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1 Introduction

Clustering high-dimensional data plays an important role in a wide range of applications,
including gene expression analysis, where the dimension can be substantially larger than
the sample size. In such high-dimensional, low-sample-size (HDLSS) settings, clustering
methods are routinely used to identify latent groups of observations. Among them, k-
means is one of the most widely used clustering methods because of its simple formulation
and computational efficiency. However, high dimensionality can substantially affect the
behavior of clustering procedures, and a theoretical understanding of clustering methods
under HDLSS asymptotics is therefore important.

Recent research has extensively investigated the asymptotic properties of cluster-
ing methods for HDLSS data. The theoretical analysis of k-means clustering in high-
dimensional settings has been conducted predominantly under sparsity assumptions. In
other words, many existing studies rely on the premise that only a relatively small sub-
set of variables contributes to the clustering structure. Within this framework, Sun et
al. [6] proposed a regularized k-means procedure and established its asymptotic consis-
tency. Arias-Castro and Pu [1] developed a sparse k-means method based on a different
formulation. Chang et al. [3] introduced a regularization scheme based on an ℓ∞/ℓ0-
type penalty. Chakraborty and Das [2] considered a lasso-weighted k-means algorithm for
high-dimensional data. Yang and Benjamin [7] proposed a sparse extension of the possi-
bilistic c-means algorithm originally introduced by Krishnapuram and Keller [5], adapting
it to high-dimensional settings. Despite these advances, the asymptotic properties of the
standard k-means algorithm in HDLSS settings remain less well understood, particularly
without imposing sparsity assumptions.

In our previous study, Egashira et al. [4], we theoretically investigated the asymp-
totic properties of k-means under HDLSS settings without imposing sparsity assumptions.
We showed that, even when appropriate initial observations are selected, the clustering
criterion can contain a bias induced by differences in the within-cluster covariance struc-
tures. This bias can affect the clustering result and prevent the recovery of the underlying
population structure. To overcome this problem, in Egashira et al. [4], we proposed a
bias-corrected k-means procedure that removes the bias arising from the within-cluster
covariance structures. We also considered k-means with multiple initial observations and



showed that using multiple observations for initialization can relax the conditions required
for consistent clustering. These results indicate that both the initialization strategy and
the bias inherent in the clustering criterion play important roles in the asymptotic behavior
of k-means in HDLSS settings.

Kernel methods provide a natural extension of k-means for capturing nonlinear rela-
tionships through a feature-space representation. In particular, Gaussian kernel k-means
is widely used for nonlinear clustering. However, our previous theoretical analysis showed
that, under HDLSS asymptotics, Gaussian kernel k-means does not necessarily provide an
asymptotic advantage over conventional k-means. More specifically, the consistency condi-
tions of Gaussian kernel k-means and conventional k-means are asymptotically equivalent
under the HDLSS setting. This result indicates that, although kernelization provides a
nonlinear feature-space representation, it does not by itself eliminate the fundamental
difficulty associated with the high-dimensional bias.

The above observation naturally raises the question of whether Gaussian kernel k-
means can be improved by incorporating mechanisms that explicitly address the difficul-
ties identified for conventional k-means. In particular, the bias-correction and multiple-
initialization strategies developed in our previous study provide natural candidates for
improving Gaussian kernel k-means. However, it is not immediately clear whether these
strategies retain their effectiveness after kernelization, since the transformation into a
feature space changes the form of the clustering criterion and its asymptotic behavior.

In this talk, we investigate this question by incorporating two ideas into Gaussian kernel
k-means: multiple initial observations and bias correction. We develop enhanced Gaussian
kernel k-means procedures based on these two ideas and derive their asymptotic properties
under HDLSS settings. In particular, we clarify how multiple initial observations and bias
correction affect the consistency conditions of Gaussian kernel k-means and whether these
modifications can improve its asymptotic performance.

The proposed procedures are theoretically compared with conventional k-means, bias-
corrected k-means, and Gaussian kernel k-means. These comparisons clarify the relation-
ship between kernelization, initialization, and bias-correction in high-dimensional cluster-
ing. Numerical studies are also conducted to examine the finite-sample performance of
the proposed procedures.

2 Asymptotic properties of kernel k-means

In this section, we introduce the kernel k-means algorithm and review its asymptotic
performance under the HDLSS setting. We first summarize the results for conventional
k-means established in Egashira et al. [4], and then present the corresponding asymptotic
results for Gaussian kernel k-means, thereby clarifying the relationship between the two
approaches.

Kernel k-means is a natural extension of conventional k-means that incorporates a
kernel function to measure the similarity between observations. Here, we introduce the
kernel k-means algorithm using a kernel funtion k(·, ·) for a given dataset X and its



asymptotic properties under high-dimensional settings. The kernel k-means algorithm is
described as follows.

Algorithm 1 (kernel k-means algorithm).

Step 1: Set K initial centroids c0i (∈ X), i ∈ {1, ...,K}.

Step 2: For each given data point x ∈ X, assign x to a set Ci if

i =
K

argmin
j=1

(k(x,x) + k(c0j , c0j)− 2k(x, c0j)) .

Repeat this process for all data points to construct sets Ci, i ∈ {1, ...,K}.

Step 3: For each given data point x ∈ X, assign x to Ci if

i =
K

argmin
j=1

k(x,x) + 1

|Cj |2
∑

c1,c2∈Cj

k(c1, c2)−
2

|Cj |
∑

c1∈Cj

k(x, c1)


to update sets Ci, i ∈ {1, ...,K}. Repeat this step until the sets from the
previous step match the updated sets.

Step 4: Define the converged sets from Step 3 as Ĉi, i ∈ {1, ...,K} which is the result
of kernel k-means algorithm.

Suppose that there are 2 independent d-variate populations, π1 and π2, where the ith
population has an unknown mean vector µi and an unknown covariance matrix Σi for
i ∈ {1, 2}. We suppose that

tr(Σ1) ≤ tr(Σ2)

and we assume that

lim sup
d→∞

(
∥µi∥2/d

)
<∞, lim inf

d→∞
(tr(Σi)/d) > 0, lim sup

d→∞
(tr(Σi)/d) <∞ (1)

for i ∈ {1, 2}. We have independent and identically distributed (i.i.d.) ni observations,
xi1, . . . ,xini , from πi for i ∈ {1, 2}. Let Xi = {xi1, ...,xini} for i ∈ {1, 2} and X =
∪2
i=1Xi. We assume ni ≥ 2 for i ∈ {1, 2}. LetN = n1+n2. To state the theoretical results,

we introduce the following notations. Let ∆12 = ∥µ1−µ2∥2, ∆∗12 = ∆12+tr(Σ1)+tr(Σ2),
and ∆Σ,12 = |tr(Σ1) − tr(Σ2)|. Additionally, let Li = Var[∥xij − µi∥2] for i ∈ {1, 2}, We
assume K = 2 to explore the asymptotic properties of k-means clustering.

We first consider kernel k-means with the linear kernel kL(y1,y2) = y⊤
1 y2 which is

equivalent to conventional k-means. The following assumptions were considered.

(A-i): tr(Σ2
i )/∆

2
12 → 0, i ∈ {1, 2}, as d→ ∞,

(A-ii): Li/∆
2
12 → 0, i ∈ {1, 2}, as d→ ∞.



The following results are obtained for conventional k-means:

Theorem 2.1. Suppose that the initial observation is c0i ∈ Xi for i ∈ {1, 2}. Assume
(A-i) and (A-ii) when N is fixed as d→ ∞. When

lim sup
d→∞

∆Σ,12

∆12
< 1 (2)

is satisfied, for Algorithm 1 with linear kernel and K = 2,

P
(
{Ĉ1, Ĉ2} = {X1,X2}

)
→ 1 (3)

holds true as d→ ∞ when N is fixed.

For general kernel k-means, we introduce the following assumption.

(K-i): There exists κii, κ
∗
ii, and κii′ for i, i

′ ∈ {1, 2}(i ̸= i′) such that

k(xij ,xij′) = κii + op(∆κ,12) for i ∈ {1, 2}, j, j′ ∈ {1, . . . , ni}, j ̸= j′,

k(xij ,xij) = κ∗ii + op(∆κ,12) for i ∈ {1, 2}, j ∈ {1, . . . , ni},
k(x1j ,x2j′) = κ12 + op(∆κ,12) for j ∈ {1, . . . , n1}, j′ ∈ {1, . . . , n2},

as d→ ∞ when N is fixed where κ∗ii > κii for i ∈ {1, 2} and ∆κ,12 = κ11+κ22−2κ12.

Let ηκ,i = κ∗ii−κii for i, j ∈ {1, 2} and ∆κ,η,12 = |ηκ,1− ηκ,2|. The following theorem gives
a general consistency condition for kernel k-means.

Theorem 2.2. Suppose initial observation, ci ∈ Xi for i ∈ {1, 2}. Assume (K-i). When

lim sup
d→∞

∆κ,η,12

∆κ,12
< 1 (4)

is satisfied, (3) holds true as d→ ∞ when N is fixed.

Let Ω = γ∆G,12/ψ, ∆G,12 = κG11 + κG22 − 2κG12, ψ = κG11, κG12 = exp(−∆∗12/γ),
κGii = exp(−2tr(Σi)/γ), κ

∗
Gii = 1, for i ∈ {1, 2}. We introduce the following assumptions:

(B-i): lim supd→∞∆12/γ <∞, lim supd→∞∆Σ,12/γ <∞ as d→ ∞;

(B-ii): tr(Σ2
i )/Ω

2 → 0, i ∈ {1, 2}, as d→ ∞;

(B-iii): Li/Ω
2 → 0, i ∈ {1, 2}, as d→ ∞.

Under these assumptions, the following proposition establishes (K-i) for the Gaussian
kernel, kG(y1,y2) = exp(−∥y1 − y2∥2/γ), where γ > 0 is hyperparameter.

Proposition 2.1. Under (B-i), (B-ii), and (B-iii), (K-i) holds as follows:

kG(xij ,xij′) = κGii + op(∆G,12), i ∈ {1, 2}, j, j′ ∈ {1, . . . , ni}, j ̸= j′,



kG(xij ,xij) = κ∗Gii, i ∈ {1, 2}, j ∈ {1, . . . , ni},

kG(x1j ,x2j′) = κG12 + op(∆G,12), j ∈ {1, . . . , n1}, j′ ∈ {1, . . . , n2}.

Let ηG,i = κ∗Gii − κGii i ∈ {1, 2} and ∆G,η,12 = |ηG,1 − ηG,2| Note that

∆G,12

ψ
= (1− δΣ,12)

2 + 2(1− δ12)δΣ,12 and
∆G,η,12

ψ
= 1− δ2Σ,12

where δ12 = exp (−∆12/γ) and δΣ,12 = exp (−∆Σ,12/γ). Consequently, Theorem 2.2 yields
the following corollary.

Corollary 2.1. Suppose initial observation, ci ∈ Xi for i ∈ {1, 2}. Assume (B-i), (B-ii),
and (B-iii). When

lim sup
d→∞

1− δ2Σ,12

(1− δΣ,12)2 + 2(1− δ12)δΣ,12
< 1 (5)

is satisfied, (3) holds true as d→ ∞ when N is fixed.

We now compare the asymptotic consistency condition of Gaussian kernel k-means
with that of conventional k-means.

Remark 1. Condition (5) holds for any γ > 0 if and only if the corresponding consistency
condition for conventional k-means, (2), holds.

Thus, although Gaussian kernel k-means introduces a nonlinear transformation of the
observations, its asymptotic consistency condition is equivalent to that of conventional
k-means under the considered HDLSS setting. In particular, an appropriate choice of
the Gaussian kernel parameter γ does not, by itself, eliminate the fundamental high-
dimensional difficulty associated with the heterogeneity of the covariance structures.

The above result provides an important limitation of kernelization in HDLSS cluster-
ing. Although kernel methods are useful for incorporating nonlinear relationships, the
use of a Gaussian kernel alone does not overcome the asymptotic bias arising in high-
dimensional clustering. This observation naturally raises the following question: Can
Gaussian kernel k-means be improved by incorporating procedures that directly address
the high-dimensional bias? In this talk, we investigate two approaches to this problem.
First, we consider multiple initial observations in Gaussian kernel k-means to reduce the
effect of the initialization. Second, we develop a bias-corrected version of Gaussian kernel
k-means by explicitly removing the asymptotic bias in the kernel-based clustering criterion.
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