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Abstract

We compare growth of the least common multiple of the num-
bers Uq,, Ugy, - - - s Ug, aNd |Ug, Ugy - - - Uq, |, Where (up)n>0 is a Lucas
sequence and (a,)n>0 Is some sequence of positive integers.
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1 Introduction

Matiyazevich and Guy [15] proved the interesting formula:

log Fy - -+ F, 72

li = —
6o loglem(Fy,..., F,) 6

valid for the Fibonacci numbers defined by Fy = 0,F; = 1 and Fj,40 =
Foi1 + F, for all n > 0. Since the least common multiple grows by the
contributions of the powers of the primitive prime divisors, that is, the



prime factors appearing in F, but not in F, for any m < n, the point
of the proof is to describe effectively the contribution of the powers of the
primitive prime divisors. Inspired by this formula, several generalizations
are discussed in [1, 2, 3, 13] for other sequences of integers (b,)n>0. A clue
of these results is the strong divisibility condition:

(S) (bm bm) = ‘bgcd(m,n)"

The above property assures that the primitive divisors of b, are essentially
given by the inclusion-exclusion formula

T1050,

din

and allows us to control the growth of the least common multiple. This
is why, strong divisibility and primitive divisors attracted the attention of
many researchers [4, 6, 9, 14, 17]. Especially, a lot of effort was spent on the
primitive divisors of elliptic divisibility sequences [8, 10, 11, 22].

There are few known results of the above type for general sequences with-
out the assumption (S). In this paper, we give several results on subsequences
of Lucas-Lehmer sequences, or Lucas subsequences for short, which do not
satisfy (S). Let (upn)n>0 is the non-degenerate binary linear sequence given
by the recurrence w9 = Aupt1 + Bu, for all n > 0, where ug = 0, u1 # 0,
A and B are fixed non—zero integers. By non-degenerate we mean that the
equation 22 — Az — B = 0 has two nonzero roots a, 3 such that a//3 is not
a root of 1. In this case, the Binet formula

Up = U <O‘_B) holds for all n > 0. (1)

We assume that |a| > |3| and put & = log ged(A%, B)/21og |a|. We compute
several cases of (ap)n>0. We adopt the convention that lem[s € S| means
the least common multiple of the nonzero elements s of S.

Theorem 1. If a,, = |f(n)| for all n > 1, where f(X) € Z[X] has at least
two distinct roots, then

log |[T1<k<n ta,
wft - Lo @
loglem[ug,, ..., uq,] 1—&K logn /"




Theorem 2. When f(X) = C(aX +b)™ € Z[X] with a > 0 and b coprime,

then
1
logn )~

We also treat the cases in which (a,)n>0 is some arithmetic function of
n, such as the Euler function ¢(n) and the sum of divisors function o(n)
(see Theorem 3, as well as the case when (a,)n>0 is a non-degenerate binary
recurrent sequence (see Theorem 4).

Note that when b = 0, u,, satisfies (S) and we recover the main term of
[2]. The error term becomes worse because of the generality of our method.
The factor 1/(1 — ) simply comes from the common divisor of all u,, and is
not so important. The main terms of the two theorems give a sharp contrast.
We observe some dichotomy: whenever there are distinct factors the least
common multiple and the product of subsequences become essentially the
same.

Throughout the paper, we use the Landau symbols O and o and the
Vinogradov symbols >, < with their usual meaning. We recall that A =
O(B), A< B and B > A are all equivalent and mean that |A| < ¢B holds
with some positive constant ¢, while A = o(B) means that A/B — 0. We
also use c¢1, c¢g, ... for positive computable constants. All constants which

log ngkgn Ugq,,

ar7#0 C(m + 1) | | 1
log lem[ug, , . . . , Uq, | 1-k | pmtl *
pla

appear depend on our sequences (uy)np>0 and (ap)n>0-

2 Generalities
Clearly, |a| > 1. By Baker’s method, we have
|tm| = | [ur|la = B]7H1 = (8/a)™| = exp(mlog a| + O(log(m + 1))).

Evaluating this relation in m = a; for k = 1,...,n, taking logarithms and
summing we get

10g [ty + - Uq, | = log|a| > ar+ O (Zlog(ak + 1)) : (3)

k=1 k=1

So, in applications, we shall need some information about

Ai(n)=> ar  and  Ei(n) =) log(ay+1). (4)
k=1 k=1
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To deal with the least common multiple, we start as many authors do, by
putting T = ged(A2, B), v, = T~"?u,,, A = A/\/T, and B, = B/T. Then

_w ooy = By

1} b
T ar— B

where a1 = a/\/T, 61 = ﬁ/\/T Here, A? and B; are coprime integers and
a1, 1 are the two roots of the equation 22 — A2z — By = 0. Put

a;—f

GB i n=0 (mod 2),

252
o7 —pB

()

{a?_ﬁ? if n=1 (mod2),
wy, =

for the Lehmer numbers of roots aq, $1. Then

[TV 2, if n=1 (mod 2), (6)
T AT, if n=0 (mod 2).

Let S be the set of all primes dividing ATwu; and for a prime p and a
nonzero integer m let p,(m) be the exponent with which p appears in the
factorization of m. Since A? and Bj are coprime, from linear forms in p-adic
logarithms, we have i, (wy) < ¢, log n, where ¢, is some constant depending
on p. We put

lem[ug, , Ugys - - - 5 Uq, | =2 M1 Ma, (7)

where M; is the contribution to the above least common multiple of the
primes from & and Mj is the remaining cofactor. The above comments
show that

logT
log M, = < Oi > max{a h1<k<n + O (E1(n)),
logMs = loglem[wg,, ..., wq,|+ O (Ei(n)). (8)

Next, we use cyclotomy to write

wy =[] ®alar, Br), (9)
din
where we put
D, (aq,01) = H (ap — e¥*/m31) forall m >3, (10)
1<k<m
ged(k,m)=1



and ®;(aq, 1) = Pa(ay, f1) = 1. Tt is well-known that ®,,(a1,51) is an
integer which captures the primitive prime factors of the term w,,. More
precisely, if we put ¥,,(a1, 1) to be the largest divisor of ®,, (a1, 1) con-
sisting of primes which do not divide ®4(aq, 1) for any 1 < £ < m, then

O, (a1, B1) = 0mV¥m(aa, 1), (11)

where §,, is a divisor of m (see [19], Lemmas 6,7,8). By Baker’s method
again, we have

[P (a1, B1)| = H |af — /)
dlm
= [Tlea[® D — (81 /@)D
dlm
= exp (log|ai|gp(m) + O(7(m)log(m + 1))). (12)
We evaluate the above relation at m = ay for k = 1,...,n and use the fact
that
log [ [ 60, = O (Z log(ay, + 1)> = O(E1(n)), (13)
k=1 k=1

to conclude that if we put
D, ={d: d| ay for some 1 < k < n}, (14)
then from (9), (10), (11), (12) and (13) we obtain

loglem[wg,, ..., w,,] = log H |Wq(ar, 1)+ O (log H (5%)

deDy, k=1

= loglau| Y é(d) + O (Ei(n))

d€Dy

+ O Y r(d)log(d+1)

deDy,
= log|an[Az(n) + O(Ez(n)), (15)
where we write
Ap(n) = > ¢(d) and Ea(n)=> 7(ap)’log(ar+1).  (16)
d€Dy, k=1



The last error term in (15) comes from the fact that every ay for k =1,...,n
contributes at most 7(ax) members d € D,, and for each one of them we have

7(d)log(d + 1) < 7(ax) log(ax + 1).

All this has been obtained without any arithmetic condition on the sequence
(an)n>1. Let us see some examples.

3 Examples

3.1 The case of the sequences a,, = ¢(n) and a,, = o(n)

Both sequences have almost linear growth, that is the inequality a,, < n'*T°()
holds for both sequences as n — oo, therefore both inequalities

Ei(n) <n't°M and  Ey(n) < nlte)
hold as n tends to infinity. Further,
Aq(n) = can® + O(nlogn),

with ca = 3/72? or 72/12 according to whether a,, = ¢(n) or a, = o(n),
respectively. As for D,,, we cut it into two parts:

Dip={deD,|1<d<n/(logn)"/"}.

Here we use the trivial estimate

PIRICESEDY d:()((mg?fﬂﬂ)'

€Dy d<n/(logn)'/4

Put Dy, = Dp\D1n. If d € Dy, we then have that d = ¢(u)/v, where
uw < n and v < (logn)'/* in case when ap, = ¢(k). When a; = o(k),
we have d = o(u)/v for some u < n, where v < ¢(logn)/*loglogn for
some constant c¢;. Here, we use the fact that o(u) < cjuloglogu holds for
all uw > 3 with some constant ¢;. Each one of the sets {¢(u) < n} and
{o(u) < cinloglogn} has O(n/(logn)'~¢) elements, (see [5] or Theorems 1
and 14 in [7]), where € > 0 can be taken to be as small as we wish and will
be fixed later. Thus,

nloglogn n
Dopn=0|——"F—|=0|———5
#2000 (i) = (gu)



provided that we choose ¢ = 1/10. Hence,
n2
> ¢(d) <n#Dyy =0 <m> :
d€Da2 n (log n)
and we get the estimate

log |tg, Uay - -~ Ua,, |

> y/logn.
loglem[ug, , gy, - - -, Uqg,,]

In particular,
loglem[ug, , gy, - - -, Uq,] = 0(lOg [ug, Uqy ** * Uq,|) as n — o0,

a phenomenon that does not happen with the sequences dealt with in [2].
We record this as the following result.

Theorem 3. If a,, = ¢(n) for alln > 1, then
loglem(ug, , Uy, - - -y Uq, ] = 0 (l0g [Uug, Ugy * -+ Uq,|) as n — oco.

The same conclusion holds when a, = o(n) for alln > 1.

3.2 The case of the sequences a, = |b,| with (b,),>1 binary
recurrent

Since we are working very generally, we shall assume that
bnt2 = Cbyi1 + Dby,

where C and D are nonzero integers such that the equation A> ~CA\—D =0
has two distinct roots 7y, d with v/ not a root of 1. Then

bn = 7)7“ + (0",
with some nonzero algebraic numbers 7, ¢ in K = Q(v). We assume that
7] = 14]. Thus,
n
Ar(n) =) |bal.
k=1
We also assume that we work only with the numbers £ = 1,...,n, such

that by # 0. It is easy to see that if such k& with by = 0 exists, then it
is unique. Indeed, for if not, then say by, = by, = 0 for integers k1 < ko.



Regarding these two equations as a degenerate homogeneous linear system
in the unknowns 7, ¢ whose coefficient matrix is

(n )

,.ykz 5]€2 ?

we get that (7/0)¥~* = 1, which is not allowed because /¢ is not a root
of unity. By Baker’s bound,

Ai(n) = |bp| = exp(nlog|y| + O(log n)). (17)

This gives us the main term for log |ug, tug, « - aq, | It remains to study
loglem(ug,, . .., uq,]. Clearly,

Ei(n) =exp(o(n)) and Es(n)=exp(o(n)) as n — oo.
To get As(n), we put Ty = ged(C?, D), v = v%/T1, 61 = 62/Ty and
by = Tan/QJ Zn;

where

" n . , if n=0 (mod 2),

Let T be the finite set of primes sitting above some prime ideal 7w from
Ok which appears with nonzero exponent in the factorization of one of the
principal fractional ideals generated by v, 8, 1, {, v — ¢ in K. We split D,
into three subsets as follows. We take

Dy ={deDy|d<"?}.

(1)

Since d | ay, for some k = 1,...,n and since each ay has a; ' = exp(o(n))

divisors as n — 0o, we get

> 6(@) =0 (nhl"2exp(o(n)) < [1V2M as 0o oo, (18)
dE'Dlyn

Next we take
Dy ={d € Dy\D1,, : d | a; and d | a; for some i < j € {1,...,n}}.

Since d > |y|"/? and aj, = O(|y|F) holds for both k =i and j, it follows that
i >mn/2 4 O(1), therefore

j—i<n/2+0(1).



Now write d = dida, where d; is the contribution to d from primes coming
from 7T and ds is the contribution to d of the remaining primes. Since vy,
and §; are coprime, it follows, again by the theory of linear forms in p-adic
logarithms, that p,(cm,) < ¢(p)log(m + 1) holds for all primes p with some
constant ¢, depending on p. This shows that

log d; = (10g2T1> n + O(log(n + 1)).

As for dy, we have that da | z; and dy | z;. Since n and ¢ are invertible
modulo ds, we get that

(%)Z = —5 (mod z3) and (%)] = —f] (mod 22),

from where we deduce that

()

Thus, z9 divides the sth term of the Lucas sequence (v* — 6%)/(y — 9) with
s =j—i<mn/2+0(1). Each of such terms has exp(o(n)) divisors as n — oo,
and there are only O(n) possibilities for s. Hence,

1 (mod z3).

Y d(d) <y explo(n)) = [P s o, (19)
dE'DQYn

Finally, look at numbers d € D3, = D,\ (D1, UDs,,). Each one of these
numbers divides a unique aj, = kg and they are all > |y|/2. Further, each
number d > |7|"/2 which divides ay, for some k is either in D3, or in Dy ).

Using the formula
m=>¢(d)

dlm

and adding into our sums also all the divisors d < |y|"/? of all the numbers
ar for k € {1,...,n} (at most n values for k, at most exp(o(n)) as n — oo
values for d for each k, and none exceeding |y|"/?), we get easily that

Z ¢(d) = Za;ﬁ-@ (nh|"/2+o(”) exp(o(n))) = A1(n)+0 <|,y|n/2+o(n)) )
k=1

deD3 n
(20)



Putting everything together from (18), (19), (20) and using also (17), we
get that

3
Aon) =D D7 6ld) = Au(n) + O (|7 ) = (14 0(1) Ai(n),
k=1 dE’ka

which leads to the conclusion that in this case quite the opposite of what
had happened in the previous case holds, namely

loglemug, , gy, - - - s Uq, ] = (1 4+ 0(1))log |ug, Uay - - Uq,, | as 1 — oco.

Further, note that the expression for Aj(n) can be simplified when |y| > |d|
(that is, when both  and 0 are real), since then

lan| = [n]|y[" + O(]6]") holds for all n >1,

therefore

M) = (L) i+ ol

where co is any constant satisfying log |0]/log || < ¢2 < 1.
We record the following result.

Theorem 4. If a, = |b,|, where (b,)n>1 is a non-degenerate binary recur-
rence, then

loglem[ug, , Ugy, - - - Uq,] = (1 + 0(1))log |ug, Uqy -+ Uq,,| as n — oo.

3.3 The case of the Lucas sequence of the second kind

Jones and Kiss [12], studied the least common multiple of the sequence
U /Un, for m > 0. For completeness, we study the case for m = 2 directly
by our method which will give us a good comparison. Thus (uy)p>1 is
replaced by (Lp)n>1 given by Lo = 2, Ly = A. In this case, the analog of
formula (1) is
L,=da"+p"
By Baker’s method, we have again
| Lm| = exp(mlog|a| + O(log(m + 1)),

so formula (3) holds for this case also:

log|La, La, - - - La,| = log|a]A1(n) + O (Ei(n)) . (21)

10



It remains to estimate the least common multiple. The analogue of formula
(6) is

T2 Awg, Jw, if n=1 (mod 2), (22)
" AulT”/ngn/wn if n=0 (mod 2).
We now get that the analogues of formulas (7) and (8) are
lem[Ly,, Lay, - - La, | =1 M1 Mo, (23)

where again M is the contribution to the above least common multiple of
the primes from § and Ms is the contribution of the remaining primes, then
we have

log T

log My = < ) max{a }1<k<n + O (E1(n)),
log My = loglem|wag, /Way, - -, Waq, /Wa,] + O (E1(n)). (24)

Now observe that by cyclotomicity, we have that

Wom —1

—— =9

o 2mOm, H Vy(at, fr),
d|2m
dtm

and now the previous argument shows that if we put
D!, ={d:d|2a; but dtay for some k € {1,...,n}},
then in fact
loglem[wag, /Way s - -« s Waa,, /Wa, | = log |aq]|As(n) + O(Es(n)),

where

As(m) = Y o(d).

deD),
As a concluding example, take a; = k. Then
n2
Aq(n) = ]; k== +0(n).

Clearly,

Ei(n) <) log(k + 1) = O(nlogn).
k<n

11



Next T
log My = (2) n+ O(Ei(n)) = O(nlogn),

and
log My = log |a1|As(n) + O(E2(n)),
where
Asm) = 3 o(d),
deD),
and

D, ={2,4,...,2n}.

Observe that D), is the set of even numbers less than or equal to 2n. So,

Az(n) = D ¢(d) =D o(d)— Y ¢2k—1):=5+5.

d=0 (mod 2) d<2n 1<k<n
d<2n
Clearly,
(2n)? 2n?
S = + O(nlogn) = —— + O(nlogn).
1 gy OB = gyt Olnlosn)

It is well-known that if f(z) € Z[z] is a polynomial with integer coefficients
of degree h with leading coefficient ay, then

D b(f (k) = cran(h+ 1)~ ' 4 O(n" logn),
k<n
with
— 1(k)py (k)

Cf = 79
k=1 k

where p¢(n) is the number of  (mod k) of the congruence f(z) =0 (mod k)
(see [18]). For the particular case of the polynomial f(z) = 2z — 1, we have
pf(k) =11if k is odd and ps(k) = 0 if k is even, so

p(k) 1 4
k=1 (mod 2) k p>3 p 3<(2)
so since h =1, ap = 2, we have

4n?
—_ 1
Sy = 50(2) + O(nlogn),

12



leading to

4\ n? 2n2
A3n2<2—>+0nlogn: + O(nlogn).

W= 273) gy O = gy O
Unfortunately, given that our method is so general, the error terms are not
very good, and are worse than the ones obtained in [1] and [2], for example.
That is, for our particular case, we have

Ey(n) < > 7(d)*log(d + 1) = O(n(logn)®),
d<2n
so that

21
loglem|[Ly, Lo, -+ - , Ly,] = log My + log My = <?1g(|2(;1|> n? + O(n(logn)®).
We get that the analogue of the result from (2) for the Lucas sequence of
the second kind is

log |L1Lg -+ Ly B (log |c])/2 (logn)®
loglem[L1, Lo, L] (2|log]a1|/(3C(2))+O( " )
3¢(2) (logn)®
4(1—@*0( " >

We record this as follows.
Theorem 5. We have
log|LiLy---Ln|  3¢(2) 40 ((logn)5> ‘

n

loglem[Ly, Lo, ..., L,] 4(1—&

Here, the error term is slightly worse than in [12] because of our general
approach.

3.4 The case when a; = f(k) with a polynomial f(X) € Z[X]

In this section, we treat the case when ap = |f(k)|, with f(X) € Z[X], a
polynomial with integer coefficients. Say

f(X)=CoX™+C1X™ 4o+ Cp € Z[X]

13



has degree m > 1. We assume that Cy > 0. As in previous cases, we only
work with numbers k such that f(k) # 0. Clearly, the equation f(k) =0
has at most m solutions k. We have

Ai(n) = > |f(k — "™+ 0™
1<k<n

Ei(n) = Y log(|f(k)|+1) = O(nlogn),
1<k<n

so, by (3), we have

Colog|a| m m
log H Uy, | = <(m+1) n™ 4 O(n™logn). (25)
1<k<n
ai#0

To get Ay(n), first we put C' = ged(Cy, ..., ) and write f(X) = Cg(X).
Further, putting ag = o, By = ¢ and
af — Bf

ap — Bo

for k>0,

VE =

we have

_ 5f(k) g(k 50
a—p ap — Bo
Thus, instead of working with the sequences {uy,},>1 and ay = |f(k)| for
1 <k < n, we can work with {ucv, }n>1 and by, = |g(k)| for 1 <k <n. The
characteristic equation for the sequence {ucvp fn>1 is

Uq, = uc = vg(k)uc.

— AoX — By =0,

where Ag = o + BY = usc/uc and By = —(aB)¢ = (-1)¢"1BC. The
Lehmer sequence {wy}n>0 associated to {vp}n>0 is given by formula (5)
with the roots a1 = ap/vTo, B1 = Bo/vTo, where Ty = ged(A3, By). The
arguments from the beginning of Section 2 show that

lem(ug,, ..., Uq,] = M1 Mo,
where
log T{
My = ( g20)max{|9(/€)\}1<k<n+O(E1<">)

My = loglemlwy,,...,wy ]+ O(Ei(n)).

14



Clearly,
M; = O(n™logn).

By formula (15), we have
M3 = log |ai|Az(n) + O(Ex(n)),

where

Ag(n) = " ¢(d) and Ey(n) =Y  r(bp)*log(by + 1),

deD,, k<n

and
D,, = {d | g(k) for some k € [1,n] with g(k) # 0}.

By a result of van der Corput (see [20]), we have

> 7lgk))’ = O(n(log n)*®) (26)
i

for all positive integers i, where ¢(i) is some constant depending on i and
g. We put ¢; = max{c(1),m} and ¢ = ¢(2). In particular, from the above
estimate (26) with ¢ = 2 we get

Ey(n) =0 [logn > 7(lg(k)])* | = O(n(logn)=>*").
1<k<n
g(k)#0

It remains to understand As(n). For this, we split the set D,, into three
subsets according to whether d is small, or k is small, or both are large.
We put
Din={d €D, :d<n™/(logn)*}.

Then
7#”#1% nm nm+1
o(d) < < 7(lg(k)]) = O < > .
dEED;n @ (logn)rtt = (logn)ert! 121@2” (lg(k)1) log n
g9(k)#0 o
27
Next, let

Dy, = {d | g(k) for some k < n/(logn)* ™! with g(k) # 0}.

15



Then

nm+1
T ¢<d>gmax{|g<k>|}kgn/aognw#m=o( ) (28)

logn
d€D2,n g

We now look at the numbers d € D,\(D1, U Day,). Since |g(k)| < c3k™
holds for all k¥ > 1 with some constant c3, we conclude that we may write
d = |g(k)|/e, where n/(logn)?™t < k < nand 1 < e < c3(logn)atl.
Furthermore, since Cyp > 0 and k > n/(logn)**!, it follows that for large
enough n, the number g(k) is positive. So, from now on we shall simply
write g(k) for such k instead of |g(k)|. Put K, = [n/(logn)“*! n] and
&y =[1,c3(logn)r ).

It turns out that from here on the argument (and indeed, the answer),
splits into two cases according to whether g(X) (or f(X)) has at least two
distinct roots, or not.

3.4.1 Proof of Theorem 1

We start with a preliminary result about polynomials satisfying a certain
functional equation.

Lemma 1. Let f(X) € C[X] of degree m and r # 0, s, n be complex
numbers with v not a root of unity such that

frX +s) =nf(X). (29)

Then f(X) = (aX + b)™ for some complex numbers a and b such that
as = b(r —1).

Proof. Identifying the leading coefficient in equation (29), we get n = ™.
We prove the lemma by induction on m. For m = 1, f(X) = aX + b,
so the relation f(rX + s) = f(X) gives a(rX + s) + b = r(aX + b), so
as = b(r — 1), as we requested. Assume now that m > 2 and that the
claim is true for polynomials of degree smaller than m and let f(X) be a
polynomial of degree m such that f(rX + s) = " f(X). Taking derivates,
we get f'(rX +s) = r™ 1 f/(X), so, by the induction hypothesis, we have
F1(X) = (aX + b)™! where as = b(r — 1). Thus, f(X) = L(aX +b)™+d
for some number d. But then the relation (29) becomes

m

1 T
il X m = —(aX M4 ™.
m(a(r +5)+b)"+d m(a +0)" +1r"d

Since a(rX +s)+b=arX +as+b=r(aX +b), it follows that we must have
d=r7r"d, sod(r"™ —1) =0, so d= 0, because r is not a root of unity. We
thus get that f(X) = (a1 X + b1)™, where a1 = a/m™, by = b/m'/™. O
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We next have the following lemma.

Lemma 2. There exists a constant c4 such that for n > ng the number of
solutions (ki,ka,e1,e2) € /C,Q1 X 5,% with k1 # ko of the equation

olhr) _ glhs) )

€1 €9
is at most (logn)®.

Proof. Observe first that if e; = ey, then g(k1) = g(k2). However, for
large n, ¢'(k) if positive for all k > n/(logn)**! and in particular g(k) is
increasing for k € IC,,, so the above equation implies k1 = ko, which is not
allowed. Thus, for large n, any solution (ki, k2, e1,e2) will have e; # es.
Write

g(X)=CoXm4+C1X™ ... 4C!, where Cl=C;/C (i=0,...,m).
Observe that
Oy Im™g(X) = (ChmX + C))™ + h(X),

where h(X) € Z[X] is of degree at most m — 2. Thus, from equation (30)
we get

Co"'m™ (eag(k1) — exg(ka)) = ea(Cymkr + C7)™ — er(Cymks + C7)™
+eah(k1) — erh(k2) = 0,

therefore if we put (X) = CymX + C{ and ¢; = £(k;) for i = 1,2, then
leal” — e1 05| = O(erky ™2 4 eak" %) = O(n™?(logn) ). (31)

The left-hand side above equals

[T let/™e = ces ™t (32)
¢m=1
where e}/ " and eé/ " stand for the real positive roots of order m of e; and

eo respectively. If ¢ is complex nonreal root of unity of order m, then

et/ ™0y — Ced/™ty| > Tm(C)]ed ™ty > (33)

(logn)er+t’

and a similar inequality holds when ( = —1 and m is even. Thus, using
inequality (33) to bound from below all factors from the product (32) except

17



for the one corresponding to ( = 1, and comparing the inequality obtained
in this way with (31), we get

1 ¢
‘ei/mfl . e%/m&‘ < (Ognn) :

where c; = mc; + m. In particular,

&
4

(logn)e

aler, e) — —_—
bl E% )

where a(e, e2) = (61/62)1/m. Write § = ged(l1,42), 61 = dmy, Lo = oma.

We then get that

cg(logm)®s
62m2

ma
aler,eq) — —

(34)
my

where cg is some positive constant. Suppose first that 62 < 2cg(logn)<.
Then 6 can take only O((logn)®/2) positive integer values. By a result of
Worley [21], inequality (34) implies that

my_aprtbper o APkg1 t Opk

ma  aqk + bgr—1’ aqi+1 + bqr—1

for some integers kK > 1, a > 1 and b with a|b] < 2c¢g(logn)®, where
{pr/qi}r>0 is the kth convergent to a(er,ez). Since max{mi,ma} < n, we
have k = O(logn) uniformly in e; and e;. Since there are O((logn)?“1+?)
choices for the pair (ey, es); hence, for the number a(ey, es), O((logn)/?)
choices for §, and then O((logn)?¢*1) choices for the triple (a, b, k), we get
a totality of O((logn)?¢1+25¢5+3) choices for (¢1,#2); hence, for (ki,ks), in
this instance. Assume next that 0 > 2cg(logn)®. We then have

1
Qm%

ma
aler,es) — m—l

Either a(ej,e2) = mg/my is rational, so the expression on the left above is
0, or a(eq, eg) is irrational and ma/m1 = pi/qx is a convergent to a(eq, e2)
by a criterion of Legendre. Here, as before, k = O(logn). Fix ey, ea, my, mo.

Then
mip 6 Cimki + Cf

mo N lo - C(l)mkg—i-C{’

SO
meo
ko =rki+s, where r=— and s=

Ci (mQ — ml)
my Cymmy
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Note that r # 1, because if not, then m; = mo = 1, so ko = ky, which is
not allowed. Since r is also positive, it follows that r is not a root of unity.
Going back to relation (30), we get
k
7g(r k) =7 with 17:9.
g(k1) el

Since r, s, n are fixed, the above relation is a polynomial relation in ki, so it
has at most m roots, unless the rational function g(rX +s)/g(X) is constant
n, which is not the case by Lemma 1 and the fact that g(X) has at least
two distinct zeros. Thus, when eq, ea, m1, mo are fixed, there are at most
m possibilities for ki, and then ks is uniquely determined. This shows that
the number of solutions of equation (30) in this case is O((logn)?173). The
lemma now follows with ¢4 = 2¢1 +2.5¢5 +4 = (2.5m+2)c; +2.5m+4. O

For each d € Dy\(D1,, UD2,,) let r(d) be the number of representations
of d under the form d = g(k)/e for some k € K,, and e € &,. Lemma 2
shows that if we put

D3, ={d € D,\(D1,, UDsy,) : 1(d) > 1},

then
#Dsn = O((logn)™). (35)
We now use the relation
m=7_ (d)
djm

with m = g(k) in the following way:

DR LI ENCY RTINS DS FENC)

elg(k) elg(k)
ecén e>cs(logn)c1t!

which we rewrite as

1
=Y dlgk)/e)+ 0O [n™ > - (37)
elg(k) elg(k)
e€én e>63(10gn)61+1
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We sum up the above relation for all k € IC,, getting

Y gk) = > ¢(d) + O(n™ (#Dsn)?)

k€Kn deDp\(D1,nUDsa p)

1
+ Ofnm - 1. @38
e>C3(1oZg:n)Cl+1 € kezlcn
g(k)=0 (mod e)
The term on the left in (38) is obviously

!, m+1 m—+1
> (CoE™ + O(k™ 1)) = G Lo <” )
foaret m+1 logn

The first term on the right in (38) is

A= Y otd) = A+ 0 ().

logn
d€D1,,UD2

by estimates (27) and (28). The second term on the right in (38) is of order
O(n™(logn)?) by (35). For the last term on the right in (38), we use the
fact that

#K,, mal) if o <,
g 1 =py(e) \‘ c + O(pgy(e)) < ? ) %f e ; n
ot pgle) if e>mn,
g(k)=0 (mod e)

where p, has the same meaning as in Section 3.3. We thus get that the last
term on the right in (38) is of order

e e
nm-l—l Z pge(2 ) ™ Z pgi) = Sl + SQ-
03(10gn)61+1<€§" e|g(k) foI"nS<0€IIle keKn
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From the Ore-Nagell theorem (see [16]), we have pg, (e) < m*©). Thus,

m+1

. n ,Og 6
Sl - (logn Cl+1 Z logn Cl+1 Z
e<n e<n
= logn61+1H<+++ >
nm-i—l m
L ————=€exp Z—+O(1)
+1
(log )™ P
nm—i—l

<

nm—l—l nm—l—l
— =0 .
(log n)crti-—m < logn )
Here, we used the fact that ¢y > m.
For Sa, we use the estimate w(e) = o(loge) as e — oo, to conclude that

pg(e) < molose) = ¢°1) as e — oco. In particular, p(e) < e'/? for all e > n
and n sufficiently large. Thus,

Sy < n™ >
n<e
elg(k) for some kEK,

nm+1
< "2 (logn)att = 0 ( ) .
logn

<™ (lg(k)D)

1<k<n

Sl -

So, the last term on the right in (38) is S; + S = O(n™*!/logn). From
relation (38), we now get

C! nm+1 nm+1
A =20 )
2(n) m+1 +O<logn)

We thus get that

C, log o . m+1
loglem(ugy ;... Ua,| = <OTTL+|11’> Jr1+O<10gn) '

Since a1 = ag/vTy = o /\/Tp, and

log |a|Co\ i1 nmH

log H Uqy | = (m—l—l n +0 log 1
1<k<n
CLk#O
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(see (25)), we get that

log |[T1<k<n Ua,

ag 0 1 1
= + —_— s
loglem[ug,, ..., uq,] 1—kKo logn

where

(A3, By) _ ged((use/uc . B)
0 2log |ayp| 2log |a|¢ '

It is easy to show using formula (5) that ko does not depend on C so in
particular kg = k. The proof of Theorem 1 is finished.

3.4.2 Proof of Theorem 2

We start with the following lemma.

Lemma 3. We have g(X) = (aX + b)™ for some coprime integers a > 0
and b.

Proof. We can clearly write g(X) = (aX +b)™ for some complex numbers a
and b. Identifying the first two coefficients we get C} = a™, C] = ma™ 1b,
so b/a = C1/(mCy) € Q. Further, a™ = C{, > 0, so we may assume, up to
replacing (a,b) by (al,b(), where ¢ is some root of order m of unity, that
a = a1p'/™, where a; > 0 is an integer and p > 0 is an integer which is mth
power free. Since b/a € Q and b™ = CJ,,, it follows that b = bip'/™ for some
integer b;. Thus, g(X) = p(a1 X + b1)™, so p divides all the coefficients of
9(X), therefore p = 1. O

In the instance when g(X) had at least two roots, we found a suitable
set of large numbers d = g(k)/e for which r(d) = 1 namely all numbers in
Dp\(D1,,UDs ) except for D3 . In the present case, we replace this by the
following.

Lemma 4. Everyd = g(k)/e € Dy\(D1,UD2,,) can be represented uniquely
as d = g(k)/e for some e which is mth power free.

Proof. This is trivial since if g(k1)/e1 = g(k2)/e2, then, by Lemma 3, we
have ej/es = ((aky + b)/(ake + b))™, and the number on the left is mth
power free, while the number on the right is an mth power. Thus, both are
equal to 1, so e; = e9 and k1 = k. O

We need also the following easy fact about multiplicative functions.
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Lemma 5. We have

1
p|n p e|n™
e mth power free

p(n"/e).

Proof. Both functions above are multiplicative, the one on the left for ob-
vious reasons, while the one on the right because it is the convolution of
the multiplicative function n — ¢(n™) with the characteristic function of
the set of mth power free numbers. If n = p® for some prime p and integer
exponent « > 1, then the formula becomes

m—1 m—1
p(a—l)m(pm _ 1) — d)(pocm— ) _ Z(p 1)pma—f—1

£=0 £=0

= (p—p A 4p+-+pm )

m 1

_ 1 (a=1)m (P
(p—1p <p_1

_ p(a—l)m<pm o 1)7

which is what we wanted. ]

We now continue our argument. Instead of relation (36) which leads
immediately to (37), we use Lemma 5 to get that the analogous relation
(37) in this case is:

>

elak+b
p(e)*=1

ﬁ46)<ak;+b>"’ _

D

elg(k)
e<cs(logn)cit!
e mth power free

¢<mktmm>

—_

+ O|n™

2

elg(k)
e>c3(logn)c1t!
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We now sum up the above relation over all k € KC,, getting

D INCI e R D D

ke, e|ak+b kekn elg(k)
u(e)?=1 e<cs(logn)c1t!
e mth power free

1

+ O|n™ Z Z -1 (39
kekn elg(k) ¢
e>cz(logn)cit!

The issue about overcounting elements in D,, no longer appears by Lemma
4, so the right-hand side in (39) above is equal to As(n) + O(n™*!/logn).
Note that if e | ak + b for some k € ICp,, then e and a are coprime and
e < an+b. We change the order of summation in the left hand side of (39):

Z M;':L) Z (amkm+0(nm—1))

1<e<an-+b ke,
(e,a)=1 ak+b=0 (mod e)
1 (e)=1
_ m lu(e) m m—1 1
R VI S SRR (RN S
1<e<an-+b ke, e<an-+b
w2 (e)=1 ak+b=0 (mod e)

S - D SIS S

1<e<an+b 1<k<n 1<k<n/(logn)°1+1
(e;a)=1 ak+b=0 (mod e) ak+b=0 (mod e)
1 (e)=1

+ O(n™logn)
= a" Z 'u(ni) Z E™ +O(n™logn)

1<e<an+b € 1<k<n
(e;a)=1 ak+b=0 (mod e)
1 (e)=1
nm+1 1
+ (logn>(m+1)(cl+1) Z e
e<an+|b|
m p(e) m n
= —= k 0] . 40
o Y DY weo( (0
1<e<an+b 1<k<n
(e;a)=1 ak+b=0 (mod e)
1 (e)=1
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For the inner sum, we use Abel’s summation formula together with the fact
that the counting function of the set of k < n such that ak+b=0 (mod e)
is n/e+ O(1). We get

> k"= <€+O —m/( >tm1dt

1<k<n
ak+b=0 (mod e)
nerl n ym n
= +0n™)—m | —dt+0 </ tm_ldt>
1

e 1 (&
m+1 tm+1 t=n
- (r ] ) +omm)
e m+1 li=1
nm+1

Inserting this into (40), we get

ule et L
Az(n) = a” Z e(m) <(m+ le * O(nm)) +0 <10 n
1<e<an-+b &

(e;a)=1

1 (e)=1
amnm+1 ,U,( ) m 1 nm+1
 (m+1) Z eni T Oln Z * logn

1<e<an-+b e<an—+b

(e;a)=1
1 (e)=1

amnm+1 nm+1
- sl T - X Aa ] o(hn)

e>1 e>an—+ b

(e,a)=1 (e,a)=1

w?(e)=1 u?(e)=1
amnm+1 nm+1

— +1
 (m+1) H<1_ m+1 n a7t logn
pta e>an+b

a™¢(m+1)"" o n™
(m+1) pmtl logn

&)
<—mﬂ> Bt
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So, we get to the conclusion that

log ||Co\ nmt
log | H Uqy, | = ( el )" 10 logn

1<k<n
ar#0
while
log a1 |C}) 1 -1
log1 = 1— —— mtl
oglem[ug,, . .., Uaq,] (m + 1)C(m + 1) H pmtl n

m—+1
+ 0 (” ) ,
logn

This leads to

log |[ [1<k<n ua,
Ha—,ﬂzo F :C(erl)H - 1 Lo 1
log lem[ug,, - - - , Uq, | 11—k pmtl logn )"

Thus, we obtained Theorem 2.
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