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ABSTRACT. We give a description of the fundamental group m(A) of the
Sierpiniski-gasket A. It turns out that this group is isomorphic to a certain
subgroup of an inverse limit lim G, formed by the fundamental groups G,

of natural approximations of A. This subgroup, and with it 7(A), can be
described in terms of sequences of words contained in an inverse limit of semi-
groups.

1. INTRODUCTION

The present paper is devoted to the description of the fundamental group of
the Sierpiriski-gasket A (see Figure 1). It turns out that this fundamental group
can be viewed as a subset of an inverse limit of the fundamental groups of certain
natural approximations of A. Before we give more details we would like to state
some definitions and earlier results that are related to our topic.

FI1GURE 1. The Sierpinski-gasket
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One of the possibilities to define the Sierpinski-gasket is to use a so-called iterated
function system. Let
T r 1 z 1++v-3
fi(z) = > fa(z) == 5T fa(z) == ot —
Then it is well-known that A C C is the unique non-empty compact subset of C
satisfying the set equation

3
A= 5

(see for instance Hutchinson [21]). Since f1, fa2, and f3 are similarities, A is a self-
similar set. Topological properties of self-similar sets have been studied extensively
in the literature. For instance Hata [18, 19] proves that a connected self-similar
set is a locally connected continuum. Moreover, he establishes criteria for the
connectivity of a self-similar set, deals with their cut points and proves a criterion
for a self-similar set to be homeomorphic to an arc. Cut points play a role also in
Winkler [27]. Related questions are addressed by Bandt and Keller [2], where the
authors get information on the topological properties of self-similar sets by studying
their dynamics. More recently, topological properties of self-similar sets with non-
empty interior attracted interest. We mention the survey paper by Akiyama and
Thuswaldner [1], where many results are stated. Some results on the structure of
the fundamental group of self-similar sets are shown in Luo and Thuswaldner [22].

In describing the fundamental group w(A), the main difficulty consists in the
fact that A is not semilocally simply connected. This makes it impossible to apply
the classical methods like van Kampen’s theorem and the theory of covering spaces
in order to compute the fundamental group of A.

Spaces that are not semilocally simply connected have been studied for a long
time. We want to review some of the known results on such spaces. The standard
example of a non-semilocally simply connected space is the so-called Hawaiian Ear-
ring (see Figure 2) which is defined by

1
_ n} ,

1
H .= U {zE(C Dz ——
It is not semilocally simply connected in the origin. Properties of the fundamental

n

n>1

FIGURE 2. The Hawaiian Earring

group of H were studied implicitly by Higman [20] introducing the notion of an
unrestricted free product of groups. Morgan and Morrisson [24] determine 7(H) as
a subgroup of an inverse limit of finite free products of cyclic groups. Their proof
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was simplified by de Smit [11] who also showed that 7w (H) is uncountable and not
free. Zastrow [29] gives a description of w(H) in terms of a subset of a projective
limit of groups that is related to our approach (see in particular [29, Definition 2.3]).

Also in the more general context of one dimensional spaces results on funda-
mental groups have been proved. We mention [17] where it is shown that a one-
dimensional locally connected continuum has a trivial fundamental group if and
only if it is a dendrite. Moreover, Curtis and Fort [8] showed that higher homo-
topy groups of one-dimensional separable metric spaces are always trivial. More
recently, in a big project consisting of three papers, Cannon and Conner [3, 4, 5]
thoroughly study fundamental groups (and so-called big fundamental groups) of
one-dimensional spaces. In particular, [3] is devoted to the fundamental group of
the Hawaiian Earring. The authors give a combinatorial description of this group
in terms of “big” words. In [5] they prove some important properties of the fun-
damental groups of one-dimensional spaces. For instance, generalizing a result by
Curtis and Fort [9] they show that for a one-dimensional space X the following
assertions are equivalent: 7(X) is free, 7(X) is countable, X has a universal cover,
X is locally simply connected. Conner and Lamoreaux [7] generalize some of the
results of [5] to larger classes of subsets of the plane.

In the present paper we embed the fundamental group of /A into an inverse
limit of groups which is easily seen to be equal to the Cech homotopy group (D)
of A. The fact that the fundamental group of a one-dimensional space is always
isomorphic to a subgroup of its Cech homotopy group is proved by Eda and Kawa-
mura [13] and independently by Cannon and Conner [5]. For the Menger sponge
this was already shown by use of a more explicit construction by Curtis and Fort
[10, Section 3]. Related results for subsets of closed surfaces can be found in Fischer
and Zastrow [16]. In Eda [12] criteria for the isomorphy of the fundamental group
of two non-locally semisimply connected spaces are studied. More recently, Conner
and Eda [6] proved that certain spaces can be recovered from their fundamental
groups, the Sierpinski-gasket is among these spaces. Finally, we mention that ho-
mology groups of non-locally semisimply connected spaces are studied by Eda and
Kawamura [14, 15].

The starting point of the present paper is a remark contained in [5, Section 2]. In
an example the authors describe the implications of their results for the fundamental
groups of Sierpiniski and Menger curves. Among other things, they showed that
these spaces have uncountable fundamental groups which are not free and that
they do not have an universal cover. On the other hand, the authors mention that
these groups have no known combinatorial (word) structure. In the present paper
we want to describe the fundamental group of the Sierpinski-gasket A by some
word structure. Our description differs from the combinatorial word description of
the Hawaiian Earring group by Cannon and Conner [3] in several respects. The
main difference is that in [3] letters correspond to loops in H based in a single base
point whereas in our description of m(A) each letter is related to a local cut point
(later called dyadic point) of A. For the definition of a local cut point we refer
to Whyburn and Duda [26, Appendix 2]. As a consequence we have restrictions
on the admissible finite words in our representation. Moreover, we do not obtain
a representation of m(A) as a subgroup of an unrestricted free product of groups
in the sense of Higman [20] since certain finiteness conditions on the occurrence of
letters are not fulfilled (cf. Remark 1.2).

In what follows we want to give a short overview of the content of the present
paper. It is an evident idea to consider for a loop f in /A the sequence of homo-
topy classes [f], of f in the approximating spaces A, that arise when the usual
construction process of recursively removing the open middle triangle is stopped
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at level n. Applying the result of Eda and Kawamura [13] mentioned above we
can show that the sequence ([f],)n>0 characterizes f exactly up to homotopy. The
natural ambient space for the sequences ([f],)n>0 is the inverse limit lim G,, of the

fundamental groups G,, of A,. We will show that lim G,, is canonically isomorphic

to 7(A) (see Proposition 2.8). Thus in view of the above mentioned result of Eda
and Kawamura there is an injective mapping

v :7m(A) = limG,.

With an easy example (see Example 2.11) it becomes clear that lim G,, contains

elements which do not represent homotopy classes for loops in AA. So the objective
arises to describe the subgroup of lim GG;, that corresponds to the fundamental group

of A.
Our approach to this task pursues the following strategy: Instead of investigating
the problem directly in lim G,, we consider an intermediate semigroup structure

—

lim S,, in which the set S(A) of all (based) loops in A is described up to re-

parametrization (see Figure 3).

S(A) % LmS,
1 Red |

m(A) S lmG, 2 i(A)

FIGURE 3.

To this end at every approximation level n we represent a loop f by a (finite)
word o, (f) € S, consisting of the sequence of transition points of order n (later
called dyadic points) between the subtriangles of A, that the loop passes. We will
define the bonding mappings v, : S, — Sn—1 (n > 1) in a way that we just omit
the transition points of order n (see (2.3)) and ypx : Sp — Sk (n > k) denotes the
composition Y41 ©...079,. An appropriate reduction process on o, (f) leads then
to a canonical representative Red,, (o, (f)) of the homotopy class [f], which as a
byproduct gives rise to an adequate representation of the elements in 7(A). We
mention here that in Zastrow [28] another combinatorial representations of loops
based on edges is used.

We finally succeed in characterizing the elements of the fundamental group of
A by a, after all, surprisingly simple stabilizing condition in the inverse semigroup
limit l{in S,,. Our main theorem reads as follows.

Theorem 1.1. An element (wy)n>0 of Um G, is in o(w(4D)) if and only if for all
k > 0 the sequence (Ynk(wn))n>k is eventually constant.

Remark 1.2. (a) Essentially this condition means that exactly those (wy)n>0 €
lim G,, correspond to elements of the fundamental group of A for which, for any

order k, the number of alterations between distinct transition points of order k in
wy, is bounded in n. Note that this does not imply that the number of occurrences
of a single transition point in w,, is bounded in n.

(b) Let w = (wp)n>0 € lim G, be an element of o(m(A)). In view of Theorem 1.1

there exists a “stabilized sequence” @ = (@ )n>0 With @, = Yen(we) which is well
defined for ¢ > /,, large enough. We will show that
(1) (@n)n>0 € lim S,, and
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(ii) Red(@n)n>0 = (Wn)n>0-
Thus the sequence (&y,)n>0 can be regarded as the canonical representation of w in
lim S,,. The group operation in 7(A) in terms of stabilized sequences then reads as

follows: for w,w’ € (m(A)) we have
0*w' = Red(® - '),

i.e., the product of two stabilized sequences is formed by concatenation and reduc-
tion at every level, followed by stabilization.

The crucial step towards Theorem 1.1 is the fact that though o is not surjective,
restricting the domain of the reduction map Red : lim S,, — lim G,, to the range of

o does not affect its image, i.e., ran(Red o o) = ran(Red) where ran(g) denotes the
range of a map g (cf. Proposition 3.4).

Moreover, we employ considerable effort to completely describe the kernel and
the range of ¢ to enlighten the relevance of 1(21 S, independently of its expedience

with respect to the description of the fundamental group of A: The elements in
the range of ¢ are characterized by a completeness condition and they precisely
describe the set of all loops in A up to re-parametrization.

The organization of the two forthcoming chapters is as follows: In Section 2.1
we introduce a digital representation for the points of the Sierpinski-gasket /A by
retracing the usual construction process of recursively removing the open middle
triangle. Thereby we obtain two sequences of approximating spaces to A, and the
points in A naturally split into the two classes of dyadic and generic points. In
Section 2.2 it is explicated how a loop in A can be represented by a finite word
over the alphabet of dyadic points of order < n at every approximation level n. In
Section 2.3 we introduce the inverse limit of semigroups l'gnSn and show that the

groupoid S(A) of all loops in A can be mapped by a homomorphism into lim S,,

by means of the sequence of representations of a loop attained in Section 2.2.
In Section 2.4 we introduce the set of reduced words (G, which turns out to be
isomorphic to the fundamental group of A,. The (G,)n>0 give rise to an inverse
limit of groups hmG and an appropriate reduction map on elements of hm Sy is

defined such that the diagram in Figure 3 commutes. Employing a result of Eda
and Kawamura [13] we see that ¢ is injective and thus the fundamental group of A
is a subgroup of lim G,,. Example 2.11 demonstrates that ¢ is not surjective. This

provided the initial motivation for considering lim S, .

In Section 3.1 we develop the machinery to study the range and the kernel of o
which is accomplished in Propositions 3.3-3.5 in full detail. In Section 3.2 we finally
prove the characterization of the elements in lim G,, representing a homotopy class

in 7(A) given in Theorem 1.1.

2. PRELIMINARIES

2.1. Digital representations of the Sierpinski-gasket A. For our purposes we
need a digital representation of the points of the Sierpiriski-gasket /. To this end
we follow the construction process of A that recursively removes the open middle
triangle at each stage. We start with a triangle (including its inside) A¢ in the
plane. Just to have a concrete metric at hand we assume that A is equilateral
with side length 1. The vertices of /\g are denoted by 0, 1 and 2. By joining the
midpoints of the sides Ag is subdivided in four smaller triangles (0), (1), (2) and the
middle triangle, where (i) is the subtriangle that contains the vertex i. Removing
the interior of the middle triangle from /Ay we obtain the first approximation A,
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ie.,

A ={0) U (1)U (2).
With the remaining triangles (i), i = 0,1,2, we proceed in the same way: (i) is
divided into the four subtriangles (i0), (i1), (i2), and the middle triangle the interior
of which is cut out in the next step. Thus we get the second approximation

No= U G
i,j€{0,1,2}
and so on and so forth. We obtain a decreasing sequence Ag D A1 D As... of

compact spaces and hence the intersection A = (| A,, the Sierpiriski-gasket, is a
neN
compact space as well. A consists of two types of points which we call dyadic and

generic:

Dyadic points: these are points P which lie in two different subtriangles at some
stage (and consequently in all the following stages) in the construction process
described before. The smallest level at which P appears as a vertex of two different
subtriangles is called the order of P. For instance {P} = (01) N (02) = (012) N
(021) = ... defines a point P of order 2. We represent P by (0,1/2) or (0,2/1)
(see Figue 4). In general a dyadic point of order n has a finite representation of the
form

P = (a1,a2,...,an-1,a/b) = (a1,as2,...,an-1,b/a)

with a;,a,0 € {0,1,2} and a # b, and this means {P} = (a1az...an—1a) N
(aras...an—1b). We consider the vertices 0,1,2 of Ay as dyadic points of order
0. Let in the following D,, denote the set of all dyadic points of order < n. In D,,
there is a natural relation ~,, describing the neighborhood of dyadic points at level
n: for P,Q € D,, we have P ~,, @ if and only if P # @ and there is a subtriangle
(a1 ...a,) of A, to which P and @ belong. At every stage n a dyadic point P € D,
P #0,1,2 has exactly four neighbors, and the points 0,1 and 2 have exactly two
neighbors each.

2

AN

(2,0/2) (2,1/2)

1

(0/2) S (1/2)
(0,0/2) (0,1/2) (1,1/2)

YAVAVAVAVANVAVAVAN

0 (0,0/1) (0/1) (1,0/1) 1

FIGURE 4

Generic points:  these are points P of A such that at every stage
n there is a unique subtriangle of A, to which the point P belongs.
If P € {(aaz...an), n € N, then P has the infinite representation
P = (a1,aq9,...) with a; € {0,1,2}, where the sequence (ay)nen is not ultimately
constant.

Formally A can be obtained as the quotient space of the compact space X of one-
sided infinite sequences over the three letter alphabet {0, 1,2}, i.e., X = {0,1,2}"
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with the discrete topology on the factors, where a pair of sequences (a,)nen and
(bn)nen is identified if there is an ng such that a, = b, for n < ng and a, =
bny # an, = by for n > ng. In the approach described before this means that
P =(a1,a2,...,an0-1,0n,/bn,y) is a dyadic point of order ny.

The spaces A,, n > 0, provide an encasing approximation to the Sierpirski-
gasket. In the following we will also consider an approximation from inside. Let
A" denote the boundary of A, considered as a subspace of the plane. Then A =

J A™ where the bar means the closure operator in the plane: |J A™ contains
neN neN
exactly those points P = (a,) such that eventually the digits a,, are out of a two-

element subset of {0, 1,2}, in particular this set contains all dyadic points. On the
other hand every generic point of A is the limit of a sequence of dyadic points.

Concerning homotopy the spaces A,, and A"~!, n > 1, provide the same level
of approximation to the Sierpinski-gasket A\. There exists a deformation p, that
retracts A\, to A"~1: For every subtriangle T' = (ajas ...a,_1) of A,_1 the map
Pn projects the points of A\, NT" from the center of T' to the boundary of T'. Hence
the fundamental groups 7(A,,) and (A1) are isomorphic (cf. [25, Theorem 1.22
and Theorem 3.10]).

2.2. Representation of loops in A. To describe the fundamental group m(A)
we have to consider continuous loops f : [0,1] — A. Since A is path connected
throughout we may assume f(0) = f(1) = 0. Our next aim is to represent loops
based at 0 in A, and A by a finite word over the alphabet D,, for every n > 0.

Let us fix n and assume that f : [0,1] — A, is a continuous loop in A, with
f(0) = f(1) = 0. The pre-images {f~1(P)|P € D,,} form a finite family of disjoint
compact subsets of the interval [0, 1]. Therefore this family is separated, i.e., there
is m € N such that for all i = 1,2,...,m the set f~!(P)N[%2L, L] is non-empty
for at most one P. We list these points P as i increases and in the arising sequence
we cancel out consecutive repetitions. Thus we obtain a finite word P1 P; ... P, =:
on(f) over D, which is independent of the chosen m. Obviously o, (f) has the
following properties:

(2.1) P, =P, =0,
(22) Pi ~n Pi—i—l for alli:l,...k—l.

In the following we will also consider the loop that emerges from o, (f) by connect-
ing the listed points straight-lined in the order they appear and call it the piecewise
linear loop corresponding to o, (f). In order to disburden the notation we will not
distinguish between the string o, (f) and the associated loop as long as no confusion
can arise.

Now let f : [0,1] — A be a loop in A based at 0. Since A C A, the image
on(f) is well defined for each n € N and represents f at approximation level n.

Proposition 2.1. In A, the loop [ and the piecewise linear loop o, (f) are homo-
topic.

Proof. Let o,(f) = P1...P,. For every i = 1,...,k there is a maximal interval
[Si,ti] such that f(Si) = f(tz) =P, f([S“tZ]) nD, = {Pz} and 0 =51 <t1 <89 <
to < ...< 8 <t = 1. This means that f([s;,t;]) is contained in the interior — as
a subset of A,, — of the union of the (at most) two subtriangles of A,, that intersect
in P;. Since this set is simply connected f1[s;, ;] is homotopic to the constant loop
at Pi-

Moreover, the conditions on s; and t; imply that f([t;, s;+1]) is a subset of the
subtriangle of A,, that contains P; and P;11 and hence f1[¢;, s;4+1] is homotopic to
the straight line between P; and P;y;.

Putting the pieces together we obtain the assertion. O
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In order to describe the fundamental group of A\, Proposition 2.1 suggests to rep-
resent a loop f, as a first step, by the sequence (o, (f))n>0. In the next section we
will elaborate an appropriate ambient space for the sequences (o, (f))n>0-

2.3. The inverse system (S, 7, )n>0 of semigroups. The semigroups S,, n >
0, are defined in the following way: The elements of S, are finite words w, =
Py ... P over the alphabet D,, such that (2.1) and (2.2) are satisfied. These words
wp, are called admissible and they are supposed to represent paths in A,. (2.1)
means that we consider only cyclic paths with base point 0, and (2.2) reflects that
with respect to homotopy constant parts of paths do not matter and that in a
continuous path a dyadic point can only be followed by a neighboring dyadic point.

The semigroup operation - on S, is defined by concatenation of words and can-
cellation of one of the adjacent letters 0 at the interface:

P...P.-Q1...Q1=P1... PQ2...Qy.
The bonding mapping
(2.3) Yt Sp — Sp_1, n>1,

eliminates from an element of .S, all points of order n, and then cancels consecutive
repetitions of points of order < n arising in this process. Obviously the result is
an admissible word in S,,_; and 7, is a semigroup epimorphism. Thus we may
consider the inverse semigroup-limit

lim S, = {(wn)n>0 | 7k(wk) = wi—1 for all k > 1}

corresponding to the sequence (Sy,, Yn)n>0-

Let (S(A),-) denote the groupoid of continuous loops f : [0,1] — A (based at
0), where multiplication - is just the usual concatenation of loops. As a general
principle we denote the operations in the groupoid S(A) and in the semigroups S,
and @Sn by - (or omit the operation symbol), whereas for the group operations,
for instance in the fundamental group m(A), we use the notation *.

Next we will provide a digital description of loops at the semigroup level.

Proposition 2.2. The map
S(A) — lim Sy,
. { AT
is a homomorphism from the groupoid (S(A),-) into the semigroup Qin Shyt)e

Proof. Firstly we show that o is well defined: Let f be an element of S(A). Then
the word o, (f) contains the dyadic points of D,, which are passed by the loop f
in the order they appear in f without consecutive repetitions. When we apply 7y,
to on(f), obviously we end up with the same word in S,_1 we obtain when we
list the dyadic points f passes at level n — 1, i.e., v, (0n(f)) = 0n—1(f), and thus
o(f) e l‘in Sh.

o is a homomorphism since concatenation of loops in S(A) correlates exactly to

the concatenation of words in the components S,,, n > 0. To put it more formally,
for f,g € S(A) we have:

o(f-g) = (on(f9))n>0= (n(f) 0n(g))n>0 =
(@n(f))nz0 - (on(9))nz0 = o(f) - o(g)-
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2.4. The inverse system (G,,d,)n>0 of groups. In order to describe the ho-
motopy of loops in /A we have to consider an appropriate reduction process for
the semigroup words in lim S,,. In the following for f € S(A) let [f] denote the

homotopy class of f in A, and let [f],, denote the homotopy class of f in A, i.e.,
in the latter case f is considered as a map with range A,.

In a first step we will describe the elements of the fundamental group of A,,.
Very briefly we recall here the standard approach to the fundamental group of a
simplicial complex (cf. [25, chapter 7]): One considers edge paths in A,, which start
and end in the same vertex, say in 0. In principle an edge path is the same as an
admissible word over D,,, i.e., an element of .S, except that also constant edges are
allowed. Two edge paths are defined to be equivalent if one can be obtained from
the other by a finite number of elementary moves. In our setting an elementary
move is a substitution on subwords consisting of consecutive letters of the form

(2.4) PQP «— P or PQR «—— PR

where P, @, R are the distinct vertices of a simplex in the simplicial complex which
in our case means that P,Q, R form a subtriangle of A,. As the arrows indi-
cate these transformations may be performed in both directions. The equivalence
classes of edge paths then constitute the elements of the fundamental group with
concatenation as the group operation (cf. [25, Theorem 7.36]).

In our attempt we proceed slightly different: We call an element w,, € S, reduced
if w,, cannot be shortened by an elementary move as described in (2.4). A reduced
word in S, can be identified with a sequence of subtriangles of /A,, such that any
three consecutive subtriangles are pairwise different. Let G,, denote the set of all
reduced words of S,, and Red,, : S,, — G, the mapping that performs elementary
moves until the word is reduced.

Proposition 2.3. Red,, is well defined and for w, € S, the loop corresponding
to Red, (wy) forms a canonical representative of the homotopy class of the loop
corresponding to wy, i Ny,

Proof. Obviously, by performing an elementary move on an element of S,, we stay
in the same homotopy class for the corresponding loops. All we have to show is that
two different reduced words correspond to non-homotopic loops. Here we use the
fact that A, and A"~! have isomorphic homotopy groups (A"~ is a deformation
retract of Ay,).

Since A" ! is a connected 1-complex its homotopy group is a free group, freely
generated by the edges not contained in a fixed spanning tree T' (cf. [25, Corol-
lary 7.35]). Starting with two different reduced words w,, # @, in G,, by retracting
the loops corresponding to w, and @, to A"~ !, we end up with two different words
Wn—1 # Wp_1 over the alphabet D, _; such that any three consecutive letters of
these words are pairwise different elements of D,,_; (a reduced word in G,, corre-
lates to a sequence of subtriangles in A,; every subtriangle in /\,, contains exactly
one vertex in D, _1; the sequence of these vertices is exactly what we obtain by the
retraction).

Suppose the two emerging loops corresponding to w,_1 and @, are homotopic
in A""1, then due to the fact that the homotopy group of A"~ ! is a free group
the two words must contain the same edges not contained in the tree 7' in the
corresponding order. Moreover, there is a unique path in 7' connecting these edges.
Since wy,_1 and @, _1 do not contain subwords of the form PQP, w,_1 and &, _1
must be identical in the parts connecting the edges not in 7', and hence they must
coincide on the whole, which is a contradiction. O
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Now it is obvious how to define the group operation for w,,,&, € G,:
wn, * Op, = Redy, (wy, - @n),

where wy, - @, is the product in S,,. Together with the results in [25, chapter 7] we
obtain:

Proposition 2.4. The fundamental group (7(Ay), *) is isomorphic to (G, *) by
means of the isomorphism @y, : [f]n — Redy,(on(f)) where f is a continuous loop in
ANy. Furthermore, the reduction map Red,, : S,, — G, associating to every admis-
sible word its reduced form, is a semigroup epimorphism, i.e., (G, *) is isomorphic

to (Sp/ ker(Red,), ).
Now we elaborate a bonding between the groups G,,.

Lemma 2.5. Forn > 1 the map

S Gn - Gn—l
ne wn — Redp—1(yn(wn))

is a group epimorphism.
Proof. Let wy,w, € G,. We have
O (wn * @n) = Redp—1 (0 (Redy (wp, - @p))).
On the other hand we get
O (wn) * On (@n) = Redn—1(Redn—1(yn(wn)) - Redn—1(n(@n))) =
Redy—1(n(wn) - ¥n(@n)) = Redn—1(yn(wn - ©n)).

Due to Proposition 2.3 it is thus sufficient to show that the loops v, (Redy, (wy, - @,,))
and vy, (wy, - @p) are homotopic in A, _1. It is obvious by the definition of -, that
[an]n—1 = [yn(an)]n-1 for every a, € S,. Further we have [a,], = [Red,(ay)]n
and hence also [a,]n—1 = [Red,(an)]n—1. Altogether we obtain

['Yn(wna)n)]nfl = [Wnu_)n]nfl = [Redn(wnwn)]nfl = ['Yn(Redn(Wn(Dn))]nfl

and we are done.

0, is surjective: Suppose wp,—1 = PiP>...P; in G,_1 is given. Put w, =
PiQ1PQs ... Qk—1 P, where Q; is the (unique) element of D,, with P; ~,, Q; ~p
P;+1. One can check easily that w,, is reduced and 6, (wy,) = wp—1. O

As a consequence of the last lemma we can consider the inverse group-limit

lim G,, = {(wn)n>0 | Ok (wk) = wi—1 for all k > 1}.

Next we show that the reduction maps Red,, : S,, — G,, can be lifted to a map on
the inverse limits.

Lemma 2.6. For every n > 1 the following diagram commutes:

Tn
Sn ? Snfl

| Red, Red,_1 |
On

Gn — anl
Proof. Let wy, be in S,. We have to show that §,(Red,(w,)) = Redp—1(yn(wn))-
Since 0y, (Redy, (wr)) = Redp—1(vn(Red, (wy))) it suffices to prove that v, (w,) and
¥n(Red,, (wy,)) are homotopic in A,,_1. However, this was already accomplished in
the proof of Lemma 2.5. O
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Proposition 2.7. The map
limS, — limG,
Red : — —
(wn)n20 = (Redn(wn))HEO

is a well defined semigroup homomorphism.

Proof. If (wp)n>0 € lim S,, then 7, (w,) = wy—1 for every n > 1. Thus Lemma 2.6

yields 6, (Red, (w,)) = Red,—1(wp—1). This shows that Red is well defined. The
fact that Red is a homomorphism follows because Red,, is a homomorphism by
Proposition 2.4. (]

Now we figure out that the fundamental group (7(A), *) can be embedded into
the group-limit (lim G,,, *). To this matter we need a lemma on the Cech homoptopy

group 7 (A) of A (see e.g. [23, p. 130]! or [13, Appendix A] for a definition of 7).
Proposition 2.8. The Cech homoptopy group w(A) is isomorphic to lim G,,.

Proof. Since A = ﬂnzo Ay and Ay D A1 D A, ... is a nested sequence of compact
polyhedra we have that

(2.5) #(A) = limm(Ay)

—

where for each n € N the bonding mapping j, : 7(A,) — 7(An—1) is induced by
the inclusion A,, — A, _1 (see [23, Chapter II, §3]).

According to Proposition 2.4 we have that 7(A,) 2 G,. Let ¢, : 7(An) — Gy
be the canonical isomorphism between these groups. It is now easy to see that the
diagram

W(An) ELN 7"'(Anfl)

= l Pn = l Pn—1

On
Gn — anl

is commutative. Indeed, for each n > 1 and each continuous loop f in A, C A,_1
we have [0,,(f)]n = [f]n by Proposition 2.1. In particular, [o,(f)]n—1 = [fln-1
and [65,—1(f)]n—1 = [f]n—1 hold. Also we observed in the proof of Lemma 2.5 that
[Yn(wn)]n—1 = [wn]n—1 holds for w,, € S,. Hence,

(Y (@n(F)ln—1 = [on(Hln—1 = [fln-1 = [on-1(f)]n-1-

Combining this with Lemma 2.6 we get

Sn(pn([f]n)) = on(Redn(0n(f))) = Redn—1(ynl(on(f))
= Redn—l(on—l(f)) = Spn—l([f]n—l)
= pn—1(jn([f]n))

which proves the commutativity of the above diagram. Together with 2.5 the
diagram implies the assertion of the lemma. U

We are now in a position to prove the following result.
Proposition 2.9. The map
w(0) — lmG,
o { 7] = Red(o(f))

is a well defined group monomorphism.

INote that the Cech homotopy group is called shape group in this text.
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Proof. Because A is a one-dimensional continuum, [13, Corollary 1.2] implies that
the canonical homomorphism from m(A) to #(A) is a monomorphism. Since ¢ is
the composition of this monomorphism with the isomorphism between 7#(A) and
%iinGn established in Proposition 2.8 we get the result. U

The next theorem gives an interim survey of what we have established up to this
point.

Theorem 2.10. The fundamental group (w(A),*) of the Sierpirski-gasket is iso-
morphic to a subgroup of (im G,,,*). Moreover, the following diagram commutes:

VA h£1 Sn
b Red |
m(A) = h;n G
However, the next example shows that ¢ is not surjective:

Example 2.11. Let Cjy be the (piecewise linear) loop that starting at 0 passes
around the boundary of Ay in positive direction (i.e. passing from 0 to 1, then 2
and back to 0). By Cy ! we mean the same cycle passed in the opposite direction.
C4 denotes the loop around the subtriangle (0) in A (i.e. passing through 0, (0/1),
(0/2) and 0), Cy the loop around (00) in As, and so on. Now we consider the
following sequence of words:

wo=wi1 =0
= Reda(02(CoC1Cy 1))

w3 = Redg(og(C Clc 02))

wy = Redy(04(CoC1Cy CCC3C5 )

ws = Reds (05 (C, clc LCyCoCsCy Cy))

It can be checked easily that (wp)n>0 is an element of limG,,. For instance, if

we apply d4 to wy, the loop C5 disappears since it is null-homotopic in Az, and
consequently also the Cy and Cy ! neighboring C3 cancel out and we arrive at ws.

Suppose there exists f in S(A) such that ¢([f]) = (wn)n>0- Then due to the
construction of w, = [f], the loop f has to traverse the circle Cy infinitely many
times, which is not possible.

Maybe it is instructive to see here that (wp)p>0 18 even not in
Red(liin Sp). Suppose there is (an)n>0 in @Sn with Red((an)n>0) = (Wn)n>o0-
If we consider only the dyadic points of order 1 that appear in ws,, we see that
the sequence (0/1) (1/2) (0/2) (1/2) (0/1) repeats n times. This means that at least
this sequence of 5n points of order 1 also appears in as, (maybe some more which
cancel out by performing Reds,,). However, when projecting down from Ss, to Si
in {iinSn no cancelation in between these 5n points can occur. As a consequence

a1 would contain infinitely many points which is a contradiction.
We aim at describing the fundamental group of the Sierpinski-gasket. Retro-

spectively, Theorem 2.10 provides the motivation for investigating the semigroup
limit lim Sp,: 7(A) = p(n(4A)) = Red(0(S(4))). Therefore we have to study the

range of ¢ in lim S,, and the range of Red in lim G,,. This will be accomplished in

the next section.
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3. A CHARACTERIZATION OF THE ELEMENTS IN ¢(7(A))

3.1. The range and the kernel of o. We associate to a fixed element (wy,)n>0 =
(PhaPr2 ... Ppg, )n>0 in lim S, a graph G = (V, E) with vertices V' and directed

edges E. We think of the graph G as organized in rows: in the nth row, n > 0,
we have for every letter appearing in the word w, a corresponding vertex, i.e.
V={(n,j) | n>0,1<j <k,}. Edges connect certain vertices from row n to
vertices in row n + 1, namely, ((n,¢), (n+1,j)) € E if and only if P,; = P11 ; and
in the course of y,,41 that maps wy1 to w, the point P11 ; is projected to Pp;.
Consequently any vertex (n,¢) in row n has at least one successor up to a finite
number of successors (not bounded from above for growing n) in row n + 1, and
(n, 1) has exactly one predecessor in row n — 1 if and only if the order of P,; is < n.

Example 3.1. We consider the following element in lim.S,, one can think of as

a “pseudo-path” that passes from 0 on the baseline of AY arbitrarily near to 1
without touching 1 and then goes the same way back to 0. A phenomenon arising
in this example will turn out to be important in the further investigation:

wo =0, wy =0(0/1)0, wy = 0(0,0/1)(0/1)(1,0/1)(0/1)(0,0/1)0, ... .

Figure 5 shows the graph associated to (w,)n>0 where we denote the vertices by
the corresponding dyadic points P,; instead of the index (n,i) we usually use.

FIGURE 5

By a branch B we mean a directed path in G which cannot be extended. As
description for B we use the sequence of vertices contained in B, i.e. B = (1, in)n>n,
where P = P, ;, for all n > ng, is a point of order ng. We say that the branch B
corresponds to the dyadic point P.

The set B of all branches in G carries a natural total order <: Let B; =
(N in)n>ny> B2 = (N, Jn)n>n, be two branches then we define By < Bs if and
only if there exists n > max{ny, no} such that i,, < j,. Consequently we then have
im < jm for all m > n, and i,, < j,, for all m with max{ni,na} < m < n which
reflects the property that branches do not cross in G if we display the vertices in
every row n in the order they appear in w,,. It is straightforward to check that <
is a total order on B. For instance, B; < By and By < B; implies By = Bs since
branches are maximal with respect to extension.

The order < on B is dense: Let By < Bs be defined as before with i,, < ji,.
Then ju41 — int+1 > 2 since the points corresponding to B; and By are of order
< n and thus Pyy14,., %nt+1 Pnt1,j...- Hence any branch B starting at vertex
(n+ 1,441 + 1) satisfies By < B < Bs.



14 S. AKIYAMA, G. DORFER, J. M. THUSWALDNER, AND R. WINKLER

In the following we will consider Dedekind cuts in (B,<): A cut (By,Bz) is a
partition of B into two (nonempty) subsets By and B, such that B € By, B < B
implies B € By, and B € By, B > B implies B € Bs.

Rational and irrational cuts: The cut (By,B2) is called rational if either By has
a largest element or Bs has a least element. In the remaining case (B, Bs) is called
wrrational.

Every cut (B1, Bs) converges to a uniquely defined element of A in the following
sense: For all n > 0 put

l, = max{i | 3B € By : B contains (n,4)}
rp, =min{j | 3B € By : B contains (n,j)}

Obviously we have 1 <, < r, <k, for all n > 0.

Lemma 3.2. For the cut (B1,B2) we have lim P,; = lim P, ,, .

n—oo n—oo

Proof. By construction of l,, and r,, we have either {,, = r, and thus P, ;, = Py,
or rp = lp +1 and thus P, ;, ~y P, r,. Hence it is sufficient to prove the existence
of lim P,,,.

n—oo

We prove now for all n > 0 that P,41,,,, lies in the same subtriangle T}, of
A, as P, : We suppose P, ;. ~n Py, , the other case P,;, = P, ,, is proved
similarly. Let By = (..., (n,ln), (n 4+ 1,i),...) be a branch in B; such that i is a
large as possible. Further, let By = (..., (n,r,),(n + 1,7),...) be a branch in By
such that j is a small as possible. Note that P41 = Py, Pot1,; = Py, and
lp41 > i. Evidently, all points P, y1,, with ¢ < k < j are of order n + 1 and lie in
the same subtriangle T}, of A,, as P, ;, and P, , and it is clear by construction

that Pny1,1,, is one of the points P, or coincides with P, .
Thus we obtain a sequence of subtriangles (T},)n>0 with T}, D T 41, diam(T,) =
27", Py, €Ty, and hence lim P, ;, exists. O
n—oo
The limit of the cut (By,B2) is defined to be the point hm P, = lim P, ,,
n—oo

in A. As the proof of Lemma 3.2 shows, a rational cut haS a dyadlc limit point,
namely the point corresponding to the largest branch in B; or the smallest branch
in By, respectively. An irrational cut may converge to a dyadic or to a generic
point.

Complete elements: We call (wp)n>0 € liLnSn complete if every irrational cut in

the set of branches B associated to (w,)n>0 converges to a generic point.

Coming back to Example 3.1 we see that (wy)n>0 defined there is not complete:
Let B; consist of all branches which turn left when following them downwards, Bs
all that turn right. Then obviously this cut is irrational and converges to the dyadic
point 1.

Next we prove that completeness is a necessary condition for (wy,)n>0 to be an
element of o(S(A)).

Proposition 3.3. For all f € S(A) the representation o(f) in lim S, is complete.

Proof. Put (wn)n>0 = (Pn1Paz ... Pok, )n>0 = (0n(f))n>0 and let B = (0,45 )n>n,
be a branch in the graph G which is associated to (wp)n>0-

We will assign to B an interval [sp,t5] C [0, 1]: Firstly, as we already explicated
in the beginning of the proof of Proposition 2.1, for every n > ng we can associate
to P, ;, the interval [s,,t,] such that f([sy,tn]) N Dy = {Py,, }- The definition of
the edges in the graph G yields [sp41,tn+1] C [Sn, tn], and so we obtain a nonempty

interval [sp,t5] = () [Sn,tn] such that f is constant on [sp,tg] with the dyadic
n>0
point corresponding to B as the constant value.
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We list some properties of this relationship between branches and intervals.
The order on the branches is preserved by this construction, i.e., if By =

(n,z’g))nz,h,Bg = (n,ig))nznz are two branches then By < Bs implies tp, < sp,:
Bi < B means that there is an n such that ig) < ig) and thus for the in-
tervals [Snk,tnk] associated to P o, k= 1,2, we have 1 < sp2. Hence
tp, =infp>n, th < SUD;,>p, Sn2 = SB,-

As a consequence different branches lead to disjoint intervals. Further, it is
evident that for every u € [0,1] such that f(u) is a dyadic point there exists a
unique branch B with u € [sp,tg].

To sum up, the family {[sp,t5] | B € B} forms a partition of f~!( |J D,,) which

n>0
inherits the order on the set of all branches B in the sense explained above.

Now we are in position to prove that every irrational cut (81, B2) in B converges
to a generic point in A: The irrational cut (B, B2) corresponds to an irrational
cut in {[sp,tp] | B € B}. Put s = supg.p, sp and t = infpep, sp. Since the cut
is irrational it is irrelevant whether we take sp or t5 when forming the inf and the
sup, and moreover we have s > sp, and t < tp, for all By € By, By € Bs.

Obviously s < t and we claim that f is constant in the interval [s, t] with a generic
point as constant value: Suppose there exists u € [s,t] such that f(u) is a dyadic
point. Then there is a branch B with u € [sg,t5]. However, due to the definition
of s = supgcp, sp all intervals corresponding to branches of By are strictly below
s and thus cannot contain u. The same applies to all branches of By since their
intervals lie above t. Hence B is not in By U By = B which is a contradiction. So
f does not attain a dyadic point as value on the interval [s,t]. Suppose f is not
constant on [s,t]. Then f([s,t]) is a connected subset of A containing at least two
points and therefore also contains a dyadic point.

Finally we show that the cut (By, Bs) converges to the generic point f(s). Put
l, = max{i | 3B € By : B contains (n,i)}. Thus for every n > 0 there exists
a branch B,, = (m,ig))mzmn € By such that (n,l,) = (n,i%")) and thus P,
P . As a consequence f(sB,) = Py, where as usual [sg, ,tp,] is the interval
cofresponding to By,.

Since B has no largest element for every B = (n,in)n>n, € B1 there exists B=
(N, jn)n>n, € B1 with B > B, i.e. there is an n € N such that 3, < j, <, = i%").
This means that for all B € B; there is an n € N such that sp < sp,. So we infer
lim sp, = s, and using the continuity of f we obtain

n—oo

il

lim P,;, = lim f(sg,) = f(s)

n—oo

and we are done. O

We have already seen that non-complete elements in lim S, exist (see Exam-
ple 3.1). Proposition 3.3 thus shows that o : S(A) — lim S, is not surjective.

The next proposition aims at finding f in S(A) such that o(f) approximates a
given (wp)n>0 € lim S, best possible.

Proposition 3.4. For every (wp)n>0 € lim S, there exists f € S(A) such that
Red(o(f)) = Red((wn)n>0), i.e., ran(Red o o) = ran(Red). Moreover, if (wn)n>0
is complete then even o(f) = (wn)n>0 holds for some f € S(A).

Proof. Let (wn)n>0 = (PniPnz ... Pk, )n>0 be a fixed element of lim S,,. We will

define a sequence of functions (fy,)n>0 by induction on n such that f, is piecewise
linear with range in A™ and oy (f,) = wg for all £ < n.
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We start with n = 0, wg = Po1Poz . .. Po.k,, and divide [0, 1] into 2kg — 1 subin-
tervals of equal length by the points

0=1wu01 <vo1 <upz <vo2 <...< Uk, <Vok, =1

Define fo(t) = Po; for t € [ug;,voi], 1 <i < ko, and fo to be the linear connection
of Py; and Py ;41 in the interval [vo;, uoi+1], 1 <4 < ko. Obviously oo (fo) = wo.
Suppose f, is already defined: f,,(t) = Ppn; for t € [uni,vni], 1 < i < Ky, fn
is the linear connection of P,; and P, ;11 in the interval [vni, un i41], 1 < i < ky,
and thus oy (f,) = wk for all K < n. We explain in detail how to define f,,11(¢) for
t € [un1,vn1] and ¢ € [vp1, up2]. In the equality vp,4+1(wnt1) = wy, we analyze the
action of 7,11 on the individual letters of w,41: Figure 6 is part of the graph G

Pna Ppo
/ \ 7 N\

Pov1a oo Pay14y Pat1ii+1 -+ Pngiis Pntijigt1 oo Pagiig

FIGURE 6

we associated to (wp),>0 in the beginning of this section and should be interpreted
as follows: P,y11 respectively P,414, is the first respectively last letter in wy41
that is projected to Pn1 by Yn+1; Pri,i1+1 up to Phyq 4, are all of order n+ 1 and
disappear by applying v,+1, and so on.

Now we define f,41(t) for ¢ € [un1,vn1] analogously to fo in [0,1]: divide
[tn1,vn1] into 241 — 1 subintervals of equal length and define f,, 41 in these subinter-
vals alternately to be constant with value P,414, 1 <% <1, and to connect P, 1
with P, 41,i41 linearly, 1 <4 <4; — 1.

Next, the interval [v,1, un2] is divided into 2(ig — 1) + 1 subintervals. Here f, 1
alternately connects P, 41 ; with P, 1 ;41 linearly, i1 <4 <49, and is constant with
value Pn+1)1', il +1 S 7 S ig.

In the same manner we proceed with the rest of the intervals and obtain f, 1
satisfying our requirements.

We compare f, with f,+1 (see Figure 7). For 1 <i < k,:

fn(t) ... constant P,;

t € [uni, vnil : far1(t) ... staysin the two subtriangles T; and
Ty of A\, that intersect in P,;,

and for 1 <i <k, —1:
fn(t) ... connects P,; and P, ;41 linearly

t € [Vni, Un,it1] : fat1(t) ... stays in the subtriangle T5 of A, to
which P,; and P, ;41 belong.

Summing up we obtain ||fn — fatilleo < 27" where ||.||co denotes the maximum
norm for ¢ € [0, 1]. Consequently f,, converges for n — oo uniformly to a continuous
f:00,1] = A.

By construction we have fp,(un;) = Pni, 1 < @ < ky,, for all m > n and thus
also f(un;) = Ppi, 1 < i < k,. This means that o,(f) contains at least all letters
appearing in the word w, in the proper order, but it may happen that o,(f) in
between the P,; contains further dyadic points of order < n and some of the P,;
appear in multiplied form. To illustrate this we consider the interval [up;, tn i+1]:

fnt1 and all f, with m > n + 1 stay for ¢t € (uni, Un,i+1) in the interior of
the union of the two subtriangles int(77 U Ts) of A, (interior as a subset of A,,).
This implies that f = W}gn@ fm stays in the union of the (closed) subtriangles
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T3

Rs Pr it

T1 T2

Ry P R2

FIGURE 7

Ty UTy. Hence O'n(f] [um,umiﬂ]) = Pi1Q2. "QlP”hi"rl’ Il > 0, where Q; €
{Rl,RQ,R3,Pni,Pn7i+1}. HOWQVGI’, since f([um,un7i+1]) N (T3 \ {R3,Pn7i+1}) =
0, the two letters R3 and P, i+1 can never occur in immediate succession in
PpiQ1Q2 ... QP i+1. This implies that Redy (o7 (f 1 [tnis Un,it1])) = PriPriv1
and hence on the whole Redy, (o, (f)) = Red,, (wy).

Of course, configurations for P,; and P, ;41 different to the one displayed in Fig-
ure 7 are possible. However, as can be checked easily the consequences concerning
the respective subtriangles T7,T> and T3 are always the same.

The first part of the proposition is proved. Now we show that o, (f) = w,, for
all n > 0 if (wp)n>0 is complete.

We have two sets of branches: The set By corresponding to o(f) and B,, corre-
sponding to (w,)n>0. As pointed out above the vertices of the graph G|, associated
to (wn)n>0 form a subset of the vertices of the graph Gy associated to o(f). In
order to distinguish between these two graphs we use the following notation: Put
on(f) = (Qn1---Qui, ), n>0,and let Vi = {(n,j)) | n>0,1<j <k,} be the
vertices in Gy.

Next it will be outlined that in a canonical way to every branch B = (n,in)n>n,
in B,, a branch in By is associated. Two cases may occur:

(1) The interval [u,v] = () [Wn,,Un,,] corresponding to B is a singleton.
n>no
Recall that when constructing f, we assigned to every P,; the interval
[ni, Uns] on which f,, has constant value P,;. Thus the property v = v is
equivalent to the feature that in G, for an infinite number of n the vertex
(n,i,) has more than one successor: if there is more than one successor of
(n,%5) then [Uni1,.1sVnt1,i,.,] has length less than 1/3 of [un.i,, Vn,i,]-
Let P be the point corresponding to the branch B then in this case f(u) = P
and in every neighborhood of u, f has infinitely many different dyadic
values. Anyway, turning to the graph G; we see that there is a unique

branch B = (n,jn)fl@no in By such that @, = P corresponds to the
interval [sy j,,%n,j.] in the sense utilized in the proof of Proposition 2.1
with u € [sp, j,,tn,;,] for all n > ng.
(2) The interval [u, v] corresponding to B satisfies v < v. This means that there
exists an index nq such that for all n > ny the interval [uy, i, , Vni,] = [u, ]
In this case f, has constant value P on [u,v] for all n > n; and hence f
satisfies this, as well. Again, there exists a unique branch B = (n, j”)fzf>)n0
in By such that @, j, = P corresponds to the interval [sy j,,tn ;] With
[u, 0] € [$n,jos tn,jn)-
In the following we will identify B € B,, with the respective B € By from (1) or (2)
and thus we may consider B, as a subset of By.
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We have already proved in Proposition 3.3 that By is complete. Now we show
that B, is dense in By, i.e. for all By, By € By with By < By there exists B € B,
such that By < B < Bs: First of all, it is sufficient to prove this for By, Bs € Bf\B,:

— if By, By € B, then there exists an according B since < is a dense order on
B.,

— if By € B, B2 € By \ By, then, since By is dense, there exists By € By
with By < B3 < Bo; if By € B, we are done and if B3 € By \ B,, then the
problem is reduced to B3y < Bs, the case we will deal with.

Let B; correspond to the interval [s;,t;], f(s;) = Qs @ = 1,2. As By < By we
have t; < sp. Since By is dense there exist By € By with By < Bz < By and
since f cannot be constant on [t1, s3] we can choose Bs such that the point Q3
corresponding to Bj satisfies Q1 # Q3 # Q2. Consequently there is s3 € (t1,52)
with f(s3) = Q3. We fix some k > 0 such that the distance d(Q3, Q;) is larger than
27k+2 5 = 1,2. Since (fm)m>0 converges uniformly to f we have || f — fin|loo < 27F
for all m > my with appropriate my. So for m > myj we have

d(Q1, fm(t)) < 27F, d(Qs, fin(ss)) < 27"

Hence f,,(t) must pass from the 2~ *-neighborhood of @ for t = ¢; to the 27*-
neighborhood of Q3 for t = s3 and since f,, is alternately constant/linear f,,
assumes a dyadic point P (of order < m) as constant value for some interval in
(t1,83). Since oy, (fm) = wm there is a branch B € B, containing this P which by
construction satisfies By < B < B3 < Bs.

Finally we show o(f) # (wn)n>0 (which is equivalent to By \ B, # 0) implies
that (wn)n>0 is not complete: Let B = (n,in)flfgno € By \ B, such that for all
n > ni the vertices (n,in)(f ) in B have smallest possible i,. For instance this is
possible if (n; — 1,4,,-1)) is a vertex in G \ G,,. We consider the following cut
in B,:

Bi={BecB,|B<B}, B,={BecB,|B>B}.

First we show that (B, Bs) is irrational: for By € B; we have B; < B and since
B., is dense in By there is B € B, such that B; < B < B showing that B; has no
largest element. Analogously one learns that Bz has no least element.

Now we prove that (B;,B2) converges to the point @ corresponding to B. Let
(Bf, Bf) be the cut in B; with smallest element B in BJ and

17 = max{j | 3B, € B! : B, contains (n, )},
l, = max{j | 3B; € By : By contains (n,5)’}.

Due to our choice of B we have for all n > n; that lfL =ip—1land @, s ~n Q.
Further let Bf € By be the largest branch containing (n, I )(f) (starting from Q,
taking always the rightmost vertex as successor). As a consequence all branches
B with Bf < B < B correspond to a dyadic point in the subtriangle T}, of A,
that contains @ and @, ,s. Since B, is dense in By there exists B, € B, such
that Bf < B, < B. Hence the points P, corresponding to B, must lie in the
subtriangle 7}, and if P, is of order r,, then also Qy, lies in 7T}, for all K > r,. So
we have proved
lim Qn,lﬁ = kh_)H;o Qk,lk = Q

n—oo

Summing up this means that the irrational cut (B1,B2) in B, converges to the
dyadic point @ and hence (wy)n>0 is not complete, in contrast to our assumption.
Thus B, = By, i.e., 0(f) = (wn)n>0, and we are done. O
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We now have precise information on the range of o. In order to get an idea
what the sub-semigroup o(S(A)) = S(A)/ker(o) of lim S,, describes we have to

investigate the kernel of o.
A first observation in this direction is that ker(c) is a sub-relation of the homo-
topy relation of elements f,g € S(A): o(f) = o(g) implies

¢([f]) = Red(a(f)) = Red(a(9)) = #([9g));

and since ¢ is injective we obtain [f] = [g].

It is palpable that ker(o) will be related with the re-parameterization of loops.
Therefore, following Curtis and Fort [9] we say that two loops f,g € S(A) are
Fréchet equivalent, f = g for short, if and only if there exist functions «, 5 : [0,1] —
[0, 1] which are monotonously increasing and surjective (and hence continuous) such
that f oa = go 3. In Curtis and Fort [9, Appendix] it is shown that this is an
equivalence relation.

Proposition 3.5. If f = g then o(f) = o(g).

Proof. First we show that o,(f) = 0,,(f o @) for all n > 0 where foa = gof
with properties as defined above. We recall that o,,(f) is the sequence of points in
D,, that arises when we raster the separated set f~1(D,,) with appropriate small
intervals and list the corresponding points. For a letter P appearing in o, (f) let
again [s,t] be the maximal interval such that f(s) = f(¢t) = P and f([s,t]) N D, =
{P}. Since « is surjective P appears also in o, (f o @) and the monotonicity of «
preserves the order of points in o, (f), in particular [mina=!({s}), maxa=1({t})]
is the interval corresponding to letter P with respect to the loop f o «.

The rest is obvious: o, (f) = on(f o) = on(go B) = on(g)- O

The converse of Proposition 3.5 is established in the following.
Proposition 3.6. If o(f) = o(g) then f =~ g.

Proof. Forn > 0let wy, = 0, (f) = 0n(9) = Pp1Prz ... Pok,. As usual we assign to
(wn)n>o0 the graph G with vertices (n,i), n > 0,1 < i < k,, and an edge connecting
(n,i) to (n+ 1, j) if the letter P11, in wy41 is projected to P,; when performing
7n+1(wn+1) = Wn.

In the first step we will show that the parametrization f,, : [0,1] — A of the
piecewise linear loop corresponding to oy, (f) from Proposition 2.1, yields a sequence
(fn(t))n>0 which converges uniformly to f(t) for ¢ € [0, 1].

Let n be fixed. As in Proposition 2.1 we associate to every (n,4) the maximal
interval [$p;, tni] such that f(sn;) = f(tni) = Pni, Dn N f([Sniytni]) = {Pni} and
0 =sp1 <tp1 < Sp2 <tpa < ... < Spky, < tpk, = 1. We parameterize the
piecewise linear loop corresponding to o, (f) by f, such that f, is constant with
value P,; in the interval [sp;, tni], 1 <4 < ky, and connects P,; and P, ;11 linearly
in the interval [t Spit1], 1 <7 < ky,—1. Fort € [sy;, tn;] the loop f(t) is contained
in one of the (at most) two subtriangles of A, to which P,; belongs, and for ¢ €
[tni, Sn,i+1] the loop f(t) is contained in the subtriangle T of A,, to which P,; and
P, i+1 belong. Thus we infer that the maximum norm || f,, — flleo < diam(7T) =277
and (f,,) converges uniformly to f.

What was done for f can be realized mutatis mutandis with g where the piecewise
linear approximations will be denoted by gy, and [un;i, vn;] is the generic notation
for the interval corresponding to the vertex (n,i) with respect to g.

In the following we will need another correlation, namely we associate to the
vertex (n,4) also the interval
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With this concept we now consider «,, G, : [0,1] — [0, 1] such that
an(ani) = Sni,  an(bpi) = tni,
Br(ani) = tni,  Bn(bni) = Vni,
and a,, B, are piecewise linear between these points. Evidently, we then have

fnoan:gnoﬁfr

We recall what was accomplished in Proposition 3.4: Starting from an arbitrary
(Wn)n>0 € lim S, a sequence f, of loops was constructed converging uniformly to

some f € S(A). Moreover, it was shown that o(f) = (wn)n>0 provided (wp)n>0 is
complete. Now we perform the same starting with (wy,)n>0 = o(f) = o(g) which
is complete by Proposition 3.3. Instead of using subintervals of equal length as
in the proof of Proposition 3.4, we here employ the given family [an;, bni], n > 0,
1 < i < k, which creates appropriate subdivisions. However, this difference does
not influence the validity of the rest of the proof at all. What we obtain is the
sequence h, = fpoa, = g,°0, converging uniformly to some h € S(A) with o(h) =
o(f) = o(g). Moreover, we will show that the interval [z,;, yn;] associated to the
vertex (n, ) with respect to h in the usual way, i.e., [Tn;, Yni] is the maximal interval
with the properties h(zyn;) = h(Yni) = Pni, h([Tni, Yni]) N Dy, = {Pni}, must coincide
with [ans, bpi). Indeed, since oy ([ani, bni]) = [Snistni] and thus by, ([ani, bni]) =
Ffm([Sni, tni]) for all m > n, and since the sequence (fy,) converges uniformly to f
and f([Sni, tni]) N Dy = {Pni}, we conclude that A([ani, bni]) N Dy, = {Pp;}. This
shows [ani, bni] C [Tni, Yni]- Now suppose x,; < an;. We have

(3.1) P = h(zpn:) = lim fo(am(zn:))
and o (Tni) € (tni—1, Sn:i) for m > n since xp; > by i—1. From f((tn,i—1,5ni)) N
D, = 0 and (3.1) we infer that there exists a subsequence (my) with

limg 00 Qm,, (Tni) = Spi- Next, in any proper interval [¢, s,;] the path f assumes
dyadic points of arbitrary high order near to P,;. Therefore in the graph G cor-
responding to o(f) = o(g) there exists a sequence (my,ir) wWith Sy, < Sni and
limy o0 Smyi, = Sni, and with the same argument for g we obtain i, < Uni
and limg o0 Ui, = Upi- This implies ap,q, < api and limg oo Gmyi, = Qni
and hence there exists k such that Tni < Qmgig - Now, for all k& > k we have
Uy, (Tni) < Qmy (@mgiz) = Smpi; < Sni- We conclude that

Spi = WM o, (Tni) < Smpiz < Sni,
k—oo

a contradiction, and hence x,; = ay;. Similarly it is shown that y,; > by,; is
impossible and hence [Zy;, Yni] = [ani, bnil.

Let again B denote the set of branches in G. To every branch B = (1,45 )n>n,
we assign the interval [sp,t5] = () [Sn,in,tn,i,] and the intervals [up, vg]|, [ap, ba]

n>ngo

accordingly.

In the next step we will elaborate that the sequences (an (x))n>0 and (8, (z))n>0
converge pointwise for a good deal of . First we consider = € [0, 1] such that

there exists B = (n,in)n>n, € B with z € [ap,bg] = () [@nin,bn,]- (In the
n>ngo
following we will refer to this case by (I).) This implies © € [an, i, bn,i,] = [(Sn,i, +

Unin )/ 2, (En iy, + Unyin ) /2] for all n > ng. Recall that

lim s,;, =sp, lim t,;, =tp, lim u,;, =up, lim v,;, =vp,
n—oo n—oo n—oo n—oo

and that

tni. — Sn.i
an () = spi, + M(x —ani,)

bn7in - anﬂ:n
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if by, > ani,, and oy (T) = Sn4, = tn, otherwise. In general we have ay,(z) €
[Sninstn,in)- Therefore, if tg = sp we infer lim o, (z) = sp, and if tg > sp
n—oo

we obtain lim o, (z) = sp + ££=2E(z — ap). In any case the limit exists and
n— oo B—aB

we define a(z) = nlingo ap(z). Analogously we can proceed with 3, (z) and define
Blx) = nh_)rI;o Bn ().

Now we deal with the case that « ¢ [ap,bg] for all B € B (case (II)). Then x
defines a cut (By,B2) in B by putting By = {B € B | x > bp} and B2 = {B €
B | x < ag}. We recapitulate what was shown in the proof of Proposition 3.3:
The cut (Bi,By) is irrational and if we define a = supgcp, ap = suppep, bp and
b= infpep, ap = infpep, bp then x € [a,b] and h is constant in the interval [a, b]
with a generic point ¢ which is the limit of the cut (B1, Bz) as constant value. With
s,t and u,v defined accordingly, a = (s + u)/2, b = (¢t + v)/2, we further obtain
f([s,t])) = g([u,v]) = {Q}. For & € [a,b] we define

_ s if a = b,
a@ = ;

7—(% —a) otherwise,

+

U =0 if a = b,

B(z) = { u+ 3=2%(Z —a) otherwise.

In order to justify this definition some warning is indicated here. One can easily
construct an example of a loop f such that lim a,(z) does not exist for some
n—oo

x. However, one always has s < liminf o, (z) < limsup «,(z) < t and since f is
constant in [s, ] this causes no problem.

Now we have to show that o and 8 comply with the intention they were con-
structed with.

(foa)(x) = (gop)(x) for all x € [0,1]: In case (I) x € [ap,bp] for some branch
B € B and we have

1/ (a(x)) = fulan(@)]| < [[f(a(x) = flen(@)] + [/ (an(z)) = frlan(@))]

The first part on the right hand side can be made arbitrarily small since f is
continuous and «,(x) converges to a(x) and the second part does so since f,
converges to f uniformly. The same applies to g and 3. So we arrive at

fof@) = lim_ fuon(@)) = lim ga(Ba(x) = g(3()).

In case (II) x ¢ [ap,bp| for any branch B we have with notations as before a(z) €
[s,t] and B(x) € [u,v] and hence f(a(z)) = Q = g(B(x)). Just as a further remark
we mention here that h = f o a.

« and (B are monotonously increasing functions: Let z; < 2. Depending on
whether case (I) or (IT) apply to 21 and x5 four cases occur. We only work out one
of the mixed cases in detail, the others can be treated similarly. So let 21 € [ag, b5]
for some branch B and let zo € [a,b] where [a,b] is the interval corresponding to
an irrational cut (B, Bz) with respect to h. The relation 1 < x2 just means that
B € B; and so we deduce

a(rz) <tp < sup tp, =s=ala) < ax).
BieB;

The proof for the monotonicity of 3 works analogously.
a and [ are surjective and thus continuous: From case (I) we see that

ran(a) 2 U [sB,tB] = fﬁl(U Dy) = Dy,

BeB n>0
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and for all components [s, t] of the complement of Dy which correspond to an irra-
tional cut (B1, B2) in B, in (IT) we tailored « such that the interval [a, b] correspond-
ing to (B1,Bz) with respect to h satisfies a([a,b]) = [s,¢]. Hence « is surjective,
and with the respective proof for g, § is surjective, as well. O

We summarize the last results in a separate statement.

Theorem 3.7. (i) For f and g in S(A) we have o(f) = o(g) if and only if f
and g have a common re-parametrization, i.e. there exist o, 8 : [0,1] — [0, 1]
monotonously increasing and surjective such that foa = go 3.

(ii) An element (wn)n>0 in lim Sy, is a representation for a loop [ in S(A), i.e.

(Wn)n>0 = o(f), if and only if (wn)n>0 is complete.
In other words, the complete elements of lim S,, represent the elements of S(A)

modulo re-parametrization.

3.2. A description of the elements in the fundamental group w(A). We
have proved in Theorem 2.10 that ¢([f]) = Red(o(f)) for all continuous loops f
in A. Since ¢ is an injection the fundamental group m(A) can be considered as
a subgroup of @Gn. In this subsection we will prove the characterization of the

elements of this subgroup given in Theorem 1.1.

In the following denote by ~,; the projection vgy1 © Ygy2 0 ... 0, : Sy — Sk,
and analogously d,, denotes the composition of the corresponding 9;’s.

Before we prove the main result we need some preliminaries. Let Py Py ... Py,
Q1Q2...Qr be two words over some alphabet. We define PiP...P, =
Q1Q2...Qy if and only if there exists « : {1,...,m} — {1,...,k}, « injective
and order preserving, such that P; = Q; for all i € {1,...,m}. This means that
the first word is a subsequence of the second which differs from the notion subword
we have used before (cf. elementary moves (2.4)).

Lemma 3.8. Let w,,w, € S,. Then
(i) Redp(wn) =2 wn,
(il) wp <X @ tmplies Ypk(wn) X Yok (On) for all k < n,
(iil) if (wk)r>0 € Um Gy, then Yok (wn) = Y1,k (Wni1) for all k <mn.

Proof. (i) is evident since Red,, eliminates just some letters from the word.

(ii) Tt is enough to prove that v,(wn) = Yn(@n). The bonding map =, first
eliminates all points of order n from w, and &,, resulting in words w), and @/,
respectively, and then cancels in each of these words all arising consecutive rep-
etitions of letters of order < n, before arriving at 7, (wy) and 7,(®y,). Clearly,
wl = @, as testified by some order preserving injection a. Choose « in a way
that «(i) is minimal for each i. Then a, restricted to the indices of the remaining
letters, testifies vy, (wn) =< Yn(On)-

(iii) We have yur(wn) = Ynk(Ont1(wWnt1)) = Yoe(Redn(ynt1(wnt1))) =
Yk (Y41 (@Wnt1)) = Ynt1,6(Wnt1), where we used (i) and (ii) as < came in. O

We are now in the position to give a proof of our main result.

Proof of Theorem 1.1. We fix the element (wy)p>0 in limG,, and want to show

that (wn)n>0 is in p(w(A)) if and only if for all & > 0 the sequence (Ynk(wn))n>k
is eventually constant.

First we prove the necessity of the condition. Suppose (wy)n>0 € ran(p). Since
ran(y) = ran(Red o o) there exists f € S(A) with Red(o(f)) = (wn)n>0. Then for
all k > 0 and all n > k we have

i (f) = k(00 (f)) = Yk Redy (00 (f))) = Ynr(wn),
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where we used (i) and (ii) of Lemma 3.8. By (iii) of Lemma 3.8 we get

'Ynk(wn) j 7n+1,k(wn+1) j e j Uk(f)v

hence (Ypk(wn))n>k is eventually constant.

Now we prove the sufficiency of the condition. Put @y = vnk(w,) which is well

defined for n > ng, k > 0. We show that
(i) (Qk)kzo S @Sn and
(ll) Red(u_}k)kzo = (wn)nzo.

For k > 1 and n > max{ng,ng_1} we obtain vx(@r) = Y&(Ynr(wn)) =
Ynk—1(wn) = @k—1. This shows (i).

Before we come to (ii) we prove d,; = Redy o v,1: In Lemma 2.6 we showed
Red;_1 o; o Red; = Red;_1 o~y for all 4 > 1. Obeying §; = Red;_1 o ~y;, iterated
application of this identity leads immediately to the claimed relation.

Now, for k > 0 and n > ny we infer Redy(0x) = Redg (Yak(wn)) = dnk(wn) = wi,
which proves (ii).

Finally, (i) and (ii) imply that (wy,)n>0 € ran(Red). Due to Proposition 3.4 we
have ran(Red) = ran(Red o o), thus we can find f € S(A) such that Red(o(f)) =
Red(@g)k>0 = (Wn)n>0, i-6. (Wn)n>0 = ¢([f]). This completes the proof. O
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