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1 Introduction

The estimation of conditional average treatment effect (CATE) is a general and funda-
mental problem in observational studies. Such estimation problem is essential for policy
evaluation, personalized medicine, offline or online marketing and advertising. Usually, to
identify CATE, one requires the strong ignorability condition which says that outcomes and
treatment assignment is independent conditional on covariates. In other words, only the
covariates we collect affect both of outcomes and treatment assignment. If we fail to collect
such a covariate, the strong ignorability does not hold. Clearly, a large number of covariates
tends to meet the strong ignorability, although it is uncheckable condition from observa-
tions. With advances of information technology and database system, it would be plausible
to consider the high dimensional covariates.

In this talk, we consider the estimation of CATE in high dimensions. Following the
Neyman—Rubin’s potential outcome framework (Rubin, 1974; Neyman et al., 1990), assume
that there is a potential outcomes (Y;(0),Y;(1)) for each sample i € {1,2,...,n}. Let T; €
{0,1} be the assignment indicator. Then, Y;(0) € R is the potential outcome when the
sample i is assigned to the control (7; = 0) and Y;(1) € R is the potential outcome when it
is assigned to the treatment (7; = 1). Assume that we have n independent and identically
distributed examples {(X;, T3, Y;(T3)) }; where X; € R? is the covariates with possibly high
dimensions, that is, p > n. Our goal is to estimate the conditional average treatment effect
(CATE) given by

(@) = E{Y;(1) - ¥;(0) | X; = =}.

To identify the CATE, we assume the following strong ignorability condition.
Assumption 1. {Y;(0),Y;(1)} 1L T; | X;



Moreover, we assume the linearity for the potential outcomes.
Assumption 2. E{Y;(0) |X; = ;} = «] 3; and E{Y;(1) | X, = =;} = =] 5.

From Assumption 2, we have 7*(z) = x? (8} — 3;) and we can estimate B} from the
treated examples and can estimate 3 from the control examples under Assumption 1. Since
the covariates X; is high dimension, a natural approach would be applying the Lasso pro-

posed by Tibshirani (1996) for each treated and control examples, i.e.,

B = argmin - Z - X 8+ MBI, t=0,1,
BeRP
where Y; = Y;(T}). Thus, we obtain the estimator of CATE as 7() = 2 (3, — B,). However,
such the procedure estimate B and B7 separately. The treated (control) outcomes are
predicted by treated (control) covariates. Hence, if @ is coming from the distribution of
X |T =1, then :BTB1 would be accurate but :BTBO be not. Moreover, the non-zero elements
of Bl and ,éo usually do not imply zero elements of Bl — Bo even when the corresponding

elements of 8] — Bf are zero.

2 Proposed methododology

We construct a direct estimation procedure for 8* = 37 — 3 via the well-known consequence

of the strong ignorability condition, given by

=il -]

where e(x) = P(T; = 1|X; = x) is the propensity score function at x. Thus, 8* can

be estimated by regressing the appropriately weighted outcomes on the covariates. The
propensity score is unknown in most cases. An approach to estimate it in high dimensions
may be generalized linear regression with sparse regularization (see, e.g., Fan and Li (2001)
and Van de Geer (2008)), but it may lead to an biased estimator for 8* when the propensity
score function is misspecified.

In this talk, inspired by Athey et al. (2018), a two-step estimation procedure of 6* is
proposed. The first step obtains weightings for outcomes without specifying the propensity
score and then Lasso is applied to the weighted outcomes. Let Yy (Y7) be the vector of

control (treated) outcomes and X; (t = 0,1) be the corresponding covariate matrix. Define



the Lasso for weighted outcomes as

R 1
Op = argmin — | DY — X0|2 + )\[|0]|, (1)
OcRP 2n

YzYl,szl,D:Dlo
Y, X, O -D,

with diagonal matrices Dy and D;. Let 3= XTX/n be the covariance matrix. Roughly

where

speaking, the score function of ||[DY — X0|3/(2n) at 6* is close to zero if

1

n

R 1 N
XiDoXg~ ¥ and —-XI'DX; =3,
n

which means that Dy and D; work in order to balance the two weighted covariance matrices

of control and treated covariates through 3. We consider computing the weight matrices as

argmin || Dy||max  subject to  [|[XI DXy /1 — |max < 1, t=0,1, (2)
Dy
where 1, > 0 (t = 0,1) and || - ||max is the element-wise infinity norm. The minimization of

| D¢||max 18 required to control the variance of the errors in linear models. After obtaining
the weight matrices Dy and Dy from (2), we can compute @p through (1). To compute (2)
efficiently, we apply the alternating direction method of multipliers (ADMM) after smoothing
the objective function by the method in Nesterov (2005). The objective function ||Dy||max
in (2) is replaced by

Mt
D1l = max =i~ 5 ]

where w, is the vector of the diagonal elements of D, and u; > 0 is the smoothing param-
eter. When u; = 0, || Dy, = ||D¢|lmax and || D% . is differentiable when p; > 0. The

max max

optimization problem (2) with || D;||*  is equivalent to

max

argmin || D,||"t . subject to O, = X! D,X,/n — 3 and 194 |lmax < 7

max
t, Ot

whose Lagrangian function is given by

max

L(Dy, 4, A) = | Dyt + trA{©; — (XI DXy /n — ﬁ:)} + %H@ - (XI'DX;/n — 2)|3,



where A; is the Lagrange multiplier and p; > 0 is controlling the step size. Them, the
ADMM algorithm iteratively updates each parameter as

D*™ « argmin L(D;, e, Agk))’ )
D,

®£k+1) - argminL(Dt(kH), e, A,Ek)), (4)
O

AP AW Pt{@“““) - (X;rDﬁHl)Xt/” - 2)} (5)

The optimization in (3) can be computed by the gradient descent for instance since || Dy||*

is differentiable for p; > 0. The update (4) is given by
@,E’““) + sgn(©,) min (\(:)t\,nt), 0, = XfDIEkH)Xt/n . Y- AP /p,,

where all of sgn(-), min and | - | are element-wise operator.
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