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1. Introduction

Suppose that a p-dimensional random sample of size ng is represented by xg1, . . . ,xgng ,

where the observations are independently drawn from population Πg pg “ 1, . . . , kq with

mean vector µg “ Epxgiq and covariance matrix Σg “ covpxgiq. We consider the k-sample

hypothesis

H : Σ1 “ ¨ ¨ ¨ “ Σk versus A : ␣H. (1)

Note that hypothesis (1) is equivalent to

H : }∆gh}
2
F “ 0 for all g ă h,

where ∆gh “ Σg´Σh and }¨}F denotes the Frobenius norm. There are several approaches

for testing the equality of high-dimensional covariance matrices. Among them, Li and

Chen [5] proposed a pioneering two-sample test based on the asymptotic normality of an

unbiased estimator of }∆gh}
2
F . Their asymptotic theory relies on the weak dependence

condition

trpΣgΣhΣg1Σh1q “ ottrpΣgΣhqtrpΣg1Σh1qu, g, h, g1, h1 P t1, . . . , ku, pÑ 8, (2)

which is also known as the boundary condition on the maximum eigenvalue. Several

extensions of Li and Chen’s methodology have subsequently been proposed. For the

general k-sample problem, Zhang et al. [7] extended their approach to testing the equality

of covariance matrices under essentially the same weak dependence condition.

To overcome these limitations, Aoshima and Yata [2] introduced the strongly spiked

eigenvalue (SSE) model, under which Ishii et al. [4] proposed a two-sample covariance

matrix test. An alternative strategy is to assume a low-dimensional latent factor model.

For high-dimensional covariance matrix testing, Hyodo et al. [3] developed a two-sample

test for the equality of covariance matrices under a low-dimensional latent factor structure.

These procedures removes the restrictive condition (2) and remains valid even when the

covariance matrices possess strong latent dependence. In this study, we extend the two-

sample methodology of Hyodo et al. [3] to the general k-sample problem and develop a

new test procerure for (1).



2. Main results

2.1. Data generation model and asymptotic framework

The data generation model of population Πg is assumed to be a latent factor model,

which is expressed as

xg “ µg `Bfg ` ϵg. (3)

Here, µg P Rp is the population mean vector, and the elements of the pˆ d pd ă pq non-

random matrix B “ pb1, . . . ,bpq
J are referred to as factor loadings. fg P Rd and ϵg P Rp

are random vectors for common factors and specific factors, respectively. We assume

that fg and ϵg are independent of each other and that their mean vectors are Epfgq “ 0

and Epϵgq “ 0, respectively. Also, we assume that covpfgq “ Φg is a positive definite

matrix and covpϵgq “ Ψg “ diagpψg1, . . . , ψgpq. Let zg “ pzg1, . . . , zgdq
J “ Φ

´1{2
g fg and

eg “ peg1, . . . , egpq
J “ Ψ

´1{2
g ϵg. Furthermore, we assume that zgi are iid with Epzgiq “ 0,

Epz2giq “ 1, and Epz4giq “ κz ă 8, and egj are iid with Epegjq “ 0, Epe2gjq “ 1, and

Epe4gjq “ κe ă 8 for g P t1, . . . , ku, i P t1, . . . , du, and j P t1, . . . , pu. These assumptions

along with equation (3) imply that

Epxgq “ µg, covpxgq “ BΦgB
J `Ψg :“ Σg. (4)

For the asymptotic evaluation, we impose the following regularity conditions:

(A1) Let n “ n1 ` ¨ ¨ ¨ ` nk. Suppose that p “ ppn1, . . . , nkq is a function of n1, . . . , nk

such that pÑ 8 as n1, . . . , nk Ñ 8, and that p and n are of the same order, i.e.,

0 ă lim inf
p

n
ď lim sup

p

n
ă 8.

Moreover, assume that

ng

n
Ñ γg P p0, 1q, g P t1, . . . , ku.

The number of factors d and the number of groups k are fixed.

(A2) Let ψgmax “ max1ďjďp ψgj , g P t1, . . . , ku. Assume that lim suppÑ8 ψgmax ă 8,

g P t1, . . . , ku.

There exist positive definite symmetric matrices B˚ and Φg˚, g P t1, . . . , ku, such

that
›

›

›

›

1

p
BJB´B˚

›

›

›

›

F

“ op1q, }Φg ´Φg˚}F “ op1q, g P t1, . . . , ku.

(A3) fgi „ Ndp0,Φgq.



2.2. Test procedure

We first define the following random variable T :

T “
k

ÿ

găh

ngnh

n

$

&

%

{}∆gh}
2
F

p2
`

ÿ

ℓPtg,hu

trpA2
ℓℓq ` ttrpAℓℓqu

2

nℓ

,

.

-

.

Here,

{}∆gh}
2
F “

ÿ

ℓPtg,hu

{}Σℓ}
2
F ´ 2trpSgShq,

where

{}Σℓ}
2
F “

nℓ ´ 1

nℓpnℓ ´ 2qpnℓ ´ 3q
rpnℓ ´ 1qpnℓ ´ 2qtrpS2

ℓq ` ttrpSℓqu
2 ´ nℓKℓs,

Sℓ “
1

nℓ ´ 1

nℓ
ÿ

i“1

pxℓi ´ xℓqpxℓi ´ xℓq
J, Kℓ “

1

nℓ ´ 1

nℓ
ÿ

i“1

}xℓi ´ xℓ}
4.

Theorem 1. Under H and (A1)–(A3), T is asymptotically distributed as

WC “ 2

#

d
ÿ

i“1

λipAq
2χ2

ii `

d
ÿ

j“2

j´1
ÿ

i“1

λipAqλjpAqχ
2
ij

+

,

where χ2
ij’s are mutually independent, chi-square distributed random variables with k ´ 1

degree of freedom, λip¨q is the i-th largest eigenvalue, and A “ Φ
1{2
˚ B˚Φ

1{2
˚ . Here, Φ˚ “

γ1Φ1˚ ` ¨ ¨ ¨ ` γkΦk˚.

To estimate the number of factors d, we explore the idea of Wang [6] and Ahn and

Horenstein [1]. Here, we focus on the criteria function, which was originally proposed by

Ahn and Horenstein [1]:

ERpiq “
λipSq

λi`1pSq
,

where ERp¨q refers to the eigenvalue ratio and S “ t1{pn ´ kqu
řk

g“1png ´ 1qSg. The

estimator of d is i such that maximizes ERpiq. That is,

pd “ argmax
1ďiďimax

ERpiq, (5)

where imax is the prespecified upper bound of i such that imax P pd, tcminpp, nqu ´ d ´ 1s

for some c P p0, 1s. We estimate the unknown parameters trpAggq and trpA2
ggq in T as

{trpAggq “

ř

pd
i“1 λipSgq

p
and {trpA2

ggq “

ř

pd
i“1tλipSgqu

2

p2
,

respectively. Using these estimators, the proposed test statistic is defined as

pT “
k

ÿ

găh

ngnh

n

$

&

%

{}∆gh}
2
F

p2
`

ÿ

ℓPtg,hu

{trpA2
ℓℓq ` t

{trpAℓℓqu
2

nℓ

,

.

-



Theorem 2. Under H and (A1)–(A3), pT is asymptotically distributed as WC.

Based on Theorem 2, we propose the following approximate significance test for H.

The procedure consists of the following four steps:

1. For each g P t1, . . . , ku, draw ng observations from population Gg and calculate pd,
pT , {λipAq “ p´1λipSq.

2. Draw a sample of pdppd` 1q{2 independently and χ2-distributed random variables to

obtain

yWC “ 2

$

&

%

pd
ÿ

i“1

{λipAq
2
χ2
ii `

pd
ÿ

j“2

j´1
ÿ

i“1

{λipAq{λjpAqχ
2
ij

,

.

-

.

3. Repeat step 2 until a Monte Carlo estimate of the distribution for the random

variable yWC and its p1´ αq-quantile t̂α are obtained.

4. Conduct the test with nominal significance level α as follows:

Reject H def
ðñ pT ą ptα. (6)

2.3. Aspects of power

Theorem 3. Under the fixed alternative
ř

găh }∆gh}
2
F {p

2 — 1 and (A1)–(A3), the asymp-

totic power function is equal to 1.

From Theorem 3, the asymptotic power is equal to 1 under every fixed alternative.

This is the standard notion of consistency for a statistical test, namely, that its asymptotic

power converges to 1 under every fixed alternative. Therefore, asymptotic power under

fixed alternatives is not sufficiently informative for distinguishing between competing tests.

To overcome this limitation, we consider the following local alternative.

AL: Let δ be a constant greater than 0. For g, h P t1, . . . , ku, g ă h, there exists a dˆ d

matrix Θgh such that the following condition is met:

›

›nδpΦg ´Φhq ´Θgh

›

›

F
“ op1q pn, pÑ 8q,

where Θgh ‰ 0 for at least one pair pg, hq. In addition, for g, h P t1, . . . , ku, g ă h,

}Ψg ´Ψh}F “ opp1{2q pn, pÑ 8q is met.

Theorem 4. Under (A1)–(A3) and AL with δ ě 1{2, pT is asymptotically distributed as

ÿ

găh

p
?
γhwg˚ ´

?
γgwh˚ ` δghq

JpB˚ bB˚qp
?
γhwg˚ ´

?
γgwh˚ ` δghq, (7)

where wg˚s are mutually independent and wg˚ „ Nd2 p0,Cgq. Here,

δgh “ n1{2´δ?γgγhvecpΘghq, Cg “ pId2 `Kd2qpΦg˚ bΦg˚q.



Applying this theorem, we obtain the following corollary of the asymptotic power

under local alternative AL.

Corollary 1. Under (A1)–(A3) and AL,

power Ñ

$

’

&

’

%

α, under δ ą 1{2,

1´Gptαq, under δ “ 1{2,

1, under 0 ă δ ă 1{2.

Here, tα denotes the p1´ αq-quantile of the weighted chi-square distribution WC in The-

orem 1, and Gp¨q is the cdf of (7).

3. Numerical studies

We examine the size and power of test (6) in a finite sample and dimension by Monte

Carlo simulations.
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