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Bias corrections of DWD and WDWD in high-dimensional settings
(FXTGIZ BT 5 DWD & WDWD D N1 7 AffiiE & Z D )

Kento Egashira®, Kazuyoshi Yata’, Makoto Aoshima®

“Degree Programs in Pure and Applied Sciences, Graduate School of Science
and Technology, University of Tsukuba
*Institute of Mathematics, University of Tsukuba

In this talk, we consider two-class linear discriminant analysis for the HDLSS data. Sup-
pose we have two independent and d-variate populations, having unknown mean vectors
and unknown covariance matrices. Let us have trainning data sets from the both popula-
tions. Let the total sample size N.

In the HDLSS context, Chan and Hall[6], Hall et al.[8] and Aoshima and Yata[2] consid-
ered distance-based classifiers. Aoshima and Yata[4] considered a distance-based classifier
based on a data transformation technique. Aoshima and Yata[l, 3] considered geomet-
ric classifiers based on a geometric representation of HDLSS data. Aoshima and Yatal[5]
considered quadratic classifiers in general and discussed an optimality of the classifiers un-
der high-dimension, non-sparse settings. In the field of machine learning, there are many
studies for classification (supervised learning). A typical method is the support vector
machine (SVM) developed by Vapnik[13]. Chan and Hall[6], Hall et al.[7] and Nakayama
et al.[10, 11] investigated asymptotic properties of the support vector machine (SVM)
in the HDLSS context. Nakayama et al.[10, 11] pointed out the strong inconsistency of
the SVM when n;s are imbalanced. They proposed bias-corrected SVMs and showed its
superiority to the SVM. On the other hand, Marron et al.[9] pointed out that the SVM
causes data piling in the HDLSS context. Data piling is a phenomenon that the projection
of a trainning data to the normal direction vector of a separating hyperplane is same for
each class. In order to avoid the data piling problem of the SVM, Marron et al. proposed
distance weighted discrimination (DWD). Whereas the SVM finds the optimal hyperplane
by maximizing the minimum distances from each class to the hyperplane, the DWD finds
a proper hyperplane by minimizing the sum of reciprocals of the distance from each data
point to the hyperplane. The DWD cares all the data vectors that are not always used
in the SVM. Unfortunately, the DWD is designed for balanced trainning data sets. For
imbalanced trainning data sets, Qiao et al.[12] developed weighted DWD (WDWD) that
imposes different weights on two classes. However, the WDWD is sensitive for a choice of
weights.

In this talk, we investigated the DWD and the WDWD theoretically in the HDLSS
context where d — oo while NV is fixed. We gave asymptotic properties of the DWD and
showed that the DWD includes a huge bias caused by heterogeneity of covariance matrices
as well as sample imbalance. Then, we proposed a bias corrected-DWD (BC-DWD) and
showed that the BC-DWD can enjoy consistency properties about misclassification rates.
Finally, we gave asymptotic properties of the WDWD.
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Multiplicative Decomposition of Stochastic Distributions

and Their Applications

Toshiyhuki Shimono*

Multiplying the absolute values from the ¢-distribution of v = 2 pro-
duces the Bradley-Terry model. Observed values are often affected by
stochastic modification from the latent variables to the observable variables, and
a kind of multiplicative relations among the familiar probability distributions
may play major roles. Consider the Bradley-Terry model (1952) where each
player ¢ has its latent value m; > 0 to "beat” another player j (to be indicated as
i > j) with the probability m;/(m; + 7). Suppose ¢ > j happens when and only
when 7; X |v;| > m; X |vj| with independent variates v; ~ D; and v; ~ D; where
D; and D; are probability distributions to be determined. The necessary and
sufficient condition upon the pair of D; and D; is the condition |vy /va| ~ F(2,2)
where F'(2,2) is the Snedecor-Fisher distribution with the paired parameters of
2 and 2 degrees of freedom. Note that F'(2,2) has the density probability func-
tion 1/(1 + x)? for z > 0 and its variates can be generated by 1/u — 1 with u
being uniformely distribued variates on [0, 1]. Interestingly, if D; and D; are the
identical distribution, a solution of D; or D; is the Student’s ¢-distribution with
2 degrees of freedom, to be denoted as T'(2). Otherwise, D; and D5 can be a
pair of T(1) and /F(2,2), where T(1) is the Cauchy distribution, v/ denotes
the distribution of /v with the variates v ~ V.

The above can be formulated as F'(2,2) = |T'(2)|x|1/7(2)| and F(2,2) = |T'(1)|x
VF(2,2), where 1/V, |V| and V; x Va mean the distributions of 1/v, |v| and
v1 X Vg, respectivly, with the independent variates v ~ V', v; ~ V; and vy ~ V5.
These relations can be proven by considering the m-th order moment of any
distribution V' where m € R, not constrained to m € N, which is denoted to
be M(V) as a function of m. Note that M(V; x Vo) = M(Vi)M (V). One
can calculate that M(|T(1)|) = I'(1/2 + m/2)I'(1/2 — m/2)/7, M{|T(2)]) =
V2L (1/24m/2)T(1—m/2)//7, M{(F(2,2)) = T(14+m/2)T(1/24m/2)T(1/2—
m/2)I'(1 — m/2)/m where I'(+) is the gamma function, which lead to the proof.

* The Institute of Statistical Mathematics, tshimono@05.alumni.u-tokyo.ac.jp



Weak convergence of the partial sum of /(d) process to a
fractional Brownian motion in finite interval representation

Junichi Hirukawa and Kou Fujimori
Niigata University and Shinshu University

ABSTRACT

An integral transformation which changes a fractional Brownian motion to a process with independent increments
has been given. A representation of a fractional Brownian motion through a standard Brownian motion on a finite
interval has also been given. On the other hand, it is known that the partial sum of the discrete time fractionally
integrated process (I(d) process) weakly converges to a fractional Brownian motion in infinite interval representation.
In this talk we derive the weak convergence of the partial sum of 7(d) process to a fractional Brownian motion in finite

interval representation.

1 Introduction

Stochastic analysis for FBM has been developed by Decreusefond and Ustiinel (1997) using Malliavin calculus. Norros
et al. (1999) showed that many basic results can be obtained more directly with rather elementary arguments and
computations. Norros et al. (1999) considered a normalized fractional Brownian motion (FBM) (Z),>o with self-
similarity parameter H € (0,1). Mandelbrot and Van Ness (1968) defiend the process more constructively as the
integral

[ [
Z, —Z :CH(f (t—u)H’l/de,,+f {(t—u)H1/2—(s—u)H”2}dWM),

(e8]
where W, is the standard Brownian motion. The normalization E (Zf) = 1 is achieved with the choice

2HT (3 - H) ]

3 1/2
3
CH =
[F(H+ %)r(z —2H)

where ' (-) denotes the Gamma function.

1.1 The fundamental martingale M

Norros et al. (1999) considered the following process. Let w (¢, s) be the function

.5) cr sV H (1= YV H - for s e (0,1),
w(t,s) =
0, for s ¢ (0,1),

1 N
Cc1 = {2]‘13(5 —H,H+ E)}

where
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and B is the beta funtion

T
B(M,V) = m

Then, the centered Gaussian process
!
M, = f w(t,s)dZ;
0
has independent increments and variance function
E(M})= a3,

where

CH
Chr=—".
T OHQ - 2H)

In particular, M is a martingale.

2 Weak convergence of / (d) process

Now, we obtain the following functional central limit result for 7 (d) process

1 1 Int] [nf]-1 ([nf]-1
7o 1/2 . 1/2
O.nd+1/2Z[”’] = ondtin2 sz-lDW-f + ond+1/2 Z {Z Gu,,msv.\_l}DWx

s=1 s=1 u=s

= %LISd{fs (u— )1 uddu}dW(S) ;:]{JdZ(s)=Z(t)-
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Applications of Distance Correlation to Time

Series : FEBEDERIRENDEFRFIBEZFNDGH
MRS B =l
RS

A, TEREEOMHBIfREL (Distance Correlation) &5 2 DDWEZRNT )L DAk
FEMRZ R B IENTEH EN TS, TTT2DODONY MVORITCIIMFEE THEE -
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FELWERRZFX [Székely et al.(2007)] *® [Székely and Rizzo(2009)] Zi8), H£HT
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p,q EN)o KICEHAZHE (EABK GE) DI BIUN—TMEE) Z u(s,t) &
BL, §2L TEEBEOMHEBIFREL &

/R [pxv(5,0) = ex(s)pv () Pu(ds, db)
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—2FE[|X - X'|“lY = Y"|Y
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IR Y DAY —TH 5,

AWZEE T O TEHEEOMBIGRE 2 1 ot & ZRITDEH IERERIINISH T 5 &
DTH %, FAERITFN X [Davis et al.(2018)] ICXK & HTH 5B, FEHMIZ

1. 2 DOWERINMIIINE S D ERET 2. HEHWVIE THHEEOMHRE] T2 DDk
DM EARAFZRIRZ S o

2. RALTTESTZRIND THHEEOHEE) ZH 52 & T, 1 DOKERYIDRY]
FHBEZ RO E 5 IRET %,

L THB, RRYIEN T, 2HRTORVIHBEZHZHEEE LT (BRTD) H
CAHBIRIED RIS N TWV5, TTTEOMHBIZET Y > ORRMHBEGRE T
%, IFHIHERTAEETH B0, IHERERYIE T IV OERAFBIRZHE X 5 Dh
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LT EMHIENTW S, IERERERIEEHR T 7 4 F VAT B W TRESL
BHEENTOT. MR ZORENE LT GARCH(p,q) EFIVIRFEND, ©
DETIVIE, HICFERYO A B Z H TERFBRZMRETE Y. JRRIZ A
L7t (BIZIFHEHE 2 2E A T2 D) OHCHBEZ A THIS TIRIZBI R A HE
AbNb,

KRFEDT AT T7IE, ZDOETY VRO Z TFEEEOMBGRE] ICEEHA 5
TETREBFRZLDBIBRHLESI LI EDTH S, s TIEHLL THCH
BEOFHPBIRIE W S fa1EZ H CHBIREICD D 558D LTIR% L, £L
T 2F VUM (strong mixing) D& & T, A THCHREOMHBIREE 1B
T AMNImZ B N Lz, £, BN ETE—AY DL & THETEDO—EMEZR
LTz ZDBW L OMBIMINGESEEZ 5 2. KEBGRDH 5155 L MR O
J5 CHiET B OMRL A 72 BEERINC G Uz, NI &2 5 TRVLEEHIEICRD
=R =55 T L ER LTz, MUENGEHRIZFHCHNI AR, HNTA A1 2 3%
ZRORBICHRI TR E N, —fRIC EAERZRDZ 0D LN RS NTWL
%o THUTH U, T— AT TR TEIEIER CHlRL 2 5 £ GEUTE
5 EERLTe

2DOHDOWIIRTH S 1RINCHT 2 THEEEOMHBIRE 1ICBIL Tid, BAAW
BETIVELTAR(p) ETIWEEZ T2 ETIVOBEEZHBT2DIT, 3T A—X
HEERICIF SN A THCHBEOHBIRNEY ZEs Uiz, 954 kRN &
I iid RANS THCHEEOMHBIBIEY Zi@in L7cha LR U T B MICEE S C
Ebbhole (TNEHCHBBEEREFMOBRRTH %), TOM, FREHICHDHE
W2 RGE LT 81 Székely, G.j. DA VU D F)VER TnEmD 2 X < H#EE
LiznwZ ebbhol, NWIA—ROHELEATL L TR, E— XV MRAK
DL EBTCDHDEBEZOND, HADRELIAMOEABEIHICKIZEDIE, D
JEDGRATICRIL TE S XA T 5 L LR TE T,

FEEMFL ATV, 7YV OB R T — X P BT — 2 75 & THRE LA
DI Z i P T,

F—7— F ! Auto- and cross-distance correlation function, testing independence,
strong mixing, ergodicity, Fourier analysis, U-statistics, AR process, residuals

SZ R

[Davis et al.(2018)] Davis, R.A., MAtTsui, M., MikoscH, T. AND WAN, P. (2018) Ap-
plications of distance correlation to time series. Bernoulli 24, 3087-3116.

[Matsui et al.(2017)] Matsui, M., MikoscH, T. AND SAMORODNITSKY G. (2017) Dis-
tance covariance for stochastic processes. Probab. Math. Statist. 37, 355-372.

[Székely et al.(2007)] SzEKELY, G.J., R1zzo, M.L. AND BAKIROV, N.K. (2007) Measur-
ing and testing dependence by correlation of distances. Ann. Statist. 35, 2769-2794.

[Székely and Rizzo(2009)] SzEKELY, G.J. AND Rizzo, M.L. (2009) Brownian distance
covariance. Ann. Appl. Stat. 3, 1236—1265.
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993E 7T AMERGIIN T 2 AR X a7 X F — LB

TARE (B - 2R T7 LW R REEIERT B0 - HEERiT7ER) !
WIFEMEE (@31 — IEaemt 7o 2R 17— - Bamt > X —)

X(t)%Z E CR" LD S 2aY Y TN AR R R DR BEMRE 5. X(1) DBME
vIZHT B ELARAVERE, ={tc E|X(t) > v} 227 A —avEHE WS,
B" & n XortHfiERe U, B, ¥ REpDEKpB e DI a7 X% —H (HFlEpDF 2 —
73E65) Tube(E,, p) = E, + pB" & 2 5. Z DEFEX p /N WHIFH T p DZIEF

Vol,,(Tube(E,, p)) an P IL( Z#( >

(wq = Voly(BY)) Z?‘;Zopt#%[lfohfhé. REM,(E,), L;(E,) ZEFNENE, D3I
YazAxF—NEE, VIS oy - FY B VS, INSIEE, DRESRHARM
ZRARIGEE LTEURMETH 5. R Ly(E,) = x(B,) A4 7 —FTH 5.

X (t) 230 OE/HWA U ARG DG, Li(E,) OBFHERE 2 6B s n
TWa. FH0DHEFA 7 ARSI, ﬁ%@éfﬁ%éhézﬁm%%&( AN
BIED) E[X (t1) X (t2)] = p(|[t1 — t2|?/2) TREM I SN 5. T 2 TIREFEANEIES T R
MERIGE RIS 572012 N SHBEIBEE (N XF 2 47 > MR

Cum(X(tl), e ,X(tN)) = VN_QK(N)(||t1 — t1||2/2, ||t1 — t3||2/2, ey ||tN_1 — tN||2/2)
(v < NIEH T RMEZRT RIX—X) ZEAL, E[L;(E,)]Dv ] 0Dk Z2DEHEE
BIERL 2. —BEERS 22 p(0) =EX ()2 =12 5.

k+d]  T(MFE0(G)

[ k }‘_ F<k+1)r(d+1>
eBL.

T 1. FEOERBK s 1oL T, ERIZHFEDOTT, k=0,...,niZD2WT

E[@(EU)]:w;ik(Z)Ewn_k(EU)]:ZZ:[k‘,:d] Lol EYEA0) + ol ). (1)
Za(2) =7"2(2m) "2(w) x (Hor () + w1 0(2) + 12 Don(2) ) + 0v2),
Apn(@) =2y 2kpn(n — 1) H,_o(z) — 2y~ kinH, (2) + troHya(x),
AzAx):<—%7_%3ﬁhl+Rﬁu)+8v ﬁﬁﬂn——ﬂ)n@r—lﬂn——@ﬁh_ﬁm)

+ (2 (R — 2) + 4Ry (0 - 1)
— 4y PR (n = 1)(n = 4) ), (2)
+ (=3 + £y (3R — 2) + ko (n — 1)) )nHy (o)

+ ( L%o — —v 1/€0/€1n> H,3(x) + %ﬁan%(x).

*le-mail: kuriki@ism.ac. jp
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Z T () 1 3EHES Y REERI, H;(x) 3T — b2HEA, v=—p(0), ¥/

(N) _ 9 v\ (w)
Rlirgyinin) = ( H <axab) )H (‘I127 s 7IN*1,N> (

1<a<b<N

> _ 3 _ 3 _ 3 ~ _ 4 ~ _ @4
EBLLE, ko= K0,0,0)7 F1 = K100 F11 = K11,0)0 70 = R0,0,0,0,0,007 F1 = £(1,0,0,0,0,0)

(4) ~aa __ ,.(4) ~d _ (4 ~a __ (4
(1,1,0,0,0,0)7 11 = K(1,0,0,0,0,1)7 F111 = F(1,1,1,0,0,0) F111 = K(1,1,0,0,1,0)"

A (1) 1, Gaussian kinematic formula [3] DU D2D—f(LTH 5.

AEAAE, Kac-Rice N30 (Morse DEF DI DIE) ZHWTEK L E, DA 4 7 — 18
Lo(E,) %, FRIBT2HERSE X 2D 1,2 SR (X (0), VX (0), VX (0)) (1+n+
n(n+1)/2KTTRZ FV) D7 F L3 %) TEFAD D & THIREZ & 5 2 & TE[Ly(E,)]
2155, FRHEHMHEOIRELD, E[LL(E,)] (k> 1) IZE[Ly(E,)] »* 5 Crofton A % 8
LTiEHN5.

BENEHOFHED 72 D121E, A = (a;;) & n xn GOE 7 ¥ X L THID V221G, ThbDE
WA & E=AMD DN T R a;; ~ N(0,2), a;; (= aj;) ~ N(0,1) (i < )
WKHES v &, ZOEBZEREELET—X Y OFHIALEL 2%, ADE—X |
BEBEBUZ E[e"©®Y)] = ") TH 2 Z L ITHEET 5. MHTH A = (a;;) DMDTERZE
Da%, ZO (i,7) BRH

~a

THHTIMEHZE L ERT 5.
BE1Lm=>"_c¢rBL.
(—1/2)m_£(n)mHn_m(:p) = E[tr(Djl) —tr(DY) det(z 1, + A)}

=d%@I+D@@WW%d@wnmd@wﬂe.
=0

Il=m=0D & &,

Hn(x) = E[det(l'[n + A)] = det(x[n + D@)etr(®2)

0=0
FHMICBWTIFTEHS (FH~ A 7 nE RIS, FH o RHERE, | —x
ARXBIZPENL Y XHRZE) OFEFLOBEEEOMEFRGR LTI Yar R
F—REBELHVWLNTWE., KRERTIE, Z00OMEETRICOWTHETHIAL
7o, BEMNE (1], 2] BBOZ L.

SE X

[1] Kuriki, S. and Matsubara, T. (2020). Perturbation of the expected Minkowski func-
tional for weakly non-Gaussian isotropic fields on a bounded domain, arXiv:2011.04953
[math.ST] https://arxiv.org/abs/2011.04953

[2] Matsubara, T. and Kuriki, S. (2020). Weakly non-Gaussian formula for the Minkowski
functionals in general dimensions, arXiv:2011.04954 [astro-ph.CO)]
https://arxiv.org/abs/2011.04954

[3] Taylor, J. E. and Adler, R. J. (2009). Gaussian processes, kinematic formulae and
Poincaré’s limit, Ann. Probab., 37 (4), 1459-1482.
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Support vector regression with penalized likelihood

TIHEKR - MEHTEMN  BA 7R
TR - WSS Bk HX

IFLOHIC: HWAKY e R, p RTOMALE X e RP 07— & (Y1, X,),..., (Vn, X,,)

DT, X FFNTY 2FHT 398 — by Z—[REELS. EF ML, <5 A—
T

&ﬂ:@ y} €I, x BCRXRPICX > THEXN MV 2 — "2 THB. %

T
EL, &= (1 QT) THB. FH— bRy Z—[RF LI, BRI Y LT e-insensitive
loss |z|c = max{0,|z| —¢}, z€ R, e >0 ZHWT,

CZIY n —I|ﬁ||2 (1)

DEMUICE D 85 X —& B, b RHEET 2 FIETH S (FEN (1], (2], [3] 2BHB). 7
2L, C >0 BRE FAEEFHET 27 X=X, ||- || EEDOL—2Vy R /L4
ThH?s. TIT, XFAXA—Keclt CIIFETIAMIGRIETX—XTHY, ZDel

WHEORBENMIEST 2 Z e PHISATED, TOH5ZXHITEETH L. AHEKTI,
HERD T 75 A0Mh 6 X N 2 MEREERBICES L REL, SRINELELE
ATBZ2I2ED C oHEER ¢ DHEEICEN S, HRFEHRE IS e 27— &0 0HEE
TEFEERE L.

FANESAEDEA : 2 (Y1,X,),..., (Yn,X,) DML TRA—DD fly,z) =
p(ylz)g(z) TS 53, 72720, i3 (Y, X) OREHREERK, p(l2) 3 X =z %
527TTOY D&M EHREERK, ¢ 13 X OREEMMTHS. ARKTRE,
X =z 2527 FTOY OLZMN S HRBERD

5, | ®)

1 1
=l

p@m&)zp%QMzﬁ==££emo{—a;

THHRETS. 2T, X, =z, ZH5AL T TORM = WIFHE L &M =78
Ehzh E[Yzlil =z = nlz;, VarlYi|X; = z;] = 83/3 t 5. HAI & &
RHCED 7 =% (4 =) =6y € 6 C R xR OWEES. F—2%E
(yi,z;), i=1,...,n &RT L, AT ZDOEDOMNBULEIX

—long(yi, z;) HB” = nt,(f) + Constant
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&b, 1272 L,
1 =1 . 1 2
ln(0) =loge + ; v —n"z| 4 5 [18]
ThHb. £oT, EZX3H/MEMEIZ
[USC)

1 < 1
min nlOg€+EZ|yi_ﬂTii’E+§HQHQ (3)
i=1

£72%. TOXIIE, KM EEE (2) DBEAICLD, (1) ZBF2EETREZ T A —
& C, e Z NEOBHRD» ST -2 THEDE “HEINC KD2ZZLpAlREL 25, ko T,

0, DHEER 013 )
0 = argmin ¢,,(0) (4)

6co
LTINS, $7,

00)=E {loge + % ‘Y —QTX

L3deL,
0, = arg min £(0)
0co

RO ohns.

WESDOHEAECIENMYE | SolbHE (3) Oz ERICKkD 25 7L, (4) T
RESES N BHEER 0120V, EYRED T, WHE—BE L WL ERMEA D ro 2 ¥
PHE L. X518, ZNORERTIIIal—Y a VIERPETFT— X ANDFEAMERIC
DWTHE L.

BE
[1] Steinwart, I. and Christmann, A. (2008). Support Vector Machines. Springer,
New York.
[2] Vapnik, V. N. (1998). Statistical Learning Theory. John Wiley & Sons, New
York.

[3] Vapnik, V. N. (2000). The Nature of Statistical Learning Theory. 2nd Edition.
Springer, New York.
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— IR ETIVICH TS
#t Huber BEIC & 20/ X MHERI

FEX - MEHETZEN =R KB
TEEK - HEAARSERE N EOK

ELCOHIC . —ALIEE T VIZBWT, #t Huber BE 2 W2 T A =X DO NA Mg
B FFECOWTERELE RS, R T IVEIX, BERFEETIVIZEIT 5 HNE
B DA % BRI A D SIRBUL A ICHRE U ZZBRE TV TH O, EMRSHAUMCE =
WA, BTV R84  ORKRALAGEZINET 5 Z DL LB MFETIVT
HbH. ZIZT, HOWET—=RINIEREENTVWEEE, —RILEETVICEI 5k
JEIZED K HIETHE I NN T A—=R1E, ANEIZLZHEEHRIZITTCLES Z N
HonTwd, TZTMILBEETIVICBII S5 XA —20a N g ke L
T, T—RIZX U T Huber B Z FIWZEHAD I 2175 22T, ANl S DHEE D
74 < BHEE fiED Cantoni and Ronchetti (2001) (IZ& > TREINTWS. HANED
RSB & BN L T\ /2 Huber BIE DR 0 12, Huber BIEE 543 AT BE AR BB U 7= fik
Huber %% A\ 5 Z & C, Huber Bz FH W2 H#E KL LB UANNEIZ K 5508 %
ENFEEMTE TV EDHFANTAERIZOWTHRE L .

— MBI ETIL : HINARY; € R & 3iHZER x; = (21 - 2,)T e RPOF—X
(Y1, 1)+, (Yn, @) R UT, —BIEETVEEZ S, —LAEET V2L, H
BB A B L, WIEHEMED, ST A—Z BeRP &) ¥ 2B g() &
WC g(EY]) =g(p) =a"B LETBETVTHS ([1] BH).

BRULEETE : BOULEHE L X, BRI ET VBT 2RAME IR HES
EThD. BMELERHETIE, —BALRIEE TV L FAKROHIHERMEZKET 505, &
MHIZDOWTHBHAGEZRKEET, BNERY OFHE L 2B OREZ EY] = u,
Var[lY] =V(p) LIRETZETILVTH S ([1] 2).

AN NEE : —BASEE T VIZBIT 2 REIZE DS AETHE I N NT A — &I,
fEiTd 27 — A NERE ENT VB 5E, ANEIZ LS8 ZMIZIITLES 2L
PHIGNTWS., ZDOXDBANEDREZENT 5720, [2] TiE, Huber BEZ W
TmaNA N GIEPREINTWS., 22T Huber BEEF 2 —=2 785 X=X

-20-



c>01ZRL

csign(z) x| >c¢

Vi) :{x =

LREBEIND. EhdHE SRR

U H:n H yi—ui> w(wz) 8Mi:
2 gw (Wwi) G 08 "

L5z 503 (2] 21).

# Huber BB : #% Huber B% & 1%, Huber B Z M0 fT R B CIELL L 7B T H
v, Huber AL AMEIZF 2 —=v 7R X=X e> 012 L T
VP () =

CIx
LiEEENnG (3 2H).

# Huber BEUC KL 2#ETILTY) X L« BEMENOE 5 0LHE TI1X, Huber Db
D IZ#E Huber Bz WO ND Z WD D, —F, BUREICED SHEHEHIZSWT,
Huber BA%% #t Huber BABUIZE S A 72 FHEIC DWW TIEEwmy R Y= o e o 72, il
Huber B2 W15, #e R

U(ﬁ)pH :ipr ( Yi — i ) w(x;) Ou; B

= VV() ) V() 98
CHEZoN5.

EEER - Huber BIE ZE W= HEE ik &, # Huber BB Z W2 HEE ik %z, B0
ESHERIIR U, FOBYIal—YaryEHAVWTHEEDOKEEY, oA MEDH
ATV, EF—XICHEALU R OVWTHRE2T-o 7.

&3k

[1] #E<F (2016). —MALFRIEE T V. BAAEIE.

[2] Cantoni, E. and Ronchetti, E. (2001). Robust inference for generalized linear
models. Journal of the American Statistical Association, 96, 1022-1030.

[3] Hartley, R. and Zisserman, A. (2003). Multiple view geometry in computer vision,

Cambridge University Press.
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Regression with localized functional Bregman divergence

Kanta NAITO

Department of Mathematics and Informatics, Chiba University, Japan

Setting: Let (Yi,X1),..., (Y, X,) ~iia f(y,x) = p(y|x)q(x), where (V;, X;) € R x R%, f
is the joint density of (Y, X), p is the conditional density of ¥ given X = @, and ¢ is the
density of X. Let t € R? be a target point at which we want to estimate the value of regression
function u(t) = E[Y|X = t]. Our parametric model for y is having the form

m(x,0) = G (OTE) ,

where &' = [1 7] € R%*! is the vector of explanatory variables, @ = [0 6 --- 6,]7 € © C R4!
is the parameter vector, and G is the link function.

The functional Bregman divergence: Fix a strictly convex function U. Then the discrep-
ancy between p(-) and its parametric model m(-,80) = my(-) can be measured by the functional
Bregman divergence defined as

Dy-(u(me), u(p)) = /Rde U (u(m(z,0))) —y - u(m(z, 0))] f(y, x)dydz (1)
+/Rd (U (w(p(=))) + plx)u(p(x))] ¢(2)da,
where u = U": the derivative of U, U* is the convex conjugate of U: U*(s) = sup_cg{zs—U(2)}.

The usual parametric regression can be carried out by using a certain estimator 6 of the true
value of 6. Necessary tools for this estimation scheme are

ply.2.0) = U(ulm(z,0))) - ulm(,6)) 2)
B 8) = ol w.0) = (m(e.6) ) o G ®)

by which the estimator 0 and the true value 0. of 0 can be defined as

0. = agmin [ ply..0)dF(y.) (1)
0cO RxRd

6 — argmin [ ply.2.0)iF(v.) (5)
0€O RxRd

where F,, is the empirical distribution function based on (Y3, X1),..., (Yn, X,), F is the cu-
mulative distribution function with its density f. Note that 6, in (4) is the minimizer of (1),
and the minimizer of the empirical version of (1) is nothing other than 0 in (5). The regression
function estimator can be obtained by plugging 6 into 6 in m(-, 0):

~

fic(x) = m(x,0). (6)
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The localized functional Bregman divergence: We organize a scheme of estimation of @
depending on t locally. Necessary functions are listed as follows:

r—1
p(tayam70) - K(T) p(y,az,O), (7)
Uity 8) = Lp(tyw,6) )
Jya ) - aeﬂ 73/7 ) .
Here K(z) is a smooth unimodal integrable function symmetric around z = 0, satisfying

K(04) = 1, and h > 0 is the scalar bandwidth which controlls the degree of localization, here
04 is the zero vector in R?. We notice that (7) and (8) are localized version of (2) and (3)
respectively, with the use of the kernel K. Using these functions, we define the true parameter
0.(t) at t and its estimator O(t) as follows:

6.(t) = argmin / o(t, ., 0)dF (y, ),
RxRa

0co

6(t) = argmin / oty @, 0)dE, (y, ).
RxR4

(<G

~

This local estimator 8(t) of 0.(t) also suggests us to make a regression estimator defined as

fir(x) = m(z, 0(x)), (9)

which we call the local estimator of u(x), because the involved estimator of parameter is deter-
mined locally. Since 8(x) can vary depending on x, ji;, would be expected to be more flexible
than fig. On the other hand, we call the estimator jig(x) in (6) the global estimator of p(x).

The following topics were reported at the symposium:

1. Asymptotic evaluation of the risk difference between the global estimator fig in (6) and
the local estimator fiy, in (9), under the situation both n — oo and h — co.

2. The local estimator iz, in (9) asymptotically improves the risk of the global estimator fig
in (6), provided that the link function G equals to u = U".

3. A robustfing the above methodology by utilizing an another feature of the functional
Bregman divergence.

4. The localization can be applied also in this robust setting, and the the risk difference
between the global estimator jig and the local estimator fi; can asymptotically be eval-
uated.

5. Under the use of the pseudo-Huber function as U, the local estimator fi;, improves the
risk of the global estimator fig, as the parameter  involved in the pseudo-Huber function
getting large.

6. Some simple numerical illustrations which confirm theoretical results as well as the prac-
tical performance of estimators.
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BEREILNIL NEEICEITS
Maximum Variance Discrepancy D ERHIEE)

FHEKR - MAH TN PoE Z5E

1 ELC®IC

P, QEEAAL NEMH LOMEMiETEEE, ZHAX,,.. ., X, "R P Y, Y, R

Q IZHD HE
IR ARG Hy : P = Q vs. RNAREL Hy : P # Q

EEZD. 2—27 Yy NEMTO ZEAREIRT TITRA RRETENHERS N TWVWDED,
LAV MM & DERERIINT S EAREEZEZEZ DI LT, @MRILT — X ITH
T5EAMEDHEMES A D, BIRTT —RIIRNTAE7 7o —F& LT, Maximum Mean
Discrepancy(MMD) (250 < ZEABED [1] 12 & DT TIZ@EmINTWSAH, T MMD & [H
BD#E 2 1512 & b, Maximum Variance Discrepancy(MVD) & IFEIE 5 i 7z 72 73 A [ 0D 18\ % il
LHEEREL, TOREIZDWVWTEZS.

2 BEREIRNILNEBTOE—AY NOESE

MEREH X ~P, Y ~QZIEEMI =N kIZL>T, 2D KIZHIGT 2HERKL LA R2E
M H(k) Bz, ZhEnk(,X), k(Y)ITEOELHETS. Z0eE, ZDk(,X), k(-,Y)D
DB EL(P), Su(Q) 1%, TNFhLb~L M2 H(k)®? = H(k) @ H(k) TOHRHE L (P) =
Ex~pl(k( X) = ux(P)®%], k(Q) = Ey~gl(k(Y) = in(Q)®2] L &5 TED SN TS,
2T, w(P), Q) B k(- X) DRIFHE g (P) = Explk(, X)), 1x(Q) = Eynglk(-Y)] T
D, @ ETVYYAFERLTEY, FHO fe H(k) XL, [ =faf=(f)yu fTH2.

3 MREMEDESE
ZDk(,X) & k(YY) DMFHED

o | (fs b (P) = (@) pr ey | = ik (P) = 11 (@) gy )
H(k)™

ZED, 2000 MDENEHSD DA, Maximum Mean Discrepancy (MMD) &IFIEN S £ DT
H5. FARODEZEZIZEY, k(,X) & k(-,Y) OOHEDE

sup | (A, 2k (P) — Ek(Q»H(k)@Z | =[Z(P) — Ek(Q)HH(k)®2

HA||H(1€)®2:1
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XD 2 0DRHEOMNE RS, 2O [[S(P) — Sp(Q)I2 402 X
~9 —~ —~ 2
Tmm - sz(P) - Ek(Q)HH(k)®2

Lo THEET DI LN TES. /272U,

Thb.

ARFERTIE, ZOMEMER T2 DOFHLZEE) & EERAIE IZ OW TR E 247 o 72, BRIZ, JefE
3 Ho: P=Q Db T, BILV FatkOfRICREI ¥ 2 22T, T2, OWENMGH, M7
BREHHE 1O AAOEMIEHMBMOETHROND Z L (4 2R), TOEAEZT —XIZHD
WTHEE S B AEIC DN TG &7z, F7, EEMMEE LT, #ELREA N 12D GE
BT T N Z7 IR HO B £ TD (n+m)T2,, DAL ARTRERDHERE>TED
MMD TH DR L 2> TWB I 2IZOWTHAR~Z, ZL T, MVD & MMD DS D
D EZTNTNGHET LI LITE ST, ELAMEEBIEL, TO&REHRE L. £/, ZOEE
U724z FWT, Type I error OfER LM IZEAT S I 2L —Y a &7\, Typel
error DERPEE K IZEONVWTWL Z & &, MVD 2 HWHRED MMD Z2HWE-HREL D E
MHEIPRRENZ EIZDOWTHRE 2T 7.
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2 HENA
2.1 EE

71— FOV LB R ABOHE R TR L, FATICEE L TN RIEDHEEAI B E & 225 DY, ZIRT DK%
E TR S N7z € 7k & LT, Duong and Hazelton(2003, J. Nonpram. Stat.) @ Direct
Plug-in (DPI) iIERHI SN T WS, ZDHIRIE, /N FIEFTHI O I A § 0 AL ol &
W) BEWHRE R TEFEINEEDT, RICEELEINTWE HIETHS. i, Reduced
Set Density Estimation(RSDE) i (Girolami and He 2003, IEEE PAMI) I, 7 — & sifg(Z
REINIZEANRNT A=K (=weight) DR L OHEZIS HELFHFED FT, NV Nige
weight DM LZE TS AIETH . ZDHIETIE, weight 23X T & 405 T — X FUFHE
TICEEHEZITD Z L 2 RKT 2720, BEHEE D sparse RELZ FA[HEICT 2 HIETH 5.
AL, BWFEOT AT 7 20 AN, FRB/IMET LT XA (LR, Stagewise
Minimization Algorithm) % Fi\\7z A7 — 3 VAR BB ROGHE B TR OB EE & BigRiEE &, &
Ialb—Y a3 vtk DPI B LU RSDE & ORRMELLIL % MFN L 72,
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2.2 ERBEF7IIJYILDIBE

HANZ TN TV ZALDEMEAT — Ve RET 5. £ UT, fliffia NV Nigz o8k
DA—XNVIPOHEKREINSE [HE] 2EHTH. 7TVIVXLDEAT—ITIE, fiAT—
VefEohizfiE R e, HLHEBEHRERE L ETO [U9—F] LDMEEEEZ, $XXTOD
7 — RIZOWTHA L, T 5 O TRHMEIE (Z Z Tld U-divergence BI£X) A3 & 75
2HD%, BEHEAT—VDWERLEHETD. 25 U-HRBWEREEZREAT -V ETE
17U, M 2 BRI S e HIETH 5.

FRIZEEEORERICE L T, LN ORED H 5.

o TEZF A IFEE] 2T, DPI® RSDE & X4HiL 5 2 #tE B2 LT S
HDOTF, TNV NIEOEEE] AN T —RINY NIgTHRERR L 7-.

o HEEBEDIEWHEIHARAZEH T HHWT, fon/T —XO—H 2 EHEDORFIC
B L (5 — 3 VOFEH L LT, D OF — & & ie RO cHHAT 3 20
HEET, TIVIV XL EHELEL -,

2.3 IHENBTDHIER
o REFHRIZLAMEEDIEWERERAZEME UTHNLZ.
o TEBLIIEHART —ZIHEMTRER, AH T —RINY RIETHER I N L TEED—
il % fHA L 7.
o METHIZIZMERDEFHZIaL— L, FR2ZHENALE.
— MISE OS5 S, #ETFTIE1Z DPL, 8 XU RSDE & D HEMLIZ R 538550 H

52 L EMERL.
— REFERIZLBHEIX RSDE & [Ak, ZEHEE D sparse RIL % AIREIZ S 5 73,

BEBABDRIRIZZ 57T — 2D RIEND/FEN DD & 2R L 7=,
— BHEIZHWS T — XL HEEDOTHHICHNS T — X BOED D, ED XS

WCHEERERARE T 20 N7z, BHEIZHWS T — 28Otz /NS U
15 7%, MISE IZtE S A REREFTWS.
o MEFHEEZET — X (UCIT—X VKT YD Abalone 7 — Xt b)) IZi#H L 72 HE
ERGRZM U7, fER ISR R & L 7.
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