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31.Dehn surgery

Definition 1 (Dehn surgery)
Removing of the neighborhood of a knot K in M
and gluing another solid torus S x D2.

M' = [M — nbd(K)] Uy [S* x D?].

Remark 1

Gluing map ¢ is determined by the isotopy class only of
the new meridian ~ := pt x 8D?.

~ is called slope of the Dehn surgery.




(M, K,~v) — M~y(K) (surgered manifold)

Remark 2
When K is a null-homologous knot in M

{slopes} JLIEN QU .
Remark 3
An iterated Dehn surgery along a link L is called Dehn surgery
of the link L.
Theorem 1
Any 3-manifold is obtained from integral Dehn surgery of a link
in S3.



D; :{(S3,link)}x{n-tuple of slopes}—{3-mfds}
(L77 — (717/727 toe 7/771)) = M’Y(L)

IS surjective.
How about knots?

Dy, :{(S3,knot)} x{slope}—{3-mfds}

Is this surjective?



The answer is NO.
Example 1

L(17,2) requires at least 2-component to construct by integral
Dehn surgery.

~ Questionl
Characterize manifolds which can be constructed by integral
Dehn surgery of a knot.
What is image(Dy)~

~

~ Question?2
Characterize knots which can construct a manifold by integral
Dehn surgery of a knot.

What is D, 1(M)7?
N J

~




Nobody knows the solution completely.

What is image(Dy)N{lens spaces}?

What property does image(D;)N{lens spaces} have?
(lens surgery problem)

What is image(Dy)N{Seifert manifolds}?
What property does image(D;)N{Seifert manifolds} have?

(Seifert surgery problem)



Inverse image of D,
*D,1(S3) =(unknot,£1)

Theorem(Kronheimer-Mrowka-Ozsvath-Szabo)
[If S3(K) = S3 then K is unknot.

*D_1(2(2,3,5)) =(trefoil,+1).

~ Theorem(Ghiggini)
If SP(K) = S3(right-handed trefoil)= 3(2,3,5) then K is tre-
foil.

kIf S3(K) = S3(figure-8)= >(2,3,7) then K is figure-8.

~




The homology class of dual knot
We call K* C Yy(K) dual knot.
[K*] € H1(Y~(K)) is invariant on Dehn surgery.

Dy :{(S3,link)} x{slopes}—{(3-mfds, HP™)}
(L77 — (717727 s 7771)) = (M’Y(L)7h17 e 7hn)

H1(L(p,q)) = Z/pZ
For h € H1(L(p,q))

*D 1 (L(p,q), h) =7

Conjecture(Berge)

If S3(K) = L(p,q) then K is doubly primitive knot.
*Dk_l(L(p, q),h) = a doubly primitive knot or (. (uniqueness)
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Definition 2 (doubly primitive knot)
K CY is doubly primitive knot

Cg Y =V Us,U (genus 2 Heegaard decomposition)

K C 25, and

[K] € m1(V) = F» and [K] € m1(U) = F» are both primitive.
Remark 4

Any doubly primitive knot obtains a lens space by an integral
Dehn surgery.
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>I<|Dk_1(3 hyperbolic mfd)| =

Theorem(Teragaito)

FHyperbolic manifolds M’ such that M’ = S3(K,) for any nat-
ural number n

*¥|D; (Y elliptic mfd)| = 1 or < co?

Perspective
If any elliptic manifold is obtained by a Dehn surgery, then such

a knot is unique.

ex) elliptic case
*D1(2(2,3,4), h) =(trefoil,+4).(Ghiggini)
*D_1(2(2,3,3),h) =(trefoil,+3).(Ghiggini)
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Genus bounds

Conjecture(Goda-Teragaito)

Let L(p,q) = S3(K) be a hyperbolic lens surgery.
Then 2g(K)+8<p<4g(K)-1

Theorem(Goda-Teragaito)

Let L(p,q) = SS(K) be a hyperbolic lens sugery
Then |p| < 12g9(K) —7

The proof is by Gordon-Luecke method.
0 Consider the graph which is intersection between two surfaces.
0 Investigate the behaivior of Scharlemann cycle or S-cycle.
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Strategy 2
Find a Ozsvath Szabd’'s counterpart of Gordon-Luecke
method?

0 Can we generalize Heegaard Floer homology to graph theory
on Riemann surface?

[1 Are there relasionship between Hempel's curve distance and
Alexander grading of differential of Heegaard Floer homology?
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Dehn surgery of Poincaré homology sphere

D,]:i : (£X(2,3,5),{knots}) x {slopes}—{3-mfds}

~ Main theorem ~
Let Y be —3(2,3,5).
Then there never exists any K in Y s.t. Y,(K) = L(p,q) for

\some positive integer p. )

positive slope negative slope

P
>(2,3,5) |{K|D,];“L = lens space}| = oo | |[{K|D, " = lens space}| =0

—3(2,3,5) |{K|D,f— = lens space}| =0 |{K|D,f_ = lens space}| = o
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Example 2
> (2,3, 5)p(K) = L(8,1),L(22,3),L(38,7),L(40,9),L(43,15),L(53,11)---

For any ¢ € Z — {0}

p=142 470+ 1,h=70+2g="Lt"M
p:20€2-|—15€-|-3,h:5£_|_27gzp+1T—|€|

T he quadratic families are more than or equal to 20 kinds.

Corollary
>(2,3,5)# — X(2,3,5) never includes any knot yielding lens

surgery with positive or negative slopes.

{K|D™+#P-, = lens spce}| =0
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~ Main Lemma

Y: L-space homology sphere

K. a knot in Y.

If Yp(K) is an L-space for p € Z~
x:> Y admits a tight contact structure
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~ Theorem(Fintushel-Stern)[constraint 1]

T here exists a homology sphere and a knot K in Y satisfying

Yp(K) = L(p,q), if and only if ¢ = 22 mod p for some integer
N y
x € Z/pZ: a homology class [K*] € H1(L(p,q)).
(p,q,2) — L(p,q) = 7Yp(PK)

(p,1,1) — L(p, 1) = S3(unknot): unique
(5,4,2) — L(5,4) = S2(trefoil): unique
(7,2,3) — L(7,2) = S3(trefoil): unique
(8,1,3) - L(8,1) = 3(2,3,5)g(K)

(9,4,2) — L(9,4) = S3((2,5)-torus knot)
(10,9,3) — L(10,9) = X(2,3,7)10(K)
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(11,3,5) — L(11,3) = S3,((2,5)-torus knot)

(11,5,4) — L(11,5) = S3,((3,4)-torus knot)

(12,1,5) — L(12,1) = 3(3,5,7)12(K)

(13,3,4) — L(13,3) = S753((3,4)-torus knot)

(13,4,2) — L(13,4) = S3,((2,7)-torus knot)

(13,12,5) — L(13,12) = 3(3,5,8)13(K)

(14,9,3) — L(14,9) = S3,((3,5)-torus knot)

(15,1,4) — L(15,1) = 3(3,4,11)15(K)

(15,4,2) — L(15,4) = S3:((2,7)-torus knot)

(16,1,7) — L(16,1) = 3(4,7,9)16(K)

(16,9,3) — L(16,9) = S3:((3,5)-torus knot)

(n*—=1,1,n) = L(n* - 1,1) =X(n—1,n,n? —n—1),2, ;(K)
(’I’LQ + 17n27n) — L(nQ _I_ 17n2) — Z(’I’L o 1,n,n2 —n _I_ 1)n2_|_]_(K)
(2n?4+2n,1,2n+1) - L(2n?+2n,1) =X (2n—1,2n+ 1,2n2 —
1)2n2—|—2n(K)
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A strategy at lens surgery
Research the mechanism of the degeneracy in homology sphere
surgery!

~ Theorem(Kadokami-Yamada) ~
If S3(K) = L(p,q) then

. (thd — 1)(t — 1)
Ar(t) = (= 1) — 1) mod t¥ — 1

N Y
Use the surgery formula of Reidemeister torsion.
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~ Theorem(Ozsvath-Szabd)[constraint 2] ~
If S3(K) = L(p,q) then

Ag(t) = (D)™ 4 Y (-1)™ (" + ")

7=1

k(O<nl<fn,2<---<fnm=al)

Remark 5
The two conditions only are Not sufficient for lens surgery.

For example L(22,3),h = 5 holds two constraints, but is never
realized by Dehn surgery of a knot in S3.
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t;(K) :=1;(Yo(K)) i-th Turaev torsion

Theorem(Ozsvath-Szabd)[constraint 3]
[If S3(K) = L(p,q) then, ¢;(K) > 0. J

Due to Heegaard Floer homology argument.

Conjecture(Ozsvath-Szabo)
These three conditions completely cover lens spaces coming
from a Dehn surgery.

Does Heegaard Floer homology know all lens surgery informa-

Main motivation
tion? J
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Genus bounds Let Y be L-space ZHS3

~ Theorem(T.)
If Ypo(K) = L(p,q), then g > 4X(Y) and

49(g+ 1)

20— 1 < p<
TIPS T

- A(Y): Casson invariant.

29— 1 =TB(K) := max{tb(L)|K ~ L} (in this case).

~ Expectation

Yrpx)(K) # L(p, q).

.e. 2g < p.
L g>p
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32. Heegaard Floer homology and contact invariant

t € Spin“(Y) K C Y null-homologous knot.

[ HFH(Y,v), HF~(Y,t), HF>(Y,t),

{ HF(Y, 1), HF oq(Y, 1), (topological invariants)
| HFK(Y, K, 1)

Definition 3

Y = Ug Us Uy (Heegaard decomposition)
~ (X,a,8,2) (pointed Heegaard diagram)

a={aj,ar, - ,aq}, B ={0B1,02,---,Bqg} circles compressible in
Ug and Uy respectively
zE€X —a1— - — fy

((SymI(Zy),w?), Ta, Tg) (Lagrangian intersection)
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In general

symplectic package
p—

[(S,w), L1, Lo] HF((Y,w),L1,L2)

[(Symg(zg)awg)7T&aTﬁ] == }ﬁ’(z,a,ﬁ,z)

Definition(Ozsvath-Szabo)
[Iﬁ‘(z,a,ﬁ,z) = HF(Y) (topological invariant) J

Definition(Ozsvath-Szabo)

HF>(Y), HFT(Y), HF—(Y) are equivariant versoins of
HE(Y).
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Definition(Ozsvath-Szabo)
[HFred(Y) = HFT(Y)/HF>

~ Definition(Q-grading)

Y : QHS3,
HF* (x =" ,4+,00,red) admits Q-grading.
__ () —2x(X)-30(X)
kd(ya t) =1 4

K C Y null-homologous knot
~ we can find a natural filtration on CF(Y).
CFK(Y,K,i): i-th filtered chain complex(Alexander grading).

Proposition(Ozsvath-Szabo)

HFK(Y,K,i) is knot invariant of K.
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Topological invariance means independence of how to take Hee-
gaard decomposition.
But
Want to know information of
Heegaard decomposition from Heegaard Floer homology!

Theorem(O-S)

0 HF1T(Y) detects Thurston norm.
0 HFK(S3,K) detects knot genus

Here T hurson norm is
]| := min{2g(F) — 2 > O|F = a € Ha(Y,Z)}.

Theorem(Y.Ni)
[[ﬁ?{(l/, K) detects fiberness of K. }
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compuation of other invariant

~ Definition[correction term](O-S) ~
Let Y be QHS3 and (Y, t) = 9(X,s).

c2(s) — 2x(X) — 30(X) .
4
K(rationally spin®-h-cobordism invariant)

d(Y,t) = Q

X(HF(Y)) = |H1(Y)| (Y is QHS3)

X(HFyeq(Y)) — 3d(Y) = A(Y) (Casson invariant on ZHS3)
S x(HFK (Y, K, i)tt = A (t)

X(HFT(Yp,s)) = —7;(Yo) (rank(H1(Yp)) = 1)
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Heegaard Floer homologies are a functor between 3-dimensional
cobordism category and F>[U]-module.

(X, 5) = HF+(Yi,4) 5 HF*(Yy, &)

¥, ) (%2, )

Dehn surgery formula
Let K CY be null-homologous knot

B

@tEQ—l(s)HF_I_(YO(K)a t)

- T,

HFT(Yy(K),s) | (exact)

HF1T(Y)

29



This exact triangle is a refinement of surgery formula of Casson
invariant.
By summing up through spin¢-structures

Aow (Yo(K)) = A(Y) + 2—1pA’;<<1> ~ s(1,p)

Mew (L(p,q)) = —s(q,p)

=5 ()

0 a € 7
a—[a] — 4 otherwise

((@)) = {

30



53.Invariants of lens space

7./pZ ~ S3 = unit sphere in C2 (z1,25) — (Cz1,¢%21) (P =1)
L(p,q) := the quotient of the action

L(p,q) Zhomeo L', q") & p=1p" and (¢ =¢ mod p or ¢q¢' =1 mod p)

homotopy, homology

m1(L(p,q)) = H1(L(p,q)) = Z/pZ
Reidemeister torsion

For 9t € H := H1(L(p,q),Z): generator

, 1
TL(Z%Q) - (t_l _ 1)(t—q _ 1)
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n-invariant t € Spin(L(p, q)) g: standard metric

n*'9"(L(p,q)) = 6%9"(L(p,q)) (signature defect)

= o)~ [ 1)

1 P21 Tk wkq

= —= ) cot—cot—
P = p p
nPrCti(Lip,q)) = 25P"C(L(p, q),t;) (eta of Dirac operator)

1
= 2-.ind —/ Y
(P)y + s Ypl( )
1 Pt 2nki  wk  mwqk
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w(L(p,q),cone,c) = —8-ind(P)xyuy + Sign(Y) (Fukumoto-Furuta)
—86°'"C(L(p, q),t) — 659" (L(p, q))

1 7] mqk k k
= > <cot T cot T 4 oekesc P esc MY
P = p p p p

c%(s) —30(Y) — 2x(Y)

4
(Ozsvath Szabé’s correction term)

_ Y gt 4 7k
- 2p p+ 3s(ap) - 2%((?))

w(L(p7 Q),CORG,C) — _4d(L(p7 Q),C) (Ue)

d(L(p,q),s;) ‘=

In fact
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For any spherical manifolds M

w(M, cone,c) = —4d(M,c) (Ue)

Ozsvath Szabd’s reciprocity formula

pg— (2i+1—p—q)?
4pq

where 0<i<p—+4g¢q,7=3j (mod q) and p=r (mod q).

Due to counting holomorphic disks and calculating c1(s).

Casson Walker invariant

d(L(p,q),t;) = —d(L(q,7),5;)

qk

p—1
ML(p,q)) = —s(p,q) :i=—(>_ ((g)) ((—))) (Dedekind sum)
k=1

p
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34.Reidemeister torsion

Torsion of chain complex

chain complex over a field F

cC: - +->Ch—>Cp1—-—C1—Cg— -

ci =ci Ac? A---Acit: exterior product of basis of C;
c = A;c;: a basis of C

{b;} is a set of basis in C; s.t. d is one to one.
T(C,c) i= 17 [(@bi11b:) /c] D™ when € acyclic
7(C,c) := 0 when C is non-acyclic

Reidemeister torsion of CW-coplex

X: topological space

S(X): CW decomposition

H := H1(X): homology group of CW complex
detl = +H (as multiplicative group)

Q(H) := Q(Z[H]) K: the field of fraction
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X — X 2 X/H (maximal abelian cover)

Let H be finite

x € Hom(H,U(1)) =: H : a character

image(x)=Ry

C«(X, Ry) 1= C«(X) ® R,: chain complex with local coefficient x
Ti(x) := T(C(X, Ry), 1 - 5)

~ Fourier transform ~
(CIG),+,%) & (C(G,C), +,°)

F(H0) = [ F@x(9)duc(9) = FOO

1
#(G)

FHD©@) = == [ F0ox(9)dac00 = £(9)
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s € Spin®(Y),te H

1

00 =TE R0 = )y~ D@ - D

~ Fourier transform of Dedekind symbol

a= 2 ()

_ 1_ ¢
Amoz{g S

(exercisel!)
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TL(p,q)

SA(L(p, ), h8) — A(L(p,@)) = T(h) (Nemethi)
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Contact Geometry

¢ is contact structure

Cgthe 2-plane field is nowhere integrable.
{contact structures} 5 § — s¢ € Spin®
Ic(¢) € HFT(-Y,s¢) (contact invariant)

K CY: fibered knot @y — Kk & gt
D = (Y, K,n): open book decomposition

~ Theorem(Thurston-Winkelnkemper)
D: open book decomposition

= &p = kera: 3 a contact structure
s.t. da is a volume form on 7~ 1(pt) and a(K#) > 0

N
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~ Theorem(Giroux)

open book / positive o contact Jisoto
decompositions stabilization structures 24

5 [D] < &p )

(Y,£): a contact 3-mfd

D = (Y, K,nw): an open book decomposition associating £.
Attaching a 2-handle, —Yp(K) — —Y (surgery cobordism).
= ﬁ(—YO(K),ﬁgan = FspFo £> [—/[E_’(—Y, gcan)

Here HFT(=Yy(K),s§%™) — co(¢) € Fo C HF (—Yo(K), &

~

Definition(Ozsvath-Szabo)
{c(ﬁ) = F'(cg(&)) (contact invariant) J
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Theorem(Ozsvath-Szabo)

Let (Y, &) be an overtwisted contact manifold
Then ¢(§) = 0.

Definition 4
Y is an L-space 3-mfa. s HFpoq(Y) =0,

Example 3 (L-space)

S3,L(p, q), elliptic manifolds, and some hyperbolic manifolds and
SO on.
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Proof of Main lemma

Y: an L-space homology sphere

Suppose that Y,(K) = L(p,q) (or L-space)
Then @(Y, K,g) =F>. (Ozsvath-Szabo)

~ Theorem(Y.Ni)
Y: 3-manifold; K: a knot in Y.

Y, Y — K is irreducible and @(Y, K,g) =F5

= K is fibered.
kIn particular K vyields lens surgery = K is fibered.

HFEK(Y, K, g) = HFS(M,~) (sutured Floer homology)
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When I?F?((Y, K,qg) £ F,,

what of monodromy map ¢ : F' — F does

HFK(Y,K,i) (i=0,1,---,g9— 1) reflect?

In general how can we utilize ITFT((Y, K) or Juhasz's SFH(M,~)
for foliation research?

HF(-Y) =T7, Fy F FlU)/U" = HF(=Y0,Q71(3)
T~ L(p.a).i) (exact)
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where 7:1"' 2FsplF, - U lal, U2 ...
(degree) d d+ 2 d+ 4

F1 is injective.

Hence c(¢) #= 0. Therefore £ is tight contact structure. O
Proof of Main theorem -3 (2,3,5) is L-space and never exists
any tight contact structure by Etnyre and K. Honda. O

How about Y = 3(2,3,5)#3(2,3,5) or #3>(2,3,5)7

Conjecture
[{Dzﬁnp+ =lens space}=10 }

Due to Maple’s evidence in the region |n| < 40 and p < 1000.
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