with +bog-half twist. The parallel and twisted diagram is described in
FIGURE 23. The first deformation (homeomorphism) in FIGURE 23 is also
seen in [16] and the second and fourth deformations (diffeomorphisms) are
also seen in [16]. The third deformation in FIGURE 23 is an isotopy of the

: . . . of0 1
diagram. Hence, the intersection form is @ <1 —%(51 byt bN)>'
We claim the following:

Lemma 7. Let [by,--- ,bn] be a continued fraction of p/q with N an odd

natural number. If by, bs,---by are all even integers, then p = (—1)¥ (b1 +
bs + -+ + by) mod 4.

21
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Proof. The integer p is equal to the (1,1)-component in the following

matrix.
by -1 by —1 by -1
1 0 1 0 1 0/
Since we have

b 1\ (b2 —1\ (b3 —1 —by— by 1—biby
() ()0 )= J ot

1 — bobs —bo
Suppose that

(11)
2%+1
b =1\ _, .\ S0 baren —1+ 35 egba
H 1 =(-1) A mod 4,
0 1+ Zs:l dsb23+1 e

I=1
where ¢;, d;, e are some integers. Then we have

< Sk bas1 —1+3F Csb2s—1) (b2k+2 —1> <bzk+3 —1>

1+ 3% debosia e 10 10
_ < S o b2ss 14+ 3%, 65523—1) (bzk+2bzk+3 -1 _b2k+2>
1+ Zle dsbosi1 e bok+3 -1
_ < — S by bokso S0 bosit + 14+ 7 cabos 1
—1 — bok2bak s — Youry dsbosts + ebogrs —e’
_ < St bast o ) i 02525—1>
1+ S5 dbogy e ’
where ¢, d;, ¢’ are some integers. Thus (11) holds for k£ +1 instead of k. The
induction implies p = (—1)"2" (by + bg + - - - + by) mod 4. O

We go back to the proof of Proposition 2. The intersection form of
Dy, ,(P) is

5 (0 1 L J@* (1) @*(-1) p=2mod4
S Nily ) = 2
I (=) =2 % ®°H p = 0mod 4

The Boyer’s result means that if p = 2 mod 4, then (P, ¢, 4) is a plug and if
p = 0mod 4, then (P, pp ) is a g-cork. O
We decompose Theorem 7 into two propositions (Proposition 6 and 7).

Proposition 6. Let X be a 4-manifold containing V and K, , be a non-
trivial 2-bridge knot (i.e. p is an odd number). Then there exists an embed-
ding i : P — V C X such that the twist (P, p—14) gives the deformation:

XK, , = X(P,pp-14,1),
where the embedding i is defined in FIGURE 24 and independent of K 4.

Proof. The embedding i : P — V is constructed in FIGURE 24. The

by1—1
twist (P,¢ 2z ) is described in the first deformation in FIGURE 25. Con-
secutively, we do the twist (P, ") (the second deformation in FIGURE 25).
Continuing the twists along (10), we totally obtain the twist (P, ¢, 4) in the

> mod 4
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-1
,
_bl
[3b) _b2
QY
-1 71)3
~b,/2 —by/2

isotopy

O
Gfbl/Q—bS/Q
O
O —by /2Dy /2

1%

—b,/2—b5/2 —b/2—by/2

FIGURE 22. The homeomorphism type of D,  (P).

F1GURE 23. The local pictures of the fine curves in the box
’ib%_l‘ and ’:l:bgk‘ in the first picture in FIGURE 22. (the
cases of by_1 = 4 or by, = 4.

last picture in FIGURE 25. Here —B,, ; is the mirror image of the braid B, ,.

We compute the intersection form of the twisted double D, . (P). g

Remark 4. In the similar way, we can also construct another embedding
i P — V by changing the crossings in the broken circles in FIGURE 2/.
This embedding is different from i, because the twist (P, ¢p_1,4) gives Vi, _, ..
In general, the Alexander polynomials of K,_2 4 and K, are different.
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—10/ _10/

U3-handle

U3-handle P

FIGURE 24. The embedding ¢ : P — V.

3.2. 2-bridge link-surgery. We consider the case of link-surgery. Let C
be a cusp neighborhood (i.e., Kodaira’s singular fibration II). The handle
decomposition of C is described in FIGURE 3. We denote C#C#52 x S? by
w.

Proposition 7. Let X; (i = 1,2) be two 4-manifolds containing C and let
X be X9 #Xo#S%?x S%. If K, is a 2-bridge link (i.e. p is an even number),
then there exists an embedding j : P — W C X such that the twist (P, ¢pq)
gets

X(P,ppq) = (X1, X2)K,.,
where the embedding j : P — X 1= X1#Xo#(S? x S?) is the one obtained
by the same way as indicated in FIGURE 25.

Proof. The application of ¢,, to FIGURE 26 in the same way as

FIGURE 25 gives the twist X (P, ¢pq) = (X1, X2)k, - O
Proof of Theorem 7. Let K be a 2-bridge knot or link. Then Proposi-
tion 6 and 7, it follows the required assertion. O

3.3. A twist (M,pu). Let M be the manifold described in FIGURE 10.
We factorize the knot mutation into the three processes as in FIGURE 27.
According to this process, we define u to be the map obtained by the process
as described in FIGURE 28. Here @1, 92 : OM — OM are maps obtained by
performing locally o, o~! on OM.
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FIGURE 25. The construction of the twist by (P, ¢p—1,4) of
V. The box [n]stands for the n-half twist.

_19) U3-handle
L)b U3-handle

~ 8y

%9,

U3-handle U3-handle

FIGURE 26. The embedding j : P < C#C#S5? x S? = W.
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QA5
C\iﬁ) isotopy 7) isotopy

FI1GURE 29. Moving the local tangle with respect to the mu-
tant move.

Proof of Theorem 8. Let K, K’ be a mutant pair. We find an em-
bedding M — Vg. Let D be a knot diagram of the knot K containing
the local tangle of the right in FIGURE 9. For example, the first picture in
FIGURE 29 is such a diagram. We move the local tangle surrounded by the
broken line to a bottom position by some isotopy (the second picture). The
resulting diagram gives a plate presentation with keeping the local picture
in the bottom (the third picture).

We prove that (M, ) is a twist between knot-surgeries for mutant pair
K and K’ by illustrating the case of Vg7 ~» Vi in FIGURE 30, where KT
is the Kinoshita-Terasaka knot and C' is the Conway knot.

By keeping track of the processes in FIGURE 28, the square p? is the two
times of the last move in FIGURE 28. This means a 360° rotation of OM
along the torus. This is homotopic to the identity. O

Proof of Proposition 3. The first picture in FIGURE 31 presents the
untwisted double D(M) := M Uiq (—M). We can easily check the diffeo-
morphism D(M) = #35% x S? by handle calculus. Removing M in D(M),
regluing by p, we get the next picture in FIGURE 31. The intersection form
of the twisted double D,,(M) is isomorphic to ®3H. Thus, by using Boyer’s
result in [5], u can extend to a self-homeomorphism M — M. O

Here we define My to be M with a —1-framed 2-handle deleted (the left of
FIGURE 32). The boundary map po : 0My — 9Mj is naturally induced from
the map pu, because the —1-framed 2-handle in M is fixed via the map p. The
diffeomorphism Diq(Mp) = #2592 x S?#53 x S and the homeomorphism
D,y (Mp) ~ #%S% x S? hold due to easy calculation.

Proof of Proposition 4. The outmost (Hopf-linked) pair of —1-framed
2-handle and O-framed 2-handle in FIGURE 31 can be moved to the parallel
position of the other Hopf-linked pair by several handle slides. Such handle
slides are indicated in FIGURE 33. Hence, the pair can be removed as one
Hopf link component with both framings 0. See the bottom row in FiG-
URE 33. The same deformation is seen in Fig.15 in [15]. The remaining part
is Dy, (Mo). O
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