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MR EEEE EMBTZ0(A) 20H005767 KIRIEH M T —2DIBREFE
ROEFHREAIAERRERE  FIE MERRKRP)ICKEIURIY L

HEf : 20241826 8B(£)~1H8278((%)

T RAKRE FELTvUNR FREFAREE 2 BERERE

FEEREE  "RA BfmF (RIEXP)

NE-BH  ERTEHREBE, Y1X, MEELVRAMVER/FOT—EHE
Al-RESNDEIICRY, T—AHRZICEIHRESHEL S HFTRREITEL
LTWET, ZORHREZEMFIZT TGS, FIRIFRUEIERREDF
FED1DELTY, BLHRICEBLIBOTVET  KVURUD LTI, T—4
BREN R BFE CLHRIC, MEAHF-BEFE - BFRBPICE T IH =L HERD
RECRAEDHEBEOEN, BHEICEET H5FE, FESNTLESFEDHE
EEDIS, ICAMETE, NAARET, MHEE, EadlE BEF 7747
VR, BABE, HERF, BANFLE, SRICHARERIFICEITBHIE
AHIDBAPEBIRELGEE, [RKHRELTVET . A FHEME DI RIS
LETRHIET, SMENZTIHORBERAAL, BEVREANLDERKIR
(&Y, BERROCH-EHAEDRRIZOENSGELHFLES .
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1H26H (%)

10:00 ~ 10:05 A —7F=v 7

10:05 ~ 10:35 KA g (Bb k%)

Kick-one-out {EICEOW-HIRICHITF 57 7242 ) v 7

10:35 ~ 11:05 7kH B (k)

GMANOVA € 7V 3BT B Bk~ 7o {ROE A3 A S 70 ST I HEHETE 75 & % DFFR

11:05 ~ 11:35 @ FHi (WEKY) , FH FE CKBOKZ /BT AIP)

A28 N A A VBT — 21205 2 HUE OB Tl & AR T — X T~ DIEH]

11:35 ~ 13:00 BfR A

13:00 ~ 14:00 FREZ—k vy ¥ a v

Al S GRS |, HiE ALzl (BERERE), /I ek (IERT)
Similarity-based Random Partition Distribution for Clustering Functional Data
TIr M KBRS, SpH &E CRBRORE/ELRT ATP)

IEYE % 7z function-on-scalar [0])f & %2 O FREGIYHE

fijler B2 CUNRS) |, NS F— OUHERS)

B2 AR ) v o = v F 2 R 7 g B R

Huang, Hongming (KBRAK%Y:) , #8K 58 CRBRKY)

An Efficient Procedure for Computing the Bayesian Network Structure Learning
Liu Lirui CKBRS) , #0K 3 CRIRKH)

An Information Criterion Improving WBIC and SBIC

i b FEH (BOX R

7 — X Bt DR

B K (TIERY), Wik BR (THERY)

Semiparametric Density Estimation with Bregman Divergence

e (TEERY) , Wik BEK (TERY)

—f%{t Kendall’s tau 17511 X % F 5070t

AA B CGRRTBERERY) |, /UK CE (RBERERYS), Wi P CRATBERERY)
3-step HFH XM T — 2 ic B 2 T2 WBUERGHE 2 W72 g7 P v ORE
Yao Sai (BLR) , K tifi¥ GRALKRS)

Modal Interval Regression for Visualizing Data-frequent Areas

Bat-Erdene, A. (Iwate University) , Kawasaki, S (Iwate University)
Characterization of Asymptotic Distribution in Martingale Convergence of the

Supercritical Branching Processes with Poissonian Offsprings



14:00 ~ 14:10 k%

14:10 ~ 15:00 #ERIEER 1 L0 8 (BAER A+ Y X —, AERY)
BV YERESRET I D 720 D~ L F T — XA E € T ORR
15:00 ~ 15:30 71 & (TR, HaHBERITE), ARG — (AR, P i (R
fEFRRY, Bl ERE), BB AR (B EERSY), i B8k (B ERY), 1§ B8 (BhE
K, WH FEt (% dE K, Suchetha COORAY (EZK B RIEWTIEER), W8 #F (44
EKF)
Application of the Topological Data Analysis to Cosmology (GZAHI) T — & fig#it D
FHiam~ D)
15:30 ~ 15:45 K&
15:45 ~ 16:15 #F FE (R RY)
RER 72 A B O IRIE IR IRE & tEREK
16:15 ~ 16:45 I+ [l (mﬁ*ﬁzfﬁﬁﬁﬁﬁ)
AT 7774y 7R IOH—

16:45 ~ 17:35 HepladsE 2 AR Be (j(l?}yij(%)
EAIEIC BT B A TE T — X DR fENT
18:00 ~ 20:00 Z&F =
(ALK FHZEILF v XA Buddy's Table)

1H27H (1)

9:30 ~ 10:00 i —K (AVHETHEFEEIRY) |, &F7 B (ORI )
P32 Dffits & AR & O BN I oW T

10:00 ~ 10:30 AH Mkt (—FEKF)

Sparse Quantile Regression via £ _0 penalty

10:30 ~ 10:40 k%

10:40 ~ 11:30 %eBlEEEE 3 5% Al CGERURS/BAL AT IEAT)
4 v ayvTxZ b AEEOMEHH IR

11:30 ~ 12:50 BYR &

12:50 ~ 13:20 fEHTE (JuK%)
WHERITE & # D ERb D 27 — 1 v 7258

13:20 ~ 13:50 JIAfR K (TEKRY) , &5 HE (GEEHIIAYE)
FAS A5 D 4y iR D HETE

13:50 ~ 14:00 &K%



14:00 ~ 14:30 tpjt 3k (BEAL-ERFERT AIP) |, Bil BB (BERERBRY) h3E Wi
(BEERRANRT)
Bayesian Analysis of Stochastic Conditional Duration Models with Intraday and
Intra-deferred Future Seasonalities in High-frequency Commodity Market
14:30 ~ 15:00 A= K ORPRKRT)
U7 A X% b D ZEW] 2 RITHIE I e R R 0 /7 e 7 v @
BT A — 2 DHEE

15:00 ~ 15:10 {k&H

15:10 ~ 16:00 *AlzERE 4 M “8 GHILK)
VAR Models for Surface Time Series

16:00 ~ 16:05 Z7 v —Y v 7



Kick-one-out ;EICEDWELRIRICEITZ I XE2) VT

KA e
HALKRY: 7 — X ERERLY: - ATBE L Y & —
n RICHWZEBARZ P vy, n x k @AZBITY Z T3 2UTOET L EEZ .
y=Zy+e. (1)

ZIZT, vy = (7, ) & ERTTEIRREIANZ ML, e 1ZEER Y bV 0, 9EETH 021, %D n XIT
FRAENRTZ PV TH D, rank(Z) = k < n ZRET 5. Kick-One-Out £ (Zhao et al., 1986; Bai et al., 2018)
WHDOW EEOBHLD 2 52X ) ¥ TERIRRT 5.

FFILEE D KOO EICOWTHHT 2. KOO IKIZEHEIREITS FIAT, 7VETIN (TXRTOHH
ERERAWEET L) BHMEY LT, SIAZB I L ICZDEBBBERE S D EHET 2. c¢g B 7ILVET IV
DRE, ¢; (je{L,...,k}) ZINVETADNOH j iHERZROWET VORI LTS, 22T, ETLD
RIFETVEIRFER L THZ 22 TES. 2O X, 8 j tHERIE ¢; > co THIUIRE, ¢; < ¢
THIIFRELHIMT 2. 2% D, KOO ETEIINZHALEIILITO XS ITERINS.

{jE{l,...,k‘}|Cj>Co}.

KOO T (k + 1) BIOFHETELGERNTE 2720, SIHZEDPZ VW ZICHHEARRETH S, i,
Bk & REED T TEBGERD— rﬂllﬁ#ﬁnﬂﬂﬂ’]kﬁnﬁéﬂfh % (e.g., Bai et al., 2018; Oda & Yanagihara,
2020).

R, B FIRICOWTHIAT 5. bR 7z@E D, KOO IRE 7 VET LV Z R 1 OFRWi-ET7 L%t
B, ZOEBDRBENE S PRHE L. IBRFETIE, 7VETLE LHOERERKE LT LR
F%,%wmm%ﬁﬁﬁébtoﬁ%ﬂi?% T IARY) Y ZRITH. ZZTOILVETNLLIER, ¥

EHBEEINTORVWETLVEERT S, 7ILVETVCBIT % v O/ HfEER, BXUOYTEIDHHE
ﬁ%ﬂ%hMTf%z%ha

y=(2'2)'2'y, §=2A.

FIZIE7NVETNDO BRI Z—fAt O, ¥ (Atkinson, 1980) THIZ & &, JLETNLDRE ¢ FUTTE
Abh5.

2 _ ly —Q||2

S§T = n—Fk .
’Zfﬂmd%?w®§fﬁiDKﬂTé%%@ﬁé%ﬁ?E@{T@% RiCHEEDBMEEZS. E %
BEOBRME RAMATOMOEALTS. 2FD, EZ{1,... .k} OMHHEAET, N eE=j<lk
T3 EED (j,0) € BT, 5 j, 0 BRERS Lt%Tﬂxtbi ‘ET/I/( YTy =y DiFIZER L 7=
FAEEKRT 2. ZOHHOTTIE, £7L (1) IUTO L > cHEXRZ o 5.

1 .
o = ?Hy - g|I” + ak,

Yy =Zjve+e.

ZIT, ZjpplZ ZoEATINT MVEBRESE jINTINA Tz n x (k— 1) 175, 0 & v 22 65 £ K7 2RV
7z (k—1) KIERZ bATH B, TOEFAH LT, v DRNZFHECER, BLOYTRDHEIZERZR
LTTHEzBN%.

Yie = (ZjZi0) " Zyy. Yo = Zjeje



Ko TIMDOER (j,0) ZAEELIETVDRE ¢ &, —RIL C, BIEZHWL LT TEZ LN 5.
e = S5lly — 9l + alk — 1)

LIED & S ITEFRENT o, cjo ISR L, BOEREEEZUTTERT 2
E={(,0) € E|cjt <co}.

EFVEFGHBEIEZ OEIV NI VIZERWVWETALTH S LHIMITE 2. Lh 5T, cjp < co THIUX2D
DEBDIEEVET N WET 50O ZDMEZZML, ¢jo > o THIUTETADLEEINDS Zh
LZORERZILE. TOXIBA—IIH> TEBOMI L ICEN L EEET 205 0%HEL,
ZOREREMET 2L TRIKINR Y AR V IREREG 2 N TE 5.

AFERTIE, FHICED 7 7 AKX — 0BT 2 —HIEICEH L, $88FH L Ohishi et al. (2021) 12X %
—fAL fused Lasso % W FEZEUEMNC LR L 2. — &1L C, FIH¥ED o ¥ LTUTEH WL &, 25
FHRIZEDOKE OB T 2 —BMEH T 5 2 L AWREINCHERE S M.

n—k (n—k)vn—k—3

a:n—k—2+6’ B:(n—k—Q) n—k—4

kYA log n.

FFEED o 13 Oda & Yanagihara (2020) TRESNLZBEIRO—HMEZE T HHTDH 5.

BE 3 Hk

Atkinson, A. C. (1980). A note on the generalized information criterion for choice of a model. Biometrika,
67, 413-418.

Bai, Z. D., Fujikoshi, Y. & Hu, J. (2018). Strong consistency of the AIC, BIC, C), and KOO methods in
high-dimensional multivariate linear regression. Technical Report TR-No. 18-09. Hiroshima Statistical

Research Group. Hiroshima.

Oda, R. & Yanagihara, H. (2020). A fast and consistent variable selection method for high-dimensional
multivariate linear regression with a large number of explanatory variables. Electron. J. Stat., 14, 1386—
1412.

Ohishi, M., Fukui, K., Okamura, K., Itoh, Y. & Yanagihara, H. (2021). Coordinate optimization for
generalized fused Lasso. Comm. Statist. Theory Methods, 50, 5955-5973.

Zhao, L. C., Krishnaiah, P. R. & Bai, Z. D. (1986). On detection of the number of signals in presence of
white noise. J. Multivariate Anal., 20, 1-25.



GMANOVA EFIICHBITS
A BGREVNFELSEMETEE L € DR
RHRURSE ZEBE R K B
n EDOFEAIR LT, Fiff & HICRIE S i 7 — ZIRRIE 7 — X e FREh, FEH
WELDFETHMENTWS. 20 X5 BRERNE T — 2128V T, £ TOMEKT pE
HIE L2 DRIER DM - TV 23555, Potthoff and Roy (1964) 12 X BRI/ RD—
A2 Z '8 BT (GMANOVA) ETATOOHB L TNTWVWS;

Y=14X"+AEX'+E, (1)

Z 2T, Y BBITRBEERORRRIE T — 25 572 % n x p BEHITH, 1, 32 TOEED
LD nRITLDRZ b, pld ¢ RICRFINRZ ML, X SEERNGHETTE] & 3 HERE
MO BIELND px q BEHTTH GEMERR), A FEARBGHEITE] & PRI 2 JER SIS
AR S AR ORI E R THIAZE D 5725 n x k BEHATAICEYITHLMEEhTn 3
L, EEEkxgRITHITHY, €1 E[E] = 0,0, T Var[vec(£)] =X @ I, D n x p i
ZITATH D, 0, ZFETOEEN 0D r ZItRZ bL, TIEKRHD p x p IEAITTHITH 3.

Y ORIV AT (FRRAE)) ZHOE T 2B, ERNEHETTY X 0 ifTH2 LT, |
BHOWER St (i=1,...,p; 1 <--- < tp) OEED SR ZTHDBHVLENS. HlZF
X DifTHE LT, 49 ZHVTRAIDO p % E 2H#ET 2 22T, 2TOMEKT
HIADREFAE) 2 BIAZENIG S 2RENREE) DY & &R DHRBD Z e WHEE
TE, ZhoOfERe L THNORRZE ZMER R t; D (¢ — 1) REBEATHIETZ 5.
T/, XDifTHE LTt DHIOEB»LRZbDEHAVT, puRER#ET S I LT,
HW-BEB O EA AN MO TE2ERORNEH 2 HETE 5.

ZDETIL (1) IZBVWT, uREDOHEIIRDY A7 E2R/INCT 5 Z 2 Tiibils;

tr{(Y — L,/ X' — AEX)S (Y — 1,/ X' — AEX')'}. (2)

ZOVRZERNCT B e B ERD BB, FEKIE rank(A) = k 5O rank(X) = ¢ &
RELTWS. T DIREIFFFIC k < n LRERFZHOHEEIZH W 2 t; DB DR %
LTW3. —HT, ZNODIREN 2NV E, UTDXSRFELRD 5:

o VR 7 (2) ICEIHIZINZ 72 D%/ IME 2 SR ZHEE T (Il 213 Katayama &
Imori (2014) Z8) ZHW 5

e Yanagihara 5 (2023) 72 & DIFMEHREZH VT, AR X 50 <L D005 % 3R
L, BRLZDDET2HEITHN 2

e Moore-Penrose B —f5#i1741 (fIl 213 Srivastava (2002) A.6) ZHW\ %

AFHTIE, KIF (2021) D74 F7EHW, rank(A) < k2D rank(X) < ¢ D FT,
VA7 (2) #E/MNCTRHEREIRET 2. X618, Rl TRET IHERBOMRR Y
WCOWTHAN S, BUEERZE U E EH TN 2 TETH 5.
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AIZE R XA VBT — 2T 2HEDERFRIE
[RT —FIMADIGH

BRELRS 7 29 4 T2 R
KIRAZ: KGR TR /| BB ATP

o 3
R

o

4 =
H #

1. B &

BRI RS Z e PSRN IIE X iz
T— X B, BonBlT—
REGENRE LTHM 21T 5 B
TR Jidh, BERTEREEE
ERTETIBHETN TV S (Kokoszka & /
Reimbherr, 2017). BELT — & T T, #
Bl X 2 BT — & O E IS ETRNE AR g I
THEU 2 WRIDZ N, UK L TR It
WFZE T, ERBOMKEG & 72 2 KR HME K
TCWEBRLET-REWS. ZDXI BT — : : : :
K%, ZITRAIZERXA VBT —4&L 0 20 40 60
& e R, HAMEZ@E L 7—H Time
DEFEUZ DV TDFEAED HIHKE TOHID
SUEDHER 3 B JEDNHI S 2 % TR A
AEBICRR 270, (EROBET—%
LTHIRZZZenTERY (K1) . ¥,
— R Em e LT, BEEHEE TORMPEVD DIZEHLREDOR/IMAKKL, Bnd
DIFLEW. AJZE R XL VBT —21%, ZORENERROEIICISLTERSE ZEh b,
EFBOR X EZERBICANIZOMPBITHOIT NS (Geller et al., 2012; Johns et al., 2019).

AFZETIX, 1 DDFHICOVWTOHE R X4 VBT —E2BEoNQ T\ L &, #Hil-kEl
FEAIC DWW TRFHE 7 — X AR £ TN TV 2 KT, Z0kDiiES X UKEGD
RErl 2 TS 2 TR OV THET S 2. M1 OFITIE, ZHE TIRFRKOIMBISHIET 2H
EABHIE N, X 5IHEOHBITHIGT 2GRN FHE T TSN &, ZDEOWHR
HWoOHIEYL, ZOMIGERRETHIT 2 VWO MEEZEZX 2. ZD7DIC, AIE R X1 VB
7 — 2R U TIER DO BRI T — 212t 3 2 B Tl 0% 2 77 (Chiou, 2012) Z2@H T 5. %
FEOEMNEZ, NLT7—2BLUOET—XOOHZ@E L THIET 5.

980 1000
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-~
1
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|
|

900
|

X 1 fEOPLAE (K1 722 LERE) .
BROFEERKZ 0 THIA TV 5.

2. AIER XA VERT -2 0BT A

WE, BT 0, BRZHERER M e (0,1 2 L7 X AXBZ=[0,M] L7 > X LM
BY(t)t€l)2EZD. B M =m»P5 2507 TRT, V() XXM [0,m] LoFy g
BRHERBRE R e 2INET 5. X512, X 2HEBEPRIMREHRY VL, ZOEH



Bz x 35, TOLE, Y(t) D FEEKS LB e R TET

pt|m,x) =EY ()| M=mX =z,
vt s |myx) = E{Y () —ut|mx)H{Y(s) —p(s|m,z)} | M =m, X = z].
H37ELAEBY O#IED

, BHBRER T € TIZOWTS =[0,7] DX TO AR X N7z
Kz EZ%. SOXBTOYEEZRT 7 > X 4L Vs, ERCBl SNz HuEL ys L5
T ZOLE, rETBHEINTWS 7 VX ABBY O M %2, RO EHIRHETT
s 5.

M:E[M|M>T,Y5:y3,X—:L']

HBITUE, $HA m > 7 B BEHT— XIS LT, XS TOMKT — X y(t) B & LR
@ ZBIZR, BT 27— X ORI m 2 BINAERY LT, /285X b Y v Z[Elas e 2

I R
i
W5, 2LT, S ETOABRSATYS Y O M 2 FHT 5. 2oFREE m 22T
iz, X DRORET = (r,m] BT 5 V(1) OWE Yy %, KCTFHT 5.
%:E@ﬂM:@&:%X:x
Z DA = BAHEZ

ARSI 212H7ED, M=m& X =550 TFT7 X LB
Y () PSP it | m, ), $E5)

AR v (t, s | m, ) DAY ZEERITHED CARET 5. ZDL
3 Y( ) RHERIRF R TCRME L, XS, T TRHEIL/RZ by =
roL,

= (y5,yp) | BROVFIGRY

<y5>N N((us<m >> (rss<m,w> Psr(ma))
ur pr(i,e) )" \Irs (i, @ )

2UT, Yr(t) RHEIRA TR L 722 b Ly,

DRGLTEATI R b OZERBIER M £ T2

%, ROFHRFENL>TTHIT S
U7 = pr(m, o) + Trs(m, )L g5 (m, x) {yos — ps(m, x)} .

IR T SRR RETA, bmmaalemw®ﬁ%%ﬂﬁbfﬁi?5
RELLFELBRD T — X HHEA L,

@A E TR S M B EO DKL DHERS 22
TOROHIE L, BEMHET 2RAZTHT 5. MRICOVTE, YHRET S
SEXH

Chiou, J. M. (2012). Dynamical functional prediction and classification, with appli-
cation to traffic flow prediction. Ann. Appl. Statist. 6, 1588-1614.

Gellar, J., Colantuoni, E., Needham, D. M., and Crainiceanu, C. (2014). Variable-
domain functional regression for modeling ICU data. J. Amer. Stat. Assoc. 109
1425-1439.

Johns, J. T., Crainiceanu, C., Zipunnikov, V, and Gellar, J. (2019). Variable-domain

functional principal component analysis. J. Comput. Graph. Stat. 28, 993-1006
Kokoszka, P. and Reimherr, M. (2017)

Introduction to functional data analysis
CRC Press, Boca Raton



Similarity-based Random Partition Distribution for

Clustering Functional Data

EIIEs A2 B IIRIRR
RERFEREFEIR BERIBREEFER IR KRR

1 EC®IC

WEBTEICD TN NT AL ZORERERICE D, AO 7 — 2 3B 2 O BEP B
FAULRICBVWTEERFZEHZH - TV, BARIX, #HaHE, SO@EFHE, EEY— 207
fit, JRNEPFHRBORVRR Y, ZICb 2 0FICHEEZRIZLTWS [1, 3, 5], TOFHRTIE, A
(7 — X 2 EL RS 27D OMERDEN LR L. ZOIBHICOWTHAL .

2 T—ARACEER

252X Y Y ZTREINAF =2 HHER5 | EHT DA TH 2, 77 AXNOHLE LR
EL, HIBRHERHLICT 22T, 94 R =27 — U ARHBELE R Y DEX L, #T T
RAXEER EOMBFIROMSFICEHRT 2 Z e TE %, KT, ETAR—ZADIZ FTARY ¥
JE S YRTRA IV IRA ZFHEEEEDR RV, 74 V7 Lilaig (DP) ITEDS 77 2%
YN, BEIRNC Y SRR ERE L, EEEZHAAD I BEGTDH 5, [2] DMZETIE,
Pitman—Yor 82O TEZED 7 7 2 X —ZH LWIHEIZHE] D 24T 2 BIHIRA 7ob #E 2 #iE
TED., LBHIATVS, Frz, AOT7— X oM EETH Y. RI1LITRT LS
. BEE T 2RI E WS R o B,

WKHrHhrboT, RADT—Xty bADEFED Y 7 AR V7 FEOHEMAICIZ. 202 EENE
Y REIEHD 2 DORMEDREEL IR o T2, ZAERY 72X ) Y 7D DR, 77 2
ZHEFEE LR WTFERBEMIGETT 2 2213V 2225, BRTT— X320, S, &

HE

X1 201941 H 29 H 14 RROEFEHOHF.LHIKICBIT 3 AO~y 7



B BEABETH D, ZHEHETD D R AT TIIBLORETH 5 (4, =TT, TOEWS
FAJREMEIX, BRI L7 2 AR V7Tl 7 A ZBDERN I 2 eEDd %, Rz, ZoME
3 DP AVNEWT T AR =Y 4 XetfEmeHE L, REHR I IRAX—%EZZ 21Tk D. T—
XOEREHT 2 Z e iTkhd, Flzo NAT—X O T, RN RHEEDEETH 2, Hiic
Lo TFFHERHTEIADDERPIRKEZ KBRS0, 7V —REITHBICEL TS L,
B2 H OMAI2VHICIEE § 2 L EHERARZ WKL TL £ 5 AlRED D 5,

3 At

ARIFFZTIE—MBALT 1+ V 7 LR (GDP) 2&IC L7z #i7- RiER S EIFiL, SGDP 212K %,
COFKIZ, Bl REEO NO 70— 2B (EREROELRHE) LTI 7AXY 7T
5ZrZzHME LTV, SGDP T3, — LI X MV = ar2lnwas I TERELRY Z
ARDERY A7 2 KB L. FRICHERBHEEZZR L TB D, ZOHEOERBINREE IZOW
THHRNARENIDDH 2, X512, BlEE 7 7 AKX DM OZAER % H Y EfETET UL
T5, UL, HARZTOBBII NI NAD T 7 AKX G0 o8 S 2856, £ OREEES
BRENCHMEAE VWS EZTTITEDONWTED, BRZMV LA/ A X LTUHET 2 L0 S, &F
20T ARG ENGIT 2R H 5, £ TOHEERENRZENCD FRITHETE 572
B, FHIBHOKRRIC X > TEDLZ X — V% X DFMICIE R, HET 2 Z & D AJREICR 5,

4 R

7 — RN DR TFEOHENMERIRRAZ -t v > a TR L7z

SE XK
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pairwise information. Journal of the American Statistical Association, 112(518):721-732,
2017.

[3] Antonio Pédez and Darren M Scott. Spatial statistics for urban analysis: A review of
techniques with examples. GeoJournal, 61:53—-67, 2004.

[4] Tomoya Wakayama and Masaaki Imaizumi. Fast convergence on perfect classification for
functional data. Statistica Sinica, 34(4), 2024.

[5] Mingshu Wang and Lan Mu. Spatial disparities of uber accessibility: An exploratory
analysis in atlanta, usa. Computers, Environment and Urban Systems, 67:169-175, 2018.



FREER % AUV - function-on-scalar Ol)f & € DIEHHEE

I FIEEL, SFH EE L2
VRBROR AR A BERERRE TAER 2R, 2 BL AR e ST A RE R S 28 > & —

1. IZCHIC

H 5 P X _ L CEINCBI S N T — 2% T Y X ARBEBOEREr LTRA 7T —X
FEATIZBAEY 7 — & T (Functional Data Analysis; FDA) EFEHINTW 5. KRIFFETIE, AST7—
2 (THERD DIEROZERT — 2T, )] (BEER) 2T —2TH % & 572 Function-
On-Scalar (FOS) [l & FREN 2 BIEEIIF 25 2 5.

% { OEHEIZEIE, AT TRV T WERE 72 FOS MR 2 YT TB D, IR 2 FOS R
WZOWTOZERERIEAD 720, il 21F, Scheipl et al. (2015) (& FHEIZEICE U TIEARE 2 BEER
%€ 7L (Functional Addive Mixed Model; FAMM) #1282 LT\ 5. FAMM T, I0EZEHK
PP HUEBO—HEL 15 e L IEREREBOME LTRETE2 2 RELTWVWS. ZOFEE, it
KO FOS IR & D b EWEREEET2ETFTATHS. Lo L, INELIEET AT —
RITHE LR WSS ICIIHEERENMERNLTLES WS @R D 5.

Luo et al. (2023) 1% Scheipl et al. (2015) DR ZMHT 5720, KO FRLETV ¥ 7HH]
RELRD=a—F 2y M —=JIZEDSFEZIBRE L. £, (ICRO HRELLUER Z IR L,
FRIZROCE L Clf BN LT ZDEF LD FREELME 2R L TWS. 2 DOFEDF I,
kD FAMM HEERSEE W TE OB 2 ERANCHEE T2 DI L. ZOFETE THIZE
DRITTENCEED WD B WE T 2DATRVWE VWIS HTHS. ZDZ LITX- T,
FAMM & D $5t8E a2 b MEL . FRIZBO T LERIIK E WA THEATEETH 5.

L L, ZOHERIZ, 2200MESADRD 5. 1 2HIX, EOBMAFZEEE S 2 #itk 2 K)
ELTWEHTHS. 208, RESNWHEEKMBSPENTE THR STV S 7D Lk
BIZETIULT 2 DARATRERETH . 2D, EBRICFIEEEA T 21X, R e #Eo
B U R U RBEIECE FH W THERE L TW 3. Luo et al. (2023) @ Theorem 3 T, #EE &
DIR L — b AEH XN T VB, FEICERR I ZADH D, ELWIRL — P REHTE TV
V. ARERTE, FE=2—I vy V=220 XD BARRFOS HRaH 2R L, Z0Ht
FEROIGRL — 28T 3.

2. REFECERR
AFFE T, Luo et al. (2023) ORESERRLZEE =2 —F 3y bV =2 2HWIXDE
B HERZIRRE S 5. £/, EOEREIEL f° 23IEFE 1 Besov 24MH (Anisotropic Besov space)
CEEND L WVHIRED T, #ERDOHERAEHE 28T 5. ARIFFE TS JFETTHI Besov Z2H]
X, AMNC Ko THE O IDIERIR S K 5 R EMER R & ORBEZERTH D, Holder Z4[H72 ¥ %2R
MEGEE LTEATWS. - T, Luo et al. (2023) £ D b FFIRERE CTikam 3 5 Z & D AJHE
TH5. 7z, FETH Besov ERICBVWTHRBE =2 — 702 v bV — 2 3@ MRES 2 F
L, BED/ X F X MYy ZEFEEORECBWT, =2 -1y b7 =7 Z 0z
/NZFRAHEE 81X, minimax SolEEZ SO Z 2R S5 TV S (Suzuki and Nitanda, 2021).
THUEB ORI XL T 2. 2O E, ANEO=a—a rhd+ 1, EOMEED LHE, &
EO=2—m B WIHE HHEDO=2—1 2 1 HONEEMEE ReLU =2 —F L%y b7 —72
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O(L,W,S,B) := {(W(L)n(-) +5E) 0.0 WUz + bW WE) ¢ RV (D) ¢ R,
W e RWx@H+D) (1) ¢ RW O ¢ RWXW () ¢ R (1 < | < L),

L
> (WOlo+ 150 0) < 5, IMMWN IV [l mnSB}
=1

2T, || o BIFE RS OB ETEL, | - oo BERDOMIHED B AL T5. 72, SR
z\~xﬁéﬁl, B/ VLERTHS.
TR L EERONET — & D, = (X, V)1, BER BAFS LT [ 10T piE
fn € ®(L,W,S,B) XD HNBEBOR/MLIC X > TED S,

fo= argmin — / {Yi(t) — f(Xy,t)}2dt
fed(L,w,5,B)" 1=
ZIZT, fIRfOZV Y ITHD, HBZERF >0XRLT, f=min{max{f,-F}, F} &
HHIDS.
2=y P =7 DREIZEYNTIED 2 Z T, IEROIFEEIFRE (Suzuki and
Nitanda, 2021) & FERIC, ROHEERAEL — bR SN 5.

Ep, {/01

ZC, |- |l p2(pe) W FRIZERROAET — & 2566 > WER BB CEADT 72 L2 /LA, Ep, []1&
wﬁr & D, DA T B HIFEEET. $72, B 13IFE ST Besov ZEM D JHIA N BT %

@a#én7x—&®%m¥ﬁf%5.:@%%m;b\Wﬁv—}@mg@%ﬁﬁ?%tﬁi%
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IR L — MEESERNICKTT d ITHRIFE L TWRWED, KITOBWE BT X 2 AfREMEARE X 1
%. BARHNCIZX, EOBIR FRIZ @@Wﬁf@%f@otabf% IR 5 st LT+ 4 e il
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CNFRAZEBLIE, RAZ LI EHROBEBEL TWE EXLNE T —REGHELRTWBIRIZ,
ENEDRAT ZNENCEBRLETNVERGEL, ETUVHEICHE L MEDOHEEZ1TS 2L TET A 2HKD
HEEREE 2 E T 2 M FIETH % (Caruana, 1997). RILF XA 7¥REFTT I, T—-RTX-oTEX
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ZZTAHETIE, MPZ 7RXY YL BN FRRI%E (Okazaki and Kawano, 2023) I2BWT, 44
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(m,l)e& m=1

#EZB. ZIZT, op ERPIEm BHONIMEX R ZICHHT 29 X =&, M\ IZIEDEZR S ERILZ
AX—=XTH5. HEWHEZ o, 1T L TEBGERZITS EAMLIETH D, n 3N E s Ez2lB T 285
A=RTH5. HFWHBICED, o, #0 L LTHEINIIGE, m BFHOXX 732 X7 ¢ @t ef X
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An Efficient Procedure for Computing Bayesian Network
Structure Learning

Hongming Huang! and Joe Suzukil

10saka University, Graduate School of Engineering Science, Department of Systems Innovation

1 Introduction

In recent years, there has been active progress in the Bayesian Network Structure Learning
(BNSL). Finding the optimal Bayesian network structure is an NP-hard problem|2], so the proposed
techniques are only applicable to small networks.

Tomi Silander and Petri Myllyméki proposed a straightforward score-based method for finding
the optimal Bayesian network|1]|. This state-of-the-art method continuously compares the scores
of various structures to select the most favorable outcome. However, as shown on the left side of
Figure 1, it needs to calculate and record both the local scores () and the optimal local solutions
R, which requires two passes over all possible local structures. Then, based on these information,
a calculation for the globally optimal structure is performed, making it impossible to eliminate
redundant data during the computation process.

In this paper, we introduce an efficient method for layered computation to reduce the space
complexity. Differing from existing methods, it only requires a single pass through the possible
local structures as shown on the right side of Figure 1 and has the capability to eliminate redun-
dant information of the completed levels during the computational process. For example, when
computing the topmost red layer, it only requires () and R from the immediately lower yellow
layer, and the information from the green layer and any layers below can be completely discarded
as shown in Figure 2. This method retains only the crucial data necessary for calculations at
higher structural levels, eliminating the need to hold onto redundant data.

E Q&R

Figure 1: The left side of the dividing line represents the existing method where Q and R need
to traverse possible local structures separately. The right side of the dividing line represents the
proposed method where () and R can be updated together, requiring only a single traversal.
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Figure 2: An example for proposed method. The red nodes represent the cases to be computed,
the yellow ones indicate the data information required to compute the yellow nodes, and the green
ones denote the nodes and data information that can be deleted.

2 Background

2.1 DMarginal Likelihood

In the realm of statistical analysis, the precision of parameter estimation is paramount. Tradi-
tional methods often fall short when parameters are unknown, leading to uncertainty in the results.
To overcome this, we leverage Bayesian inference, specifically the marginal likelihood Q(X), which
considers parameter uncertainty and integrates prior knowledge effectively.

We consider a Bayesian statistical model characterized by a set of realized values X for a
random variable X, and a parameter set © ¢ R% Given a sample size n and i.i.d. observations
x1,...,Z, € X, the model is described by a family of probability distributions {p(:|f)}sco and a
prior distribution ¢ over ©. The marginal likelihood is defined as:

Q) = [ o) [Tt o)as.

which synthesizes the likelihood across all parameter values, weighted by the prior.

2.2 Bayesian Network Structure Learning

Suppose that given n tuples of examples

X(l) =1, X(Q) =Ti2, -y X(p) = l’i’p,
where i = 1,2, ...,n, with respect to p variables X, X®) X(®),

A fundamental step in structure learning is finding the optimal parent sets for each node
within the network. The joint probability of the variables X, ..., X®) in a Bayesian network is
factorized according to the network structure as follows:

P(XW . XP) = P(X))P(Xo|my)--P(Xi|m;) -~ P(X,|m,) = f[ P(X;|m),

i=1

where X; denotes the vertex at i-th position in the structure and m; denotes the parent set of the
vertex X;.

For a Directed Acyclic Graph, a key fact is that due to the absence of cyclic structures, there
must exist a universally bottom-most node. This node is defined as the network’s sink node.



Assuming S is a non-empty set of nodes, it contains a bottom-most node X. The optimal
parent set for X lies within S\{X}, and identifying a new sink node and its optimal parent set

continues recursively within this subset until completion. Set V = {X®) ... X®} with the
marginal likelihood Q(X), the purpose is to find a BN structure with the maximum posterior
probability:

L QX m)

R(X(l),...,X(p)) = max mi € VA{X,, -, Xi}

3 Existing method

For the state-of-the-art method proposed by Silander and Myllymaéki, they firstly compute
Q(S) for all subsets S c{X® ... X®}. Then, for each subset S, they will compute the optimal
parent set for each node in it:

QLX) QT {@(X, 5) | QUr(X, S\Y»}
Q(r(X,5)) Q) Q) VE QRS |

where 7(X,S) is the parent set of X ¢ S in S ¢ {1,...,p}. Then, they constructed an ordered
graph to store the parent sets {m(X,S)}g for each X € {1,...,p}.

In the second stage, they combine the results obtained from above and the process for finding
the sink node:

Q(X, (X, 5\X))
max R\ = sy P12t
1, 9]0

R(S) =

which recursively obtain the optimal parent set and the global optimal structure. To this end,
they constructed an additional ordered graph to store and recursively obtain the {R(.S)} values.

4 Proposed Method

The proposed procedure seeks the same score more efficiently, constructing an ordered graph
just once. We claim our method can dramatically save the memory as shown in Table 1.

For every subset S where |S| < k, we assume that Q(S), R(S), and 7(X,S\X) for each X in
S have already been computed, the process is then repeated for each subset S where |S| =k + 1.
The following is the description of the algorithm steps:

1. We firstly compute Q(S) for the calculation in Step 2.
2. For each X € S, we define 7(X,S\X) by S\X and 7(X,S\{X,Y}), Y € S\X, when
QS) | QUNLR(X.S\(X.Y))
Q(S\X) Q(m(X, S\{X,Y}))

are maximized, respectively. In this step, we will update the optimal parent set for each
node in S. Then we store the information and value for Step 3 and upper level iterations.

QX m(X, S\X))

Q(m(X,5\X))
Through this way, the optimal global structure is always obtained for each subset S.

3. In Step 3, we will find the X € S that maximizes R(S\X)

to obtain R(S).



Silander-Myllymaki | Proposed method
Computation O(p?2r) O(p*2»)
memory O(p2r) 0(2°/\/p)

Table 1: Comparison of computation and memory requirements

5 Summary

We plan to conduct experiments in the future to verify that the spatial complexity of the pro-
posed method is lower than that of the compared methods in practical applications. Furthermore,
although we believe that the time complexities of both methods are similar, it has been suggested
that the Branch & Bound technique was employed to reduce computational time in the compared
method[3]. Therefore, our future work will also include the use of optimization techniques to
decrease the time complexity of our proposed method.
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An Information Criterion improving WBIC and SBIC
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We introduce a novel Information Criterion (IC) aimed at enhancing the functionality of WBIC and sBIC,
designed to be effective without the regularity constraints and yet remain stable. ICs are essential in model
selection, balancing model fit and complexity. Many existing criteria, like the singular Bayesian information criterion
(sBIC), presuppose regularity in the true distribution relative to the statistical model. sBIC, despite its theoretical
advantages in capturing large sample behavior (Drton et al., 2017), faces limitations in broader applications due
to its dependency on maximum likelihood estimates and regularity assumptions (Suzuki, 2023). This led to the
development of criteria such as the Watanabe Bayesian information criterion (WBIC) (Watanabe, 2013), which
functions in non-regular scenarios but struggles with large sample sizes and the redundant estimation of known
learning coefficients. Addressing these gaps, our proposed Information Criterion enhances WBIC and sBIC’s utility,
offering a flexible and robust approach to model selection without the regularity constraints.

We denote by 6, the maximum likelihood estimate, i.e., the @ that maximizes the likelihood [T, p(xi|0)
obtained from z1,...,z, € X, and assume that the learning coefficient A has been obtained somehow. The Singular
Bayesian Information Criterion(Drton et al., 2017) is defined by

SBIC := zn:—logp (ml | én) + Alogn.

i=1

Assume that p,q are regular. When © is compact, the estimator 0,, converges in probability to 6, as n — oo
(Suzuki, 2023). Note that the performance of sBIC is guaranteed only in the regular case, and sBIC cannot be
applied to general cases.

We introduce a parameter 5 > 0, called the inverse temperature, and assume that it decreases with n as
B = Bo/logn for some constant By > 0. Given z1,...,z, € X, we define the posterior mean of a function
f:© — R with respect to 5 by

/@ £0) [T p(:l0)(0)d0
)= =1

/ [ p(x:l0") (0o
O ;-1

The Watanabe Bayesian Information Criterion(Watanabe, 2013) is defined as

Eslf (0 (1)

WBIC,, := &g lZ—logp(mi | 9)] .

i=1

From (Watanabe, 2013), WBIC behaves as

- Al Al
WBIC, =) ~logp(wi | 6) + =22 4 Uny[Z585 +0,(1), 2

i=1

where Uy, Us, ... are random variables that converge in law to a normal distribution with mean zero.
We define the predictive distribution and the empirical loss(Watanabe, 2010) given x1,...,z, € X as follows:

r(x|z,...,z,) = &1lp(x]d)], z€X,

and

1 n
TnZ:* —1 i N ) ,
IR CIEES)



respectively. We propose a novel information criterion given by
newlC := nT,, + Alogn. (3)

In comparison with WBIC and sBIC, we argue the merits of newIC. First, unlike sBIC that relies on maximum
likelihood estimates, newIC employs empirical loss. Assuming Sy = 1, equation (2) becomes

n

WBIC, = —logp (i | 0.) + Mogn + Op(y/logn),

i=1
where, in (2), the third term divided by y/logn is Op(1). As per Suzuki (2023), T;, can be expressed as

T, = ;Z {~logp (a0} + - (A s [Vieaw) o, .. x}) ~ SExV(X)] + op (;) ,

where £[-] and V[-] are the posterior expectation and variance in equation (1) with 8 = 1 respectively. Noting that A
is constant and that nEx [V(X)] and € [V, (u) | x1,...,3,] are O,(1) due to convergence to their expected values
by the law of large numbers, and substituting them into the definition (3) of newIC, we obtain

newIC:Z{—logp(xi | 6.)} + Alogn + Op(1). (4)

i=1

If X is not known, it can be estimated by ;\, obtained as

WBIC, — WBIC,
1/B1—1/B2

where this formula is derived from equation (2). Substituting A with 5\, newlC can be approximated as

A= =X+ 0p(1/+/logn), (5)

newIC%Z{—logp(xi 10.)} + Alogn + O,(y/logn). (6)

i=1
Comparing equations (2), (4), and (6), we provide the following statements:

(I) If A is not known, newIC and WBIC perform almost identically as n — co.
(IT) If X is known, newIC outperforms WBIC.

We applied newIC and WBIC to reduced-rank regression and Gaussian mixture models. Specifically, in former
experiments using A for newIC calculations, WBIC and newIC showed similar performance, with newIC consistently
larger by a constant. For Gaussian mixture models, employing A for newIC. Note that newIC is independent of 3,
it does not change with different 8y and remained accurate, while WBIC was incorrect for gy = 10.

Our paper introduces the innovative newlIC for model selection. Distinguishing itself from sBIC, newIC operates
effectively beyond the confines of regularity, making it applicable in a wider range of scenarios. When contrasted
with WBIC, newIC demonstrates enhanced performance, especially in cases where the learning coefficient is known.
This advancement solidifies newIC’s position as a versatile and reliable tool for model selection in diverse statistical
contexts.
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Semiparametric density estimation with Bregman divergence
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1 Introduction

Modal interval [1, 2] is a statistic representing the spread of data, which can show
the area where observations appear frequently and robust to distribution. Regres-
sion analysis is often used to analyze the continuous relationship between two random
variables. A modal interval regression method for visualization of bivariate data is
proposed in reference [2]. In this presentation, we improved the method in reference [2]
by using kernel density estimation instead of bin segmentation. Numerical experiments
show that, compare with the method in [2], proposed method improves the accuracy
of the results.

2 Preliminaries

2.1 Modal Interval
For every a € (0, 1), the 100a% modal interval [1, 2] is defined by

MI, = [mf;, miﬂ = argmin Tp — X1, S.t. / fx(z

[IL ,xR] QCI(minfvwsup)

2.2 Quantile Regression
Asymmetric absolute value function is defined by

pt ift >0,
t) :=
Slt) {—(l—p)t if t <0,

with p € (0,1). The quantile regression is formulated as the following optimization
problem [3]

N
miniomize Zl To(yi — re(24)), (1)

where (x;,y;) is observation, function r¢(x) is regression model, and vector € denotes
adjustable parameters to be optimized.

2.3 Spline Smoothing
The spline function is a piecewise polynomial and possesses certain-times continuous
differentiability [4]. Spline smoothing is to solve the following optimization problem

N

minimize » w;L(y; — s(x;)) + A / |s" (z)|* da, (2)
I
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where S7(L,) is the set of all univariate spline functions of degree d at most and
smoothness p with b polynomials, w; > 0 is weight, £ : R — [0, 00) is loss function, A >
0 is the regularization parameter to balance bias and variance to prevent overfitting.

2.4 Generalization of Nadaraya-Watson Estimator

The generalization of Nadaraya-Waston estimator can be used to estimate condi-
tional modal interval [1, 2]. Conditional cumulative distribution function of Y given
X = x can be estimated by

S Kz — 2)Z(y; < y) (3)
Zi]il Kn(x — ;) 7
where ICp(-) is a kernel function with bandwidth h, and Z(y; < y) = 1 when y; < y,

otherwise Z(y; < y) = 0. The 100a% conditional modal interval for given X = z is
estimated as

FY\m(y) =

[argmlr; Yup — Ylow s.t. FY\x(yup) - FY|m(ylow) >aQ. (4)
Ylow Yup

3 Spline Modal Interval Regression

Our proposed method is formulated as the following optimization problem

minimize Z wi T (yi — s(xi)) + A / |s” (z)]* dz
I

s, SGS (Up) plow

Y — 5e) 4 A JEOR™
i=1 4
subject to Vz s(z) < 5(z),

0 _ Fy‘mi(ylow) and ]583 = Fym (Yup), which are estimated with the general-

low —

where p

ization of Nadaraya-Waston estimator in (4). w; = {/ f(2;) and f(x;) is estimated by
kernel density estimation method. s(x) and 5(z) are lower curve and upper curve of
conditional modal interval, respectively. The condition Vz s(z) < §(x) is to ensure
that the two curves will not cross each other.

4 Numerical Experiments

In numerical experiments, we estimate the 50% conditional modal interval of several
simulation datasets with different distributions and sample sizes. Numerical experi-
ments show that the results of proposed method in (5) have higher accuracy than the
results of method in [2], since proposed method does not rely on bin segmentation. We
also used proposed method to analyze the relationship between temperature and water
vapor pressure in meteorological data [5]. Compared with general regression methods,
the propsed method can not only visualize the relationship between two variables, but
also visualize the changing trend of the spread of conditional distribution.
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Abstract. A branching process (BP) {Z,, | n € Ny} is a stochastic model of population increase
by the proliferation of individuals. A normalized BP forms a martingale and converges, as n — oo,
almost surely. The asymptotic distribution on (0, 00) of the martingale convergence is suggested to
be used in various applications such as the potential theory of BP. Nevertheless, the explicit expres-
sion of the asymptotic distribution is unknown. We propose a characterization of the distribution
based on the analysis of a functional equation for the Laplace transform (LT) of the distribution.
Particularly, we present the Laguerre expansion of the asymptotic distribution. It turns out that,
by numerical validation, our proposed model agrees well with the true distribution.

1. BACKGROUND AND PROBLEM

Let X be a random variable (r.v.) taking values in Ny = {0,1,2,---}, the set of nonnegative
integers, and let p = {py | k € Ny} be its distribution. Then, a branching process (BP) {Z,, |n € Ny}
is defined by

Zn—1
Zo =1, Zn=Y_ Xni neN,
i=1

where {X,,; |7 € N} is an independently identically distributed sequence of r.v.s with X, ; ~ X for
each n € Ny. That is, each of the i-th individuals in (n — 1)-th generation produces X, ; offspring
according to the same distribution p independently of each other to form the n-th generation
individuals. Because Zy = 1, Z; ~ X especially. For a BP, the extinction and survival probabilities
are, respectively, defined by

(1.1) n=P@3n:2Z,=0) and ¢(=P(Z,>0,Yn>0)=1—n.

If A = E[Z;] < 1, the population dies out with extinction probability n = 1. If x> 1, the process is
called supercritical. In this latter case, the extinction probability satisfies n < 1. Let W,, = u="Z,,
n € No. Then, {W,} is known [1, Theorem 1.6.1] to form a martingale and converges to an r.v.
Wy on Ry = [0, 00) almost surely as n — oo.

W is known to have a probability density function (p.d.f.) on (0,00) [1, Corollary 1.12.1],
which we denote by w : (0,00) — R, while W, has a point mass at the origin, P(W,, = 0) =17
[1, Theorem 1.6.2]. Thus, we may write W, ~ nd(z) + w(z) on = € R, where §(x) denotes the
Dirac delta [2, Theorem 1.8.3].

However, not much is known about the p.d.f. w(x) so far [3, p.97], despite its importance in
BP. Because the expression of w(z) is unknown, further theory of BP has been developed with
the unknown w(x) as it is (see e.g., [1]). The objective of this study is to characterize the p.d.f.
Particularly, we identify w(x) in the form of Laguerre expansion.



2. CHARACTERIZATION AND MAIN RESULTS

We assume p is Poissonian and let f : [0,1] — [0,1] be the probability generating function
for p. Then, f(s) = 5D, s € [0,1]. Furthermore, let ¢ : Ry ~ Ry be the LT of W
o(u) = f(o 00) e "w(x)dx. For ¢ and f, the following functional equation, called Abel’s equation,
holds [1]:

u u
2.1) olu) = f<s0(A)> —ep[2p(L)]. ek
Especially, taking u = 0 or co in (2.1) corresponds in general to the two solutions of the equation
s = f(s): s =1=p(0) or s =n = po(c0) [1, Corollary 1.10.3], respectively. Thus, McLau-

™ (0)

neNo — i u". We consider McLaurin’s coefficient ©(™(0) and

rin’s expansion of the LT ¢(u) = >
characterize the distribution w(x).

The following are the main results of the study.

Proposition 1. ¢ (0) has the following form.:

(2.2) eM(0) = =K, (=p)"~",  for n €Ny,
A
where p = o1 and K, = K, (\) is a positive-valued function defined recursively by
1 =1
23 K=l KXN=— Y < ) N KK, for 022
Pn—1 l

=1
The function K, is irreducible of p, i.e., Ky, is not a multiple of p.

Theorem 2. The p.d.f. w(x) has the Laguerre expansion

(2.4) w(z)=e" > qL(z), xRy
r€Np

in L?(Ry), for a real-valued sequence {q,} € £*(Ng) given by

(2.5) g = Z (;) K;';,“ (=p)™

m=0

The constructed w(zx) is indeed well-defined in L?(R,) as can be seen from the following propo-

sition. In the following, let g, = [q1, 2, -+ ,qn] .
Proposition 3.
(2.6) sup | gn |12 < .
neN
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Application of the Topological Data Analysis to Cosmology
(LT — 5 BITOFHEEADEH)
I B3 02, R — 3, PETE I% 45, A JRER Y, ndd BEAE Y, B WEER Y, N ZRt
Suchetha COORAY’, /% ¥ !
1. £ B RFE AN IR SR T BRI, 2. Rt B e R BB 2 B gE o 2 —,
3. —HERFE = T — AP AU ABFGERY, 4. I RIEBFETE K DX it 2 — 50 A4l EK
FRAEITIERE, 6. 4 BRI E R IREIEAT, 7. [ESL R SCAREEIT I

ST &1, B & RREIWEY A L BEEE), WEWEN DR SEKRARKTH S, SHTITH
TEBLFTRE 2 FH IS TREEFEL TR, Hx o B8

HIC R 5 3 B (TR TOFE 0 L% HAE- T
WA, L LR Y I, M IIEIE KT §
BT, GHTIZTEHI D B P 8 B A A
EHICL>THREL, BERELRTHEDLE~L |
AL LT 70 TH B 1). SHTHEILE RO
DT A2 &, SR OB LT BB b 3
RAFT HHRD THMERBRE T 5. 2 LTHIND g |0 e me o o o
TRk L AELIE 138 (EEOFHEROELOTTHH 4 wrrrmr
WICHEEARBHZOOESDTHLEEZ LN TNS.

P 1d 130 BUBFICDIZ DRI OTERL - L & ) GBI R 2, ZhE TOFH
M FDHIELITE ST ERD, 7—2BRFZORFTFIETH DB T — Z AT
(topological data analysis: TDA)CEEDL 7 70 —FIC X > THERAEN AT L L %
AT D, ARBFFEILRFC, SRR R LR O & W E (FH B TII N U A2 L RS
FHEDOHAEERICE > TELULIHERTHD [N 4 F2HKE) | (baryon acoustic
oscillation: BAO)ASMRITT 43 A0 1 FE IR DWW T 5. XU Ao &M AAER NI 55
H OIEIL B2 0 (WSS R E DS U U T BB I FHIEIRIC L - TEEN G & HIT S

, BUEILERR VIRORE TFH~A 7 v

8000

wol [\ | | Parc T spectum ] 5 5 S (cosmic microwave background: CMB) &
A | LTHEMIEN%. BAO IX CMB D@ b X (HF MY
3 wopf A= E LTCHN, §bEE T — ) &K

f:?x \/Kq,\\\ L7 =27 MUZB W TR bBHE 2 E—
o = 4 , 4 7 LTSN D(E 2). ZOA 7 — L)

ittt BERECELR L BIC, & ORFIREICENT b
1 3517 148 Mpe (1 Mpe = 3.08 X 10% cm) D — R
B 1: Planck i A EHILT- CMB 0050 —2 & & % SOPERN D, BAO ¥ 7 F /L DRI
NI, BB — 75 BAO Thhd, A= VTFHwNT A —Z OHEE DR HEH

A2, [uk?]




TELHEEOOED LIRS TND.

TER, BAO DR HIZIZERAT 4341 D 2 AHBEHBAEC /N T — A7 RV BT E 723,
BAO V7 VTSR DE ST FAZ ) T K> TELD Tz LT 17100 12
LM TH D720, SEHICH B R R 5D T2OIII RS> 7T 7 L— b
DEVERIRENMLETH Y, BUFT HRRKONRE TCHL AT =T VX NVATA Y
— XA (Sloan Digital Sky Survey: SDSS)IZ L > THIOTED L ZF AN S iz, ZOMH
FEOPREITR L TE G T3l <, M7, £ L TR ADRBREFTENRLEN TN D.

Fex X, U OZEM A D b ONMARRTFRIE R AT 5 2 & T BAO ¥ 27 F LDk
HOFH KRS 2T 5 2 L2 B E LT, = AT7 > hARER YV—(PH) Ot
BE4T o7 PHIZ MR a P H LT — ZMEMT(TDA) OO HEGRTH Y, REw U —HEC
SLTELDOHDRTA—HIZETEHZ 74 L —valilioTERIND. BT,
ROAELTER e EOFHMICHERGEREZGED Z LN TELENFFHEATH D, RIS
T, ELEREECEEEEORE LY BRW I AREMN Rl 2 T A—HITE DT LTk
D, ZERNIRTT DIRGE 2 B SET-BRICAE U DS 2 R TT S SIS A Z LN TE 5.

Persistent diagram (w/ bary?n) ] Persistent diagram (w/o bz’l'ryf)n) q:(x‘-“ Ve 6‘j: i ‘a“: TDA @ BAO *ﬁ 'l:bl
g ~ R B E RO RO T, /3
\}‘ VAUEFY - BLO@Y ON K

V3ial—rvaryT—HIZXLT
PH OHREZITo7. ZORER, N
Red: H; (95%) 7 ‘
Blue: i, 05%) I A YADGEICOBHAER 2 K
REBR T —(H), T2 HLHZED

v UEEE R LTE(X 3). E e,
B 3: FHias ol — ar T —EZNnERO T R— 2T *ﬁtﬁéﬂfl H> KEYED RO

M. ZEDBNUAUH, HRRLOEGAEERT.
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i 1X 7 = 150.16+ 8.46 [Mpc] T &
D, BAO OHG L A TH -T2, & 51T, SDSS eBOSS Hr—~_ A2 K-> TH LN ERED
7 —H—BT —Z I LT[Rk
DEN 4T\, Hbo IZ5xF L CF=
146.6+ 2.0 [Mpc] &\ 9 H#EE il 2 45 7=
F AW TIE PH OWEMAT HATV,
Boie H \ZRIGT 5 EBEOFHD
WiEZ LT 5 2 LT L=
4). R AR ICxt L it R opic , ,
b5, TS OFHERERIC Hi, Ho 120 L e
WTOEZEEN L, SR oZefsy45 B 4: SDSS eBOSS 7 —X 1 bH3Rw1- PH (F), LU
CE LA LN fER A RET 2, DIEFRATIZ Lo THL IR 23 A D %f I 1.
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KRB G ESEBOBRERRE & EBRE
RREILKRE KZRREZMER TP BEE'

ERIBERED U 2 7 ERIC W TIE, ARG EMEEECENRBELdEED Y X7 T 7 7
Z—L LT, ZOdEROIEEERZIERBESEECC t A L W oA TIRA S
ZENZ. UL s, ESESBAEIILEMOEIEEIENT <, tEEREIIY A7 77
7 B —0O ETFOEENI U CTRFRRMEBER LRI TE 2. 2070, EFEEEES t#
AU IERIFRMEZ ANTZET YV U 7B L TE TS, AR TIE, EHEBWICHWLND Z
ENZVREN RSB OWIEBIEICONT, d =2 8RICERZ Y TTEET 5. AN
ITEFRENZH LN TV A IEIERMAIE & B2, 99WIRHMEREIRZ I 2 2R EIC ST, Joe
(2014), #3(2020, 2021), Yoshiba, Koike and Kato (2023) DAFFED B R ID » CTHEHEET 5.

—fRIZ, 2EEMERNT FVX = (Xy, Xo) T ORIRE A0 BEEF (xq, 2)1F, BRI G RALE
ThIUL, #0554 5, (xy), F, (x,) & BEABIEC (uy, up) & VT

F(x1,x3) = C(F1(x1)' Fz(xz)) (1)
E—RBICRBITE D, R T MAXDBHBpD 2 ZEAEEIEHSMIIHE D 5h, NI b
AR HBEp D EHBEA BECY (U, uy; p) TH D XA HHEp, BHEVOD 2 Z&Et 5461205 5
A1, fHBp, BHEvD tBEEEC, (U, uy; p, V) BN A S NOHEEBEETHD. MR~ FLX
WZIEMEZ AND &, ZORIFFSMICHNE SN D IEHEG M EZERTE 5.

—7J, 2EEOWBBRIZOWVWTIE, TAXFAT2AMOBEEEEINONLZEbHY,
T2 b DIZ 18T A—=20I2L Y LLUFCT#HEHE 2D Gumbel, Clayton, Frank D& #4503 H 5.

Gumbel Cs(uq,uy; 0) = exp [—{(—ln )% + (=In uz)e}l/e], 6>1 2
Clayton Ce(uq,uy;0) = (ul‘g +uy? — 1)1/6, 6>0 3)
1 e7fu1 —1)(ef2 -1

BEVE BRI IR B e, 8 D UM Ty 285 1 DB EIIRNEBLREA, & 2 W IFA, THEBMHEDR S 28 2 6
o, FEREDN(L,2) DOFEPH THIL, FERBTEBEORS 22 b D, RFEMR 2 LA
BzoWT, Ml - BERIERENOEIERLREAL, Ay D D IR B, 1y (X, Joe (2014) D Table
4.1 L Clayton (Mardia-Takahasi-Clayton-Joe) #2&BAEIZRET % 461 HiDikam &LV, HHEEvD
1 BBt A ET,(OE L TR 1OLIICEEdonD.

FRREp D 2 25 BAEUE IEBIfEF~ 2 hVZ = (Zl,Z“z)T & F I L VIIMNL AR E R e R A Z,, I
MR R T NT A—2ET = (8,,8,) € (1,12 EHWT, 2ELEBMRT MY = (V,Y,) %

Y; = §;|Zo| + /1—5}2}, j=1.2 (5)

© ORBFSEI ISPS BHIFE JP21K01581 7D DB &5 1F TV 5.
T E-mail: tyoshiba@tmu.ac.jp
1



LT 5L, MEYL,OMBEIZpE 20, YIZIERFRIESD 2 2 EIERIFRERLIAASN (p, HIZHEVY, N
BEINDHEARE L U IR IERBEABIE Coy (ug, uy; p, 61, S) DEFR S ND . IEXFRIEREES
B, EREEERE L RIS, BT & bITHIEBMAEIIE r THAMN. TH Y, fBkEIZ>V
TI%, Yoshiba, Koike and Kato (2023) CLL F D X 9 [ZEH I LTV 5.

2
Csy; 04,0, <0) = Csy; 61,0, =2 0) = —— 6
K, (Csn; 61,6 ) = ky(Csn; 61,0, ) T+p (6)
(Csp; 61,65, = 0) =ky(Csy; 61,6, <0) = 2 (7
K1 (Csy; 01,02 2 = Ky(lgn; 01,02 = _1+ﬁ

£ 1 ARNLG2ESHGERORERBH & ERH

?ﬁﬁﬁﬁ -FLE\IJ AL/KL J:{EII AU/KU
2 2
IE*E KLzm KU:KL:m
’(1 -p)v+1)

t Ay = 2Ty4q <— T +p) Ay =4,
Gumbel K, = 21/ Ay =2—21/6
Clayton A, =278 Ky =2

Frank K, =2 Ky =K, =2

2 BEAEF AT RIVY ~ SN(p, 8) & MNLIZ T o~ 3ARINZHE O MERERY ~ G(v/2,v/2) % F
T, X =Y/\VC Azzalini and Capitanio (2003) D IEXIFAR t 2347 (ZHE 5 d A2 BB~ R ILXDMERR &
, WO SN LEEREL LT ACIHEMTR t HA BB Cacse (Uy, uz; p,v, 81, 8) NEFR SND . HH
(2020, 2021) T/RENTWD K 91T, Cacse(Ug, Uy p, v, 81, S EWIVTIEIE T, HEHIEIBARERA,, Ay 13 FE
SIFRMES,, 8,12 K » TR S,

—77, fHEp?D 2 A BFEYEERMERNY FAVZEV ~ G(v/2,v/2) & HINT, FERFRIE ST X —%
ZYy=ULy2) ERZE LT, X=yV 1+ Z/NVICED, —{LA % (generalized hyperbolic) @
FERIFR t D ATNZHE D dEBHEE T MV S, WE S D86 E LT GH FExr t#2
A Copse (Up, Uz; PV, V1, V) NEFESND . ZOBRMEBEEIL, vy =y, =y TOEIr— AT
Yy<0725iE, =1, Ay =0L720, y>0/251F1, =0, 4y =1TH26N5. EHEEMRENE R
THHITMSE DA ORI DO DL, SHOBRETH 5.
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i
AEAFRERIMRAT D 2 < OFEIL, FIHYI 0 B & AR A B VTSI TH D &V S E (AT
T80 ORGE) FTRYTHD. —J, ZORENMN LW (ERTHLEIY ) IERT
XA T ADRIEN AT O SCARICB W TR R ICH#Em STV b, Bz, BT by)
D FIZBIT A Kaplan-Meier #EEEEBD AL T AR LS EwmIN 5D, AWFZETIE, Kaplan-Meier
HEBICRbAHEERTH S, Copula—Graphic HEEBLZREN L, O & ISHE %2R~

¥—U—F: Kaplan-Meier {5 F8 + == 7 - Copula—Graphic HiE® - AFEEK - 2
EARRE « /28T AR v I7RE « AHHU10

1. IZL®IZ

TERFTHEIY | LI, AEAFREHAR L FT B BRI E WIS TRV E 25
25, G OEAFRFRIMNTIX, MYMEOREZBE W TIThD. 20 ENFTHED |
DARGE DN 72 SIVRWN K D Z2fRPE,  EFRFET OJSHIZB W TEBA IS, I
WZBE T 5 IR AR T — F T O XRICBW TR EmI N TE L
(Braekers and Veraverbeke(2005), Emura and Michimae(2017), Staplin et
al. (2015), Xu et al. (2018), Moradian et al. (2019), Schneider et al. (2020,
2022), Deresa and Van Keilegom(2020a, b), Huang et al. (2021), Li et al. (2021),
Lo and Wilke(2010), Deresa et al. (2022)). JMNZFTHH) Y ORE 23 /& S 72\
B, &I LTz Kaplan-Meier #EE 72 S 13 —HME 2 Fiio 7oy (HEE RS Wi N A
T A&FFD) 7o, RN RIS T A RO,

PERITHUVIZ X D HNE S A 7 ZADMFERER DN OiE STV D, R
HEJY FCTRivest and Wells(2001) iZ Kaplan—-Meier #EEE DML /N1 7 A Z fiEHTHY
\ZEH L7=. F72Emura and Chen(2016, 2018) (% Cox [EIFIEDWIIT/ A T A Z ffAT
1Y« BAEAYIZFH~72. Emura and Hsu(2020) 1%, 2 fEAREIZI T DIRELRR ORI N
AT AZEM LTz, ER1(2023) 1%, BAE U AZICX2WBITHU 0 BN LEHERICE
ZDNAT A%y alb— a3y THAE L. Emura et al (2024) [X[K 1 SZBREHHEIC
BT ABENROWENSAA T A2 I 2 —a 0 CHRIELE.  FEROSTOMERE
KT M2 =27 (Nelsen 2006) THAAFREHE L FTHEI 0 KOt EEZET U 7
L, AT ADOMHEEZfHIT L T 5.

AR, WEFTHEUY OEELZar 27 CHRETT27-DIEH X7z Copula-
Graphic #EEmZ AT 5. ZOHEERIE, EFRFH & B0 R OFHEAMNEE 2 =
P CELFFET DI LEICLY, XA TRAOWMNEFEEOHEEZITHI LD TH

R EEEAFZERT, Email:takeshiemura@gmail. com



5. L, EnEICHLE 2 EAKREYE: (Emura and Hsu, 202)) & K FEEREHHEE
(Emura et al.2024) Z#ENT 5.

2. Copula—Graphic #EE & ZDIHH
AKEITIL, MSLATHEIY OH D 4GT — X T OFEARN 7efiii &, Copula-Graphic H
EEOEFRZTHE 2D, £-F0 2BARBE~DISH %251

2.1 Copula—Graphic (CG) HEE
LUR CHAAFRRECHT B Y ORI 7R EFe % 5 %, Copula—Graphic #ERE ERT 5.

QEAMEEZEZD. 2O00OWTAN (=1, DIZBETHMEE(G=1, ..., n;)
DAL Z T, TRL, TOEFEEZ SO =P >t) £75. n 13HE i (2
BILMEEETHL. AFF ni=ny +n, HOEKIZIETHIYLETHD LIETDH. &
Rk Ty B — RBEEE 4 = f;(0)/Si(t) ZFFo LT 5.

500 %E Uy, ZOEAFBEE G(w) :=P(U;>uw) L. 2HO4ELF
T—4% (X, 8;);i=12j=1,...,n EEHKL, ZIT X;:=min(Ty, Uy),
8= I{T;; < Uy}, I} I3RS E 5.

£, Yy(s) =Xy = s}, Yi(s) == XL Yi(s) #EFETD.

WRFTHEIY TT S() 2HETHZ 2B 2 5. LLFTHE, fIHU0 ontEESE
A a7 CETITTHIEICLEY S() #—BHETH I LE2E25.
FT T, & Uy ORESABROTVF AT A 27 THRESND LT 5:

P(T; >t Uj>u) = ¢i_91i[¢i9i{5i(t)} + 0, {G: (W3], =1, 2
ZIT g, () IFEME LI 6, i=1,2, 1INTA—FTHD. EHXLY, &
R THE R R I BIELTH Y, ¢ip,(0) = 00, ¢y, (1) =0 ZiiiET 2.

7 A bR 2 T TEMEIL ¢, () =% -1)/6;, 6,>0 THYH, ZoD=
a7 TOMBEOMS 2R 7> F=V I 19, = 6;/(6; +2) THD. 7~
V2 T CTHEREIL ¢, () ={—log)}*h, 6; 20 THY, & F—/ A
9, = 0;/(6; +1) Th 5.

Rivest and Wells(2001) 1% =T Copula-Graphic i EEAIER L7

ffc(t) = ¢i_91i ¢i9i (%) _ ¢i9i <Yi(:l(.ij)> , 0<t< m]ax(Xij).

j: XijSt, 6Lj=1
ERFEE dip, () = —log(t) LB L, TAFAT A2 ZIIM a2 T &4
L, S =S,(t) = [Tjxy<t8,=1{1 — 1/Y:(X;))} &72%. X-7T, Copula-Graphic #
E &L Kaplan-Meier #ERAY ML LIcHERTH 5.
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1
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& Yix.)—1\ )¢ 7.0 i
e =ep|-( > [{_ log (%)} _ {_ 1og< @ f’))} ]
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ThHz2 b5, ZHHHEERIIR Ny 7 — compound. Cox (Emura et al. 2019a) @
R B84 CG.Gumbel(.), CG.Clayton(.), CG.Frank(.) TatET 2D Z L1 HKS.

Z @ Copula—Graphic #FE&EIL, TTNANIELLFEINTWIVUTAEFEEEY —
BHtE s, INEZIcHL, 2EAREREZITOZENTE S, £, 3HLE
DEER, 22U FORF 2R OEME LS E AT 2 0Both biTo 2T
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TERE RS, BRI, FEEIC CRLT 5.
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Sparse quantile regression via {;-penalty
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1. Best subset selection
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Bs = argmin R, (Bs) 72 Ri(Bs) = ~ > pe(Yi = X[5s), (3)
'S i=1

TERIND. p, T v HimblFoF v ZB, p,=pvn, 1 dFa2—="7
NRIRX—=R  FEERESINIEBERICHEMT 2552 EHTHS. 2L T
A TIIARD 2 DFEEWR -T2, 1Sl (< pu) FERKICHEMNT 2§ 5.
1. ko < |Sol < ki 22D C|Sp| < kg DO TED, &, =k EBLIEGA.
2. |So| BT AIEHIZRL, 4, =1 eBLIGA.
LEDZENRZNDHEITDONT, o FIFEETIERO —BHEICOWTHE L.
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1 Introduction

We propose an extension of the stochastic conditional duration (SCD) model to capture intraday
seasonality patterns in stock trading intervals and an improved Markov chain Monte Carlo (MCMC)
method. The trading time intervals of financial data are known to have very slow-decaying autocor-
relations, and the Ancillarity-Sufficiency Interweaving Strategy (ASIS) overcomes the disadvantage of
instability in estimation by incorporating a centered parameterization of the model. The estimation
results using gold futures tick data from JPX show that trading time intervals for each forward month of
the contract month has a trend of a certain pattern and that the use of ASIS leads to stable estimation

results.

2 Stochastic Conditional Duration Model

Considering the time of the ith transaction 7; and the duration y; = 7,41 — 7; as a product of a latent

valuable «; and a positive random variable ¢;, the SCD model with intraday seasonality is written as:

yi =exp (.8 + ;) e, >0, ie{l,...,N}, (1)
ai:¢ai—l+7]ia niNN(Oaaz)a iG{Q,...,N},
ar ~ N(0,0%/(1—¢%)), o] <1, (2)

z; = (alial) B=(B";8").

Note that the transaction time is normalized to [0,1] (i.e., the market starts at time 0 and ends at
time 1) and both ¢; and 7); are mutually and serially independent in this model. As for the distribution
of the random variable &;, the weibull distribution and the gamma distribution have been used in the

literature. Following Toyabe and Nakatsuma (2022), we use Gamma(~, ) instead of the commonly used



Gamma(y, 1) for computational stability. Thus the probability density function (pdf) of e; and y; are

vel texp(—€)), (Weibull distribution),

Ny = 8!
pleil) I:Z )53_1 exp(—ve;), (gamma distribution),
v

(3)

and
vy " exp (= (2B + i) — ] exp(—y (@B + i) ,
(Weibull distribution),

e = o exp (= (0l + i + i exp(—alf — ). @

(gamma distribution).

To capture the structure of the intraday seasonality of trading time intervals, this model considers that

xP'BP is a Bernstein polynomial

N N
w82 =" Blwri =) Blbrm(Tir) (5)
k=0 k=0
be.m(v) = (Z)vk(l —0)" 7 k=0,...,m, wvel0,1]. (6)

Note that the 7,11, not the time interval y;, is in the equation here. This allows us to estimate the
pattern of intraday seasonality with time as an argument.
By the same method as intraday seasonality, we added the order book information as

LI

x;" = (din, di2, dis, dia, dis) (7)

where d;1 is the price return, d;s is the absolute value of price return, d;3 is the trade volume, d;4 = d;1*d;3
and di5 = di2 * di3.

3 Empirical results

Setting of hyperparameters is as follows.

((ld;, b¢>) = (37 2)7 (a'ra b'r) = (3a 10)) ('Yaa ’Yb) = (3’ 10)

In the proposed model, it is not feasible to estimate the degree of the Bernstein polynomial using
MCMC. We use the widely applicable information criterion (WAIC) proposed by Watanabe (2013) as a

criterion for model selection. The detailed results are omitted here for reasons of space limitation.

4  Conclusions

From the curve depicting the pattern and seasonality of trading time intervals over a two-month period
estimated from the proposed model, it can be observed that, consistently, trading time intervals exhibit an
inverted U-shaped form. This represents an approach that captures the continuous behavior of the most
actively traded futures, previously considered merely for the sake of removing strong autocorrelation. It
aligns with the results of previous research Toyabe and Nakatsuma (2022), showing an inverted U-shaped

intraday seasonality in stock trading.
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