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1. 00000 (Future, neXt, Until)

FpOOOD pOOO0OO
XpOOOOO pO00D0O0 (0000000O0D)
pUug 000 q0DO0000000000 p000000O0

2. 00000 (All, Exists)

Ap 0000000C0OpOO0
Ep00000000000000000000 pOOO

3. 000000 O: path formula(Cl O0) O state formula(d O)
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0oooooo (3)

1. 000000000000 000000D000o00og
2. Liner Temporal Logic(LTL) =0 0O (F, X, V)

3. Computation Tree Logic(CTL) =0 0O (A,E,F, X, U)+O0 0O
4. CTL*=LTLxCTL=00O (A,E,F,X,U)

5. Propositiona Modal pu-Calculus(PMu) =0 O (A, E, X, u)
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LTLO OO

Proopsitional Constants (PC (O O Atomic Propositions))
oo (reooo)

S1 pe PC = peSF,

Pl pe SF = pe PF,

P2 pge PF = —p, pA g€ PF,
P3b pe PF = Fpe€ PF,

P4b pe PF = Xpe€ PF,

P5b p,ge PF = pUg € PF.

Path formulas (PF) O OO0 LTLOOOODODOO
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Structure of Propositional Temporal Logics (1)

U
A structure is the triple S = (S R, |) where
1. Sis a non-empty set of States,
2. Ris a binary Relation on S,
3. | is an Interpretation function of the type PC — ¢(S).
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Structure of Propositional Temporal Logics (2)

HEN

1. A (full) path of a set Sis a (resp. maximal) sequence
S0, S1, ¢ - - Of states such that (s, S+1) € R.

2. Let II be the set of all full paths in S.
3. Forapathx = S, Sy, -+, We write ' for Si, Siz1,+ .
4. For apath r = S, S1,+++, we write z(i) for §.
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LTLO OO0
ooo Ssep S,arplO000000D0OOOSOOO

00 (LTLOOO0)

S1skpe pel(s (pePC),

PLax wp e n)rp (peSF),

P2i ik ap © 7' it p (pe€PF),

P2ii #' - pAQ © 7' pand ' - q (p, g€ PF),
P3b i Fp ¢ Aj 2 i.(x) r p) (pePF),

P4b '+ Xp & 71k p (pe PF),

PSb x' k pUq & 3j >
i.[nJ I gandi < VK < j. (Jl'k I p)] (p, q € PF).
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LTLooooboogan

1. Primitives 0 X,UOOOO0OO
» 7' - Fp © 7 i trueUp
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ctLonon

00 (CTLOOD)

S1 pe PC = pe SF,

S2 pge SF = =p, pA Qe SF,
S3 pe PF = ApEpe SF,
P3a pe SF = Fpe PF,

P4a pe SF = Xp e PF,

P5a p,g € SF = pUg € PF.

Stateformulas (SF) O OO0 CTLOOOOOOOO

00000 (FX,U)00000000000 (A,E)y0000
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ctLoogg

OO0 (CTLOOOO0)

S1skrpe pel(s) (pePO),

S2i sSk=p & s p (peSF),

S2ii SrpAQg © sk pandsikqg (p,ge SF),

S3i sk Ap ¢ VreIL(x(0)=s= %1 p) (pe PF),
S3ii s Ep © Ar e IL(n(0) = sand 7° I p) (p € PF),
Plan rFp e 3j>i.(x(j))r p) (pe SF),

Pdan ik Xp e n(i+1)Irp (pe SF),

P5a 7' I pUgq & 3j >
i.[x(j)) r gandi < Yk < j.(w(k) + p] (p,q € SF).
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ctrLboogogoon

1. Primitives O AF,EF,AX,EX,AU,EUODOODOODO
» F,X,UOOOO0OO0O AEOO0DOO
2. 00O 0O0Oprimitives 0 AX,AU,EUDOOO0DODO0O

s EXp & si-=AX-=p

sir AFp © sk A(trueU p)

sir EFp © s E(trueUp)

sir E(pUQ) © sk =A=(pUq) but ¢ CTL-formula

v

v v Vv
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cTL*ogon

00 (CTL*O000)

1. CTL*0O00 =LTLO000 +CTLO OO

2. Stateformulas (SF) O OO0 CTL*ODO00O0O0O0OO
3.CTL*Oaoonooa

31 CTLOOoong,

3.2 Ap(p € LTL-fml),

3.3 A(FpAFQg) (¢ CTL-fmlULTL-fml),

3.4 =~A-(pUq) (g CTL-fmlU LTL-fml).
4. 000 @OoOooDOoOoooono)

4.1 Gp==F=p, (Gp==F=p),

4.2 Ap==E-p Fp=trueUp, (F*p= GFp)
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cTL*oponodg

00 (CTL*0000)

1. CTL*0000 =LTLO000O +CTLODOD
2. Primitives 0 A, X, UOOO0OQO00O0

2.1 Ep=-A-p

2.2 Fp=trueUp
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0000 u00 (PMu) OO0

0d (PMu O OO, Kozen'83)

Propositional Variables (PV, CTL* D0 00 0)

S1 pe PC = peSF,

S1' X e PV = X € SF,

S2 pge SF = —p, pA g€ SF,

P4 pe SF = op(= AXp), op(= EXp) € SF,

Pu pe SF, X € PV, Xis positive in p = uX.p, vX.p € SF.
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PMu O OO0
000000=0000000000000000000
00 (PMpOOOD)

S1 [plJ :=1(p) (pePC)

St [[X]]€ =V(X) (XePV)

S2 [-¢lJ = S\ [l [e AT = [l N [¥IJ
P4 [Op]5 :={se S| VS € SsRE = s € [¢] )

Pu [uXely := N{e € p(9 1 Tely, , S} (O0D000)

CTL*o0ooopPMpOD0 PVOODODO
oobooooOpPMegOOOOOODOvalvationVOOOOOOO
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PveOOOOOOoooO

1. 000000 sky ¢ & sefe]d

2. 000

21 AA0000000,
2.2 O 1= 0Oy,
2.3 vXup 1= uXep[(=X)/ X].

3. Primitives 0 o,y 00 00O
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1. 000000000 @)

CTL,CTL,PMpy OOO0ODOOO sODOOOOODOOOO
LTLOODOO0000 nO0O0O0OD0OODOOOO
gboboobOoobooooboboooogooboo

2. 0J00ooobon
{Ap| pe LTL-fml} O CTL, CTL*,PMp 00000000
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» CTL,LTLSCTL* (DOOOOO0O)

» CTL £LTL (- EF(p))

» LTL ZCTL (~ A(F(p A X(P)))

> LTL< CTL* (v E[(mUP,) V (cuUa2)Ur])
» CTL < CTL* (- EGF(p)))

("Sometimes” and "Not Never” revisited: on branching versus linear
time temporal logic, Emerson, Halpern, Journal of ACM, 1986)
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» CTL* £ PMu
» % CTL* —» PMyu as follows:
> AWUpa)* b pX @y v (% A OX)).
» CTL* < PMu
» vX.p A OOX is not equivalent to any formula of CTL*.

(e.g. Temporal Logic and State Systems, Kroger, Merz, Springer,
2008)
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HEN

O0D0O00000Oo0oaag (first-order extensions)
» 0000 pO00 (PMp)=PML+O00000 (u,v)

» LTL, CTL, CTL* OO0 0O0O0ODOODOOO0

» 0000 p00O (FOMy)=PMp+0 000 (V,3)

» FOLTL, FOCTL, FOCTL* DD O D DOOOooooooooono
PMveODOOODOODOOFOMpOODOODOOODOODOODODO
0000000000 (A linear translation from CTL* to the
first-order modal p-calculus, Cranen, Groote and Reniers,
Theoretical Comptuer Science, 2011)
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FOCTLOODOOD (DO0DODO0ODO0O0OOoOoOooooooog
OYIDODDwx-OOOOODODOODOODOOOODOOOCTL
000000000 DOO00O0O00O (Decidable fragments of
first-order temporal logics, Wolter et al., Annals of Pure and
Applied Logic, 2000)

ud
oobooooobooogno eg. FOCTL)DOOOODOOODOO
Oeg.CTLyODOODODOODODOOODOOODOOOOO
goboobboooboobbooboobobooboonoobg
goood
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Structure of FOTL (1)

HEN
Let o be a signature of FOTL.
1. A (o-)structure is the quadruple S = (S R, D, I) where
1.1 Sis a non-empty set of states,
1.2 Ris abinary relation on S,
1.3 D is a non-empty set and
1.4 1is a function of the type Pred, x S — ¢(D") for every n € N.
2. Avaluation V in S is a function of the type

2.1 IV > D (for FOLTL, FOCTL, FOCTL*)
2.2 (PV = 9(9) ® (IV - D) (for FOMy)

A structure of FOTL is the same as a structure of FOML, that is to
say an extension of a Kripke frame (S R) of PMu in which a state s
represents a first-order structure (D, | (-, S)).
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Structure of FOTL (2)

oo (@oood)
» 0000 pOO0O IODO0OO0DO @WO)OOOoooOO
» |: Pred, x S — p(D")
» 0000 xODOOVOOODOOOooooooo
»V:IV>D

» 000000000000 000000000
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Structure of FOTL (3)
l

» S= {0, S, S B 4}

» R = { (S0, S1), (St S2), (S15 S3), (S35 S4) }
» D=0000

» | :PredxS—-> DOOO0O

w, R wy
HWEDAA—UR 'J
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FOLTL OO O
Predicates (Pred), Individual Variables (1V)
g (FOLTLOOO)

S1 pe€Pred,x € IV = p(x) € SF,
P1 ¢ € SF = ¢ € PF,

P2 Y,y € PF = =y, Y A Y’ € PF,
PY ¥ € PF,x € IV = VYX.¥ € PF,

P3b ¢ € PF = Fy € PF,

P4b ¢ € PF = Xy € PF,

P5b ¢,y € PF = Uy’ € PF.

Path formulas (PF) D OO0 FOLTLOOODOOOODO
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FOLTLOOOO (1)
00 (FOLTLO O OO (1)

S1 siky P(X) © V(X) e l(p,s) (pe PO,
PL 7' Iy @ & 7(i) by o,

P2 wiry = & iy ¥,

P2 wiby Yy ANY © miry Ypand kg Y,
PY 7 iky VXY & miky[g/x ¢ foralld e D,
P3b ' ky Fy & 3dj> i.(yrj Iy «/1)}
Pab 7' ky Xy & 7'+l iy ¢

P5b 7' Iy pUp" &
dj > (nl kv ¢ and i < YKk < j.nk Iy (p)}
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FOLTLOOOO (2)
00 (FOLTLO O OO (2)

S1 [pWIS :={seSIV(x) e I(p,9) (pePC),
PL [¢]] = (r e | n(0) = s, s€ [¢]3),
P2 [w1J =M\ [YIS, [y Ayl = WIS n VIS,
PV [VXy1y := Naeol¥]y g,
P3b [Fy]S :={x e M| 3i 2 0.(x € [y]S)),
P4b [Xy]J = {r e | x* € [yIS),
P5b [[¢U¢'ﬂ§ ={rell
3j2 0. (vl e [y']S and 0 < Vk < j.7* € [y ).
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FOCTLO OO
Predicates (Pred), Individual Variables (V)
g (FOCTLOOO)

S1 pe Pred,x € IV = p(x) € SF,

S2 ¢, 9" € SF = =, o A ¢’ € SF,
SY ¢ € SF, X €IV = VX, AX.p € SF
S3 ¢ € PF = Ay, Ey € SF,

P3a ¢ € SF = Fp € PF,

P4a ¢ € SF = Xg € PF,

P5a ¢,¢’ € SF = oUp’ € PF.

State formulas (SF) O O OO FOCTLOOOOOODODO
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FOCTLOODOO (1)

00 (FOCTLO OO O (1))

S1 siky P(X) © V(X) e l(p,s) (pe PO,
S2 Siky mp & Sty @,
S2 SIky p A Q' © SIky pand Siry ¢,
SY SIry YX.p & Slkyg/q e foralld e D,
S3 siry AYy & VYrell. (7(0) =s = mIry)}
P3a 7' ky Fp © 3j 2 i.(x(j) rv @)}
Pda 7' by Xo & n(i + 1) Iky ¢
P5a 7' ky pUyp’ &
Aj>i. (x(j) kv ¢ and i < VK < j.7r(K) kv @)}
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FOCTLOOODO (2)
00 (FOCTLOO OO (2))

S1 [pWIS :={seSIV(x) € I(p9)} (pePC),

S2 [-¢l$ := S\ [l [e A €15 = [el N 1¢71S,

SV [vxely = Neeolely g,

S3 [Ay]S = {seS|VrellL (n(0)=s = m € [y]S)}
P3a [Fe]$ =frem|3i 20 (=(i) € [[go]]f/)}
Pa [X¢]$ = {r e M| x(1) € [¢] )
P5a [[(,pU(p’]]\‘f ={rell|

3j 2 0. (n(j) € [¢']S and 0 < Vk < j.x(K) € [¢]5))
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FOCTL*OUodonono

1. CTL*O000O0O0OFOLTL+FOCTLOOODOOOOOOO
2. Stateformulas O OO0 FOCTL*OD O OODODOO
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FOMu O OO

00 (FoOMpOODO)

S1 pePred,x € IV = p(x) € SF,

S1' X e PV = X € SF,

S2 o, € SF = —p, ¢ AY € SF,

SY ¢ € SF,x € IV = VX., AX.p € SF,

P4 ¢ € SF = Oy, Op € SF,

Pu ¢ € SF, X € PV, X is positive in ¢ = uX.p, vX.p € SF.

1. 0000000 v,3,0,v
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FOMuOOOO

00 (FOMpOOODO)

S1[P(XIY = {seSIV() € I(R9)

st [[X]]g = V(X)

S2 [-¢l$ := S\ [l [e AYIS = Lol N I¥1S
SV [Vxely := MUl 1 d€ D}

P4 |[|:|go]]§:={seS|Vs’eSsRS=>s’e[[go]]3}

Pu [uXely := NMa € 9 1[4l , S} (OD00D0)
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v

FOCTL, FOLTL S FOCTL* (0000 OO00)
FOCTL ZFOLTL (-~ EF(p(X)))

FOLTL gFOCTL (-~ A(F(p(X) A X(p(X)))))
FOLTL < FOCTL*

(- E[(p()U p2(X)) V (@ (x)Ua(x)Ur(x)])

» FOCTL < FOCTL* (-~ EGF(p(X))))

v

v

v
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HEN
FOCTL* < FOMu
» FOCTL* £ FOMu
» x. FOCTL* - FOMy as follows:
> AlpaUp2)" b uX(@) V (9] A OX)).
» FOCTL* # FOMu
» vX.p(X) A OOX is not equivalent to any formula of FOCTL*.

000000000000 (@O00000000000)000
00000000000000 VOO0 V[d/X]---[dn/Xn] O
00000000000000000000
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[e]e] lo)

0ooooooo (3)

00
FOLTLZFOCTL (= EFp(x))

1. Jp €FOLTL s.t. Ap = EFp(x) 0000

2. (SRY(S,R)YOODOOOO M (resp. M) 0000

3. 00000(SRD,IL,VYFApOO I cNIOOO0O
(S,R,D,I1S,VIS) Ik Ap 0000 (%)

4. (SR),(S,RYOI0O0O00O0OO0OOEFpX) 0000000
000000000000000000000000

5. 0000000 (x)0000
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0o
FOCTLZFOLTL (-~ A(F(p(X) A X p(x)))
(S,Ri,D;, 1) 0 (S, R, D;, 1000000000000

1. (S, Ri, Di, li), & 1rv A(F(p(X) A X (X))

2. (Si’, Ri’, Di, Ii’), g Iky ~A(F(p(x) A Xp(X))

3. Yo eFOCTL, ol <i =

(S, Ri, D, Iy, @i kv ¢ & (S, R, Dj, 1), @i Iky @)

OO0 O0OAF(p(X) A Xp(x)) = ¢ for some FOCTL-formula ¢ O O
oooooooooo@ooa
(S, Ri, Di, i), @ kv A(F(p(X) A XP(X)) & (S, R, Di, 17), & Iy

AF(p(X) A Xp(x))
000O0@O @oooo
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