CR Yamabe problem and CR Paneitz opperator
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. Yamabe problem
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Noamobe problem

Iminimizer of E 7

s

This problem hos been solved affirmatively |
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\\Soluﬂov\

Take Uj € C“r Sl T,

HU\/&HL% =1, Elui) = infFEl) = Y(n,[51)

We moay suppose Ui — U weakly in W'

Then W IS o S Minimizer of E",

Di %C“Cuﬁ\[

W2 s ™ L N0T cpt > [IUl] 2 may be O,



Styoate gy
() Y (N, T9l) < Y (8" Tgsedd) = Yo
() YWV, T9T) < Yo = *minimizer of E

Gi) Tminimizer of E on (S™ 95%1)

conf

liv) (W, T97) 2 (S Dowad) = Y (W, [9) < Yo

A\

posttive mass fheorem,
Green kevinel, - -



2. CR manifolds
X mrt-dime  ¢cpx mfd
M c X vead hypersurfoce
> TOM = TN N (M) @ ranke = m
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Det
A TM) 0 CR mani folod

w | TM CcTMOC : ranke M w/ TMATM=0
==
Ar(riem), wlrom) | ¢ 7(T"m)

(M, T"M) : embeddable
é> TEiM — Vi embedding w/ FT"m T



Det
(M, TPm) @ strietly pseuddoconvex (spe)

” ‘ O R e
éﬂ’f'_; O e’ (m) st. 0 TP 5
O(2)=0. —J71 df(2.2) 7O
Such o O Is called o contact ’FOVVV\‘

Another contact form @J 1S of the form
B=u"g (uecy)



3. CR Yoamabe problem

(/\/\MH, T°M)  closed conn spc CR mfdl

@ o LdB)" (0 contact form)

(S 00.8)") ™

plume form

Tandea- Webster
Scalar curvatuye

This is a CR analogue of E



c(u):= € (uweo) At | ord
> J \ NAO)" + § Sealy U O/ [46)"

[§ W™ e npom )™

E R Yawmabe problem

Iminimizey of & 7

Rem : W {uel| il € U} < [_f%ﬂ NVOTT eprt

Follond - Seejn Spa



Known vesults

Y(M,TM) ;= iv{pﬁ S(u): R Yoamabe constant

() Yim, Tm) € % (™, Ts™) = %

GO Y(M, T"M) < Yy => "mini mizer of €

G B minimizer fob 18 Fon - E2 e s
(Terison-Lee [987)



Higher dimensional case (m=2)

Mz 2, (m, T29m) : nown D;ll\er\cmﬂ
Qoc. [som tp S
= Y(M, TN < Y, (Terson-Lee 1489)

R mtl  —I, amt]
B M e S S T S Y
= Y(M, T"M) <Y, (Cheng-Chin-Nang 20/4)



Thyee—dimensional cose (m=1)

EEEER T
W, TM) st 7 minimizer of €

small perturbation -
o{la(g’ge'r"os'g)\ (Cheng ~Malchiodi -Nong 2019)

—Problem

Find a \\9000(” condition A st

(W T19) (ST + A = Y(m, T M) <Y,




4 CR Papeltz operator and Main Theorem

(0, T"9) 0 closed conn spe CR mfdl

> P 0% — O CR Poaneltz pperator
Roughly speaking, P is defined by
P=-de ol den , where dep' CR analogue of o°

(ef On cpx mfds, d=2+3, d'= & (5-2) )



YY0 peyties

P 4th order Lin. diFf op,

* P ie formal Selﬂc—adjo{mt'_/
SM\}(Eu) = (pulw  (u vec™)

\ olof o
i V\OV\V\EyaTIVe — V[,Léd I f/vxu[fu) >0



Thm ( Cheng -Malchiodi ~Yang 2017)
(W, M) C%R [S° 7"°5°) + P: nonnegative
= YW T'M) <Y (= *minimizer of €)

This follows from the CR positive mass theorem



-Main Theorew (T. 2020)
(A, T°M ) . embeddable (9{:/1/\ o v/ FTM CT"OC")

—> P s nonnegatfive

om) sembeddable = Tminimizer of €

=
i



§ Pwof of Main Theorem

Assume . (W, T"M) : o mbeddable
(EX L 2-dimg prj m £l CR

——
’\L 0 ¢ X Cdomain
Lo mpert 995

Wy k\yc?o&zn Kohler form on €

st Q&M



U e d®(3Q) : Fiy

~/

; > T U ed?(@): harmonic ext of W
E pstein-Melvose dd" U AW =0
~Mendozoe (99 |

Then we howve " Add" X €0

ct. A 2x2 Herm. matrix
TrA=0 = ot A £0



Stoles” theorem [mplies

02 [ dd T Nodd X = [, ol (TN
= [ dTAdd
=-{ ulew

There fore gaﬂut Pwz=0.



A ppendiy

(M2, TYM):CR mid ~ (Tt [97) @ conf. mfd
TCLS‘(
MW

P=at (lot) ! Parette operctor on (Ft 9D
CR Pareitz opeymtor P Is clefined by
P el Pl = @z—r (L.0. €. )
oot ol



Thm ( Gamara 2001 )
Y TOM) . TU s antical point of &

|

Cheng - Malchiodi -Yan g's  example  means

(M, TM) st ¢ has o crticed point
but no mini mizer



