ON BRACKET POLYNOMIALS FOR ALEXANDER-TYPE
INVARIANTS

ATSUSHI ISHII

ABSTRACT. We introduce bracket polynomials for Alexander-type invariants,
including the (multivariable) Alexander polynomial and quandle twisted Alexan-
der invariants. The bracket polynomials provide an elementary diagrammatic
proof of the invariance of the (multivariable) Alexander polynomial and a sim-
ple definition for the quandle twisted Alexander invariant satisfying a certain
condition.

1. INTRODUCTION

The Kauffman bracket [10] provides a simple definition and an elementary proof
of the invariance of the Jones polynomial [8]. In this paper, we introduce counter-
parts of the Kauffman bracket for Alexander-type invariants, including the (mul-
tivariable) Alexander polynomial and quandle twisted Alexander invariants with
fi+ f2 = 1. A quandle twisted Alexander invariant [6] is a family of invariants
constructed by fixing a quandle and its linear extension.

The multivariable Alexander polynomial is an invariant of an ordered oriented
link, while a quandle twisted Alexander invariant is an invariant of a pair of an
oriented link and its quandle representation. In Section 2, we begin with the
Alexander-Conway polynomial [1, 2] to become familiar with the bracket poly-
nomials in our framework. Before introducing the bracket polynomial for the
multivariable Alexander polynomial in Section 5, we present its quandle twisted
version in Section 4, since an ordered oriented link can be regarded as an ori-
ented link equipped with a quandle representation. In Section 3, we recall the
notions of a quandle [9, 12], an Alexander pair [5], a column relation map [4] and
a row relation map [3]. A quandle is an algebraic structure whose axioms corre-
spond to the Reidemeister moves on link diagrams. The other notions are used
to define the quandle twisted Alexander invariant, which is a generalization of the
Alexander—Conway polynomial, the multivariable Alexander polynomial and the
twisted Alexander polynomial [11, 14]. A quandle twisted Alexander matrix is de-
fined using an Alexander pair (f1, f2), which is a pair of maps corresponding to a
linear extension of a quandle. The row relation map and column relation map also
yield matrices which annihilate the quandle twisted Alexander matrix from the left
and right, respectively. In Section 6, we recall the definition of the quandle twisted
Alexander invariant, and in Section 7, we show that the quandle twisted version
of the bracket polynomial coincides with the determinant of a generalized quandle
twisted Alexander matrix of a diagram with vertices. In Section 8, we demonstrate
that the Rp-twisted Alexander invariant can be recovered from the quandle twisted
bracket polynomial, and in Section 9, we present several properties of the invariant.

In the rest of this section, we provide an overview of the results of this paper
with minimal introduction of terminology. See Sections 2, 3 and 6 for the precise
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(n,n)-tangle T

FIGURE 1. An (n,n)-tangle and its closure

definitions of unfamiliar terms. Throughout this paper we work in the piecewise
linear category.

An (n,n)-tangle is a tangle with n top endpoints and n bottom endpoints as
depicted in the left picture of Figure 1. In this paper, a tangle may contain vertices
other than endpoints. We call such vertices inner vertices. Throughout this paper,
we assume that an inner vertex is of indegree 1 and of degree 1,2 or 3. A tangle is
classical if it has no inner vertices. In this paper, a graph and a tangle may contain
circle components, which have no vertices. In particular, a (0,0)-tangle is a link.
We denote by T the closure of an (n,n)-tangle T (see Figure 1). For a diagram D
of T', we denote by D the diagram of T as depicted in Figure 1. A tangle is cyclic
if its underlying graph contains a cycle. A tangle is acyclic if it is not cyclic, that
is, its underlying graph is a disjoint union of trees.

Definition 1.1. Let D be a diagram of an oriented uni-trivalent (n,n)-tangle. We
define (D) € Z[t*'] by the local relations

V=) Qr O (X0
0= QR+

and, for a diagram D without crossings,

(D) = 1 if D is a diagram of an acyclic tangle,
|0 if D is a diagram of a cyclic tangle.

Let T be an oriented classical (n,n)-tangle, and let D be a diagram of T. We
define the rotation number rot(D) of D to be the total rotation angle of the tangent
vector on D divided by 27. The writhe wr(D) of D is the total number of positive
crossings minus the total number of negative crossings of D. We then have rot(D) =

~ ~

rot(D) — n and wr(D) = wr(D).

Theorem 1.2. Let T be an oriented classical (n,n)-tangle. Let D be a diagram of
T. Then

rot(D)+wr(D)
t— = (D)
is invariant under the Reidemeister moves. In particular, for an oriented classical
(1,1)-tangle T, we have
rot(D)+wr(D)
2

Ap(t) =t (D),

where Ap(t) is the Alexander—Conway polynomial of an oriented link L.
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Let T be an oriented (n,n)-tangle, and let K1, ..., K, be the connected compo-
nents of T. Let D be a diagram of T. We denote by A(D) the set of arcs of D,
where an arc of D is a piece of a curve each of whose endpoints is an undercrossing
or a vertex. Suppose that T is classical. We denote by A(D; K;) the set of arcs of
D that originate from K;, and denote by C(D; K;) the set of crossings of D whose
under arcs originate from K;. We define wr(D; K;) := > .cc(p.x,) sen(c). We then
have wr(D) = >"!_, wr(D; K;).

Definition 1.3. Let D be a diagram of an oriented 1,2, 3-valent (n,n)-tangle T,
and let p : A(D) — Z~ be a map. We define (D, p)) € Z[t5-},t5",...] by the local
relations

P AR AW A AR W
=0l )+

and, for a diagram D without crossings,

1 if D is a diagram of an acyclic tangle,

((D,p)) = {

0 if D is a diagram of a cyclic tangle.

A colored classical (n,n)-tangle is a pair (T, p) of a classical (n,n)-tangle T and
amap p: {Ki,..., K.} = Zso, where K1, ..., K, are the connected components of
T. An ordered classical (n,n)-tangle is a colored classical (n,n)-tangle (T, p) such
that p(K;) =i forany i € {1,...,r}. We often write T' = Ty U- - -UT, for an ordered
classical (n,n)-tangle (T, p) by omitting p. The multivariable Alexander polynomial
Ap(ty,...,t,) is an invariant of an ordered oriented link L = Ky U---UK,. Let D
be a diagram of T. A map p: {K1,..., K.} = Z~¢ induces a map from A(D) to
Z~0o which sends o € A(D; K;) into ,0( ;). We denote the map by the same symbol
p: A(D) = Zso.

Theorem 1.4. Let (T, p) be a colored oriented classical (n,n)-tangle, and let D be
a diagram of T'. Let K1,..., K, be the connected components of T'. Then

roc(D(K D we(DikKy)
E e (D, p))
i=1
is invariant under the colored Reidemeister moves. In particular, for an ordered
oriented classical (1,1)-tangle T =T, U---UT, such that T is a strand connecting
the end points of T, we have
- rot(D(K;))+wr(D;K;)

[liey ti ’ ((D,p))

/2 ,—1/2
tj —tj

Af(tl, ceyty) =

Let R, = (Z/pZ, <) be the dihedral quandle of order p, where the binary opera-
tion is given by a<b = 2b — a.

Definition 1.5. Let p be an odd prime number, and let F := Q(v/—1)[t]/(t*~! +
<-4+ 1). Let D be a diagram of an oriented 1,2, 3-valent (n,n)-tangle T, and let
p: A(D) — R, be a map. We define ((D, p)) € F by the local relations

)= L G ()
) G G )
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and, for a diagram D without crossings,

1 if D is a diagram of an acyclic tangle,

((D,p) = {

0 if D is a diagram of a cyclic tangle.

We denote by Q(L) the fundamental quandle of an oriented link L. Let @ be
a quandle. A quandle representation p : Q(L) — @ induces an @Q-coloring of a
diagram D of L, which we denote by the same symbol p : A(D) — Q. We also use
the same symbol p : A(D’) — @ for the restriction of the Q-coloring p : A(D) — Q
to a subdiagram D’ of D, which is a part of D.

Let L be an oriented link, and let p : Q(L) — R, be a quandle representation.
Suppose p is trivial. Let D; be a diagram of a (1,1)-tangle whose closure is L.
Suppose p is nontrivial. Let Dy be a diagram of a (2, 2)-tangle whose closure is L
such that the images of p on the top endpoints of D5 are distinct elements a,b € R,,.
We then define
—EB B D oYY f p s trivial,
Ap(L;p) = { (=)~ =252 (D, )

(= — 1)

if p is nontrivial.

Theorem 1.6. Let T be an oriented classical (n, n)-tangle, and let D be a diagram
of T. Let p: A(D) — R, be a quandle coloring. Then

rot(D)+wr(D)
2

(=1~ ((D,p))

is invariant under the colored Reidemeister moves. Furthermore, for an oriented
r-component link L = K1 U---UK, and its quandle representation p : Q(L) — R,
we have

Ap(L,p) = (1) AL(-1)
if p is trivial, and we have
Ap(Lyp) = (=1)PHNEN(t — 24 47 )A(L, p; fr, f2:0,1)
if p is nontrivial, where k(L) := 37, (K3, Kj) and A(L, p; f1, f2;0, 1) is the nor-
malized quandle twisted Alevander invariant with fi(a,b) = —t*~ and fo(a,b) =

th—e 1 1.

Proposition 1.7. We have

== 60

Ap 5 p| = (=174,

av%vb a b
oo 2 ) (O40)
s () )
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forn € Z and any distinct elements a,b € R,, where the n crossings indicates —n
negative crossings if n < 0. For a,b,a;...,a, € Ry, we have

a

a b
1 .
5(()=r s Q) -y vor
aq 079
JANS <© Q) =0 ifr>3ora; =a; for somei #j.

Using the properties in Proposition 1.7, we have the following calculation exam-
ple.

Example 1.8. Tor a,b,c € R,, we have

a b ¢ 0 e (a#b#c),
P . : — e
S Tt (a=bo),
b p2 (a:b:c)’
a b c 0 i (a#b+#c),
A p{/; @ _ W (a;ﬁbzc)’
P : : — N
R e (a=b+#¢),
’ p? (a=b=c).

We remark that these two knots are generalization of the granny knot and square
knot and can be distinguished by the invariant A,,.

2. A BRACKET POLYNOMIAL FOR THE ALEXANDER—CONWAY POLYNOMIAL

A tangle is a graph embedded in I® such that the intersection of the graph and
the boundary of I is a union of several univalent vertices of the graph. We call a
univalent vertex on the boundary an endpoint of the tangle and call a vertex in the
interior an inner verter of the tangle. A dy,...,dg-valent tangle is a tangle, each
inner vertex of which has valency dy,...,d,—1, or d,. An (m,n)-tangle is a tangle
with m top endpoints and n bottom endpoints.

The Alexander—Conway polynomial Ay, (t) of an oriented link L is characterized
by the following:

e For the trivial knot O, we have A (t) = 1.
e The skein relation A (t) — A\ (t) = (t'/2 —t71/2) A\ /(t) holds.
AT TX ) (

The bracket (D) introduced in Definition 1.1 is also defined as a state sum, which
ensures that the bracket is well-defined. We denote by C(D) the set of crossings
of D. We denote by sgn(c) the sign of a crossing c. A state o of an oriented uni-
trivalent (n,n)-tangle diagram D is an assignment of an element of {0,1,—1} to

each crossings:
KX ) (K
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o= X X
TN N
FiGURE 2. Top endpoints are connected

which is a map from C(D) to {0,1,—1}. We denote by S(D) the set of states of
D. For a state o, we define the weight wt(c; o) of a crossing ¢ by

1 if o(c) = sgn(e),
wt(c;o) = =582 if g(c) = —sgn(c),
L i o(c) 0.

We denote by D, the digram obtained from D by replacing each crossing with

) o= X
, , or
according to 0. We then have
(Dy= >[I wt(o)s(Ds), (1)
oeS(D) ceC(D)
where

5(D,) = 1 if D, is a diagram of an acyclic tangle,
7 0 if D, is a diagram of a cyclic tangle.

From the state sum formula (1), we have the following lemma.

Lemma 2.1. We have

(== CAD-UAL
()= (G =0 meo

| —

n n
Proof. 1t is easy to see the equalities for diagrams without crossings. From the state
sum formula (1), we have the equalities for any oriented uni-trivalent (n,n)-tangle
diagrams. O

Lemma 2.2. We<§“”6<> X <;> _ <><> + <><>

Proof. Tt is sufficient to show the equality for diagrams without crossings. If the
two top endpoints of the tangles are connected by a path outside the tangles as
shown in Figure 2, we have

=00 000X

which imply the desired equality. In a similar manner, we have the desired equality
in the following cases:
(a) The two bottom endpoints of the tangles are connected by a path outside
the tangles.
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(b) The two left endpoints of the tangles are connected by a path outside the
tangles.

(¢) The two right endpoints of the tangles are connected by a path outside the
tangles.

If no two of the endpoints of the tangles are connected by a path outside the tangles,

Q0000004
B0 BN ()
(48, = Yeu)

Proof. By Lemma 2.1, we have

)= () OO OO0 =)

In a similar manner, we have the other equalities. O

Lemma 2.4. We have

=)

Il
—
™
\/
~+
L
—

N

Proof. By Lemma 2.1, we have

S PAZ S

In a similar manner, we have the other equalities. O

( ></%>

Proof. By Lemmas 2.1 and 2.4, we have the equality. O

Lemma 2.5. We have




— ~_ — A ~ —
<~ XA (g
= =
bv l,t /,.L\ 1_A ~_— W \
~_— | | i \
Il | Il 1 ~_—
S0 8 XL O i
. _/ e \/ % e
~_— ~— ~_— ~_—
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Proposition 2.8. We have

(G- {e)

for any oriented classical (2,2)-tangle T

Proof. By Propositions 2.6 and 2.7, we have

Gz =+ +0 O

for some a, B € Z[t*'/?]. We then have

(E2)-+{0p-+{))-~(0)-{5z5)

which imply the desired equality. O

Proof of Theorem 1.2. Let T be an oriented classical (n,n)-tangle. Let D be a dia-
rot(D)+wr(D)
2

gram of T. By Proposition 2.6, ¢
moves.

Let L be an oriented link, and let T' be an oriented classical (1, 1)-tangle whose
closure is L. Let D be a diagram of T'. We define

(D) is invariant under the Reidemeister

X(L) — trot(D);wr(D) <D>
By Proposition 2.8, X (L) does not depend on the choice of the oriented classical
(1,1)-tangle T whose closure is L. By Proposition 2.7, X (L) satisfies the skein

relation R (X) . (X) — (12 _t—1/2)X< ) :

We then have

Ar(t) = X(L),
since both satisfy the same skein relation and A (t) = 1 = X (). Therefore we
have

~ rot(D)+wr(D)
2

Az(t) = X(T) =727 (D).

3. QUANDLES AND ALEXANDER PAIRS

In this section, we will briefly recall quandles and Alexander pairs. For details,
we refer the reader to [3, 4, 5]. Throughout this paper, for a positive integer n, we
denote the cyclic group Z/nZ of order n as Z,.

A quandle [9, 12] is a non-empty set @) equipped with a binary operation < :
Q@ x Q — @ satisfying the following axioms:

e Foranya € Q, a<a = a.

e For any a € @, the map <a : Q@ — @ defined by <a(z) = xz <a is bijective.

e For any a,b,c € Q, (a<b)<c=(a<c)<(b«c).
We denote by (<a)™ : Q@ — @ by <"a for n € Z. Then R, = (Z,,<) is a quandle,
where a <b = 2b — a. A trivial quandle is a quandle Q with a binary operation
< satisfying a <b = a for any a,b € Q. Let (Q1,<1) and (Q2,<2) be quandles.
A quandle homomorphism from @1 to Q)2 is defined to be a map f : Q1 — Q-
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FIGURE 4. Colored Reidemeister moves

satisfying f(a <y b) = f(a) <2 f(b) for any a,b € Q1. A quandle representation p of
a quandle X into a quandle @ is a quandle homomorphism p: X — Q.

Let @ be a quandle. Let D be a diagram of an oriented classical (n,n)-tangle T.
A Q-coloring of D is a map C : A(D) — Q satisfying the condition

Cu.) < C(ve) = Clwe)

for each crossing ¢ € C(D), where u., v, and w, are the arcs forming the crossing
¢ as shown in the left picture of Figure 3. Here, the normal orientation is obtained
by rotating the usual orientation counterclockwise by 7/2 on the diagram. A Q-
coloring is trivial if it is a constant map. A colored classical (n,n)-tangle is an
oriented classical (n,n)-tangle T with a Zsg-coloring p, where Z( is a trivial
quandle. We denote by Colg(D) the set of Q-colorings of D. Let D’ be a diagram
of T obtained by applying a single Reidemeister move to D. Then, each Q-coloring
C of D has a unique @Q-coloring C’ of D’ that coincides with C' except in the disk
in which the move is applied. This gives a one-to-one correspondence between
Colg(D) and Colg(D’). The colored Reidemeister moves are listed in Figure 4,
which are the Reidemeister moves with corresponding @Q-colorings.

For a quandle (Q,<), a Q-set is a non-empty set Y equipped with a map < :
Y x Q — Y satisfying the following axioms:

e For any a € Q, the map <a : Y — Y defined by <a(y) = y <a is bijective.
e For any y € Y and a,b € @, we have (y<a) <b= (y<b)<(a<d).

The associated group As @ of a quandle @ is a group defined by the presentation:

(z (xeQ)|zay=y oy (z,y €Q)).



ON BRACKET POLYNOMIALS FOR ALEXANDER-TYPE INVARIANTS 11

Then As@ is a Q-set with y <a = ya. Let (Y1,<1) and (Ya,<2) be Q-sets. A
Q-set homomorphism from Y7 to Y3 is defined to be a map f : Y7 — Y5 satisfying
fly<ia) = f(y)<ea for any y € Y7 and a € Q. Let D be a diagram of an oriented
link L. We denote by SA(D) the set of semi-arcs of D, where a semi-arc is a piece
of a curve such that the endpoints of the piece are crossings. We denote by R(D)
the set of complementary regions of D. For a semi-arc «, we denote by r(«) and
r’(«) the regions facing the semi-arc « as shown in the right picture of Figure 3.
For an arc «, we set r(a) := r(ap) and 7'(«) := r'(ap), where «q is the semi-arc
that originates from the arc o and shares its initial point with the arc . Let Y be
a @-set. A Qy -coloring py of D is an extension of a @)-coloring p of D that assigns
an element of Y to each region of D satisfying the condition

py (r(@)) apla) = py (' (a))

for each semi-arc a € A(D), where the color p(a) of a semi-arc « is defined by
the color of the arc from which the semi-arc originates. We denote by p the Qas -
coloring that is the extension of p satisfying p(rout) = 1, where oyt is the outermost
region of D.

Let @ be a quandle, and let R be a unital ring. The pair (f;, f2) of maps
fi,foa 0 @ x Q@ — R is an Alexander pair [5] if f; and fy satisfy the following
conditions:

e Forany a €Q, fi(a,a) + fala,a) = 1.
e For any a,b € Q, fi1(a,b) is invertible.
e For any a,b,c € Q,

fila<b,c)fi(a,b) = fi(a<c,b<c)fi(a,c),
fila<b,c)fa(a,b) = fala<e,bac)fi(b,c), and
fala<b,c) = fila<c,bac)fala,c) + fala<e,bac) fa(b, c).

Assuming that fi(a,b) + f2(a,b) = 1 for any a,b € @Q, we have the last equality
follows from the other conditions, since we have

fila<ce,bac)fa(a,c) + f2(a<e,bac)fa(b ) — fa(a<b,c)
= —fl(a<lc,b<lc)f1(a7c) - f2(a<lc,b<c)f1(b7c) +f1(a<1b,c)
= —fi(a<b,c)fi(a,b) — fi(a<b,c)fa(a,b) + f1(a<b,c) = 0.

Let (f1, f2) be an Alexander pair. A column relation map feol : @ — R is a map
satisfying

fcol(a < b) = fl(aa b)fcol(a) + f2(av b)fcol(b)

for any a,b € Q. For each ¢ € @, the map feco1 : @ — R defined by feoi(a) =
fa(a<™te c) is a column relation map ([4]).

Let (f1,f2) be an Alexander pair. Let Y be a Q-set. A row relation map
frow : Y X Q@ — R is a map satisfying

frow(yva) = frow(y<b7a<]b)fl(aab)v and
frow(yqawb) = frow(yab) + frow(ydbaa<b>f2(a7b)

for any a,b € Q and y € Y. Let Y be the @Q-set @ x R* with (y,2)<a := (y <

a, fi(y,a)z). Themap frow : Y XQ — R defined by frow ((y,2),a) = 271 f1(y,a) " f2(y, a)
is a row relation map ([3]). For each ¢ € @, the map fiow : AsQ X Q — R defined

by frow (Y, @) = frow(®@e(y),a) is a row relation map, where ¢, : As@Q — Y is the
@-set homomorphism satisfying ¢.(1) = (¢, 1).



12 ATSUSHI ISHII

4. A BRACKET POLYNOMIAL FOR AN (f1, f2)-TWISTED ALEXANDER INVARIANT
WITH fi+ fo=1

Definition 4.1. Let @ be a quandle, and let R be a commutative ring. Let (f1, f2)
be an Alexander pair of fi, fo : @ X Q — R satisfying fi(a,b) + f2(a,b) = 1 for any
a,b € Q. Let D be a diagram of an oriented 1,2, 3-valent (n,n)-tangle T, and let
p: A(D) = Q be a map. We define ((D, p)) € R by the local relations

e =m0+ (A0 waen ( 0)
a2 et () £ raen () ()

and, for a diagram D without crossings,

1 if D is a diagram of an acyclic tangle,

0 if D is a diagram of a cyclic tangle.

((D,p) = {

Let D be a diagram of an oriented classical (n,n)-tangle T', and let K1, ..., K, be
the connected components of T'. Let D(K;) be the diagram of K; that is obtained
by removing the other connected components from D. We then have rot(D) =

22:1 rot(D(K;)).

Proposition 4.2. Let T be an oriented classical (n,n)-tangle, and let D be a
diagram of T. Let p : A(D) = Q be a quandle coloring. We fix w1, ...,w, € R so
that w; = f1(p(a), p(a)) for some o € A(D; K;). Then

(-

is invariant under the colored Reidemeister mowves.

(D, p))

rot(D (K, ))+W1(D(K ))+1>

We remark that fi(p(«), p(«)) does not depend on the choice of the arc «, since
Fi(ple), pl(a)) = fi(p(a) ac, p(a) ac) follows from f1(a<a,c)fi(a,a) = fila<c,as
¢) f1(a,c).

The bracket ((D, p)) introduced in Definition 4.1 is also defined as a state sum,
which ensures that the bracket is well-defined. A state o of D is an assignment of
an element of {0,1, —1} to each crossings:

S IO

which is a map from C(D) to {0,1,—1}. For a state o, we define the weight wt(c; o)
of a crossing ¢ by
1 if o(c) = sgn(c),
wt(c;0) = § filp(uc), p(ve))# 9 if o(c) = —sgn(o),
—filp(uc), p(ve)) 8™ if o(c) = 0.

We denote by D, the digram obtained from D by replacing each crossing with

A GLDN

according to 0. We then have

(=3 I wico)sD,),

0€5(D) ceC(D)
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where
5(D,) = 1 if D, is a diagram of an acyclic tangle,
77710 if D, is a diagram of a cyclic tangle.

In a similar way as in Section 2, we have the following lemmas and proposition.

Lemma 4.3. We have

=0 ===
(A A A A G-
(AU A (GG

n n
forae @, me{0,1,2} and n > 0, where we omit colors of the arcs. There are no

restrictions between the omitted colors other than the requirement that the colors of
the corresponding endpoints are the same.

Lemma 4.4. We have

A N P A

Lemma 4.5. We have

(X )= ) (=0
(oGO Lpernen )

S A BB Sl
e
o ><me>,
af” \b a af” \b
ba—la >’

c

a /b

b
a\_ Ab a b
oo { Surn)={ u >
<b<1a >

<a\ b a b
C C C

a<1b>:< >:f1(b,a)_1
fora,b,c € Q.
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Lemma 4.7. We have
b

c b c
d
E4
\yb<10 d<c bac dse
b c

~ (0.0~ fla.) | { /< D —< l>

c  bac d<c

forb,c,d € Q. ¢ bae d«c
Proposition 4.8. We have
(0)-seal |3 (X0)- ()
a “ /a "
(O sea (| (O)-()
a a\v

()

a b a b a b a
N | J/ N
b

¢ bac (a<b)<e ¢ bac  (a<ic)<(b<c)
fora,b,c e Q.
Proposition 4.2 follows from this proposition.

Proposition 4.9. Let T be an oriented classical (n,n)-tangle containing a split
link component L, which is a link component of T with a 2-sphere separating L
from T — L. Let D be a diagram of T. Let p : A(D) — @ be a quandle coloring.
Then, we have {(D, p)) = 0.

Proof. By Proposition 4.8, we may assume that D = Dp_p U Dy, that is, there
is a circle separating L from T — L on the diagram D, where Dp_; and Dy, are
diagrams of T'— L and L, respectively. Since any state of Dy, has a cycle, we have
(D, p)) = 0. O

5. A BRACKET POLYNOMIAL FOR THE MULTIVARIABLE ALEXANDER POLYNOMIAL

Let Q := Zs¢ be the trivial quandle, and let R := Z[tF',t5',...]. Let (f1, fa)
be an Alexander pair of maps fi, fo : @ x @ — R defined by fi(a,b) = t;l and
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fa(a,b) = 1 — t;l. Then, the bracket polynomial introduced in Definition 4.1
coincides with the bracket polynomial introduced in Definition 1.3. In this section,
we discuss this bracket polynomial ((D, p)).

Lemma 5.1. We have

a b
\ a a a
(O)-we () Oreer(Gpem(pd)
\ /b a b a b a b
() (yrn-a(3yro-(3)
;. a b a b
for a,b € Zwyg.
Proof. Using Lemmas 4.3 and 4.6, we have the equalities. O
Proposition 5.2. We have a .
() () -wmmwn() ()
a\ b a /b a b
ta<§>+tbl<Q> (ta+1t; ") < (3)
N v
b ¢ a\(b c a
+ ag

HJ >b, .
wff] Jod

a M R
(-

for a,b,c € Z~q, where

~— \/X
A/
~—

a1 = tatpte — tate + tpte — T, ag = —talpte — taly + tate + Lo,
a3 = toty, — tpte, g = —tg +ty — tat, ' + byt
a5 = —toty +t, e — ty + to, g = tat ' —t; M.

Proof. Using Lemma 5.1, we have the equalities. O
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Proposition 5.3. We have

a b
()
a b

for any oriented classical (2,2)-tangle T.

Proof. By Propositions 4.8, 4.9 and 5.2, we have

a b a b a b
o S
()] v
b R
a b
for some «, 8 € Z[tflm,t;d/g, ...]. See [13]. We then have
b [,
() v
! b ZT) b
C R RN
b
which imply the desired equality. O

Proof of Theorem 1.4. Let (T, p) be a colored oriented classical (n,n)-tangle, and
let D be a diagram of T'. Let Ki,..., K, be the connected components of T. By
Proposition 4.2,

(s T

rot(D (K ;) fwr(D:K;) (K LK) =1 rot(D(I;)) twr(D(K;))+1
2 — 2 2
tp(Ki) {(D,p)) = tp(Ki) tp(Ki) ((D,p))
i=1 i=1 i=1

is invariant under the colored Reidemeister moves.

Let L be an oriented link, and let T" be an oriented classical (1, 1)-tangle whose
closure is L. Let D be a diagram of T'. Let K1, ..., K, be the connected components
of T such that T} is a strand connecting the end points of 7. We then define

rot(D(K;))+wr(D;K;)
T 2

X(va) — Hi:l ti <(D7p)>

/2 =172

t] J

By Proposition 5.3, X (L, p) does not depend on the choice of the oriented classical
(1,1)-tangle T' whose closure is L. By Proposition 5.2, X (L, p) satisfies the skein
relations obtained from (2)—(5) by replacing (D) with X (D) and the coefficients

2t P 1) ey 7Y (ta 1), 0y, £ (1 — 85 Y) with 1, 1,
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(b —ta'7), 1,1, (2% + 42 201?), Br, . By (0% = t21?), where
By = t}l/Zt;/z _ t(ll/ztb—l/2 + t;l/Zt;/z _ t;l/th_l/z,
By = P P
53 _ t[11/2tc—1/2 _ t;l/Qti/27
Ba
B = —tatll,/2tc_1/2 +t;1t;1/2ti/2 _ tl1)/2t6_1/2 + t;l/Qtiﬂ,
Bo = tat, " —tg te.

2R R g2y LR 122y

By the definition of X (L, p), we have
J

A(O)-{p)-gim

By Proposition 4.9, we have X (L, p) = 0 for any split link L. Then, by [13, Theorem
7.2], we have Ap(t1,...,t,) = X(L). Therefore, we have

rot (D (K;))+wr(D;K;)
2

. it D,p
Ap(ty,...,t) = X(T) = Loy 12 ,—1/2 . )>
tj ftj

6. THE QUANDLE TWISTED ALEXANDER INVARIANT

In this section, we recall an equivalence relation on triples of matrices and their
row and column relation matrices, and see how to obtain the triples from an oriented
link and its quandle representation. For details, we refer the reader to [6].

Let R be a unital ring. We denote by R* the group of units of R. We denote
by M(m,n; R) the set of m x n matrices over R and denote by GL(n; R) the set of
n x n invertible matrices over R. For A = (a;;) € M(m,n; R), ¢ = (i1,...,is) and
j = (.j17 s 7.jt)7 we define

Aiygjy 0 Qiggy
Aij =
Qigjy "0 Qiggy
Let S, be the symmetric group on {1,...,n}. We denote by sgno the sign of
oc€S,. Puum:=(1,...,n). For o € S, we set

o(i1y. .. i) = (0(i1),...,0(is)),
(il,...,is)+k = (21 +I€,7’Ls+k)
Let A € M(d+ m,d+ n;R), where d,m,n > 0. We call B € M(m,d+ m;R)
a row relation matriz of A if BA = O. A row relation matrix B € M(m,d +
m; R) is reqular if B ,(m) is invertible for some o € Sqiy,. We call C € M(d +
n,n; R) a column relation matriz of A if AC = O. A column relation matrix
C € M(d+n,n; R) is regular if Cr(z) 5 is invertible for some 7 € Sqy,. We define

P, E;j(r),Ei(u) € GL(n; R) by

Rj = (61, .. .,67;_1,6]‘,61'4_1, .. .,6]'_1,61‘,6]'4_1, .. .,en),

)
Eij(’l") = (817...7€j,17€j +T€i,€j+1,...,en) (’L 7&]),
Ei(u) = (e1,...,€i—1,u€;, €i11,...,€y)
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FIGURE 5

for r € R and u € R*, where e; is the unit column vector whose components are
all 0, except the ith component that equals 1. We write (B, A,C) ~ (B, A’,C") if
they are related by a finite sequence of the following transformations:

* (B,A,C)« (BE;(r)~", Ei(r A, C) (r € R),

e (B,AC)+ (B AE;; ()Ej() 1C) (r € R),

* (B,A,C) < (BE;(u ) (A)‘IAE (C) Ej(u)™*C) (u € R¥),
oo (8 0. (3 °).(5)

Let R be a field. Let A € M(d+ m,d+n;R). Let B € M(m,d + m; R) be a
regular row relation matrix of A, and let C' € M(d + n,n; R) be a regular column
relation matrix of A. We choose o € Sy and 7 € Syyy so that B o) and
Cr(m)m are invertible. We then define

sgn o sgn 7 det A0(3+m),7(3+n)

A(B,A,C) :=
( B ) det Bmyg(m) det Cﬂ,—(ﬁ)vﬁ ’

which is an invariant of the equivalence class of (B, A, C).

Let @ be a quandle and R a unital ring. Let (f1, f2) be an Alexander pair of
maps f1,fo:Q xQ — R. Let L =K; U---UK, be an oriented r-component link,
and let p : Q(L) — @ be a quandle representation. Let D be a diagram of L such
that every component has an undercrossing. Let ci,...,c, be the crossings of D.
We denote by z; the arc starting from a crossing ¢; for each i (see the left picture
of Figure 5). We denote by u;, w; and v; the under-arcs and over-arc, respectively,
of a crossing ¢; such that the normal orientation of v; points from u; to w; (see the
right picture of Figure 5).

We define A(D, p; f1, f2) as the n x n matrix whose (¢, j)-entry a,; is given by

aij = 6(ui, x;) f1(ai, bi) + 6(vi, ;) f2(ai, bi) — 6(wi, x5),
where a; = p(u;), b; = p(v;), and

1 ifzx=y,
6(x,y) :={ Y

0 otherwise.

We denote by C; (D) and C_(D) the sets of positive and negative crossings of
D, respectively. We denote by #S the number of elements of a set S. We fix
Wi, ..., wr € R so that w; = f1(p(a), p(a)) for some a € A(D; K;). We define

_— _ (AD,p; f1, f2) 0
A(D, p; f1, f2) := ( 0 o cor(D,P;fl,fz)1>7

where

#C4 (D) d rot (D (K,))+wr(D(K;))+1
cor(D, p; f1, f2) = (~1)#+P) ] ; M Ao

i=1 ceC_(D)
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V; U;
C; &
sgn(c;) = 1 sgn(c;) = —1
FIGURE 6
For column relation maps feol,1,- - -, fool,m : @ = R, we define

Jeara(p(z1)) -+ feolm(p(21))
Rei(D, p; feol1s - -+ feolym) == : :
fcol,l(P(l'n)) cee fcol,m(ﬂ(wn))

We denote Reol(D, p; feol 1y -« - feolm) DY Reol(D, p; feol) for short. We define

Reol(D, p; fool) = (RCOI(D(’)/)§ fc01)) .

We define r; := r(a(w;;c;)), where a(w;;¢;) is the semi-arc that originates from
the arc w; and is incident to the crossing ¢; (see Figure 6). For row relation maps
frow,15- ), frowm : As@Q x Q — R, we define

Rrow(Dv P frow,la R frow,m)

Sgn(cl)frow,l(ﬁ(rl)vp(wl)) e Sgn(cn)frow,l(ﬁ(rn)ap(wn))
Sgn(cl)frow,m(ﬁ(Tl)ap(wl)) e Sgn(cn)frow,m(ﬁ(rn)vp(wn))

We denote Ryow (D, p; frow,1s - - - 5 frow,m) BY Rrow (D, p; frow) for short. We define

Er\(_)v/v(Dap§ frow) = (Rrow(Dap§ frow) 0) .

Definition 6.1. Let a1,...,a, € R. Let fe; : @ — R be the column relation
map defined by feori(z) = fo(xr <! as,a;). Let Y be the Q-set Q x R* with
(y,2)<a := (y<a, fi(y,a)z). Let fiow : Y X Q — R be the row relation map defined
BY foow ((4:2),0) = 2 fi(y,0) " foly,@). Let frowi : AsQ x Q — R be the row
relation map defined by frow.i(¥, %) = frow(@a, (y), ) is a row relation map, where
Ye : As@Q — Y is the Q-set homomorphism satisfying ¢.(1) = (¢,1). We then
define

A(L7p7 flaf?;a‘l7~ . -;am)
= A(E;O;<D?p; .frow)vAv(Dvp; f17f2>71§;o/1(D,,0§ fcol))-

7. MATRICES OF A DIAGRAM WITH VERTICES

In this section, we extend the definition of A(D, p; f1, f2) to a diagram D with
vertices and show that its determinant gives the bracket polynomial.

Let @ be a quandle, and let R be a commutative ring. Let (f1, f2) be an Alexan-
der pair of fi,fo : Q x Q@ — R. Let D be a diagram of an oriented 1,2, 3-valent
(n,n)-tangle T, and let p : A(D) — @ be a map. Suppose that every component
of D has an undercrossing or a vertex. Let x1,...,z, be the arcs of D. We denote
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Yi yi (=)
C; )
“ ci(=c¢j)

ZT; €T, €T; Zj

FIGURE 7

by ¢; the initial point of x;, which is a crossing or a vertex. We denote by y; the
arc whose terminal point is ¢;. See the left picture of Figure 5 and Figure 7. We
define A*(D, p; f1, f2) as the n x n matrix whose (7, j)-entry ag; is given by

—0(ui, ;) f1(as, bi) — 6(vs, ;) f2(as, bs) + 6(ws, ;)
if ¢; is a positive crossings,

ot )0l s) + S(vi, ) fi(ai, bi) 7" fa(ais bi) — 6(wi, x5) fr(ai, b) ~F

if ¢; is a negative crossings,
(x4, x5) — 0(yi, xj) if ¢; is a bivalent or trivalent vertex,
84, 5) if ¢; is a monovalent vertex,

where a; = p(u;), b; = p(v;).

Lemma 7.1. Let R be a commutative ring. Let ai,...,a; € R, AWM AW ¢
M(n,n; R), B,C € M(m,n;R), D € M(m,m —n;R). If

l l
_ (k) _
Z ar =0 and Z Xk ‘A(il,...,z'd),ul,...,jd) =0
k=1 k=1

foranyd e {l,...,n} and any iy,...,iq,1,.--,Ja € {1,...,n} such that 1 <i; <

e <ig<mnandl < j; <o < jg <n, we have
l
> o
k=1

where E,, is an identity matriz of size n and O is a zero matriz.

E, -
B

A® O
c D

—0(1<

We note that 22:1 arA®) = O if and only if 22:1 ay ’AEZ)),(jl)
11,51 < m), since ‘AEZ)) (jl)‘ coincides with the (i1, j1)-entry al(»i)jl of the matrix

AR,

Proof. We have

E, —A®) @)
O C+BA® D

E Qe = AL

k=1

l
B ¢ D

E, —A® o‘

l
=> a,|C+BA® DI
k=1
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Setting (01 cn) = (C and (b1 bn) := B, we have
afy - afl)

doafler e (br o b)) 2. | D
= A

MN

ak‘clJrZ?:l 1“5? ent+ b (k) D

n
g dd+l)
akE E (_1)]1+ +Ja 5
=0

b
Il

1

MN

k=1 1<j1 < <jasn
(k)

’Zz 1 1]1 T Z:l 1 b; a’md ijd D )
where C. o is the submatrix of C' obtained by removing ji,...,jg-th column
vectors of C. We then have

l
En fAUC ol
Z Ok Dl = 0
k=1
from the equalities
k) (k)
Z Ak ‘Zz 1 ’le e Z?:l biaijd Cj:—\jd D’
- Z Zak ‘A(lh ta)y(J15--57a) bi, J1rrda D| =0,
1<i1 < <ig<n k=1
where we note that A =1ifd=0. O
coyia)s(J1s--esda)

Proposition 7.2. Let Q be a quandle, and let R be a commutative ring. Let (f1, f2)
be an Alexander pair of f1, fo : @ X Q — R satisfying f1(a,b) + fa(a,b) =1 for any
a,b € Q. Let D be a diagram of an oriented 1,2, 3-valent (n,n)-tangle T, and let
p: A(D) = Q be a map. Suppose that every component of D has an undercrossing
or a vertex. Let ((D,p)) be the bracket polynomial defined in Definition 4.1. Then
we have (D, p)) = [A*(D, p; f1, f2)|-

Proof. We set [(D, p)] :=|A*(D, p; f1, f2)|-
We have the local relation

Tig Lig
Liy = Liy
l‘il .’L‘iz {Eig LL’Z‘I .’1%‘2 Qiis
from
iy G i3 G4 s iy Gp i3 G4 s iy Gp i3 G4 s
ir{1 00 -1 0| 41 00 0 -1 ir {1 00 0 -1
i2 /0 1 0 -1 0|=40 1 0 -1 0= |0 1 0 -1 0],
is 0 01 0 -1 is 0 01 0 -1 is 0 01 -1 0
is 000 1 -1 is 000 1 -1 is 000 1 -1
where we omit common rows and columns. The index i; (j = 1,...,5) above

the determinant indicates the i;-th column of the whole matrix and the index i;
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(j = 1,...,4) to the left of the determinant indicates the i;-th row of the whole
matrix. In a similar manner, we have

Let D be an oriented (n,n)-tangle diagram without crossings. If D contains

LOSRORE O R O

locally, we have [(D, p)] = 0, since the i-th row of A®*(D, p; f1, f2) is the zero vector.

(i) Suppose that D is a diagram of a cyclic tangle. Since D can be transformed
into a diagram containing a loop by using the above local relations, we have

(D, p)] =0

(ii) Suppose that D is a diagram of an acyclic tangle. By using the above local
relations, D can be transformed into a collection of simple edges, each of
which consists of one edge and two monovalent vertices. We then have

(D, p)] =|A%(D, p; f1, f2)| = |E| =1,
where E is an identity matrix.

Therefore, for an oriented (n,n)-tangle diagram D without crossings, we have

1 if D is a diagram of an acyclic tangle,

(D, p)] = {

0 if D is a diagram of a cyclic tangle.

The equality

Ti, Tig Ti, Tig Ti, Tig Ti, Tig
ax_ b a\_ &b
—-nan ]} ][ e nen ] ]
[ //\«J c b c
QZZQ le 'i2 x’Ll le xi1 xiZ x’il
follows from
i1 19 i3 14
il 1 0 —1—|—f1(a,b) —fl(a,b)
o [0 1 —1 0

1 0 -1 O 1 0 -1 0 1 0 0 -1
— _fi(a,b) ’ ‘

01 0 0 1 -1 0’*““’“’0 1o -1

where we omit common rows and columns. By Lemma 7.1, we have this equality
from

(4500 A6 tien(y (0 G enens )

1= —fi(a,b) +1+ fi(a,b),
—fi(a,b) = =fi(a;b) - 1+1-0+ fi(a,b) -0

and
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RERP PGP

FIGURE 8. D — D,

In a similar manner, we have the equality

xi4 "Ei3 i4 x13 I14 x23 xi4 x73
b c b b &€
o] e [} e |2 T[]
a b a b
CL’iQ {Eil (EZQ .’E“ .’Em 1’11 .’EZ'2 ZL’il
from
i1 1o i3 14
i1 (1 0 0 -1
ip [0 1 —fi(a,b)”" =1+ fi(a,b)"
_ 1110 =1 0 411 0 =1 0 1 0 0 -1
=—h@b) ™y 1 g | tA@)T 0 ol Tl 1 0 -1

Since [(D,p)] satisfies the defining relations of ((D,p)), we have ((D,p))
|A (D paf17f2)|

Let L = K1 U---U K, be an oriented r-component link, and let p : Q(L) — Q
be a quandle representation. Let D be a diagram of L such that every component
has an undercrossing. We set

N A*(D, p; f1, f2) 0
A'(D7P; f17 f2) = <H7‘ rot(D(K; ))err(D(K )>+1> ! 9

O

0 i1 Wi

R;ow(Dam .frow) = (R:OW(D,p; frow) 0) >
where
R (D, p; frow)
_frow,l(ﬁ(r(xl))7p(x1)) e _frow,l(ﬁ(r(xn))7p(xn))

_frow,m(ﬁ(r.(xl))vp(ml)) _frow,m(ﬁ(r.(xn))ap(l'n))

Let D4 the diagram obtained from D by adding a bivalent vertex at every crossing
as shown in Figure 8. As we see in [7], we have

(Rr0w<D P f!‘ow) (D P flaf2) Col(D P .fCOI)>
(RI.‘OW(D P frow) (D P; f17f2) col(D P fcol))
~ (Rigu(Des p frow). A*(De. p: f1. f2). Reol (Da. p: feot))- (7)

Here, we remark that, by using derivatives introduced in [5], we obtain the matrices
A(D,ps f1, f2), A*(D, p; f1, f2), A*(Da, p; f1, f2) from the presentations

(T1,. .y T U1 QU = W1, .o, Uy QUL = W),
(X1,..yzn |z =11 a8y, =y, <EEn) Un ),
(x1,...,Tan |x1 =11 genler) V1, ..., Ton = Y2n gen(ean) Von)
of the fundamental quandle Q(L), where sgn(c) := 0 for a bivalent vertex ¢ and

a<®b:=a even if b does not exist.
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[eD]/[2a—c,—t*°)

T

FIGURE 9. D,

8. THE PROOF OF THEOREM 1.6

Let p be an odd prime number, and let F' := Q(v/=1)[t]/(t*~' +---+1), which is
isomorphic to a cyclotomic field obtained by adjoining a primitive 4pth root of unity
to Q. Weset ay :=0, as :=1 € F. Let (f1, f2) be an Alexander pair of maps fi, f :
R, x R, — F defined by fi(a,b) = —t*~ and fa(a,b) = t*=9+1. Let Y = R, x F*
be the Rp-set defined with (y, 2) <a = (2a —y, —t*"¥z). We then have the column
relation map feol1, feol,2 : Rp — F defined by feori(x) = t*~% + 1 and the row
relation map frow717 frow72 1 As@Q x Q — F defined by frow,i(ya Z‘) = frow(@ai (y)7 x)a
where fiow @ Y X Q@ — F is the row relation map defined by fiow((y,2),2) =

27Ht¥=% +1) and ¢, : AsQ — Y is the Q-set homomorphism satisfying ¢.(1) =
( 1). Let L = K U- - -UK, be an oriented r-component link, and let p : Q(L) = R,
be a quandle representation.

Let D be a diagram of an oriented classical (n,n)-tangle T' whose closure is L.
By Proposition 4.2,

(—1)~ (D, p))

is invariant under the colored Reidemeister moves.
From the local relations

ol =t LG L)
=t A )

2 ()2 () s () () e

Suppocsle p is trivial. Setting X (L, p) := (—=1)""*A,(L, p), we have

()= 7 () (oK)= “X() )

from (8). Hence we have X (L, p) = A (—1), which implies A, (L, p) = (=1)" "' AL (-
Suppose p is nontrivial. Let D be a diagram of an oriented clasmcal (2 2) tangle
T whose closure is L such that the images of p on the top endpoints of D are distinct
elements a,b € R,. Suppose that every component of D has an undercrossing. Let
D, be the diagram obtained from D by adding a bivalent vertex at every crossing
as shown in Figure 8. We denote by l/)\. the diagram depicted in Figure 9. We note

4+
SES

we have

1).
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that the diagram obtained from ﬁ. by removing all bivalent vertices represents L
By (7), we have

detA ( '7p7flaf2)’\)\
A(Lup;flva;Oul) 22 )
det Rrow( o 05 .frOW)z 2 detR ( e fcol)§,§

A.(D07p;f17f2) /9 o
r _rot(De(K;))twr(De(K;))+1 )
0 [T (-1) 2

. 41 —geb—ge
Rrow( o P fl‘OW)§,§ = < ) 5

where

/T'(E\np%fl,fé)iﬁ

tlfa +1 7ta7b _ tlfa

5 te4+1 et 41
Rcol( o 03 fC01)§,§ = (tb+ 1 tb—l +1>

By Proposition 7.2, we have

det A*(De, p; f1, f2) = ((De, p)) = ((D; p))-

Since
irot(ﬁ.(m)) = rot(Dy) = rot(D) + 2,
> wr(Dy(K;)) = wr(D,) — 21k(L) = wr(D) — 21k(L)
we have
' ' - ( 1) xot(D)+2+wr(D) 21k(L)+r<(D7p)>
AMEP 0D = (e - o)
AP(LHD)

(—1)/2H(L) (f — 2 + ¢ 1)

9. THE R,-TWISTED ALEXANDER INVARIANT

In this section, we focus on the R,-twisted Alexander invariant and show its
properties.

Lemma 9.1. For any oriented classzcal (1, 1 )-tangles Th, To, we have

0@—0

fora € R,.
Proof. From the skeln relatlon , we have
a a a
o, (D @) ( 1) - o, (1] <[z

O

By induction, we have the following lemma.
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Lemma 9.2. We have

(et i )
(-0 (el

forn € Z and any distinct elements a,b € Ry, where a, =nb— (n —1)a.

Proof of Proposition 1.7. By Lemma 9.2, we have

a%b a b
JOS ORIy

a

(- reen ) O

which imply the skein relations.
By the definition of A, (L, p), we have
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for any distinct elements & b€ R,. By Lemma 9.1, we have
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for any » > 3 and a,a; ...,a, € R, such that a; = as. Suppose a; # az. We have
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where a] = 2a3 — a; and @), = 3as — 2a1. Repeating this procedure, we have the
colors

al,a2,2a2 —a1,3a2 — 2a1,...,(p— 1)&2 — (p— 2)@1.

Since these elements are mutually distinct, one of them coincides with a3. Hence,

we have a1 Qr
(- ()

for any » > 3 and ay,...,a, € R,. O
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