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The Stirling and Eulerian numbers in the Edo Period

Xiaoling Dou ; Hsien-Kuei Hwang |

Similar to the recurrence relation satisfied by the binomial coefficients

() =G+ (%)

the Stirling numbers of the first kind [}| and those of the second kind {}} can be computed by

the recurrences:
n n—1 n—1
= —1
] e

n| [n-—1 ke n—1

Ef k-1 ko)’
subject to proper boundary conditions. Similarly, the Eulerian numbers <
order version <<Z>> satisfy the patterns

(i) =020 s el )
R e RO e |

Over the last five centuries or so, these numbers emerged naturally and were studied exten-
sively in a large number of diverse areas, ranging from finite calculus and series summations to
combinatorial structures and computer algorithms, and from statistics to spline interpolations,
to name a few.

While the history of the developments of these numbers in the West has been largely and
factually clarified, that in the East has remained mostly obscure. In this work, we aim to provide
more historical materials during the Edo Period concerning these numbers, and to specially
shed further light on their evolution (including introduction and use) in the Wasan History.

The following table summarize our findings on Stirling and Eulerian numbers in the Wasan
History during the Edo Period, where we also list the closely connected Bell numbers Bell,, :=

Zogkgn {Z}
(Bell, o1 = {1,2, 5, 15,52, 203, 877, 4140, 21147, 115975, 678570, - - - }.

n

") and the second

Note that ) k m = n!, and that a table of these numbers, as well as a procedure (the recurrence)
of computing them, already appear in Arima’s 1769 book Shiiki Sanpo.

*Faculty of Science and Engineering, Waseda University, Japan
TInstitute of Statistical Science, Academia Sinica, Taiwan



Numbers West East

H James Stirling (1730) SEKI Takakazu (1640—1708)
’,;“ James Stirling (1730) SAKA Masanobu (1782)
() Leonhard Euler (1736) ~ MATSUNAGA Yoshisuke (1694-1744)
() Jekuthiel Ginsburg (1928)  MATSUNAGA Yoshisuke (1694-1744)
Bell numbers G. Dobinski (1877) MATSUNAGA Yoshisuke (1694—1744)
Eric Bell (1938) ARIMA Yoriyuki (1769)

Interestingly, unlike the early developments of these numbers in the West, which are mostly
computational and algebraic, those carried out by the Wasankas already are not merely compu-
tational but also were motivated by combinatorial problems, adding another rich dimension to
the diversity and usefulness of these numbers. We will present the combinatorial connections
of these numbers to certain games frequently played during this Period.
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Posterior Sampling from some Non-Exchangeable Priors!

Shuhei Mano?
The Institute of Statistical Mathematics

January 10, 2019

Let the Dirichlet process with the measure 8, where i is a probability measure, be denoted
by DP. Let F ~ DP(0; ). It is well known that P(X; € ) = pu(-) and

0 n

P(Xn-‘rl € "Xla---aXn) = 6+nﬂ(‘) + 9+nAn(Xla--~aXn)(')'

Here, A, (X1,...,Xp) :=n~! >, dx, is the empirical distribution. In Bayesian context, F is
called a prior process, and the posterior distribution is called the prediction rule. The sequential
sampling scheme is well known as the Blackwell-MacQueen urn scheme (1973), or the Chinese
restaurant process. The prediction rule induces measures on partitions. Let the j-th firstly
appear value of (Xy,...,X,) be X7, j € {1,2,...,k}. Then, Ppy > (n1,...,nx), nj = #{i; X; =
X j*} is a integer partition of a positive integer n. The distribution of the multiplicities of integers

(c1,..sen), i i=F#{j;n; =i}, is

n! = [0\ 1
P(C1 =c¢1,....,Cp = ¢n) = (e)n.H<z’> or

where (0),, :=6(6 +1)--- (0 +n —1). This measure on partitions is called the Ewens sampling
formula (1972; Antoniak 1974, Sibuya 1993). A generalization, (exchangeable) Gibbs partitions,

are commonly used to characterize prior processes.

Definition 1 (Pitman 2006; M 2018). Gibbs partition is the probability measure on partitions
AFneN:={1,2,...} of the form

n
Un,i(c) w;\¢ 1
P(C =) = L [T (5)"
( 2 Bn(v,w)n }:[1 i! ci!
Here, I(¢) = ¢1 + -+ + ¢, is the length, and the normalization constant is written as

n n
o . wi\¢ 1
Bn(v7w) - Zvn,an,k(w)a Bn,k(w) - Z n! H (j) 071'
k=1 c€Ppi  i=1
The latter is known as the partial Bell polynomial.

Examples of Gibbs partitions are presented in Proceedings and in M (2018). The character-
izations are given by Gnedin & Pitman (2005). A Gibbs partition is infinitely exchangeable iff

!Based on ongoing work with Jaeyong Lee at Seoul National University.
2E-mail: smano@ism.ac.jp



w; = (1 — a)i—1, a < 1. Without exchangeability, the prediction rule is not available anymore
(Pitman 1995, Lee et al. 2013, Proceedings) and we need another sampling scheme than the
Blackwell-MacQueen urn. For a Gibbs partition, the length I(¢) = k is the sufficient statis-
tic for parameters (v, ) and the conditional distribution is an A-hypergeometric distribution
(Takayama et al. 2018):

1 ¢

" Z alb;z) e’
where the A-hypergeometric polynomial Z(b; ) is defined by

1 2 ... -k —k :
A= 0 " 3 b= " ) xi:&?
111 --- 1 k 7!

and n!Za(b;x) = By x(w). M (2017) obtained a direct sampler for A-hypergeometric distribu-

P(C = c¢|AC = b) c € Np=FHL

tions, and it provides a direct sampler from a Gibbs partition without exchangeability. The
sampler can be used as an alternative to the Blackwell-MacQueen urn scheme.

A typical Bayesian semiparametric setting is data (Y7, ...,Y,) derived from a hierarchical
model (MacEachern 1994; Escober & West 1995)

ind

Yi|Xi, 0 " N(Yi Xiy0), o~n(o),  Xi)P" P P~DP(@®;p).

The marginal with the Dirichlet process, (Xi,...,X,) ~ P(X1,...,X,,), is sampled directly by
the Blackwell-MacQueen urn scheme. Let us call the sampling from the marginal with a prior
process prior sampling. To draw from posterior 7(Y,o|X) (we will call posterior sampling), a

Gibbs sampler is used, where we iterative draw values from conditional distributions
Xi’(X—i707Y)7 (S [Tl], O"(X,Y)

The prediction rule gives the updating rule

k
P(Xi =-|X_5,0,Y) o N(V;; X; = -, 0)0u(-) + > _N(Yi; X;*, 0)n;ox (). (1)
j=1

Let us consider use of a non-exchangeable Gibbs partition. Thanks to the direct sampler
from a Gibbs partition introduced above, the prior sampling is straightforward. For posterior
sampling, a possibility is use of an independent Metropolis—Hastings algorithm with the prior
sampling. This cause poor acceptance, since the acceptance is determined based on the vector
(X1,..., Xp). Improvement of the acceptance with aid of n-exchangeability was discussed in the
talk.

Remark 1. After the talk, we found that mixture modeling with non-exchangeable Gibbs
partitions have been extensively discussed, where a non-exchangeable Gibbs partition with v, j =
1 is called a product partition model (Quintana & Iglesias 2003, JRSS B 65: 557-574). It seems
that a Gibbs sampler with updating rule similar to (1) has been used. The updating rule is not

consistent with infinite exchangeability.



FERHITARE T L 2RI L 7z KR
ML VA ML —v g vt ZomEl
I T
NN 52 MR

1. IC®I
ML EASDERMEL, WERoBREZELHET S
2O EEAMICHL, 1 OoDEHEEZL Y —F
DN TESGEZROIBETH D . HBEAL
& At IR ET 2 5B oM IZIE U T
R L FEMRER O L DICpE S, KIET
WLFERMA I S W S E S DY R, *
DRI E DT D IEFINIEF I STV 5D,
Coherent point drift (CPD) (ZFIEMIARZLHLIZ
HASWEEBLY A ML —y g3 VREOREN
2 F1:TH D [Myronenko 2010]. CPD D RLLhD
FRELTETHETOND DN, FLiE~ i
HTHDH., 2T, ANEEITRBECE - TE
BENDBWRE ITEBERICELET DR ET D,
CPD (X SRENLE A B R 2 IR AR 04 O HEE
ML LTERTD. OB, RADA DR
SATD 1 DL L THNED 54 & R 5 2
HZEN, ANE~OMMEO FERERTHS.
CPD ®H 5 1 DORKENER & LTHET b5 DN,
FE Wl R LS5 SBECHT 5 TEME O S )
| THD. EMNLHOEOHE LT, ERIEE
BN HBEEBKT IEEOROENE, *
DD S OENLDS, 2 O FEEED VT T AL X
EHET2ELERETHD. ZOREIZIES
WCHRRIETH D728, CPD 1% < D R E
HhHREICEB W THEE O &SWAES bR
H 2D, — 5T, BALOWL NS OREN
WY TIXR WA, CPD IR S I LEA bRk
BT 5. HlziE, AMoOFoORRKR~yF L 7%
1TH2%6, NELEEFELHEET 5 AL
M < IZNET A28, FOE)E (XWFERE 3 5 H
MRHY, ZOKIRIGEITIZEMNGDWE LD
SOWREL T TIEART+STHLTOTHS.
COMEERERTHHFED1OELTETL
NDHON, Hiib v FEICESS HFETHD.
H LAZ LR & R oE & 2B 2 #m i
bbb EERERNICH S TR, DM &N
BALETNLIY ZALTHB AL Z EICLY,
BREONEBEBADENHFEFTEINLTHD.
Alal, F-ICBR LEZ#EEH 0 FHIEICE SV
T SHEALE A DY BT AL E A b ke

DOFHIZ OV THET 5. B TFIEIIINED
DA R D 1o & LTSRS DM
DNTWD T, SFVE~DOETZEZ f 7
5. Fie, MEORIRE(ET VI, T —
MO LND SRR Z AR T T2, BT
LOWonSOMEE BRICRT HZENT
X 5. HHECIIRHBER ST —ZIZxhT 5
72D DOEFIC OV T Hikam a2 1T ).

EBR

B L 7oL & ot ik & AR 7o SBEALE A
b FiETH D CPD & Thin Plate Spline
Robust Point Matching (TPS-RPM) [Chui 03]
OMRED K AT 7. HHLET—X1T IM
hand & — % T& % [Stegmann 2002]. Z O F —
x4 OFEOANMOFoOEBICK L, FLiF
FOBEREIC5 6 [HOK S E NFTHAL
bDOTHD. K2 ORKMSIT4 0FEED E G
THIGEBEAE OND X ICiTAEshTn5.
<1125 IMM hand 7 — % O m# (R 5 6 12335
CPD, TPS-RPM 33 X OBH%E FIEOALE & HHfE R
ERT. KN1O1EEPHEESND XRZIIEMRED
FoRRERL, 2BEENESDEORSR L
HT— X T, PIEOHEBMEERIET DO IE
fiE T — A\ CATHOKEEH LT=bDOTHD.
bR (D) AoER, (2) k48, Q)4 ifE
OfFm, @EEEOHEEZRT. M1DO3IEHOD
TR TR ST BN AL O PR, 700
b, YR EZET. 3~5EFRANETNEHIE
%, CPD, TPS-RPM DR Z2 £ . F—
Z (1), @2, 3), 4)DOLETTERRERFIENEM
EIRIER—DOBIROHEE TR LTz, CPD &
TPS-RPM {ZD>W L, &£ TOTF — ¥ THIEFELA
DREPML 2282 R Ao, Zhix, &L
BOWOLNEDRKED1LIHDEERELTWD. HD
FBEERT Dm0, EBICHEET H2MhoiE %2’
T D mELZEOEMMNMEET S 2 ENFEET
bbb, T—H (1) IR LTEFEETOFETHER
EfFOIIRZZENT L7225, CPD & TPS-RPM (2%
R R8N Aoz, T —4(2) IZxt
L CRREFIEIIRBHEBO SHEOHEEIZE L

2.



7-. —J5 T CPD & TPS-RPM 1385 %2 &t 2TOD FEovE < Hm stz

True shape K= Y e = :,-//
e — X - E s
"'&;M “’v»», » T e . oo o
Koo o Koo
o 3 P * °
Target data 8 o833
° g ° o
P g N 0 b
° 8 e g e,
s oBda . T Jerts e
Initial Pose S oo o
ogbe < % Bos
o8 LIS ‘::“M ,%‘;
DLD TS R T Er
. ? “ & - *%s r'e
AL s
CPD e
‘i"r.. -~ OBy vt
B0 o o2 o
-8 kg_r. £ e “ e >
% y 38 - 2= oS g o
TPS-RPM e o BN EIE Loete
oW, * o s BB L2y

w % o . Boo—o

X 1. #%LF, CPD, TPS-RPM DLt#E. 1 BREHORIIHEINIREEMOBRERT. 2
BRAONIINMNEASDLEDONBLRET—4%. 3BRBEOROEABNPEBE/LLOVNHEREEST. £
BEOEBEEZRIETIEDERT — X ICABEOURER2B L. E»rLIEIC (1) ROBER,
() R#E, QA NEOFM, QWEEOKEEZ2EXRT. 3~5EKANENETNIREFIE, CPD,
TPS-RPM O E AR R E2 KT .



Kolmogorov-Smirnov test based on
kernel estimation

Rizky Reza Fauzi, Graduate School of Mathematics Kyushu University
Maesono Yoshihiko, Faculty of Mathematics Kyushu University

1. Boundary-free kernel distribution function estimators

Let X3, X5, ..., X, be independently and identically distributed random variables with
an absolutely continuous distribution function Fx and a density fx. The classical
nonparametric estimator of Fx has been the empirical distribution function F,(z) =
Yo (X < x)/n(I(-): indicator function). Let K be a kernel function and A > 0
be a bandwidth. We assume that K is a symmetric (about 0) continuous nonnegative
function with f_oooo K(v)dv = 1, as well as h — 0 and nh — oo when n — oo. Since
distribution function is actually an integral of density function, this kernel density esti-
mator gave an idea to define a kernel distribution function estimator. Nadaraya (1964)

defined it as
~ 1 - r — Xz'
F == R
() n;:lW( . ), x € R,
where W (v) = [*_ K(w)dw.

Under the condition that fy has one continuous derivative f%, it has been proved
that, as n — oo,

Bias|Fx(z)] = % fi(2) / h v* K (v)dv + o(h?),
Var[ﬁx(ac)] = %Fx(x)[l — Fx(x)] — %rlfx(at) +o0 (%)

where r; = [*°_vK(v)W (v)dv. It is easy to show that ry is a nonnegative number.

If we deal with R or unit interval, the standard kernel distribution function estima-
tor will suffer the so called boundary bias problem. To solve this problem, we utilise a
function g which bijectively transform the support A of the random variable under con-
sideration into R, then doing the usual standard kernel distribution function estimation
of Y = g(X). Here we propose an estimator

Fuiay= L3 [y

Just as the standard one, we have a bias and a variance

Bias[Fx(z)] = %c(m) /OO v’ K (v)dv + o(h?)

—00




where r; = [*°_vK(v)W (v)dv and

fx(x) — fx(@)g"(x)
@ lg@P

2.Boundary-free smoothed Kolmogorov-Smirnov type test

The Kolmogorov-Smirnov (KS) test is the most popular GOF test used in practice.
Unfortunately, it lacks of smoothness that can lead to smaller power at the tails, which
is important in many practical applications. It is natural if one uses the naive kernel
distribution function estimator in place of the empirical distribution function. Thus,
instead of the standard KS statistic

c(r) =

D, = sup |F,(x)— Fx(z)

—oo<r<oo

being used to test whether random variable X having F'x as its distribution, we can
reformulate by smoothing it to

D= sup |Fx(z)— Fx(z)l,

—oo<r<oo

where F is the kernel distribution function estimator.

However, a new problem is raising when the support of the random variable that we
are dealing with is not the entire real line, i.e. boundary problem. To overcome this
problem, we propose to use our estimator in section 1 to substitute empirical distribution
function in standard KS statistic. Therefore, we define the boundary-free smoothed KS
type test as ~ _

D= sup |Fx()—Fx(x),

—oo<x <00
where Fy is our boundary-free kernel distribution function estimator. We compare a
numerical study by calculating simulated power of our proposed test with n = 50, and
then we compare it with the result of the standard KS test.

The asymptotic behaviours of our proposed test statistic are stated in the following
theorems.

Theorem 1 Let X be a random variable with distribution function Fx supported on a
set A. If Fx is the proposed boundary-free kernel distribution function estimator, then

sw (Fle)— el = o, (2 )

Theorem 2 Let X be a random variable with distribution function Fx supported on a
set A. If D is the proposed boundary-free smoothed KS-type statistic, then

- Vor &
lim Pr(v/nD < z) = ver exp [ 5
n—00 T 8z

(20— 1)%21 |
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Tests for high-dimensional covariance matrices and correlation matrices
under the strongly spiked eigenvalue model

AKki Ishii®, Kazuyoshi Yata® and Makoto Aoshima®

¢ Department of Information Sciences, Tokyo University of Science
b Institute of Mathematics, University of Tsukuba

1 Introduction

we consider the equality test of covariance matrices when the data dimension is much larger than the sample
size. Suppose we have two classes 7;, ¢ = 1,2. We define independent d x n; data matrices, X; =
(@1, ..oy ®in, ), © = 1,2, for m;, © = 1,2. We assume that x;;, j = 1, ..., n;, are independent and identically
distributed (i.i.d.) as a d-dimensional distribution with a mean vector p; and covariance matrix 3;. We
assume n; > 4, ¢ = 1,2. The eigen-decomposition of ¥; is given by 3, = H;A;H ZT, where A; =
diag( Ay iy, -, Aa@iy) having Ay > -+ > Ag) (= 0) and H; = [hy;), ..., hg(;)] is an orthogonal matrix of
the corresponding eigenvectors. We assume Ay(;) > 0 fori = 1,2, and A;(;)s are of multiplicity one in the
sense that lim infy oo Aj()/Ag) > 1 fori = 1,2. We consider the equality test of covariance matrices as
follows:

H() : 21 = 22 VS. H1 : 21 7& 22. (11)

Aoshima and Yata [1] gave a test procedure based on the quantity of tr(3; —X5). They also discussed sample
size determination so as to have a prespecified size and power simultaneously. Li and Chen [5] considered the
test problem by using the quantity of tr{(X; — X2)?}. The above references discussed asymptotic properties
of their test procedures when d — oo and n; — oo under the following eigenvalue condition:

A2
{0 asd— oofori=1,2. (1.2)
tr(37)

Aoshima and Yata [2] called (1.2) the “non-strongly spiked eigenvalue (NSSE) model”. On the other hand,
Ishii, Yata and Aoshima [3] investigated asymptotic properties of the first principal component and consid-
ered the test problem (1.1) when d — oo while n;s are fixed under the following eigenvalue condition:

Yoo A

2 =o0(l)asd — oo fori =1,2. (1.3)
1(9)

Note that (1.3) implies the conditions that Ag(;)/A1(;) — 0 and )\%(i) /tr(X2) — 1 as d — oo. The condition
(1.3) is generalized as

A2
(A-ii)  lim inf{ 1 } >0 fori=1 and 2.
d—oo Ltr(37)

Aoshima and Yata [2] called (A-ii) the “strongly spiked eigenvalue (SSE) model” and showed that high-
dimensional data often have the SSE model.

2 A new test procedure under the SSE model
Let A = ||Z1 — 9|2 = tr{(Z1 — £2)?}. Under (1.3), it holds that as d — oo
A=Ay — M)+ 20 A {l — (hir(1)h1(2))2} + 0()\%(1) + A%(Q))' 2.1

We consider (2.1) as a starting point to handle the SSE model (A-ii). We give a test s@istic based on (2.1)
and show that it holds an asymptotic null distribution even when (1.3) is not met. Let X; = [Z;, ..., ;] and

-11-



T; = n;l Z?;l x;; for i = 1,2. We define the sample covariance matrix as S;,, = (n; — HYX; -
X;)(X; — X;)T fori = 1, 2. We denote the dual matrix of S;,, by S;p and define its eigen-decomposition
as follows:

Sip = (ni — D)7HX; = X)) (X = X0) = Y Apytes(ay iy, 22)
s=1
where 5\1(1-) > e 2> j\m_l(i) (> 0) and U,(;) denotes a unit eigenvector corresponding to the eigenvalue

S\S(i). Note that S;,,, and S;p share non-zero eigenvalues. If one uses the noise reduction (NR) method given
by Yata and Aoshima [7], Ay ;) and hy;) are estimated by

B A tr(S;p) — A ~ —
)‘l(z) = )‘1(1) - ;—_2() and h1 {( — 1))\1 )} I/Q(Xi — Xz)ul(z) (2.3)
(2

fori = 1,2, where @, ;) is given in (2.2). Let §; = tr(X?) — )\f(z.), i = 1,2. If one applies the NR method
to estimating A in (2.1) straightforwardly, the estimation of A includes huge noise for high-dimensional
data. In this talk, we evaluate the amount of the noise and consider bias correction. Let n = 5%/ 2 / Ain) +
(55/ 2 / A1(2)- By using the cross-data-matrix (CDM) method given by Yata and Aoshima [6] and the NR
method, we estimate 7 by 7. We provide the following new test statistic:

~ ~ . ~T ~ .
()\1( 1) — )\1( )) + 2)\1(1))\1(2){1 — min{1, (’7'1(1)’7'1(2))2}}1+77
S 2)‘%(1')/(”1' —-1)

Proposition 2.1 (Ishii, Yata and Aoshima [4]). Under (A-ii), Hy and some regularity conditions, it holds
that Tyx = X% as min(ny,na, d) — oo.

TNR =

We gave another test statistic under (A-ii) by dividing high-dimensional eigenspaces into the first eigenspace
and the others. We gave asymptotic null distribution and the power of the test statistic. We demonstrated
the new test procedure by using actual microarray data sets. We also considered a correlation test for high-
dimensional data under the SSE model.
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[1] Aoshima M, Yata K (2017) Two-sample tests for high-dimension, strongly spiked eigenvalue models, Statistica Sinica
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Summary

We develop a new filtering method to estimate the hidden states of random vari-
ables and to handle multiple time series data, and small sample economic time series
in particular. Kunitomo and Sato (2017), and Kunitomo, Sato and Kurisu (2018)
have developed the separating information maximum likelihood (SIML) method for
estimating the non-stationary errors-in-variables models. They have discussed the
asymptotic properties and finite sample properties of the estimation of unknown
parameters. We utilize their results to solve the filtering problem of hidden random
variables, which gives a powerful new method of handling macro-economic time
series.

Kitagawa (2010) has discussed the standard statistical filtering methods already
known including the Kalman-filtering and the particle-filtering methods. Since (i)
these methods depend on the underlying distributions such as the Gaussian distri-
butions for the Kalman-filtering and (ii) the procedures essentially depend on the
dimension of state variables, there may be some difficulty to extend to the high-
dimension cases even when it is fixed, say 100. On the other hand , we can expect
that our method has some merits when we handle small sample economic times se-
ries with non-stationarity and seasonality with many variables because our method
does not depend on the specific distributions as well as the dimensions of random
variables. See Kunitomo, Awaya and Kurisu (2017) for a comparison of small sample
properties of the MLL and SIML methods.

The most important feature of the present procedure is that it can be applicable
to small sample time series data with large dimension. Also our new method has a
solid mathematical and statistical foundation, which is related to Doob (1953) and
Hannan (1971).

1 'We owe Akihiko Takahashi for a suggestion on our filtering method.
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Testing for changes in income inequality in Japan
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A lot of attention was paid to Japanese income inequality around 2000. Tachibanaki (2005)
and Ohtake (2008) are famous works in this field. These works were originally published in
Japanese. The English translations were published later. They agree that the Japanese income
inequality has risen constantly from the 1970s to 2000s. In recent years Piketty (2014) suggested
that the income inequalities in developed countries including Japan became wider using tax
statistics. This paper investigates how much the change in Japanese income inequality after
2000 is.

Ohtake and Saito (1998) argue that inequality in the 1980s and 1990s can be explained
mainly by population ageing. The baby boomer generation in Japan, who was born in 1947-
49, became older in the 1980s and 1990s when the proportion of older workers was larger.
Consequently, the income inequality was getting wider, because some of older workers are at
senior positions and richer; other workers are not rich.

Moriguchi and Saez (2008) and World Inequality Database indicate that top income shares
are increasing in Japan, the U.S., and other developed countries after the 1980s. Pickety (2014)
also uses top income share statistics.
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Figure 1: Gini coefficients: Two-or-more-persons households (1963-2014)
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As an example, Figure 1 gives Gini coefficients based on Family Income and Expenditure
Survey (Two-or-more-persons households) in Japan: (1963-2014). It indicates that inequality
in Japan does not seem to be increasing since 2000.

This paper proposes two test statistics for testing change in income inequality by using
grouped income data in Family Income and Expenditure Survey in Japan. One is a paramet-
ric test, which assumes lognormal distribution and follows Nishino and Kakamu (2011). The
other is a nonparametric test proposed by Beach and Davidson (1983). The nonparametric test
does not need to assume a parametric distribution, which is useful. The nonparametric test is
available only for decile data while the parametric one for quintile data also. That is, more var-
ious datasets are available for the parametric test than for nonparametric one. In addition, the
nonparametric test needs calculating local variances for each group, which is usually unavail-
able. In this paper, local variances are extrapolated by assuming a parametric model.

These tests lead to the following interpretation that the inequalities at 1974, 1986, 1998
become wider statistically significantly for two-or-more persons households and for workers’
households in common. It indicates that inequality is increasing largely in the 1980s and 1990s.
It cannot be judged that income inequality is increasing since the 2000s.
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Abstract

The state space form is a useful framework for estimating unobserved state variables from
some given observations. The applications can be found in diverse areas of natural science
and engineering such as ecology, epidemiology, meteorology and economics and finance. The
wind speeds and directions have complex time series probability structures involving highly
non-Gaussian and nonlinear transition. In this study, we consider a simulation-based inference
using the sequential Monte Carlo methods for computing the posterior distributions for the
state variables given all available observations. We propose an alternative approach that
allows us to extend the methods of importance sampling distributions incorporating with
the class of circular Markov transition densities. The resulting methods are compared with
various resampling schemes with real data applications.

Keywords: circular data, EM-algorithm, state-space model, particle filter

1. Introduction

Circular (or directional) data refer to data recorded as points for which directions are mea-
sured, typically in the fields of biology, geography, medicine, and astronomy. For such data,
which are usually expressed in terms of compass angles or pairs of sine and cosine variables,
the beginning and end of the scale in the domain coincide. Owing to this periodicity, analyzing
circular data is challenging because traditional statistics are not meaningful, and may even be
misleading when the particular definition of the domain is ignored. Recent developments in
circular data analysis using the statistical computing software, R, are summarized in Pewsey
et al. (2013). Although most circular data are in the form of time series, little research has
been carried out in the field of circular time series analysis compared with the number of
circular time series modeling approaches.

In general, three main approaches are used to model circular time series. The first method
is used to obtain circular-valued random variables by wrapping; one example is the wrapped
autoregressive process of Breckling (2012). The second approach is based on a link function
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that maps a line onto a circular domain, called a linked autoregressive moving average process.
This model was proposed by Fisher & Lee (1994). The last approach specifies the density
of the conditional distribution, including the Markov process of Wehrly & Johnson (1980),
Mébius transformation of Kato (2010), and hidden Markov models of Holzmann et al. (2006).
Abe et al. (2017) studied thecircular Markov process of Wehrly & Johnson (1980) and obtained
theoretical circular autocorrelation structures under simple model assumptions. According to
their results, circular autocorrelations are determined by the mean resultant length of the
underlying circular density of the process. Abe et al. (2018) considered the circular Markov
processes whose concentration parameter could be time-varying.

Many data in directional time series applications display nonlinear features such as het-
eroskedasticity and a nonlinear relationship between wind direction and speed. These features
become more and more relevant as the length of the observed time series increases and as
the series itself is subject to changes in the dynamic structure. In this paper, we address the
circular process of Wehrly & Johnson (1980), which allows time-varying concentration param-
eters. The proposed model can incorporate the time-varying autocorrelations of the observed
circular time series. For this purpose, we introduce a simple nonparametric regression model
to the model parameter with time-varying observed exogenous variables, which cause a rea-
sonable fit of the observed time series. The proposed models are then used to illustrate how
wind direction and speed are related to the time-varying parameters. For further detail on
the time series analysis of wind direction, see, for example, Breckling (2012), Ailliot et al.
(2006), and Fuentes et al. (2005).

In an applications in meteorology, bivariate data consists of wind speeds and directions
are often modeled by using projected normal distributions (Mardia & Jupp (2009)). However,
time series modeling for such a bivariate dataset is not sufficiently studied in the literature.
The dataset of wind speeds and directions are called cylindrical data because circular wind
direction data are observed along with linear wind speeds ones. Lagona et al. (2015) proposed
a hidden Markov model for analyzing cylindrical time series, and the proposed model can
adequately explain circular—linear correlation, and temporal autocorrelation of the observed
data. The state space modeling using circular random variable is considered in Mazumder
& Bhattacharya (2017) and Kurz et al. (2016). In this study, we extend existing circular
state-space models to cope with cylindrical time series.

Sequential Monte Carlo (SMC) methods are the set of simulation-based methods which
provide a convenient and attractive approach to computing posterior distributions. Over
the last few years, there has been a proliferation of scientific papers on SMC methods and
their applications. Several closely related algorithms, under the names of bootstrap filters,
condensation, particle filters, Monte Carlo filters, interacting particle approximations and
survival of the fittest, have appeared in several research fields. In general, the parameter
estimation in Gaussian and linear state-space model can be done by usual maximum likelihood
estimation (MLE). However, the EM algorithm is used for estimating model parameters in
the state space model, and it turns out be more robust than the direct solution of the MLE.
The recent development of EM algorithms in SMC methods are explained in Kantas et al.
(2015).
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The Dantzig selector for a linear model of
diffusion processes

Kou Fujimori
Waseda University

Let us consider the following model given by the linear stochastic differential
equation:

t
Xy =Xo+ [ ©T¢(X,)ds + oW, (1)

0
where {W;}i>0 == {(W},...,W/])}i>0 is a p-dimensional standard Brownian
motion, © is a p X p sparse deterministic matrix, o = diag(o1,...,0p,) isapxp

diagonal matrix and ¢(z) = (¢1(x1),...,¢p(xp)) " for = (z1,...,2,)" € RP
is a smooth RP-valued function. We will propose some estimators for the true
values (0°,0°) of (8, o) based on the observation of {X;};>0 at n+1 equidistant
time points 0 =: tf < ¢} < ... < ¢!, under the high-dimensional and sparse
setting, 4.e., p > n and the number of nonzero components of the true value ©°
is relatively small.

To deal with high-dimensional and sparse parameters, various kinds of esti-
mators for regression models have been discussed. One of the most famous
estimation methods is the [;-penalized method called Lasso proposed origi-
nally by Tibshirani (1996), which has been studied for regression models with
high-dimensional and sparse parameters in various models including the ones of
stochastic processes.

On the other hand, a relatively new estimation procedure called the Dantzig
selector was proposed for linear regression models by Candés and Tao (2007) as
follows.

Bp = arg min 81, €= {BGRP: sup ZjT(YZﬂ)ISA},
Bec

1<j<p

where A > 0 is a tuning parameter. When A = 0, the Dantzig selector coincides
with the classical estimators such as the LSE in general cases and the MLE in
Gaussian noise cases. For A > 0, the Dantzig selector searches for the sparsest
[ within the given distance of the classical estimators. The Dantzig selector has
been studied well especially for i.i.d. models. For example, Bickel et al. (2009)
showed that the Dantzig selector has some properties similar to Lasso estima-
tor for linear regression models in the sense of the consistency. In addition, as
well as Lasso, the Dantzig selector has variable selection consistency for some
regression models. Fan et al. (2016) showed the varable selection consistency of
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the Dantzig selector for general single index models by using the irrepresentable
conditions which are obtained from the KKT condition of the optimization
problem. The Dantzig selector also has a good potential to be applied for other
models including the models of stochastic processes. For instance, Antoniadis
et al. (2010) applied this method to estimate regression parameter for Cox’s
proportional hazards model and proved the obtained estimator has the consis-
tency. Fujimori (2017) studied the variable selection consistency of the Dantzig
selector for the proportional hazards model and construct asymptotically nor-
mal estimators for the regression parameter and the cumulative baseline hazard
function. Moreover, it is well-known that the Dantzig selector for linear models
has computational advantages since it can be solved by a linear programming,
while Lasso demands a convex program.

This talk dealt with the Dantzig selector for the linear models of stochas-
tic processes (1) to estimate the drift matrix ©° and prove the consistency in
the sense of [, norm for every ¢ € [1, 00| and the variable selection consistency
under some appropriate conditions. Moreover, using the variable selection con-
sistency, construction of a new estimator which has an asymptotic normality
was discussed. We can prove the consistency of the Dantzig selector by the
standard way which is similar to Bickel et al. (2009). However, since dealing
with the KKT conditions of the Dantzig selector for our model is more difficult
due to the complicated structure of the model than those of i.i.d. models, it
may be hard to obtain the same results as Fan et al. (2016) concerning the
variable selection consistency. Therefore, the another type of variable selection
consistency by using a thresholding method was proposed in this talk. This talk
is based on the paper Fujimori (2018)
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ZiRGEB AV -RIFEEIOS BT HEE
RS EBREER S kIt B

SRR L CRBEIICIIET 5 © & T DS T — 2 HRMIIE T — & LIEER, %<
DA TIIES AP SN TV S, DIRRFFAIET — ¥ 0SB TIY, BIEE) L IFITh 5
P BB BB A FF A D D E RO HITH 5. AT, i % B OREKICS
B Rt TOMERE yi(t;) LR L, b, RETOBEETERE L7,

ZOEE, RO g ORI my, .. mg ZRAVT my +maty + -+ mgtl T T B &L
WA RERED (¢— 1) ROSEXTHETE S, 22 Tm = (my,...,m,) LT 5 &,
ZOMEIE (L ty,...,t7 Ym &b, ZOEAFRRRRIER A RTEE Lz, — 5T, &
RO 22 2735 72 B k B OB O IHNH LT BIFBEIC (¢ — 1) RO BTEA THE

q q

B AT B D L B XD L REOREE, £ NT (Z Euti kait§.1> o

i=1

CEFETET. T CT, (6,5) RO € DT % b x  RAMTHIE B £ 5 &, = OB
(Ltj,... .t O &0, Zhadi % B OEEOBIE a; (kRTTR7 bV) 1B DRI
BaRBTHHEE Lz, ZOZOOHEORRLY, X O j17HE (Lty,...,t7 ) &L, i %R
OIERDORERHNET — 4 v = (yi(t1), ..., yi(t,)) OREMEB R ZTER D (¢—1) KZH
KT OND ET DL AT Mg ZHNT, BEEICK LTy, = Xm+ XEa;+e¢;
EETMETETZ. 22T, g3 Ele] =0, (pRotBr~2 hL), Covle)] =X (p x pARHI
EEMATH), e; Lle; (j#14) & LIz, SHICZ T, n &2l EE, 1, 2255031 O n kot
X7 MV ATED i & HORIET — 4 g, 025700 nx p BT Y, i 4T H 23 i & H O
ROBIALES o) 725725 n x kBEATTHI A (7272 L A1, = 0,), ifTEN e, 1 b2 b nx p
AT E Z WD & BIRDOBERICK T 2T VITIROIETE L HDH T ENRTET;
Y=1mX+AEX'+E.
ZOEFETITQIRTERMAY Mlm &k x ¢ REATHIE 2 HEET 52 & T, Y ORREH)
EREPERFR b, .. t, D (¢ — 1) REHEXTRA DI ENTED, £z, ZOET VL
Pothoff and Roy (1964) (2 X 0 #2& &7z GMANOVA (—#{bZZE B/ #omir) €74 &
FRILETH S, SBIT, X O (1,)) % t; ICHT 2Rk EKICEE L5 2 LT, 2
SOBBMOBEAMFNCL D RIFEBEEREZEZ DB OND. 2O L X EROHEE
ETIRY ~\EIES LT LE 22, ThabhiEd 5HEE% Nagai (2011) TRE L.
GMANOVA €7 V& W56, Y ORREEI 2R ZHEE T 2 BRIV 5 BT, F)
HIZRR R AE O (= 1,m'X') b A BICE T 2 RFRFZE O (= AEX') bR U
Bk (20X, W CBOZERX) 2 HWIBICBR O, £ 2 CARME T, FHOMA
Wik v BAZBEREAVEHEEZE X2, D D HIZIE, FHNAREEENIT (¢ — 1)
WEEAT, W< OOFAEE A IZBET 2L TIT (¢ — 1) REEAT, %0 DR
B A \CBAT DAL (o — 1) WEHATHET 52 aEZ2 . 2oLk &, FiLo
GMANOVA 7 /v ERERIZHE 25 &, RO L 9 73 Extended GMANOVA E7 /1 (Kollo &
von Rosen (2005) Definition 4.1.3 20> LZER LIET V) ICLDHEEEZ B 2D Z LIZroTz;
Y = ].n[L/X(/] + A151X{ + AQEQXé + &,
ZIZT it g RFTERMA Y Mov, XX jATADY (Lty, .. ¢85 22 Em B 725 px g BEAAT
5 (i =0,1,2; rank(X;) = ¢; < p), A; IEn x k; BEFITT5 (i = 1,2; rank(A;) = k; < n, 7=
2L AL, =0y,), B 13 ks x g RETTHI (i = 1,2), € = (e1,...,€,) 1T n x pREATHITH
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%. F7=, 760 Kollo and von Rosen (2005) TOERCHEE 72 £ TlE 1, Ay, Ay X X, X,
Xo \ZxH T B ER43 70 EIC MG A E L TV D208, RGBTl Z O 2 ([E L7220y ->
T2, ZDOpu, By, By BHEET D LT, FHEICKH LT (¢ — 1) REENX e 8 & AV CREGE
B REPHEE CTE D, Bl 20T, EHR RGBT 3 kD, MERNCBIT 2 R8I X 2 kD,
M OEHUZ BT 2 RRFAENL 4 IROZHEAAE AW CRFEBI RO EN TE 5.

LINL72RS B, iR R EN RIS EHER 6, MIERR DL A Z HERLAS O THEE L
THRRFETEELRAD LR TERWEERH L. £ 2T, ZHALZTEHNLDTIE
72<, Nagai (2011) & [RIERICRHR72BE% 2 AWV TRRIFEBI &R EZHET 22 LR E X b
5. &2 TCARBHTIE, ERROTTFT BT, X0 X, ZHEIERFED (¢ — 1) KB LW
(n — 1) ROZHEXE VDI, X, 2 X lkE AW aHEE LTELZ. Zhicky, F
IR 728 R R B0 < D DR R A 1Tk LU CUTRIERE R D LA FHV, Bl DR
L Ag 1SR LTItk e B A -V TRIFEEN S HEE TE 5. Lo L, ZHADE S & HIZ
TR BB E E X CTIERDHEEIECTRADO u R B, By Z2HET 5 L, B TH D RHF
EEER TR RFIET — 2 Y ~#BEICHEG L TLE D & W) MENE X 5. AHH
T, Nagai (2011) & [FFRICZEE&E—AILY v VREIFRIC L 2 H#EETE (Yanagihara, Nagai and
Satoh, 2009) & AWTC, ZOMBEEERRET 5 Z L A4E 2 7.

LU, TERDHEEIETIXE, DWERLZGDLT-OIZE; (i # ) BRELE R DT, Fikip
B AZ HWTHEE T 2 (= AE, X)) EITIZEH L, By OHEEEDTRTIZ O AEHI 251
DT ENEELV. T CTEPAGHER TIX, vec (FHFE R EOME (#1213 Litkepohl (1996)
) 2 HWT, B OHEBEZHWTICE OHEE LG FIELRE L. TORR, Nagai
(2011) DT & 72> 7= Hoerl and Kennard (1970) IC X VRSN FELZH WL Z LT, %
72 B A - 28 OHEE RICETRIZ 1T 5 Z ENARE T H Z L AR LTz,

PRI, WRNE S A B 2 72 DIE AN L2 HI N T A —Z Of@Ebiz >N TE R T2 £D
7212, Mallows (1973) X Yanagihara and Satoh (2010) 72 & & [AERDFET, C), BE &
HUEARERE L, S0ICn—k —k—p—2>0& & = N,(0,,X) Z{%E L= FTO C, Ml
WERUED NS, T AEMHIE LI HEELHEE L7-. £ L TREZIC, 2RO OERERTELZ TR
LTEMT S Z & TIRMEREL R/NNIT DRI A—=2RGBIEONLZ L 2R LT,
BAE BRI L D e Slc oW TUEY BRE L.
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R & BERET NV ORL 2R

LTS (ARKRFEEEN R Z—)

1. Frim

M BEROSHNTIZ B TIE, W, B2 RO 2ARE 35 2 & V8 LU 72 DI HEGRME,
e, SFED X RRHIN LRESND. ENHO S LIERSMHET VKT 5
B FLIZ 2V Cid, isotonic regression N E K ML TWAH., L LARNG, Zhik
Bartholomew (Z L » TORHEBANIEA I, L <IZTD XD REIKID & 5 REZERIT T
T2 EaE ML E B TRV, & OISR & R/ TR, FHE R ORI EHET, ik,
S THEME, EROAMLUSOMERET IV, &5 \WIE 2 LhlE R AAVEMHBEA~OJEIRIZ X R
DS, 0, FEH%SOT 71— 3 Hirotsu (1982) TE M- IS 3 2 BE
DFEAFEEICLTEBY, ZOERTORBEMEZF > TWD. 2RI X5 & B, Y,
S FHAREE N ERIC R L, Hifd, 2 8, 3 RIS < B RGBS mg S .
AR TIXED 5 LR R, B X UL R fa AV 2 FIEICSOWTiad 5.

—F, ZNHORRHIFKITERET NV EBEERBARI S D, Thb b, BFME, Nk,
S FMHEGITZE NI, B2 b, Aa—7 8, BihatT7 L& xfiid % (Hirotsu
and Marumo, 2002). ¥ z1%, B ST T N2 F TR Lo A cH v, ¥
TR TOHFARHIT B A L ik O B EREEAE S TEIND. HIZIEPMDAT
IERIWERH B R ME DS IUE S, £ OREED T STV 5.2 DA, Bl 4
WH R RT 5 &[RRI, BAMEM O& U7 R 2 #0325 2 36 Fb REFESR
ThHD. FEOZ MM, STHMBEICSOWTHEREND. RRRTHRHEIE, ZhbE
(s T MIZxtd 5 efficient score IREE G2 5. T70bbh, HERKGHTFED >R 5
ALO TSR ST & 72 ilR R & 2R 2 AN O RS

LLED X512, BEICES Fikldtks Rt fe7 L, fHx 228RF FofMEE i
AREI H LI ETHRY, SWROBWEHET VT Y X L& 525 2 ERHKS. EHS
i, 2 SR, Poisson SAIZ OV TIXINETHVANARBRITHEEL TNDDT, A
T DM TH DM 722 X 2R D RHNA~DISHIZONW TR D, \EERF E L Tr—
A ey hr—/UfERH 5.

2. MEOBHE

Zo0 2 HAMBERE KIE ECHRT OMEEE R D, Ay RO AREMRE R
DA M 2 1E Gart (1970012 & 0 A~ XICB T 2 HEam 21T 2 2R V. —RRIEREIC
DUWTIEFAES, Breslow & Day MREN R STV A1, Zelen (1971) D IEMERE H
RIS . IEMEHERRIZBE L Tl Agresti (1992) D —XoA NWEEIZ/R 5. Kl & < IZK)E
\CHRZRNER RN B 25602, Bk, 88X OMMEE S & T2 REICSW Tt 5.
ZNDIE FREROFRCTIER U DAL TWRNAS,  BLFRMEIC k3 2 Rkt i E 1 Hirotsu i
(2001 DFFR T — AU T2 0, ZOFEER — AT E 72 KHM(2003) TFHE LG L b TV 5.
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K TIEET ZOREITHNT, IR EOBIEIZT B T 58 70 & 1IE/ESY
BiCiE &z 5 R ATV, Fleiss f(2003) 01 ¥y MREE T MIC X 238 BAERIfENT & H
Y5, TOMBIZIREST D, WiZA v XIIZET 0 ERBURE O ERIb 21T,
BB IF W IEMERE 2R BT 5. T b “HORBEICOWTRECRRE L5 A 5.

3. 'Rk
%K%@?j“—‘& %yijk’ %®%$%p1]k(plk = 1)"6‘%?, f:f(’j L/, i=1,2 X=2m 2 IE
SARHEN], j = 1,213 E OIS, £ LTk =1, KIFEEERT. ZOR, yu a7z

7 MvEyE LT, MEEMIEg(y) = Ty T (v T (0] /vt f T2 5. = 2

ijk

T ST < logpiji = Vit QutTjtwip 2 8E Le b, J&HiLFy;. 36 X Oy % 52 72
FEPREZE B 25 L, R MRS AT (y, ) = [1K2; CHwr )b(y11) exp(wi Vi) &
IHRIIC D, 12721, yiddld Ty B W= T MLl U, w3 HERmcECh %)
Ay A ThD. Z0%, w BT 2 EHEME, BIXOWHEREIX 2 TS, Poisson
SRRSO 1 REHE A5 2 71k irotsu, 2011272 BV, H—3 0 L UL
BATOREXDOLE T Z2WENATH Z LI L 0 FITHIR 5.

BEER

Agresti, A. (1992). A survey of exact inference for contingency tables. Statistical Science 7,
131-177.

Fleiss, J. L., Levin, B. and Paik, M. C. (2003). Statistical methods for rates and proportions.
Wiley Series in Probability and Statistics, New York.

Gart, J. J. (1970). Point and interval estimation of the common odds ratio in the combination
of 2 x 2 tables with fixed marginals. Biometrika 57, 471-475.

Hirotsu C. (1982). Use of cumulative efficient scores for testing ordered alternatives in
discrete models. Biometrika 69, 567-5717.

Hirotsu, C. (2017). Advanced analysis of variance. Wiley Series in Probability and
Statistics, New York.

Hirotsu, C. and Marumo, K. (2002). Change point analysis as a method for isotonic
inference. Scand. J. Statist. 29, 125—138.

Hirotsu, C., Aoki, S., Inada, T. & Kitao, Y. (2001). An exact test for the association between the
disease and alleles at highly polymorphic loci with particular interest in the haplotype
analysis, Brometrics 57, 0769-778.

KHEH, HARE, JEHET(2003).2 x 2 x KoyHIFR 2B 2 Bl oME. JEHsEEHY 32, 107—
126.

Zelen, M. (1971). The analysis of several 2 x 2 contingency tables. Biometrika 58, 129-137.

-29-



Characterizations of indicator functions of fractional factorial designs

M RERZL G HA )

1. FC&IC

FERETIE I E TR NS BT 2 TEAMIENSDO—DTH D, HTE, Fontana, Pis-
tone and Rogantin (2000, JSPI) IC X DB A E NIHE/REBIEL (indicator function) I K% —
BRGEE T ORI E, IR ESLED O EDTH S, FEnBEBOMIEE, 2/Kk1HED
— ARSI U CIERICHHEN TV S, IR, LF a2 T—7E—#EatE D,
DEFZEMR 117004 = 1120375(= 2om37475) = 1 1&, T OF/REE f1 DFIUHIST .
iz, —EPSEEETE Dy OIEREEL fo DIIZEMETH 20, EHIAIE C OFFmO—5%
JifE (3/8) 72, 1 ROBIIKF xq DA OIKAERDFRETH S &%, 2 ROBUIAF 4 75
D 3HFLERTE &, TNETNERLTVS.

D, Do D3

T1 Ty T3 T4 Ts T1 Ty T3 @4 T1 Ty T3

1 1 1 1 1 1 1 1 0 0 0

—1 —1 1 -1 -1 0O 1 2

—1 1 -1 1 1 -1 1 -1 0 2 1

-1 -1 -1 -1 -1 1 -1 -1 1 0 2

-1 1 1 -1 -1 -1 -1 1 -1 1 1 1

-1 -1 -1 1 -1 -1 -1 1 1 2 0

-1 -1 1 1 -1 2 0 1

-1 -1 -1 1 1 2 1 0

2 2 2

1
f1(x1, 29, 23, 24, T5) = 1 + Z(xlxgm + T1X3X5 + ToT3T4T5)
3 1 1 3
fo(w1, w0, 73, 14) = 3 §$4 + §($1$2 + 2173 — Tox3) + §($1$39€4 + Tox374) + §€E2$39€4

CDOXIIT, 2/KEFTEIT DN TIX, 72fiRAES® aberration OBERIE, FERBIEORE & E#
BN D 5. — 5 TEZ/KUEGTHICE U T, /KUEZ G E I 2 BHEN AR eI BW
T, ZIKHE, B2 WVIZIKERDIN T T LI —55675 EO—RINAFTEIC 9 515
IRBEOREEIXFRIAE TR, BIZIEEHE Dy &, BB 21 + 29 +25 = 0 (mod 3)
DL F 2 T7—Ix—EfIHTH 5D, TOMNEZIRREE f; hSFHiHID DIFES T
EA4AN

3 1 1
fg(xl, Ta, l’g) =1- §($1 + Ty + LL’3) + 5(.73% + I% + JI%) + Z(Il.TTQ + T3 + I’Ql’g)

27 3 3
2 2 2 2 2 2 2,.2 2,.2 2,.2
+—2 T1X9x3 + Z(aslxg + xiws + 125 + x50 + X105 + Towy) — Z([E1$2 + xiag + x57%)
_(2 + . 2)+?(22+2 2 4 22)_9222
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2. IETRBERONE

IKMEZ G L T B — kDS THICDWNT, ZOMWEZ R OREIKE DT
Z)5EZHHT %, 21,2, Z n HORFETS. j=1,....,nlcDVT, KF z; D
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Pooling incomplete samples [ 0 0 0O O 0O O

0000000000 000 (Eiichiro Funo)

1. Introduction

Asano(1965) O O On estimating multinomial probabilities by pooling incomplete samples
000 paper 000 0O (Ann. Inst. Stat. Math., 17, 1-17)0 Pooling incomplete samples
0000000000000 00000 Johnson, Kotz, Balakrishnan(1997) D 000 O
0000000 Discrete Multivariate Distributions (Wiley) O O 00O 350 Multinomial
disributions O O O O Incomplete and modified multinomial disributions 0 0O 0O 0O O O O
(0D 100,71-72000) 0000 Asano0 000000000 DODOODOOOO

X = (X4, Xy, -+, Xx) O 0 multinomial(Ng;py,---,pr) DO000Y = (Yy,---,Y,, (m < k)

00X 00000 Omultinomial(Ny; —m—, -, <p—) 00000000000000
2im1 Pi >ty Di

p000000 p; O
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pi = N (i <m,) pi:ﬁ (i >m)

No (14 = v
j=1%Lj

0ooo

goobobuogogobooogo

(i) p; O p; O minimum variance unbiased estimator 0 O O (Asano, 1965)
(i) p 00000000000 (00, 2000)

(iii) Pooling incomplete samples 0000000000 200000000 O Total infor-
mation = Within information + Between information (0 000 OO Kullback OO
O000000000)0o0o0ooo(@oO, 2011)

0 Kullback(1959, 1968) 0 0200000000000 H, 00200000000
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000000 (@0O0)000000000000 Kullback OO0 1 Within Information
OD0H, 00000000000 HOOOOOOOOOO Kullback OO OO Total
Information OO0 H, OO0 0O0O0O0OOOOH, O00000000OO Kullback OO0
O000000000((@O0)000000000KulbackODODODOOOOOO OO0
ooooooooo
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Pitman’s Closeness Domination in Predictive Density Estimation for Two Ordered
Normal Means Under a-Divergence Loss
Yuan-Tsung Chang (Mejiro University) Nobuo Shinozaki (Keio University)
William, E. Strawderman (Rutgers University)

1 Introduction

We consider Pitman closeness domination in predictive density estimation problems when the
underlying loss metric is a-divergence {D(«a)}, a loss introduced by Csiszar (1967).The un-
derlying distributions considered are normal, including the distribution of the observables, the
distribution of the variable whose density is to be predicted, and the estimated predictive density
which will be taken to be of the plug-in type. Let X; ~ N(u1,0?) and Xo ~ N(ug,03) be two
independent random normal variables, where p; < po. Under the above restriction we wish to
predict a normal population with mean equal to the larger mean, po, and variance equal to o2,
Y ~N (p2,02). We consider different versions of this problem, depending on the af,z’ =1,2 are
unknown and/or satisfy the additional order restriction, o < o3.
The class of a—divergence losses is given by

D). (a0} = [ o BED Vi) (1)

where, for —1 < a <1

ﬁ(l — Z(1+2)/2) la] <1
fa(2) =4 zlogz, a=1 (2)
—log 2, o=—-1
Here KL loss corresponds to a = —1, and a = 1 is sometimes referred to as reverse KL loss.

Chang and Strawderman (2014, JMVA, Theorem 2.1) have derived the general form of D,
loss for the case of normal models and shown that it is a concave monotone function of quadratic
loss and is also a function of the variances (observed, predicand, and plug-in).

An alternative criterion to evaluate the goodness of estimators was introduced by Pitman
(1937) as follows:

Let 77 and T be two estimators of 8. Then T} is closer to 6 than 75 if Pitman nearness
(PN) of Ty compared to Th

PN@(Tl,TQ) = P{’Tl — 9’ < |T2 — 9|} > 1/2.

For the case, when the estimators are equal with positive probability, Nayak (1990),Gupta and
Singh (1992) defined the modified Pitman nearness (M PN) of T} compared to T5. Setting
MPNQ(Tl,TQ) = P{|T1 — 9‘ < |T2 — 9||T1 75 TQ} = P{’Tl — 9| < |T2 — 9|,T1 7£ TQ}/P{Tl 75 TQ}
T, is closer to 6 than Ty if M PNy(T1,T>) > 1/2.

Here is a brief review of some of the relevant literature for the problem of estimating the
mean. Let X; = Z?;l Xij/ni, s7 = Z?Q(Xz‘j — X;)?/(n; — 1) be the unbiased estimators of y;
and o2, respectively, based on samples of size n; from two normal populations, X1 ~ N(u1,0?)
and Xy ~ N(ug2,03) respectively. When the variances are unknown, the unbiased estimator

2 2
~GD __ n182 — n281

= 1
nlsg + ngs% nls% + ngs%

was proposed by Graybill and Deal (1959)and they gave a necessary and sufficient condition on
nq and ne for ,&GD to have a smaller variance than both X; and X5.

When estimating the ordered means, Oono and Shinozaki (2005, JSPI) proposed truncated
estimators of u;,i = 1,2,

ﬂlos = min{le ﬂGD}v ﬂZOS = maX{X2a ﬂGD}v (3)

and showed that 1¥° dominates the X; in terms of MSE if and only if MSE of 4“? is not larger
than that of X; to estimate p; when p; = ps.
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When there are order restrictions given on both means and variances, y; < 2,07 < 03,
Chang, Oono and Shinozaki (2012, JSPI)have proposed

e, if st < s
min{Xl, X 4 2 XQ}, if8%>8% (4)

1
ni+nz n1+n2

Ky =

They show that ,&205 stochastically dominates /lQOS , but ,&105 cannot dominate /llos even in term
of MSE when g — 1 is sufficient large. 4§ is also Pitman closer to po than 3.

2 Pitman closeness in predicting density function under the D(«) Loss Metric

In this section we will establish Pitman closeness results under the {D(«a)} loss metric for certain
predictive density estimation problems involving two normal populations when the means are
ordered. Here we only discuss the unknown variance cases.

Definition 1. Given two predictive density estimates fi(g|z) and fa(g|x) of a density f(7|v)
based on data z from a distributions X ~ g(X|¢), ¥ € Q, fo(§|z) is closer to f(§|¢) than fi(§|z)
with respect to the D(a)) metric under the modified Pitman closeness criterion, if Vi € Q,

Py{Do(fo(ii|2), f(@1¥)) < Dalfi(iilz), f @) f2(012) # fi(ilz)} > 1/2,

with strict inequality for some 3 € €.

2.1 Case when variances are unknown and unrestricted

It is assumed that 1 < p and that no restriction is given on unknown o?. It is shown that
plug-in predictive density with /lZOS ,(3), is Pitman closer to the true predictive density than
plug-in predictive density with X; under D, loss. We wish to predict the density of a future
observation from a normal population with mean j; and unknown variance o2, i.e. we wish to
predict the density

F(@) ~ N(ps, 0?).
Let
XiNN(/j’i’Uz?/ni)7 SiQNUiQXELi—lv 1=1,2

are independent, where p1 < s and it is desired to predict the density of a future independent
variable Y; ~ N (u;,a0?),i = 1,2, where a > 0 is known. We have the following main result.

Theorem 1. The plug-in predictive density estimate fO5(4) ~ N(p9%, aﬁ) is Pitman closer
to f(7|ui, ac?) than fixi (7) ~ N(X;, at;él\for all iy < p and 02,7 = 1,2 under the D(«) metric

for all —1 < a < 1 and every estimator o2 if and only if 4P is Pitman closer to u than X; for
all 0 and 0% when 1 = pg = p.

2.2 Case when variances are ordered

We give Pitman closeness domination results in predictive density estimation when unknown
variances o2 and o3 satisfy the order restriction o < o3.

First we estimate the density of a future observation from a normal population with mean
2 = @03, where a is known, i.e. we estimate the density

F(§) ~ N2, a03).

o and variance o

Theorem 2. The plug-in predictive density estimate f€5(§) ~ N(i$®, ac2) is Pitman closer

to f(j|p2, ao3) than fO5(§) ~ N(ﬂgs,a;g) under the D(«) metric for all =1 < a <1 and for

any estimator o3.

Next we consider estimating the predictive density with smaller variance o7, N(u1,ac?).
Theorem 3. The plug-in predictive density estimate f©%(¢) ~ N(i{°,a6%) can not be Pitman

closer to f(j|u1,a0?) than fO5(§) ~ N(i9%, a0?) when py — py is sufficient large, under the

{D(a)} metric for all —=1 < a <1 and for any estimator o3.
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1 Introduction

If the objective variable is circular, we need multivariate versions of circular probability distri-
butions, and in the two-dimensional case, there are two types. The first is when two objective
variables are circular; then, the probability distribution is defined on the torus. The second
type is when one is circular and the other is linear; then, the probability distribution should be
defined on S! x R, or if linear variables take only non-negative values, the domain is S* x [0, 00).
In both cases, the probability distribution is defined on a “cylinder” and such distributions are
called “cylindrical distributions.” The latter type of data are commonly seen, for example, in
velocity data, which consist of a speed and a direction. Often, these show specific correlations.
In such cases, correlations are present between the linear and circular variables in the form that
the variances over the circular variables become high when speeds are slow. In this talk, by
focusing on cylindrical distributions on S! x [0, 00), we introduce those distributions that are
mathematically tractable, namely the probability density function (pdf) can be expressed by
elementary functions or, at most, well-known special functions, and provide examples of their
applications.

2 Cylindrical distributions

Let (©,L) be a pair of circular and linear random variables, respectively. When we observe

cylindrical data, if the linear components increase, the degree of concentration around a certain

direction also tends to increase. This section introduces models that satisfy these conditions.
Johnson and Wehrly (1978) proposed a cylindrical distribution whose joint pdf is given by

/2 2
Fow (0.5, v, 1) = = exp{—vl + rleos(8 — )}, (6:0) € [-m,m) x [0,00), (1)
where 0 < k < v and —7 < p < w. The distribution is obtained by maximizing the (Shannon)
entropy with E(L), E(Lcos®) and E(Lsin©) constant (see, Mardia, 1975, p. 352). The
functional form of the density indicates that as the length part (= [) increases, the concentration
around the location (= u) also increases. Clearly, the mode of the density always occurs at [ = 0.
As a more flexible symmetric cylindrical distribution, we show a special case of the density

in Abe and Ley (2017), whose joint pdf is given by

o

mlo‘_l exp [—(B1)* {1 — tanh(k) cos(6 — u)}], (2)

Jwm (0,5 p, ko, B) =

where (0,1) € [-7,7) X [0,00), @ > 0 and 8 > 0 are the linear scale and shape parameters, and
—m < p < mand k > 0 are the circular location and concentration parameters, respectively. We
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call this cylindrical distribution the Weibull-von Mises distribution. The density (2) is basically
proportional to the product of the Weibull and von Mises (replacing « with xl) distributions,

Fwar(6,1) o 1~ exp [—(B1)*] x exp {(B1)° tanh(x) cos(8 — )}

divided by the normalizing constant.
As in Abe and Ley (2017), another cylindrical distribution is obtained by replacing the
Weibull distribution with the Gamma distribution. The pdf is given by

fam (0. p,k 0, 8) = U exp [~ {1 — tanh(k) cos(6 — p)}], 3)

where (0,1) € [-m,m) X [0,00), a, 3,7,k > 0, and —7 < p < 7. The normalizing constant C' is

given by

27 (a)(cosh(k))® Py—1(cosh(k))
B .

/_ / Lexp[—BI{1 — tanh(k) cos( — p)}]dldf =

We call this distribution the Gamma-—von Mises distribution.

2.1 Parameter estimation

The most preferable orientation of asymmetry for focal tree i is written as
wi(a) = arg S + Z:C‘Iﬂar:]azZ , (4)

where n; is the number of competitors, the summation covers all the competitors, and ? =
(0,—1). The parameter a quantifies the relative importance of solar radiation and competitors
with a given size and distance. By substituting u = p;(a) into the symmetric cylindrical distri-
butions and letting (61,11),. .., (6n,1,) be a sample of n independent and identically distributed
couples of circular and linear observations drawn from a cylindrical distribution. Then, the like-
lihood function can be expressed, in the cases of the basic three symmetric distributions, namely
the Johnson—Wehrly, Weibull-von Mises, and Gamma—von Mises distributions, respectively as

LJW(/'Lv’{aV) - HfJW(li79i;M7’i’V)’ (5)
=1

LWM(M¢K7Q76) = HfWM(liagi;#7H7a7/8)7 (6)
=1

Loy(p, k00 B8) = [ for(li, 05,5, 0, 8). (7)
=1

The likelihood functions of the other distributions can be written in the same way. In general, it
is difficult to give closed-form expressions for the maximum likelihood estimates (MLEs); hence,
numerical methods should be used to find the solutions.
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