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Non-stationary Time Series Classification using
Topological Data Analysis

Yutaka Kuroki
Graduate School of Engineering, Tokyo University of Science
Takayuki Shiohama
Department of Information and Computer Technology

Abstract

Time series classification (TSC) is an important and challenging problem in data mining. There
are hundreds of algorithms for TSC available with the increase of time series data availability. For
more details, we refer recent work of Bagnall et al. (2017) and review paper of Fawaz et al. (2019).
Some of the machine learning algorithms are based on the bug of patterns, and learning patterns of
similarity are key feature extraction for time series data. In this study, we employ feature extraction
of time series using Topological Data Analysis (TDA). TDA refers to a collection of methods for
finding topological structure in data. Until recently, topological inference relied on deterministic ap-
proaches, and it is well known that these inference is easily affected by outliers and/or noisy datasets.
Moreover, the high computational costs are required for computing persistence homology with com-
plex datasets in time and space. To overcome these circumstances, two approaches are proposed
in literature. The first approach is the bootstrap estimation for persistence diagrams and landscapes
of Chazal et al. (2014). The second refers the methods of subsampling of Chazal et al. (2015). In
this study, we introduce an unsupervised classification learning for several non-stationary time series
using topological features. The bootstrap and subsampling methods are implemented to compare the
performance of classifications.

Keywords: Bootstrap estimation, time series analysis, topological data analysis, subsampling method.
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Maximum Likelihood Estimation for Hidden Markov Models
with Cylindrical Distributions

Takuto Kotsubo! and Takayuki Shiohama®
! Graduate School of Engineering, Tokyo University of Science
2 Department of Information and Computer Technology, Tokyo University of Science

Abstract

Analyzing animal tracking is a growing field in ecology and various models have been proposed
in literature. State space model is often used to fit the animal tracking data, however the limitations
of the linear and Gaussian assumption are sometimes reported. An alternative approach for model-
ing animal movement data is Hidden Markov Models (HMM) with cylindrical distribution, where the
cylindrical data consists of circular and linear variables. For linear part of the cylindrical distribution,
we adopt the generalized Palate-type distribution for heavy tailed observations in linear part, which
includes the Weibull-von Mises distributions on cylinder. Estimation for the model parameters are
done by using Expectation and Maximization (EM) algorithms, and we propose a modified M-step
procedure and a Maximum at posteriori (MAP) estimation for model parameters to avoid local max-
imum solutions in EM algorithms.

Keywords: Animal movement, cylindrical data, EM-algorithms, maximum likelihood estimation.

1 Introduction

A cylindrical data refers to a bivariate data which consists of circular and linear variables. Circular
data usually deal with direction and has periodic properties with frequency 27. Linear variables arise in
cylindrical data are usually defined on a positive real line. Cylindrical data arise often in various fields
in natural sciences, for example, wind directions and speeds in meteorology (Breckling (1989); Ailliot
et al. (2015)), wave directions and heights in oceanology (Ris et al. (1999)), ozone concentrations and
wind directions in environmental science (Camalier et al. (2007)) and the turning angels and step lengths
of the animal movement in ecology (Jonsen (2016); Adam et al. (2019)). These data consist of time
series nature, however time series modeling of cylindrical data are not fully investigated in literature.
The reason behind this is that there exists a few distributions on cylinder.

The well known cylindrical distribution is called the Johnson and Wehrly distribution (Johnson and
Wehrly (1978)). The drawbacks of the Johnson and Wehrly distribution are reported in Abe and Ley
(2017), where they pointed out that the mode of the linear variables always defined at 0, which can not
be applied for many actual data analysis. Recently, Abe and Ley (2017) proposed cylindrical distribution
with combining sine-skewed von Mises and Weibull distribution to implement the skewness structures
in directional variables and to have the mode at some point on the domain of the probability distribution
function. Imoto et al. (2019) extends the Abe-Ley distributions to have more heavy tail distributions on
real part. There exists another class of the cylindrical distributions which includes the distributions of
Mardia and Sutton (1978) and Kato and Shimizu (2008). The normalizing constants of these distributions
are somewhat complex and that is not expressed in an analytic form, hence in this study we focus on
applying the distributions of Abe and Ley (2017) and Imoto et al. (2019).



Hidden Markov models assume a sequence of random variable to be conditionally independent given
a sequence of state variables which forms a Markov chain. To provide the consistency and asymptotic
normality of maximum likelihood estimators (MLE), we need to consider identifiability of the model
parameters. Recently, Miyata et al. (2019a) provide a strong consistency results for the mixtures of
asymmetric circular distribution. Miyata et al. (2019b) investigate the identifiability of circular or cylin-
drical distribution. In this study, we consider the asymptotic properties for the maximum likelihood
estimation for the HMM with cylindrical distribution.

The rest of paper is organized as follows. Section 2 introduces our HMM models. Several useful distri-
butional properties of cylindrical distributions are explained. Section 3 provides the maximum likelihood
estimation procedures which utilizing EM algorithms. Some technical improvements are also discussed
to avoid the local maximum solution in optimization together with to avoid unboundedness in likelihood
functions. In Section 4, some Monte Carlo simulations are performed to assess the performance of our
proposed procedures. Section 5 provides real data analysis of animal movement trajectories. Section 6
concludes our paper.
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On Gaussian semiparametric estimation for

two-dimensional intrinsic stationary random fields

Yoshihiro Yajima
Tohoku University

We propose a Gaussian semiparametric estimator for semiparametric models of two-
dimensional intrinsic stationary random fields (ISRFs) observed on a regular grid
and derive its asymptotic properties. Originally this estimator is an approximate
likelihood estimator in a frequency domain for long memory models of stationary
and nonstationary time series(Robinson(1995); Velasco(1999)). We apply it to two
dimensional ISRFs. These ISRF's include a fractional Brownian field, which is a
Gaussian random field and is used to model many physical processes in space. The
estimator is consistent and has the limiting normal distribution as the sample size
goes to infinity. We conduct a computational simulation to compare the performance
of it with those of different estimators.

Let {X(s) : s € R} be a random field. If {X(s)} satisfies that for any fixed
h(e R%), the increment Zp(s) = X(s + h) — X(s) is a stationary random field,
{X(s)} is called an ISRF. Then {X(s)} is characterized by

E(X(s+h)—X(s)) =0,
Var(X (s + h) — X(s)) = 2v(h),

where 2v(h) is the variogram function. Hereafter we also assume that X (0) = 0.

Under some assumptions, the variogram function is expressed by

B 1 —cos((A, h))
29(h) = [ = a(Nax,

where g(\) satisfies

—H A H2 ()\)d)\ <
Rre 1+ [ A[2Y >

respectively.

Hereafter we assume that d = 2 and {X(s)} is a two-dimensional Gaussian ISRF.
Then we also denote X by (A1, A2) and the spectral density function g(A) by g(A1, \2)
respectively.

We introduce the following assumptions.

1



Assumption 1 g(A1, \2) is expressed by
gL ) = A 7272 go(M, Ne), 0< H <1,

where ¢,(A1,A2) is a nonnegative with ¢,(0,0) > 0, symmetric , go(A1,A2) =
Jo(—A1, —A2), twice continuously differentiable function for —oo < A1, Ay < 0o and is

bounded with bounded first and second order partial derivatives.
Then we have the following asymptotic properties of the estimator.

Theorem 1 Let H,, be the Gaussian semiparametric estimator where n is the sample
size. Under Assumption 1 and additional conditions, H, converges to Hy in probabil-
ity as n — oo. Moreover for p > 2, m'/2(H,,— Hy) converges to N(0,1) in distribution
as n — 0o. where m is the number of the discrete Fourier transforms used to construct

the estimator and p is the order of data tapers.

We conducted some computational simulations and compared the performance of our
estimator with that of the estimator proposed by Zhu and Stein(2002) which are based
on empirical variograms. Then our estimator is less biased than the estimator of Zhu
and Stein if g,(A1, A2) is not a constant.
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DHIIRELS DT T3 DDF A FIHT bid. U & DI, EBNARLR IR S D MEIMEREIE
R/ SV (light tail), b 9 & DI —#k0 A, N—Z 3 MICRE SN DEPAIRTH 557
i (short tail), & L T -3 72 Vb L IEH A L D & EWMEA 401 (heavy tail) Th 5.
AGETH TUE, heavy tail Z R o0 OO B AHEN 2 72D D I7 ik L BERRIZ OV TRk~ e,

2 ETI
—IZ, Y~F 728 heavy tail 75 &1, y B+ RENWEZATIE
P(Y >y)=1-F(y) =y /7L(y) (1)

EVWIOIREEERFOZ LAV, 772 L, v > 01X Extreme value index (EVI) &ML /NT A —
2T, Liy) X L(y) = ¢ >0,y = oo Zfiil=d / /3T A M) v 7B TH L. Z D440 Pareto-
type-tailed model & FEIXILTEY | t-5347, Burr 750472 £ 2 < OO E WA 2 ETe. EERIZ, (1)
XA OBEPKI L)y DZEAA =X —T O L TV 2 EDHEFE L TNDHITT ERU.
ZDETNEEZD ETROBEROIL, yZ2HETLHZ WD, EVIHIOAOFROEI 2K
FTNTGA=Z T, P2 t-mmOBRELZ v & T20&, v=1/y &xtIET5. 75L&, y=1Ta—
= AORELFAFETHY, v = 0.5 THOBMEFFZRWIZEENGMATHL Z L B3DND.

ST,y DHEER Y Z2GT- T8, 4 —yDIERL— bR D. LoL, ZnE#
FHNCRZE D LT D L8R Ly) = ¢ DINKRA—F =P B L 7> T 5. Lo T, ¥y DEFRIME
B O, LIZULIXULIE, RXTA—F A>0,p<0 &5 uzHNT

L(y) =1+uly), |u(y)] < Ay

BT EMRESND. FRpld 2 kA —F— LT, 4 — v OICR L — N & RET HEE/RN
FA=ETHD. ZOREER LTRBL ONMN (1) ICEEND T EBRMOHN TS (see, Hall
and Welsh 1984). KB 4 2HEET 2 HiEE L QUIRLERH T N0, ((1) »HEMNDHE
JERASE f(yly) EEL) ZDEE YT log f(yily) ZERAIET Dy EZROTHRWHEER S T
o, R B, (1) S ETHROBHRTH > T, EHEV ICHMT 27— 272 81X (1) 126>
TWAIREEIZZR WS THD. TEEITEINEW) &, HHMEw 2 B2 5T — 2 DA THETE %
19, 20L& BEXD0A0X

Y -
P50l > w) =1- Fuly) =y L)

&, FU Pareto-type T 7 /UZR D72, ZOTTMIESAER LTy 24HET L. 272
L, Ful2Y > w O FTOY/w OHmEE, Lix Ly(y) — ¢ > 0y — o) Zi/- 3Bk TH



. BAEE N fo(yi/win)I(y > w) ZRKICESED. 22T, fo 1L Fy (kST 2 5 R
BTHY, IIFEREETHL. Z0XH, BEAB2 27 —% Dh % O THEIE 217 95 HIEI
Peak-over-threshold(POT) 7% & FEIEAL, EVI O—fixB9 2 #HEET1E L o> TS, Bl w DRV
ZBIT TR L b K BRI TV D.

PUHZE o &2 O T2 BRI Tl AT ERROET V3T 2 OREEE 72 V|, Pareto-

type-tailed regression model
P(Y >y|X =2) = 1= F(ylz) =y~ /" {ec(@) + u(yle)}, |ululz)| < A()yl?DPE(2)

EWVI)ETICHEANWT y(z) OWEEITH. 22T EEDO 2z € X IZX LT, y(x) >0, A(z) > 0,
p(x) <0 THD. ZORIFGIHTOPFELTIL, y(z) D/XT AN v 7HEE - 2 R"T AN w7
HENERHNERD. — T, EVID o IR L2V 4 = y(z) &0 ) RESCIGGURE R £ 13%
< OWFEE DR LTS, EVIOHEEIZ POT EZ WD & 21X, BES 2 I2IEGFT 5 (w(z) &
FH). ZELTCA@) — (@) Dn =00 D FTONKEL— b 25 2 ENEELERD. 22T, n
X7 =48 ThH 5. BET D HATHIRIZZ V), & 2 TIREARANCEMERIE w(z) IXEE L T T
ToTn5. Lo, BHEREE w(z) 3BEICAEST 27— 22y 77 v 75701l h 52 L
Mo, T—=FENENT D EZNITHIE L TET2O0HARTHS. bL,n— oo T, wx) %
BE L7k E72 &, MITRE TR, SR 2 &, (2) ITH> TV RWT — X 2 HEEICE T
Tl D. DFEV , n— oo DT TIE, w(z) = wy(z) = 00 LIRETDHONAKRTHDH. FEERIZ,
Vialb—ya BV T L NOBIEER (7 2 AT F— 3 R QQ-plot & MW= k7R
E)EATH EZEDO LD REMB RGNS, ER TR~z EVIHEE D758 7 £ Dey and Yan
(2016) ICREL S £ L BTV D.

3 EHR
AMFFETIEEYRHT OSNR TR y(x) &2/ /X T A U » ZHETHEE L, sup,er [(x) —y(z)| @

PORL— R 28 BO y(z) 2 m R DR E L, 4(x) R LELZ =T L) R
FAN) I HEERET D, 20L& HWEYREED T T

log{sup, «  |wn (x)~1/7@ny \ ™ &Y
sup [¥(z) —y(z)| = Op vex |Wn +0 (sup wn($)p(z)/7(m)|>

zEX SUp, ey |wn(x)~1/7@)|n o ¥

DRV SED. FBLBIE R T AN v 7B K D3 7 A55H0T, H 2T (2) DETNAAALT
A THD. KR, BEEEE LT, X =2 2527 FTOY O5HBEE F(-|z) \ZxHET 5 000
wp(z) = F~Y1]2), 7 — 1(n — 00) &35 &,

i — o {10810 = T} L
sup (z) = ()] = Op ({ 07 +0((1—=m)7") (3)
LD T Mol T2IZL, p=sup,ex p(z) THD. (3)1X/ /3T A Y v 753 mblE %
NR—2|Z L7 EVI#EZDOIH L — K (Yoshida 2019) & —FH L TW5AH Z &, BUFTIERWEED
HRZRIEBAIZ /> TV A Z LA WE L. £, namlm~Dic iz oW T Lz,
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J VX T A MYy ZERERESICEWT, BRI OFIL L Lasso HEE Z MlAas b
= REIZDWTHEZD. DL Bertin and Lecué (2008) T TIZAFZEEI N T WA A, Jfr
P55 TIEHEE U 72 W AR B DRI £ 1T & 11 72 ETHEE R ZFHE L TV 5 72O ek g
B MENBITOoNS. ZOMEEZEET 2720, FIFEEEIZET 2 SHIEZ D Rz
WEFIEZOWTHER, BITMETH ONZHER L R4 DREFIEICLDMHER, Zho
2 D& L 2R 2 G T 5.

2 ERE
HINERY € R, dUGEOHPALE X e RIDF =X (Y1, X)), ..., (Yo, X,) I/ ¥ 285 X b

Uy 2 EERE TV
K:f(XJ—i—G“ 1= 1,,n

ARUEL, FIRME f OWEEZEZ S, 22T, ¢ XN(0,02) R#ETHY, n< dEHE
LTHBL. fOHEERTTS o, H—3VBEE AR EAM EHIEERO Fikz v 5.
HERIT ez eRIEL, EFVREHBR

7 = A9 +¢ (1)

~ ~ T
CEWT D, 22T, Z=(Z1---Z)", A:(A{---A:,f) = (Ag---Ag), e=(g1-+-6,)" T
HY, i=1,...,nIZFLT,

1 X; — . =\ .
Z; =Yy, a; = K( A $> A= ( 1 (XZ :c) ) y & = Oéiei—l-Oéif(Xi)—AiTe*

vnhd h

Thb. £72 K3H— 3 VEBCHE AR d T HEEEE, h> 013NV RIETH S, 65 =
(02 07 ---0%)" = (f(x) hoLf(x) - hdaf(2)) WZDEFINTOEIFNST A —ZZ ML rig,
O 15 i BT X BRMAERZ 2R T, (1) I2B 1 BEIRRE~Z ML or DHEE %475 BT,
FRZ f(z) DHEE R B ZTW5720, 05 = f(z) DHENEZEL 25 Z 2 ITEELTEL.
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Bertin and Lecué (2008) Tl&, f(z) IZBWTAREMN LR EEHMDERD 70T Lasso % ffi-
7= HEE

Jmin {[1Z = 05+ 2X0]11}, 0= (6 6+ 00)" (2)
DHWSN, BEERO —HENRINTWSE. UL, TOFETIE, 6 2 EHEMHITT
WA, f(r) DEIZEHZHRL 2 ETHEEN KD OSNTWDE Z s, 6 = f(x) DH#f
EREENEL RN EZ NS, ZOMEEZEET 5720, 0 ITIFERIZ T2 0HEE
ik
Juin {12 — A0]); + 2X]0oll:} (3)
RIRET D, Z2I2TO 0 cRUZODS O ZEUDBRWIANRZ MV o= (6,---0,)" TH Y,
MIEEHENR T A =R TH .

(2), (3) DIREDFEMESRMEZENTFNEZIIRTEI LT, TI/T A THRERE ) VT 7T+
TREBIZBEUTORMENREDSBRWZ b o7z, ZOHEDS, RETFEGB) »6/S
NOWERIZB VTS (2) LRRIZEBERO BV ENIN D Z & 2 L.

7o, HERALEKZ T 5720, LR ELEMENZ UEZHPIZE X 8L, ThEh (2)
EB)DA=—IRfRE L TRDSND 2 DDOMAMMHEERZ N Lz, 2D 2 DOHARH#E
ERIZOZFATW 20, EETLHILIITET, TOREKTING %2 [HAK] LIEA7.
n— o0, h— 0, nht™ — 0 lZH1F % 2 DDOHMWHEREOWHEZEH 2 R56Z LT, (2) & (3)
DRI 21T o 72, ZOFER, ) 1 oBFoN2HEED N1 T AL O(hN) = O(h?) TH-
=h, 2O /RONIHEEREDNS T AILZON) =0(h) &D, ZOZehs, BEFEN
WEBDNA T AERELTWDZ L 2ME Uz, 72480 Ruppert and Wand (1994) D&
REFEUCIZRBEZ 2Rz,

MEERIZBWTIZZ O & S BHEEEER OB L OBUEEBRDOFERIZ O W THRE 21777,

&3k
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Semiparametric regression with local divergence

Kanta NAITO
Department of Mathematics and informatics, Chiba University, Japan

1 Setting

Let (Y1, X1),..., (Yo, X0) ~iia f(y,z) = p(y|x)q(x), where (V;, X;) € R x R?, f is the joint
density of (Y, X), p is the conditional density of Y given X = @, and ¢ is the density of X.

Let t € R? be a target point at which we want to estimate the value of regression function
wu(t) = E[Y|X = t]. Our parametric model for x is having the form

m(z,0) =G (0"2),

where " = [1 £7] € R%* is the vector of explanatory variables, @ = [0y 6, --- 647 € © C RI+!
is the parameter vector, and G is the link function.

2 The Bregman divergence

Now we fix a strictly convex function U. Then the discrepancy between pu(-) and its parametric
model m(-,0) = my(-) can be measured by the Bregman divergence defined as

Dy (u(mq), u(p))
= /Rd (U (u(m(z,0))) = U (u(p(=))) — p(x){u(m(z, 0)) — u(p(z))}] ¢(x)de (1)

:/R g [U* (u(m(x, 0))) —y - u(m(z, 0))] f(y, z)dydx @

+ / U (@) + pl@)u(u()] a(@)da,

where u = U’: the derivative of U, U* is the convex conjugate of U: U*(s) = sup,cp{zs—U(2)},
and we have used a fact that (U*) = u™' = (U')~ in (1).

The usual parametric regression can be carried out by using a certain estimator 0 of the
true value of 8. Necessary tools for this estimation scheme are

ply,©,0) = U'(u(m(z,0))) —y-u(m(z,0)), (3)

0 u'(m(z,0)) -
0) = — 0) = 0) -yl ——-—-= 4
w(y7$7 ) aep(y7w7 ) {m($7 ) y} G’(m(w,@))w7 ( )
by which the estimator 0 and the true value 0. of 0 can be defined as

0. — arguin [ ply..0)dF(y.) (5)

0cO RXRd
0 = arg min/ p(y, z, 0)dF,(y, x), (6)

96@ RXRd

1



where F,, is the empirical distribution function based on (Y3, X1),...,(Y,, X,), F' is the cu-
mulative distribution function with its density f and 044, is the zero vector in R4*!,

Note that 6, in (5) is the minimizer of (2), and the minimizer of the empirical version of (2)
is nothing other than 6 in (6). The regression function estimator can be obtained by plugging

~

0 into 0 in m(-,0):

fic(z) = m(x,0). (7)

3 The local Bregman divergence

We organize a scheme of estimation of 8 depending on ¢ locally. Necessary functions are listed
as follows:

pta8) = K (50) olai6) )

bty 2, 0) = %p(t,y, z,0). 9)
Here K (z) is a smooth unimodal integrable function symmetric around z = 0 satisfying K(0) =
1, and h > 0 is the scalar bandwidth which controlls the degree of localization.

We note that (8) and (9) are localized version of (3) and (4) respectively, with the use of
the kernel K. Using these functions, we define the true parameter 0, (t) and its estimator 6(¢)
as follows:

0cO

6.(t) = argmin / o(t, ., 0)dF (y, ).
RxR4

6(t) = argmin / o(t. ., 0)dF,(y, ).
RxRd

0cO

This local estimator é(t) of 0.(t) also suggests us to make a regression estimator defined as
(@) = m(, 6(x)), (10)

which we call the local estimator of ju(x), because the involved estimator of parameter is deter-
mined locally. Since 8(x) can vary depending on @, /i, would be expected to be more flexible
than fig. On the other hand, we call the estimator fig(x) in (7) the global estimator of u(x).

4 Problem

Our interest is to investigate whether the local estimator fiz, in (10) performs better than the
global estimator fi in (7). By its construction and the shape of K, it is seen intuitively that
||6(t) — 6] converges to zero in some sense, as n — 0o and h — oo, hence i, & fig. Even in
such a situation, we think it is still not obvious that the global estimator fig certainly defeats
the local estimator fiy .

In the symposium, several theoretical results which claim superiority of ji; over fig were
reported.
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Estimation, Diagnostics, and Extensions of Nonparametric
Hawkes Processes with Kernel Functions

Jiancang Zhuang, Institute of Statistical Mathematics, Tachikawa, Tokyo 190-8562, Japan

The Hawkes self-exciting model has become one of the most popular point-process models in
many research areas in the natural and social sciences because of its capacity for investigating
the clustering effect and positive interactions among individual events/particles. It describes the
stochastic excitations among a series of events that occur in a continuous time domain or in a
spatiotemporal domain. A spatiotemporal marked Hawkes process, supposing its realization N =
{t; : i € Z} with Z being the set of all integers, has a conditional intensity in the form

Aty z,m) = pu(t, z,m) +/ g(t — s,z —u) f(m|m')dN(ds x du x dm’) (1)
(—o0,t)xRExM

where 2 and m denote the location in the space of R% and the mark in the space of M, respectively,
and f(m | m’) gives the conditional p.d.f. for the magnitudes of direct offspring from an event of
magnitude m’.

For such a Hawkes process, the probability that an event, say j, is a background event, is

p; = Pr{Event j is a background event} = ————~ 2
and the probability that event j is triggered by another event 7 is

(t; —ti,xj — ;) f(my | my)
j A(;jvl’jamj) : ' ®)

pij = Pr{Event j is triggered by i} = J

Making use of the above probabilities, we can construct an Expectation-Maximization algorithm
for parametric Hawkes models and an iterative stochastic reconstruction algorithm for nonpara-
metric or semi-parametric Hakes models. When both the background rate and triggering term are
nonparametric, for example, to estimate a Hawkes with conditional intensity

A(t) = vu(t) + A Y g(t— ;) (4)

ity <t

as the conditional intensity function, and the estimates for  and g become

i) o> i Zn, (t—t;)  and  §(t) o< Y pijZn,(tj — t; —t). (5)
i i

with restrictions fOT fi(t)dt/T =1 and [, §(t)dt = 1. In the above equations, the parameters v
and A are the relaxation coefficients and are estimated by the MLE or EM method.

Algorithm 1. 1. Stochastic declustering (Expectation). Calculate the background proba-
bility and triggering probabilities.

2. Reconstruction (Maximization I). Estimate the nonparametric function in the model
using nonparametric methods such as kernel functions.

3. Parametrization (Maximization II). Use the MLE method or EM algorithm to estimate
the parameters in the parametric functions and the relaxation coefficients for the nonpara-
metric functions.

The above method is applied to the data analysis in the studies of earthquakes and crimes. In
the crime data, periodicity of the background rate is considered.
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