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ABSTRACT. For r = (r1,...,7q) € R? the map 7 : Z% — Z? given by
(a1, ...,aq) = (az2,...,aq,—|r1a1 + - +rgqaq])

is called a shift radix system if for each a € Z¢ there exists an integer k > 0 with 7/ (a) = 0. As
shown in the first two parts of this series of papers shift radix systems are intimately related to
certain well-known notions of number systems like 3-expansions and canonical number systems.

In the present paper further structural relationships between shift radix systems and canon-
ical number systems are investigated. Among other results we show that canonical number
systems related to polynomials

d
P(X):=) piX'€Z[X]
i=0

of degree d with a large but fixed constant term pg approximate the set of (d — 1)-dimensional
shift radix systems. The proofs make extensive use of the following tools: Firstly, vectors r € R¢
which define shift radix systems are strongly connected to monic real polynomials all of whose
roots lie inside the unit circle. Secondly, geometric considerations which were established in Part
I of this series of papers are exploited. The main results establish two conjectures mentioned in
Part II of this series of papers.

1. INTRODUCTION

Let d > 1 be an integer and r = (r1,...,7r4) € R%. To r we associate the mapping 7, : Z¢ — 74
in the following way: For a = (a1,...,aq) € Z% let!
Tr(a) = (a27 -5 Qq, *LI‘&J),

where ra = r1a; + -+ - + rqaq, i.e., the inner product of the vectors r and a. We call 7. a shift
radiz system (SRS for short) if for each a € Z¢ we can find some k > 0 such that the k-th iterate
of 7, satisfies 7¥(a) = 0.

Forde N, d>1let

Dy = {re R? : Va € Z¢ the sequence (7F(a))>o is ultimately periodic} and
D) = {reR?:VaeZ'3k>0:7F(@a)=0}.
Dy is strongly related to the set of contracting polynomials. In particular, let

Eqa=E4(1) := {(rl,...,rd) eR?: X4y X971 4 ... 47 has only roots y € C with |y| < 1}.

(1.1)
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In [2, Lemmas 4.1, 4.2 and 4.3] we proved that

(12) int (Dd) = Sd.

DY is the set of all parameters r € R? that give rise to an SRS. The structure of DY is related
to the characterization of bases of well known notions of number systems as J-expansions with a
certain finiteness property (F) (c¢f. [5, 7, 11]) and canonical number systems (cf. [6, 8] and see
[2, 4] for the link to SRS). In the present paper we dwell mainly on relations between SRS and
canonical number systems.

Let P(X) = pgX?% +--- +py € Z[X] with py > 2 and pg = 1, and set N = {0,1,...,pg —
1}. Furthermore, denote the image of X under the canonical epimorphism from Z[X] to R :=
Z[X]/P(X)Z[X] by . Since pg = 1 it is clear that each coset of R has a unique element of degree
at most d — 1, say

A(X)ZAd_leil—F"'—FAlX—FAO (AQ,...,Ad_1€Z).
Let G := {A(X) € Z[X] : deg A < d} and
d—1 ‘
Tp(A) = Z(Ai+1 = qpi+1) X",
i=0
where Ag =0 and g = [Ao/po|. Then Tp : G — G and
A(x) = (Ao — qpo) + 2Tp(A), where Ag — qpo € N.

If for each A € G there is a k € N such that T5(A) = 0 we call P a canonical number system
polynomial (CNS polynomial for short).
Associated to the notion of CNS we define for each d € N, d > 1 the sets

Ca:={(po,-..,pa-1) € z4 . Ipo| > 2 and T'xa,,, | xd-14...4p, has only finite orbits} and
CY :={(po,...,pa_1) € Z%: |po| > 2 and VA € QEKGN:T)[‘( (A) =0}.
For M € Ny we set

dfpa_1 X414 +po

(1.3) ca(M) = (%}H...,%) ERI : (M,pr,...pat) €Ca}

and

(1.4) CO(M) = { (1‘%%) e R (M,py,...,pai1) € cg}.

Finally, for z € R we need the following “cuts” of Dy and DY.

(L5) Dy(z) = {(7"2, coorg) €ERITL L (@, 1) € Dd} ,
Di(z) = {(ra,...,ra) €ER ¢ (z,79,...,7q) € DY}.

In Part T of this series of papers (see [2, Section 3]) we studied the relation between SRS and
CNS. In particular, we proved that

(1.6) (Pos P15 -+ pa—1) € Cq (resp. CY) if and only if (1, Zﬂ, cel, p1) € Dy (resp. DY).
Po  Po Do
In the present paper we investigate a further relationship between the sets C4 and Dy as well
as C9 and DY. First we show that the elements of Cy having a large fixed first coordinate py give
a very good approximation of D,;_1. We will even prove that the appropriately scaled limit for
po — o0 is equal to Dy_;. We will also prove that the Lebesgue measure of D;_; is the limit of
the frequency of Cq(M), i.e., of

|{(p17~-~7pd—1) € Zd_l : (Mapla"'vpd—l) S Cd}'
Md-1

(1.7)

for M — oc.

The sets C§ and DY have a considerably more complicated structure than Cq and Dy. However,
from Figures 1 and 2 of [2] we see that the elements of CJ with fixed first coordinate py seem to
give a very good approximation for ’Dg_l. In this paper we make this precise in showing that the



RADIX REPRESENTATIONS AND DYNAMICAL SYSTEMS 3

appropriately scaled limit of Cg(M ) for M — oo is equal to DY_,. Furthermore, we prove that
the Lebesgue measure of DY_, is the limit of the frequency of C(M), i.e., of

|{(p1,...,pd,1) c Zd_l : (M,pl,...,pdfl) S Cg}|
Md—1

(1.8)

for M — oo.

These results enable us to gain precise information about the structure of Cy4 as well as CJ by
studying Dy—1 as well as DJ_; and vice versa. Specifically, we show that the number of CNS
polynomials of a given constant term is estimated by SRS.

The paper is organized as follows. In Section 2 we prove results on the sets Dg which are needed
in the sequel. They contain very general facts about Dg and are of interest in their own right. In
Section 3 we review different notions of limits of sets which we will need. Sections 4 and 5 contain
our results on Dy while Sections 6 and 7 are devoted to the results on Dg.

2. GENERAL PROPERTIES OF THE SETS DY

In order to prove our main results we need the following theorem which is of interest also in its
own right. It is well known that (po, . ..,pa—1) € CJ implies that py > 2 (cf. e.g. [6, Proposition 6]).
Thus the first coordinate of a vector r € DY associated to an element of Cj is non-negative. We
show that this is true for all elements of DY.

Theorem 2.1. If (r1,...,74) € DY then r; > 0.

Proof. Assume that r := (r1,...,74) € Dg has r1 < 0. We will prove that in this case there exists
some z € Z% with
(2.1) 7F(z)#0 forall keN.

This implies that r ¢ DY and we are done.
Let R(r) be the matrix associated to the mapping 7 (see [2, Section 4]). Its characteristic
polynomial is given by
x(X) = X r X9 o i X 4.
Factorize this polynomial in R:

u v
X(X) =J[(x* = &xX —n)™ JI(X =)™

i=1 j=1
where &, 7;,a; € R and m;,n; are positive integers with 2>, m; + Zj n; = d. Since r; < 0 the
polynomial y has at least one positive real zero. Assume w.l.o.g. that o, > 0. By the structure
theorem of finitely generated modules over principal ideal domains, there exists a real regular
matrix S = (8;,) which gives a real Jordan block decomposition

R(r) = S~ 'diag(By, ..., Buis)S.

Here B; (1 <i < wu+ ) are the real Jordan blocks

& 1
n 0 1
&1
B; = n;, 0 1
&1
ni 0
of size 2m; x 2m; for i = 1,...,u and
O[j 1
Bu+j =
1
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of size nj xn; for j = 1,...,v. Now suppose that for a given y € 7% there exists a k € N such that
7E(y) = 0. Then (see [2, equation (4.2)]) there exist vectors v; = (0,...,0,¢;)! with ¢; € [0,1)

such that

k k
y=-=> R(r)'vi=-8"") diag(Bi,...,Busvs) " (Svi).
i=1 i=1
Let (v); be the I-th coordinate of a vector v. Then it is easy to see that the d-th coordinate of

—Sy satisfies
k

(=Sy)a = Z a;isddci.

i=1
Suppose that sgg > 0. Then (—Sy)q is always non-negative. Thus if we select z € Z? with

(—52z)q < 0 then z satisfies (2.1) and we are done (note that we can select z in this way since S
is regular). If s4q < 0 we can argue in a similar way. This finishes the proof. O

Note that the same proof shows that (0,...,0,7;,...,74) € DY implies r; > 0. The follow-
ing corollaries follow immediately from Theorem 2.1 by using the correspondence results in [2,
Theorems 2.1 and 3.1], respectively.

Corollary 2.2. Let 3 be a Pisot number with minimal polynomial X% —a,; X4 1 —- . —ay_1 X —aq.
If B has property (F) then agq > 0.

Corollary 2.3. If P(X) = X%+ pg_ 1 X%t + -+ p1X 4 po € Z[X] is a CNS polynomial then
Po = 2.

The following statement is not used in the sequel, but seems to fit into these surroundings.
Theorem 2.4. Let qym € Nym > 0,g > 1,s € R™ and
r=(s1,0,...,0,...,8,,0,...,0) € R™.

q q

Then we have
reDd <= scD’.

mq

Proof. This can easily be checked from the definitions. O

3. REVIEW OF SEVERAL NOTIONS OF CONVERGENCE OF SETS

We first summarize three different kinds of convergence of compact sets. We start with the
topological limit of a collection (A,) (n € N) of sets in a topological space (cf. [9, p.25] or [10,
§29]).

e A point z belongs to the (topological) lower limit Lim
intersects all the A,, for n sufficiently large.

e A point z belongs to the (topological) upper limit Lim,, .., A, if every neighborhood of z
intersects A,, for infinitely many values of n.

e The set A is said to be the (topological) limit of (A,,), for short A = Lim,, ., if A =

N— 00

A, if every neighborhood of z

n— 00

If (A,,) is compact, then Lim A,, is compact, too.
An analogous notion of limit can be defined also for an uncountable collection (A;),es for some
interval I C R. In particular, we have:

e A point z belongs to the (topological) lower limit Lim, ., A, if every neighborhood of z
intersects all the A, for |x — x| sufficiently small.

e A point z belongs to the (topological) upper limit Lim,_,,, A, if every neighborhood of z
intersects A, for a sequence (z,)n>1 with limz,, = xo.

e The set A is said to be the (topological) limit of (A,), for short A = Lim,_,,,, if A =

T—T0
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Assume that F' is metrizable and let p be its compatible metric. For the collection of compact
sets in F', the Hausdorff metric associated to p is defined by

pu(A, B) := max <glgg gggp(:v, Y) r;leaggggp(x, y)>
for two non-empty compact sets A and B. For € € R>( let
(3.1) Ale]:=={z € F : Iyec A,p(z,y) <e}
be the e-body of a subset A of F'. Note that the e-body of A can be written as
Ale] = | B:(w)
z€A
where we set
B,(z) :={2' € F : p(x,2') < p}.
Then one has

pu(A,B) = max( min e, min 5> .
Ale]DB Ble]DA

We say that a sequence (4,,) converges to A by the Hausdorff metric if

and write A, oA Ttis easily seen from the definition that if A, 1, A then Lim, A, = A.
However the converse is not true. For instance, consider the case F = R, p(z,y) = |z — y| and

H
A, ={0,n}: Then Lim,, 4,, = {0}, but A4,, / {0}. If there exists a compact set K in F such that
A, C K for all n, then Lim A,, = A implies that 4, —— A (cf. 19, p-26]).

The third kind of convergence is defined when (F,p) is equipped with a measure. Let v be an
outer measure of F. Assume that v is a metric outer measure, i.e., V(AU B) = v(A4) + v(B) holds
for any two subsets A and B with p(A, B) = infyca yep p(x,y) > 0. Then v gives rise to a Borel
measure which is written by the same symbol v.

We say that a sequence (4,) of sets converges to a set A by the measure v if

liTILn v(A,AA)=0
where
AAB =(A\B)U(B\A)

is the symmetric difference of A and B. We denote this convergence by A4, — A. If A, KA A,
then for any positive ¢ we have

A ANA C (Anle] \ An) U (Afe] \ A4).
As Ale] is measurable and Ale] \ A is decreasing as e — 0, we have
linr(lJ v(Ale]\ 4) = v(AJ0] \ A) = 0.

Therefore A,, oA implies A,, — A. Let us summarize these results.

Proposition 3.1. Let (F,p) be a metric space and (A,,) be a sequence of compact subsets of F.
Then A, o4 implies Lim,, A,, = A. If there exists a compact set K C F such that A, C K
for all n, then Lim, A, = A implies A, ., A. Assume that v is a metric outer measure on F.
Then A, oA implies A,, — A.

The convergence in the Hausdorff metric as well as the convergence with respect to a measure
can be defined also for uncountable classes (A,) of sets in an obvious way.

Let us come back to the Euclidean space. We denote by || - |2 (resp. || - |lco) the Euclidean

norm (resp. L* norm) and define the metric by p(x,y) = ||z — y||2. Define, for a non-negative
real number ¢,

(3.2) Al—e]:={z € A : p(x,0A) > &}.
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4. CONVERGENCE PROPERTIES OF THE SET Dy

The main result of this section is Theorem 4.11 where we prove that the sets C4(M) defined in
(1.3) yield a good approximation to the closure of Dy_1 for M — co. In view of (1.2) we use a
characterization of the sets &; given by Schur [12]. Therefore we need certain determinants which
we define now.

For p € R,y € {0,...,d— 1} and r = (r1,...,74) € R? we denote by §,(r, p) the determinant
of the v-th Schur-Cohn matrix of the monic polynomial X¢ + 74 X491 + ... + 1 X +r; € R[X]
whose roots are bounded by p (c¢f. [12]), i.e.,

p? 0 0 m  pro P41

P 1rg p? 0 0 | p’try

d-v,. d—v+1 d
Td—v41 P Td—vt2 - 0 0 e r1
8,(r, p) = det p , vt 0 vt '00 d d-1 d—v
1 e 1% P Td . 1% Td—v+1

prao 71 0 0 p? P s

purl/Jrl pl’_lrry e 1 O 0 e pd

To distinguish values and variables, we introduce indeterminants Ry, ..., Ry.

Lemma 4.1. For each v € {0,...,d — 1} and p € (0,1]
Rl T(SV((Rh ey Rd)a P)
holds.

Proof. We prove this assertion by induction on v. Clearly, the assertion holds for ¥ = 0 because
¢ R
50<<Rl,...7Rd>,p>=det(1’; 1) =0 - R
1 P

Now assume that Ry t §,((Ry,...,Rg),p), i.e., §,((0,Rz,...,Rg),p) # 0 holds for all 0 < v <
k < d—1. Consider 6,4+1((0, Rz, ..., Ra4), p). By the construction of §,(r, p) the (v +1)-st and the
(v + 2)-nd column contain only zeros up to one single p? in the (v + 1)-st and the (v + 2)-nd row,
respectively. Applying the Laplace expansion of determinants,

6,41((0, Ra, ..., Ra), p) = p**6,((Ro, ..., Ra), p).
As the polynomial on the right hand side is nonzero by the induction hypothesis we get
0,+1((0,Ra, ..., Rq),p) #0, e, Ri1d,01((R1,Ra,...,Rq),p)
and we are done. O
An algebraic set in R is the locus of real roots of non-zero polynomials of R[R1,..., Ry]. It

is obvious from Fubini’s theorem that the d-dimensional Lebesgue measure of an algebraic set is
zero. In what follows we need the projection

proj: R? — R4

(riy...,rq) +— (ro,...,7rq),
and for z € R and f € R[Ry, ..., Rq] we set
(4.1) Ap(z) = {(z,r2,...,ra) ERT 1 fz,7ra,...,7q4) > O}.

Lemma 4.2. Let d > 2 and f € R[Ry,..., R4] such that

Rl Tf(Rl, ey Rd)
Then for any compact set W in R,
Tim Mg (proj(Ay (x) Aproj(A;(0)) N W) = 0.
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Remark 4.3. The lemma obviously remains true if we replace “>” in the definition of A¢(x) by
442’77 ((<77 or “S”.

Proof. By the assumption, there exist g € R[Ry,...,R4] and 0 # h € R[Ry,..., R4] such that
f = Ry19+ h. Since

proj(As(z)) \ proj(As(0)) = {(re,...,ra) : f(z,r2,...,7¢) >0 and f(0,72...,7q) <0}
= {(ro,...,rq) : —zg(x,79,...,79) < h(re,...,7q) <0}

and
proj(Af(0)) \ proj(As(xz)) = {(re,...,rqa) = f(O,r2,...,rq) >0 and f(z,ra...,rq) <0}
(4.2) = {(ro,...,rq) : 0< h(ra,...,rq) < —zxg(x,r9,...,74)}
we get
(proj(Af(0))Aproj(As(z)))NW C {(re,....ra) €W = |h(re,...,ra)| < |zg(z, T2, ..., 70)|}
As W is compact, |zg(x,rs,...,rq)| — 0 uniformly as z — 0. Noting

{(ra,...,7q) €W : |h(ra,...,rq)| <€}
is measurable and decreasing as € — 0, we have
gii%)\d—l({(rz, coyrq) EW i |h(rg, . oyra) < e}) = Xao1({(r2y .. y1a) €W h(re, ..., rq) = 0}).

The last measure is 0 since {(re,...,rq) : h(ra,...,7q) = 0} is an algebraic set defined by
O#hER[R27...,Rd]. O
Lemma 4.4. Let I C R be an interval, zg € I and {M;(x) CR? : x € I[,i =1,...,m} be a family
of Lebesgue measurable sets with \g(M;(x)) finite (x € 1,4 =1,...,m). Furthermore, assume that

hm Aa(M;(x)AM;(x0)) =0 (i=1,...,m).

Then the following assertions hold.

@)ﬁg&dOWM' AFML@@)zQ

i=1 i=1
(i) lim Ag (U M;(z)A U M; x0)> =0,
° = i=1

(iii) lim Aq((Mi(z)\ M2(2)) & (Mi(z0) \ Mz (2o))) = 0.

Proof. We clearly may assume m = 2. Moreover, we only prove the first assertion. The other ones
follow similarly. Let € € R-y. By our assumptions we can find some § € R+ with

A(M; (2) AM, (2)) <§ and  Ag(Ma(x) AMs(2')) <§

for all z, 2" € I with |x — 2| < §. Therefore using
(M () 0 My()) A(My(2") N Ma(a')) € (M (x) AMy(2')) U (M (2) AMa(2"))

we find
Ad (My(z) 0 Ma(2) A(My(2") N Ma(2")) < Aa (Mi(z)AMi(2) U (M (x) AMa(2')))
< Aa(My(z)AMy () + Ag(My(x) AMs(2'))
< %+§:a

Lemma 4.5. Let d > 2 and f € R[Ry, ..., R4] such that
Ri 1 f(Ry,...,Rq).
Then for any compact set W in R,
Lim proj(As(z)) "W = proj(4,(0)) N W.



8 S. AKIYAMA, H. BRUNOTTE, A. PETHO, AND J. M. THUSWALDNER

Proof. We prove two opposite inclusions.
e proj(As(0)) N W C Lim,_,,proj(As(z)) N W.

Suppose that y = (s2,...,54) € proj(As(0))NW. Then, using the notation of the proof
of Lemma 4.2 we have h(y) = ¢ > 0 for some fixed constant ¢. This implies that there
exists an xg > 0 such that —zg(x, sa,...,s4) < ¢ holds for || < zy. Equation (4.2) now
implies that y € proj(As(x)) N W holds for all these z and then clearly

proj(A;(0)) N W € Lim proj(A; () N W.
z—0

o proj(As(0)) "W 2 Lim,_ proj(As(z)) N W.
Suppose that y € Limg_,o proj(As(z)) N W. Then for each neighborhood U of y there
is () with 2, — 0 and proj(As(z,)) NU # (. We have to prove that

y€{(ra,...,rq) + f(O,ra,...,7q4) > 0}.
Suppose at the contrary that
ye{(ra,...,ra) © f(O,re,...,7q) <O}
By the continuity of f this implies that
y€{(ra,...,rq) : fla,ra,...,rq) <0}
also holds for x small enough. Thus there is a neighborhood Uy of y such that
Uo C{(ra,...,rq) : flz,re,...,7q) <0}
for all x that are small enough. This is a contradiction because it implies that
proj(Ag(zn)) N U = 0
for n large enough.

O

Remark 4.6. Let B;(x) (i € {1,...,n}) be finite unions of finite intersections of A(x) for some
finite family of f’s. Then

LimUBi(:v) = ULimBi(ac),
LimmBi(:c) = mLimBi(x).

The first assertion follows from a general property of Lim (see [10, §29, VI]). The second assertion
can be proved by slightly modifying the proof of Lemma 4.5 (instead of a set

{(ray...,ra) + f(0,72,...,7q) < 0}

restricted by one strict inequality we get unions of sets restricted by several strict inequalities).
Note that in the previous lemma as well as in this remark we need strict inequalities in the
definition of A¢(z). Otherwise the results do not hold.

In the following we denote by p(r) the maximum of the absolute values of the roots of the
polynomial X% + 7y X971 +... 4 r; € R[X] for r € R?, and for z,¢ € R we let

Dyge = {reDy:plr)<l—c}, Dygclz) = DgcNW(zx),
(4.3)

D27€ = {reDf:p(r)<1-c}, Dg’s(:ﬂ) = D&E NW(x),
where we fixed some positive M € R with
(4.4) Eq € [-M, M]*
and let

(4.5) W(z) = {x} x [-M, M]*~
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Note that by [2, Section 4] we have for € € (0,1)

Dye = {reR?:pr)<l-¢}
d-1
(4.6) = (V{reR*:6,(r,1-¢)>0}.

Lemma 4.7. The following two assertions hold.
(i) For all § € (0,1) there is a € € Rsq such that

)\d(Dd \ Dd,s) < 0.
(ii) We have
lim Aa(Dg.) = Aa(D).
e— '
Proof. (i) Observe that for e1,e5 € [0,1) with &1 > 2 we have
{reR?:6,(r,1—e1) >0} C{reR?: §,(r,1 —e;) >0}

and use the fact that €, is a union of algebraic sets and therefore Ay(9&4) = 0.
(ii) Because of

Aa(Dg ) < (D) < Aa(Djy . U (Da\ Dae)) < Aa(Dg.) + Aa(Da \ Da,c)
the assertion follows from (i). O
Lemma 4.8. Let € > 0 be arbitrary. Then
glcii% Ad—1 (proj(Dd’g(x))Am) =0.
Proof. Using the notation defined in (4.1) let
D,(z) := A5V((R17”,’Rd)71_5)(x) N[—M, M}d (v=0,...,d—1).

Then in view of (4.3) we have

d—1
(4.7) Dace(z) = ) Du(2).
v=0

From Lemma 4.1 we know that Ry 1 0,((R1,...,R4),1 —€). Thus we may apply Lemma 4.2 to
conclude that

(4.8) lim Ag—y (proj(Dy () Aproj(D,(0))) = 0.
Now we combine (4.7) and (4.8) to derive from Lemma 4.4 (i) that
lig A (pr0j(Pac (2)) Aproj(Dac(0))) = .
Since proj(Dyc(0)) = Dy—1. the lemma is proved. a
Theorem 4.9. For each d > 2 we have
iiﬁn% Ad—1 (Da(x)ADg4—1) = 0.

Proof. This is an easy consequence of Lemmas 4.7 and 4.8 since € can be chosen arbitrarily
small. 0

Theorem 4.10. Let Dy(x) and Dy be defined as in Section 1. Then
LIH(} Dd(x) = Dd—l-
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Proof. Using the notation defined in (4.1) let
Dy (x) = As,((ry....ryn (@) N [=M,M]" (v =0,...,d=1).

Then we have it
int (Dg(z)) = [ Du().
v=0

From Lemma 4.1 we know that Ry {0, ((R1,...,R4),1 —¢). Thus we may apply Lemma 4.5 and
Remark 4.6 to obtain the result. O

Theorem 4.11. Let C4(M) and Dy—1 be given as in (1.3) and (1.1), respectively. Then
]L%l—{lgo Ca(M) = Da
holds for all d > 2.
Proof. We first show that Dy_1 C Lim,, . Cq(M). Since Dy_1 is the closure of its interior? and
Lim,, . Ca(M) is closed it suffices to show that int (Dg—1) C Lim,, . Cq(M).
Let
(4.9) y:i=(ro,...,rq) € int (Dy_1).
We have to show that each neighborhood of y intersects all but finitely many of the sets C4(M).
Choose an arbitrary neighborhood U of y. Using [2, Lemmas 4.1 and 4.3] we see that (4.9) implies
that the polynomial
Xd—l +TdXd_2+"'+r2
is contractive. Since the roots of a polynomial vary continuously with respect to its coefficients,
there exists a positive constant € with the following properties:

e The polynomial
(4.10) X b ta X+ X + 1
is contractive if |t; —r;| <e (i =2,...,d) and |t;] < e.
e B.(y) CUnNint(Dy_1).
Thus for each M > é we can choose t; of the form

1 p(M)
tlztl(M):M and tlztz(M):ZW(’LZQ,,d)

with integers pEM). By the choice of €, ya := (t1(M),...,ta(M)) € U for each M > 1. On

the other hand, since the polynomial (4.10) associated to yas is contractive, [2, Lemma 4.2 (1)]
implies that yy € Dy for M > L. Now (1.3) and (1.6) imply that yr € Cq(M) for M > L.
Thus U intersects all but finitely many of the sets C4(M). Since U was arbitrary this proves
int (Ddfl) CLim, Cd(M)

It remains to establish the inclusion Dy_; 2 Limas— co Ca(M). We argue in a similar way as in
the proof of [2, Theorem 3.1] and obtain

Ca(M) = {(pj\;w--,pﬂl) i(M,pl,n-,pd—l)GCd}
_ {(%1,...@) : (AZPM§4>GD}

i () nd =),

Thus, using Theorem 4.10 we gain

T - T - 1 -
]V%l_)ﬂéocd(M) - A%Lﬂolo Dy (M) =Dg—1

2This is an easy consequence of the following fact: Suppose that p(z) is a polynomial all of whose roots are
contained in the closed unit circle. Then by arbitrarily small modifications of its coefficients we can obtain a
polynomial all of whose roots are contained in the open unit circle.
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and we are done. O

5. RELATIONS BETWEEN Dy_1 AND Cy4

In the next theorem we prove that the (d — 1)-dimensional Lebesgue measure of D;_; is the
limit of the quotient (1.7) for M — oco. Note that the Lebesgue measurability of Dy is proved in
[2, Theorem 4.10].

We need the following notations. Let

(5.1) W(x, s) = {x' ERC! :||x — x[|oo < %} (x e R, s € R)

and
Wa(M) = ] WM.
x€Cq(M)

Theorem 5.1. Let d > 2, M a positive integer and set
N(d7M) = |{<p17'~'>pd71)€Zd71 : (Mapla"'vpdfl)ecd}‘~

Then
. N(d, M
im S = s (D).

Proof. We obviously have
N(d,M
AT = A,

We will compare the latter with the Lebesgue measure of Dy_;.
We first claim

(5.2)

- _ Vd
(5.3) Dg—1 \ Wa(M) C Dg-1\ ((Dd(M ) [M :
To prove the claim we will show
_ Vd

(Da(M™)) [_M C Wa(M).
By the definition of the norm || - ||oo, if y € Dg(M~1)[—+/d/M] then
(5.4) W(y,M~') C Dy(M™H).
Thus we can choose p1,...,pq—1 € Z with

_ (Pd-1 p1 -1

zZ= ( % ,...,M) eW(y,M™ ).

Now (1.6) and (5.4) imply that z € Cqo(M) N W (y, M~1). Thus y € W(z, M) for a z € Cq4(M)
which yields y € Wy(M) and the claim is proved.
On the other hand Cy4(M) C Dy(M 1) implies

Wa(M) C (Da(M ™)) [1/M]
which yields
(5.5) Wa(M)\ D1 € (Da(M 1)) [1/M]\ Dy_1.
Now (5.3) and (5.5) yield that

WaM)AD S € <D\ ((del)) [—ﬁb) U ((Da(MY)) [1/M]\ Da 1)
€ (PaAPUM ) U ((@Da(M)[Vd/M]).
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Note that the second inclusion is an immediate consequence of the definitions (3.1) and (3.2),
respectively. From this chain of inclusions we gain

/‘lwd(M)_lpd,l dAi—1 = /1Wd(M)ADd,1d)‘d*1

/1Dd—1A'Dd(M71)d)\d71 +/1(6Dd(M*1))[\/E/M]d)‘d*1'

IN

Now we let M — oco. Then
/1Dd71ADd(M*1)d)‘d*1 —0

by Theorem 4.9. Furthermore,

/Hapd(M—l))[x/E/MJdAd—l —0

since dDg_1(M 1) is defined by finitely many polynomial equations. Thus

/‘1Wd(M) — 14Dd—1 dAd—l — 0
and the theorem is proved. O

It is worth mentioning the following result which we get as a byproduct of the proof of Theo-
rem 5.1.

Corollary 5.2. For d > 2 we have
Ad—l(Wd(M)ADd—l) g O
for M — oo.

6. CONVERGENCE PROPERTIES OF THE SET 'Dg

The aim of this section is to describe the convergence of the sets DY () defined in (1.5) to Dy_1
for x — 0. To this matter we need a description of the relation between Dy and Dg where we
adopt the following notations and results from [2]. Let r € R? and let a = (a1, ...,aq) be a non
zero periodic point of period length L for 7, i.e., a = 7.t (a). Suppose this period runs through
the points

Tﬁ(a):(a1+j7...,ad+j) (OSjSL—l),
where aj11, = ai,...,a4+1, = aq (note that the structure of the entries follows from the definition
of 7). Then we will say that
A1y.-eyQdy Ad41y -+, AL

is a period of 7. If a period occurs for some 7 with r € R?, we will call it for short a period of
Dy.

By the definition of 7, the set of all r = (ry,...,74) € R? which admit a given period 7 is given
by the simultaneous inequalities

(6.1) 0<riaiq4j + - +rgage; + agrit1 <1 (0<j<L-1).

As each inequality gives an upper/lower half of hyperplanes in R?, it is easy to see that (6.1)
defines a (possibly degenerated) convex polyhedron. We call this polyhedron a cutout polyhedron
and denote it by P(w) (¢f. [2, Section 4]).

Since r € Dg if and only if 7 has 0 as its only period we conclude that

Dgl = Dd\ U P(ﬂ-)a
7T#0

where the union is extended over all non-zero periods 7 of Dy. We call the family of (non-empty)
polyhedra corresponding to this choice the family of cutout polyhedra of Dg.
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Let now ¢ € (0,1). We know from [2, Section 7] that there is a finite family P := {Fp,..., P}
of cutout polyhedra such that

L
Dj.=Da:\J P
1=0
because critical points of Dy can only occur on the boundary of Dy (cf. [2, Lemma 7.2]). Because
of (6.1) for every I € {0,...,L} we can find pairwise disjoint finite sets I;, J; C N and linear
polynomials f;; € R[Ry,..., Rq] with

(6.2) Pr=({re[-M,M": fiir)>0}n ({re[-M M": fii(r) >0}
iel; ieJ;

Here we choose M in a way that (4.4) is satisfied. We will subdivide the set P of cutout polyhedra
into three parts. Indeed, set

P = {P€P : Riffii(Ry,...,Rq) holds for all i € I; U J;},
Py = {P€P : Ri]| fii(Ra,...,Rq) holds for at least one i € I;},
Ps = {P,€P : Ri]| fii(Ra,...,Rq) holds for at least one i € J;}.

In what follows we will use the notation Pj(z) := P, N W(x) (see (4.5) for the definition of
W (z)). We first treat the cutout polyhedra contained in the subfamily P;.

Lemma 6.1. For each P, € P; we have
lim A (proj(Py(z)) Aproj(£(0))) = 0.
Proof. Setting
Api(x) = {re[-M,M]?: fi;(r)>0ynW(z) (i€l) and
Bi(x) = {re[-M,M]*: fi;(r)>0ynW(z) (icJ)
we see from (6.2) that

Pi(x) = () Avi(z) N [ Bui(x).
i€l ied
Because P(z) € P; the (linear) polynomials f; ; satisfy the conditions of Lemma 4.2, this lemma
together with Remark 4.3 yields

iii% Ad—1(proj(A;:(z))Aproj(4;;(0))) = 0 and
lim Aq—1 (proj(Byi(z)) Aproj(Bu:(0))) = 0.
The result now follows from Lemma 4.4 (i). 0

In order to treat the cutout polyhedra contained in Ps we need the following auxiliary result.

Lemma 6.2. Letd > 2 andr = (r1,...,rq) € P(w) be an element of a cutout polyhedron given
by a period m of the form
...a0a10...01....
d—1

If ry > 0 then ro < —Z—?rl, and if 1 < 0 then ro > —%?Tl.
Proof. By the definition we have the inequalities

(63) 0<aim+1<1,
(6.4) 0 <agri +airy < 1.

Clearly, 1 > 0 implies a; < 0 by (6.3) and then ry < —atry by (6.4). The second assertion is
derived analogously. O

For the elements of Py we can show the following assertion.
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Lemma 6.3. For all ¢ > 0 we have

;@)A“((proj (Dda N U B)UPPOJ (Ddg N U B))Abd,E(O)) = 0.
P ePs P ePs

Proof. If P, € Ps then for some i € I; we have Ry | f1;(R1,...,Rq). Because f;; is a linear
polynomial this implies that there exists a constant ¢; ; € R\{0} such that f; ;(R1,..., Rq) = ¢1,i R1.
This implies that
P c{(ry,...,rq) : cur1 >0}
which means that either
P c {(r1,...,rq) : 71 >0} or
P c {(r1,...,mq) : r1 <0}
Applying Lemma 6.2 we even get that there exists b € R such that either
P c {(r1,...,rq) : 11 >0and ro <br;} or
P c {(ri,...,rq) : m1 <0and re > bri}.

Thus
Dae(z U P, D Dyclx)n{(z,re,...,1q) : T2 <bzx} (z>0),
PzE'Pz
Dac(@)\ |J P D Dacl)n{(z,ra,...,ma) 72 >ba} (¢ <0).
P eP2

Combining these two inclusions we obtain that

Dac(x)N{(z,72,...,7q) : |ra| >blz|} C (Ddﬁ(aj)\ U PZ> (Dds )\ U Pl> C Dye(x)

P eP2 P eP2

holds for all z. Taking projections and letting = tend to zero yield the result. O
Lemma 6.4. P35 = (.

Proof. If P, € P3 then P, contains an inequality

Jri(r,...,rq) =cry 20

for some ¢ € J;. To get such an inequality the cycle m which generates P; must contain d consecutive
zeros. Thus 7 is the trivial cycle, a contradiction. O

We are now in a position to prove the following theorem.
Theorem 6.5. For each d > 2 we have
lim A1 (D(z)ADY_,) = 0.

Proof. Let € > 0 be arbitrary but fixed. Then for > 0 Theorem 2.1 and Lemma 6.4 yield

Dye(x) = D (x)UDg.(—x)  (since Dy (-z)=0)
= (Dd,s( )UDds \ U Pl
Pep
= (Dac(r)UDac(-2))\ |J P
P eP1UP:
= <(Dd,e(x) UDqge(—2)) \ U Pl) n <(Dd,a( )UDg(—2))\ U Pl)
P ePy P eP2

= ((Dd,g(@\ U Pl) (Ddg N\ U B))
i=1,2 PeP; PeP;
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Taking projections this yields
(6.5)

proj(Dy . (z)) = () ((prOJ(Dd,s(x))\ U proj(Pz)> U (proj(Dd,s(—x))\ U proj(Pz)>>~
i=1,2 PeP; P eP;

Lemmas 4.8 and 6.1 imply together with Lemma 4.4 (ii) and (iii) that

(6.6) lim gy ((proj(Dd,e(x))\ U proj(Po) A <proj(1>d,s<0)>\ U proj(Po)) = 0.

P ePy P ePy

Here x may approach zero from the left or from the right. For the second part of (6.5) we apply
Lemma 6.3 to see that

(6.7)  lim Ag_y <<proj (Dd,g(x)\ U Pl> U proj (Dd,g(—z)\ U B)) ADM(O)) =0.

P eP2 P eP2
Using Lemma 4.4 (i) and (ii) we can collect (6.6) and (6.7) to derive

lim Ag—1 (Dg o (2)ADg ) = lim a1 (D (2)ADq.(0))

= lim Ao (DS,E(:C)A (Dd,g<o>\ U a))

P ePy
= 0.

Because € can be chosen arbitrarily small the result follows from Lemma 4.7. O
7. RELATIONS BETWEEN DY_, AND C)

In the next theorem we prove that the (d — 1)-dimensional Lebesgue measure of DJ_, is the
limit of the quotient in (1.8) for M — oo. Note that the Lebesgue measurability of DY is proved
in [2, Theorem 4.10].

Theorem 7.1. Let d > 2 and M be a positive integer and set
NYd, M) = |{(p1,---,pa-1) €Z*" : (M,p1,...,pa-1) € C3}|.

Then 0( )
. N°(d,M
g = A ()

Proof. We will use the following notation. Let W (x, s) be defined as in (5.1). Now set for € € [0, 1)

CgE(M) ::{(p}i\zl,...,pﬂl) eRY&E (M, p1,...,pa-1) €y, p((p}i\zl,...,pﬂl)) < 1—6}

and
Wi (M):= ) WM.
x€CY (M)
Furthermore, let
N%(d,M) = |{(p1,---,pa—1) €Z" : (M,p1,...,pa-1) € C}|.
Then obviously

NO<(d, M
MM o ov.on)).

We will compare the latter with the Lebesgue measure of ng, o
We first claim

(7.2) Dy, \WI.(M)C D, .\ <(9375<M‘1>> [—Xﬂ) :

(7.1)
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To prove the claim we will show

[ vt

By the definition of the norm || - ||s, if y € Dy (M ~)[—V/d/M] then

(7.3) W(y, M~") c Dy (M.
Thus we can choose p1,...,pq_1 € Z with
Pd—1 pl) 1
=(—=,. Wy, M™).
z ( o) WM

Now (1.6) and (7.3) imply that z € Cg,E(M)OW(y, M=Y). Thusy € W(z, M~ ') foraz e Cg7a(M)
which yields y € Wy _(M) and the claim is proved.
On the other hand Cj (M) C Dy (M ") implies

Wie(M) C (Dg (M) [1/M]
which yields
(7.4) Wi(M)\DY_, . C (Dg (M) [1/M]\D§_, ..
Now (7.2) and (7.4) yield that

WS (M)ADL . C (Dg 15\<<D2,E<M-1>> [—ﬁ]))u(ww H) /MDY )
C

(DI -aDs (M) U ((9D5,.(M~ ) [Vd/M)) .

Note that the second inclusion is an immediate consequence of the definitions (3.1) and (3.2),
respectively. From this chain of inclusions we gain

/‘11/\/0 (M)_1 ‘d>‘d 1= /11/\/0 (M)ADY_, | Dy, dAd-1

= / o5 Ds,gwfl)kd—l*/ Loy -1y vanda-1-
Now we let M — oco. Then

/17;3 apy, (-1 =0

by Theorem 6.5. Furthermore,
/l(aDS,E(M‘l))[\/E/M]d/\d—l -0

since 8D2_175(M ~1) is defined by finitely many polynomial equations. Thus

/ ‘1W3’E(M) ~lgg— ’ g1 — 0

and the theorem is proved by letting ¢ — 0 and observing Lemma 4.7. (Note that for fixed ¢

the set DY_, \DS_L . is bounded by finitely many polynomial equations. So for M large enough
pP1 Pd—1

the number of lattice points (M7 cees 5T ) with pi1,...,p4—1 € Z contained in it is essentially
MYINDG_ \ Dy_y ) O

We now give the following result which we get as a byproduct of the proof of Theorem 7.1.
Corollary 7.2. Letting CS(M) as in (1.4) and setting
WIM) = | WM
x€CY(M)

we have for d > 2
M- (WH(M)ADY_,) — 0
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for M — oo.
This shows that the set of CNS polynomials

d
> piX' € Z[X]
i=0
with large but fixed constant term py forms a good approximation for the (d — 1)-dimensional SRS
region DY_ .

Remark 7.3. Figure 1® displays N°(3, M)/M? for 2 < M < 464. It seems that the quotient
stabilizes after the first few values at about 1.766. Using known results on the number of cubic
CNS polynomials it can easily be seen that for M > 9 we have

1
§(13M2 —21M +51) < N°(3, M) < 2M?* — M — 2.

As these bounds are quite weak we omit the proof here.

2
16
30
44
58
72
86
100
114
128
142
156
170
34
188
212
326
240
254
268
282
286
310
324
338
352
366
380
34
408
422
436
450
464

FIGURE 1. The behavior of N°(3, M)/M? for 2 < M < 464.

8. OPEN QUESTIONS

We have shown convergence results with respect to Lebesgue measure in Theorems 4.9 and 6.5.
Can we have stronger convergence in the sense of Proposition 3.17

Open question 1. Is it true that Lim,_.o DY(z) = DY_,?

By Theorem 7.1, the number of CNS polynomials of a given constant term is estimated by SRS.

Open question 2. Can we estimate the number of Pisot polynomials of a given trace having
property (F) by SRS?

This question will be explored in a forthcoming paper.
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