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Hierarchical clustering and its asymptotic behaviors
in high-dimensional settings

Kento Egashira®, Kazuyoshi Yata’, Makoto Aoshima’

“Degree Programs in Pure and Applied Sciences, Graduate School of
Science and Technology, University of Tsukuba
Institute of Mathematics, University of Tsukuba

Hierarchical clustering is a methodology to group a set of data by building den-
drogram based on a similarity or a dissimilarity between clusters so that data in a
cluster are similar in the sense of pre-determined linkage function. In hierarchical
clustering, one can observe a process how a cluster is combined or divided through
dendrogram on graphic. Hierarchical clustering has been approved as useful tool
for analysis of gene expression microarray data. In fact, applications of hierarchical
clustering on gene expression microarray data are given by Eisen et al. [4], Perou et
al. [8], Bhattacharjee et al. [2], among others. A characteristic of data used in Eisen
et al. [4], Perou et al. [8] and Bhattacharjee et al. [2] is that the number of variables
is much larger than sample size. This type of data represented by gene expression
microarray data is called high-dimension, low-sample-size (HDLSS) data. Substan-
tial work about clustering has been done on HDLSS asymptotics in recent years.
Liu et al. [6] proposed a two-way split clustering called “statistical significance of
clustering(SigClust)” especially for HDLSS data. Ahn et al. [1] proposed a hierar-
chical divisive clustering and considered its high dimensional asymptotics. Huang
et al. [5] developed the SigClust by Liu et al. [6] with soft thresholding approach.
Yata and Aoshima [9] gave consistency properties of sample principal component
scores and applied it to clustering under high dimensional settings. Nakayama et al.
[7] investigated clustering by kernel principal component analysis for HDLSS data.
Borysov et al. [3] studied behaviors of hierarchical clustering under several asymp-
totic settings from moderate dimension through HDLSS, nevertheless it is considered
that theoretical assumptions are strict for HDLSS data due to having discussions on
several asymptotic settings at once. Given this background, we focused on HDLSS
settings and considered asymptotic properties of hierarchical clustering with several
linkage functions.

In this talk, we investigated the hierarchical clustering theoretically in the HDLSS
context as dimension goes to infinity while sample size is fixed. We gave asymptotic
properties of hierarchical clustering and showed the threshold to decide the asymp-
totic behaviors. Finally, we deliberated performances of the hierarchical clustering
in numerical simulations and actual data analyses.
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Mixed effects modeling of clustered extreme values
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1 ELC®IC

KRBT —EZDHREFEV R ZERT 2 Z 2id, KEXRGHESCETAEOB R - EHE
THd. Wz, ZREKELIISEZ T X5 LinRHOREMRE T T2 L
WHYT S, LELRDYS, MBRERENRE T2 ZO0HTIE, FHRER T — X251
TELRBRVE WS MEND 5. MEFEETE, BENREEE NI T X MY v 791
ZEHT5Z22T, ZOLIBRRATTH KOKBEOESWTHIZERT 2. —7, {R7—
X OFHHIIER O KREBRT T T — X BEFINTVWEIRTH 5. AR TEET 2IEER
REFTNEZ, E2TOBHMOT—2%2—2DEFT ) ¥ ZIZHE L TT —X2ROHEEH
ZolEi LoD, BEEIFTOT — X DNMOERZ R - RN THT L2 ehNTES
(Sugasawa and Kubokawa 2020). Z D7z, EEMRET ML, FIHATEGER T — X018
L2V IR MMERAGT: & OMEMEAIFFEICR V. RIS TR, BEFNRET NV ZICH L7#Hi7-7%
MEMETE T LV ZRE L, TRIONHEFNEZ RS 72 O M 2 M7 L 7.

MUEFETFICBWT, RODEEMRINTWBEDIE, MEFEE (extreme value index) & FE
W35, DTHOEOEIIWCEET 27 X —XDTHTH 5. AT, X1 XFEEE
TURICH UFEND 503, FET— X EHTICE W THYEFSE O THIFS RO K = R AR
DR STz (Dyrrdal et al. 2015). AWIZETIE, 77V — a Y O#HHZ Y 27D
THIPHE LW X2 DIRET 5 2 & T, MIEFERD & DEFM Rt 23l RE R FiEZ E
B,

F72, ZoMOFIEICE, 2EEMEFG S 270D 5 (Davison et al. 2012) .
o RBRETOBAMAMD T — X DRMDIMHZ T A MY v 7 NS 2 FETHD, FL,
BRI D ) 2 7 OMEFMEICER TS TTWS. L LD S, SEERMERE FO%HE,
ZLOBWFROT — 2 ZFRRICET Y ¥ 7325 Z e DREETH 2 (Huster and Wadsworth
2020) . 7z, KFIIEHELEACIDFISRIZNDZEEZH5NL0, o DTIRIIL
BFRUNORZREFE R €T V7 ICHARAL Z EBREETH 5. AWIZETIE, KEFY R
7 O RKERGE L D b, REOERZHLPICT 2DDET Y ¥ 7V OMFICER
L7z



2 EFI

ARFFEE T 7 A X —F7—& (clustered data)
{(Y;jale) ER+ XRpa i:]-aQa"'anja ]:1727aJ}

EMRELTED, [RT—RBZDO—PITH 5. JHT 7AX—DER, n; &7 7R
R—NDF—=2BTHY, (Y, X)) FjBHHDZ 72X —12B T2 i HHOBMITH . 72
7L, Y BHNEKTHD, X,;; i 3HAZERTH 5.

U; RO 02 ZFEOIERSTH N(0,03) 106D RBIRIOMEREZH L T2, ZOL %,
Xij =2t Uj =u DEZALNLTTOY,; DFRMN E MBI F(yle,uj) = P(Y;; <
y| Xi; =2, Uj = uj) 12, »SL— MG (Pareto-type distribution)

1- F(y‘mvuj) = y_l/ﬂ/(:muj)'c(ya $7u])

PRETS. TIZT, y(z,u) > 0 PHEHEHTHD, Ly, z,u) FEED s > 01 LT
limy oo L(ys, @, u)/L(y, z,u) > 1 ZiE T2 X REABTH L. ZODMBEIIEt s
NL— PR E DEDENSHNL L EEND. DMOMRITBT 2282 RE T 5 Mk
BOTRHIAERNCEETH 5. AFKTIE, MEEBIWREIRET LV

log{y(m,uj)_l}:a0—|—ﬁg—m—|—uj, j:]-aza"'aj

ZIRESTS. T, ap eR & By € RRIRHMOENFERETH 2. FRLETNZE, U;=0
D E YR IIEE TS DWTHFFE L 72 Wang and Tsai (2009) DR TH 5. ap & By 1
B IAR—HGADNRIA =R TH 5. U; = uj ZEBMREFIN, iUz X D ERHZER
X;; = x TRFHHDOL LR WEE, bbb, VI AXR—BONMDENEEETES. £
7o, TORBMEZDODDZTFHT LI HARETH 5.

T, R EZE L TEONTREETVOBANHEE L BE 7 + —< Y ROV T
L7z,

BE 3k
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[RICERTHEFT oM e LR/ T 2T NVOREAROOE D THS Thomas W &
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1 FEBULZ X DT 5 GERART Y AmRICHED ),

2. BREBUIRT Y AR IHE S EE DR A EFET D,

3. BT RER D O BB AR IZHE - TEBRICEUT S b,

4 RERITIEA T, WIZ B RNER DA 27T,
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Thomas B2 (21X, K& 2 OOMENH 5,

1. EHMEZARE L TWD R, BEICITAERRIIBREIKGET D, TRhbb,

FEEF R IBRET VST HLEND D,

2. MPNTBHE A0 RT, 72006, BUEM bR OmTE o7 S IRET 5 1F
IMHBERTH %, EORBER G BREIKFE LICIFEF R0 MEBZD1F9 M
SHICARTH D,

I HIT, #0 IR LUARRRIEER RHRE THLILERH D,

EBED L Z A, HEEF CTEIDMELERTDEITNTY RDIBESIHELZ L
MTED, LU, TIRE—AV D, 2RE—A N EZHFE L TEH LA
We L TENE DT A—ZHEER EOREIIHEE 21T 2720,

FEEFMEZMZ T FA <« A3y MEFEIL 2000 I AD | L BB X
NTEY, RIA—FHEELEZAINTWD, LrL, DL BNHEM
EIREEM O 2 HRNE D OFT T, o, IBEMA~OIEEFMELNBE L T
20, KVIRWIEEFEMEMZ S &, 2IRE—A LV M EPEETES T2
72D AT EORINET/RNT A—=FWEZITH D, HHREDWRIZRYVBETH
a3

I T R T D IEER RBER D B AT D IFE T RIRER &
ARRT 2 MBRET VT 2IRE— AL M E TS CESERZE L LOERE
L7,

BEEEM D 1 RE—A 2 b ppV(x). 2 KE— A2k pp@(x, YT, REBERO 1
WE—A2 b pu(x), 2KE—A2 B puP(x, y)ZHWT, LLFOWEATES
no,



P ) = [ P ()EW), (x;2,57)dz - 5(x)

Py (x,) =
(|, P G WE@, (x:2,57)d,, (32,5 )z + [ [ pi7 (2, W E@u(u = 1)d,, (x;2,57)d,, (s w, s )dzdw)
xs(x)s(y)

ST d (e 0ty R 1, Y P O TEBA A DR BT, R DI

SOEARCKHIET D, 85 1 HITREED B O MR I U, 55 2 THITREBLA 72
% 2 OOIRERIZKHET Do w 1TRELE W S MR, EOIIMIFMEZ R T, s(x)
X x TOAEFLZ T random thinning & U CTHROARIIER T2, < O%E. m f#
DEESM Lx)OMEERUZM S0V v 7 BfEli L7 tRkaInb,

BRIET — 213 7Y MR TR L, D A — R k7R & TR
DX BT DBREESRM (x)E LTHWD Z ENLV, REREMD 1 kT — A
Y h2IRE—AL MR sX)EETeD T, FIUTIERDA 2 T U=k X0 fE
SIEHIR,. FIERECIIRE R,

E AW, AU A=W L LR b2 BIFRO% TIT 9 LW ol a2 T
Dl EERBIFRAERASMAOE TCRDIN., Lo LT ESR S5 D
convolution DA T explicit (IZAFIT T L E 9, fiF e LT, BIHRICAEERERIC K
% random thinning & V9 FEEFMEA ALV I U ATREZ2 IEE H WL, LR D
KOMERERZAGT 52 LRSI,

Py (x)
= Zk C/?dnz(xananf)

Py (x,)

= pp ()P ()

+d, (x;y, Slz)zk Cod, (X, v, T, (y,v,, T7)
+dnl(XQJ’aSzz)Zhlednl(xa”haR;)dnz(J’a”h’RZ)

e

T B LB E ST A RAR DL - TSN TV HIHITEEH T E + 1
@iz s, 0,8, T,R, .. I FHAT T — R AAER L THWD IEB S5 O 58D
BI%L. q, v, w ITBRET — X OV 7Y v 7 (OB . C ikt s LAk
DHRDINT A—=Z DO TH 5,
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Digtt & DA
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1. p-FAN=V TV RICEDLLLELHDESEREREE.

G-RAN=T 2V A LIFEND, SAMOIBELEDRNED, Csiszdr [3] & Ali and
Silvey [1] (IZ &> TRESI Nz, 2 DOEEHIAWE, p= (p1,...,0) & = (q1,---, @)
DD ¢-ZAN=Y v X JEE, Dy(p,q) = Z?:l qjé (pj/q;) W&o TEHRIN
5, ZIZT, ¢(t) 1Tt >0 TN ULTERIND WL DO DOME %72 9 FE MBI T
H5b,

X = (X1,...,Xy) 2ZHSA Multg(n, ©) IZREDHEREHRI bLed s, T2
T, YN Xj=n, Y m=1,0<m <1, (j=1,...,k), THY, 7= (m,...,m)
ERHIDERR T ML TH D, HEEEINZHERRT ML p = (p1,...,pp) X
UTC, WG Hy : 7 = p ZET D7D, ¢-XAN—V v AfRGEHE Ky B
Zografos et al. [6] IZX > TEHEAIN, Ky 13 Ky =2nDy (X/n,p) IZ& > TEES
NnNd, ZIT, ¢(1)=¢'(1)=0 & ¢"(1) =1 TH5 (Pardo et al. [4]),

¢ & UT, MBI ¢ (t) = {a(a+ 1)} Ht M —t+a(l—1)} (a#0,—1);=tInt +
1-t(a=0);=—-Int—1+t(a=—1) ZEIE, ¢-XAN=TzVAJEIX, T —
RAN—=Y v AWEIZ725 (Read and Cressie [6])e WA, ¢-X A N— = VA
FHE K, OfFIE, Cressie and Read [2] IZ X o TIRESINANT — XA N—=T = VA
i R DiEEZEATND, N7 =X N—=Y = v AHiEHE R* OfRDS, Pearson @
X2 fiEtE (a = 1), HERELSEE (o = 0) F%2EA TS, Zografos et al. [7] I,
R Hy D% & T, ¢-divergence #fialfE Ky (39T, WHERICHBE v=kF—1
DAA RIS & 2R UTz,

2. Second-order correction term.

AL Hy D® & T, MEHROFREDY D s IRE—AY b E(Kj|Ho) = E(F))+
mol) 4 on7l), (s =1,2,...), L UCHHliT 5 2 L DT E AR K, 25X 3,
ZIT, B HHEE v OF A ZR/OMIMED HEREB L T D, TORE, my(s) &,
second-order correction term CIFXN 5, H L, my(s) DA 01Z3E TN
X, ZOMEBEDODHVEHEE v OO “RA/MHITENEEZ LI ENTES, B
12, mg(s) DMONEZFIR TS Z 12X oT, EDOMEIENA A ZRAMENDPE
FARDZEWTESL, AWETI, XA N—V =V AKFHROFT, REKHO D
ETHA ZR/AMIHEB IV EEZE R 5,

3. Second-order correction term ICfH9 % EIE

Ky OWESMAD I A ZR/DMANDOPROE S (2T 2Bl 28 <, IR Ho

PHUERGETE Ky D my(s) ICEALT, UTOEHZE5,
EHE 1. o) Z4EMHTRET, 6W) ¥t = 1 THETHE LTS, p =
O™, (i = 1,...,k) EIKET DL, me(s) =0, (s = 1,2,...) %Ziffi7zd ¢ I
SUT, Hy Db ET, k ZEBRICHERESEE L, 40" (1) + 30 (1) 13 012K
%



AR Ho 2%, p = (1/k,...,1/k) D&, symmetric 2R L NS, &
Hl 11%, Pardo [5, p.183] ' symmetric Z2ERHDODH L IZHB VT, s=1,2,3 D
BITR U AR %, symmetric RIREELZ GO, £ D —MIRIREKGIE s > 4

EDTRTOsIHIELZHDTH S, ¢ LT o, BHNWSZ LIZL > TNRT—
RAN—Y = VARG RITGEAT 5 L, ROR%ER5,

R 1.p=0Fk"Y), (i=1,....k) ZINET S L, "NT—=KAN=Y v AffiitE R
DIFIZF LT, alZ2WTD2IRFGER my,(s) =0, (s=1,2,...) D2DDfEIX, Hy
DHET, kZMRRIZHERIED L, a=1 % a=2/3 IZPKT 5,

2 p=0Fk"), (i=1,... k) IRET B L, #HEHE R & R 0 s kRE—
AV RO my(s) &, mg, (s) = Ak® + O(k571), Mg, 5 (8) = Bsk® + O(k*71), (s =
1,2,...) Liiicshsd, 2IT, Ay = (1/2)s(s — 1) {(S/k?*) —1}, B, = (s/27)
{(s—=1)(S/k?) —=3(2s—3)} (s=1,2,...) THB, 7z7L, S=SF 1/p; T 5,

R2&D, 1<8/k?<33/29 D& ZE, |A] <|Bi| & |As|] <|Bsl|, (s > 2) B0 AL
B, M5, 39/29 < S/k? D& E, |As| > |Bs, (s >2) B O DI Ao n b,

INSOEED, U, L0#EL A ZEMRS IR T et &z &2
INE, XU =K A N=V v AL HEE RY O TlE, RY3 % R 2
g5, 517, ZENHOEAEREIZBITS R & RS OBOHEIZEL TIX
1 < S/k? < 33/29 DEHEITIE R #4527 5,

Second-order correction term % FH\\ 72 Z D X 5 7R igEm 1L FH 4 D 4 E K O Pl T MR
EANDISHDNARETH 5,

4. 2= 2 EDRE
ZIEMNAAT, YU TINT A X n BEINT 2 LERICAHT IV =8k »ENTs20
%M, BT TV kOIS TY Y TY o X n HINT 55404, 5E
KT, YU TNY A XBRBEINT 2L EIVEPEINT S & WD &, ZHESMHDA
IN—= ZMEDRER ST ENRD AN — AVEDRE L XN D, A= ZAMEDRER, FEE
DOFETIX, 73V —=BIIF LU TYH > TNy 1 R WEER, vV BIZHL T
YU TNY A ZARDWGEE LTINS S,

AWEIXZ D LD BRRHEOD 5T — 2T BHat &R IRDIEE L 7 5,
SE
[1] Ali, S. M. and Silvey, D., J. Roy. Statist. Soc. B 28 (1966) 131-142. [2] Cressie,
N. and Read, T. R. C., J. Roy. Statist. Soc. B 46 (1984) 440-464. [3] Csiszar,
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Zografos, K., J. Japan Statist. Soc. 29 (1999) 213-228. [5] Pardo, L., Statistical
inference based on divergence measures, Chapman & Hall/CRC, 2006. [6] Read, T.
R. C. and Cressie, N. A. C., Goodness-of-fit statistics for discrete multivariate data,
Springer-Verlag, New York, 1988. [7] Zografos, K., Ferentions, K. and Papaioannou,
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Simultaneous estimation of multiplicative Poisson means in two-way contingency
tables

Yuan-Tsung Chang (Mejiro University), Shinozaki Nobuo (Keio University)

Abstract

Shrinkage estimation of Poisson means is considered when observations are given in the form of a two-way con-
tingency table. Assuming a multiplicative Poisson model, estimators which shrink to the specified values or an
order statistic in one dimension and in two dimensions are considered and are shown to dominate the maximum
likelihood estimator (MLE) under normalized squared error loss.

1 Introduction

We consider two-way multiplicative model where x;;, ¢ =1,...,1, j = 1,...,J, are independent random Poisson
random variables with means
)\ij:)\aiﬁj, Z'Zl,...,I,jZL...,J,

where a; > 0 and 3; > 0 satisfy Zle a; = 1 and Z}le B; = 1, respectively. We denote the one-dimensional
frequencies and the total frequency by

J I I J
Tit+ = E .’Eij,izl,...,l,l‘+j: E .’)Sij,jzl,...7J,$++: E E Lij-
j=1 i=1

i=1j=1

As discussed in Hara and Takemura (2006) complete sufficient statistics are &1 = (z14,...,274) and zy =
(x41,...,24+75). The MLE of \;; is

T+

Ti4+T4j .
S\ML _ ke A if Tyt 7é 0
Y 0 lf Ty = 0.

They have given a class of improved estimators which shrink the MLE toward the origin under the normalized
squared error loss. The simple one is

i j d . .
GHT — TitThi Jq Lodi=1,...,0, 5=1,...,J.
! Tyt Tyt +d

The following lemma is a special case of Lemma 2.1 of Hara and Takemura (2006) and is useful to evaluate the
risk of the shrinkage estimators when normalized squared error loss is concerned.

Lemma 1.1. If g(x1, x2) is a real-valued function satisfying F|g(x1,®2)| < co and g(x1,x2) = 0 when ;4 =0
or x4; = 0, then

E{ 9(33;:32) } _ E{ (mH(iJrlJ)f(;rjj)_i_ 1>g(a:1 + ef, T + e;])}7

J

where e/ (€j)is I x 1 (J x 1) unit vector with i-th (j-th) component 1.

Next section we consider one-dimensional shrinkage to an order statistic or a specified point.

2 One-dimensional shrinkage to an order statistic or a specified point

First, we consider one-dimensional shrinkage to an order statistic.
Let (4 be the £-th smallest observation among x14,...,274. We assume that I > £+ 2 and consider the
following estimator which shrinks x;y toward x ;) when x;y > x4

. Tip —xp4)T
PSR < 1) S e L G R M GNP ST S TR T
ij Ty Ti+ 90( ) W +d y v ) y Ly ) sy

where W = Zle(l"w —z(4+)", a7 = max(0,a) and d is a positive constant. Then we have the following.

~9 -~



Theorem 2.1. Suppose that (W) is a non-decreasing function satisfying 0 < (W) < 2(I — ¢ — 1) and thatd >
sup ¢(W)/2. Then 65;),2' =1,...,1I improves upon the MLE )‘%LJ —1,..., T under the loss function 25:1(5\1‘]‘ -
Nij)?/Aij for any j=1,...,J.

Next we consider the estimators shrink ;\Z-[ L to a specified non-negative values, b;.
Let b; > 0,2 = 1,...,1I be given numbers and we propose the following shrinkage estimator which shrinks z;
to b; when z;4 > b;:

(@4 — b)) T

i=1,...,1,5=1,...
W+d(N) }u ? ) s 4y ] ) 7J7

05 = x”{m — (N, W)
T+

where W = Zf=1(1’i+ —b;)" and N = #{i|z;4+ > b;}. Then we have the following.

Theorem 2.2. Suppose that (N, W) is a non-decreasing function of W and satisfies 0 < (N, W) < 2(N —1)*
for any 0 < N < I. Suppose that d(N) > supy, (N, W)/2. Then 6}?),1' = 1,...,I improves upon the MLE
S\f\fL,i =1,...,I under the loss function 25:1(5‘1‘1‘ —Xij)?/\ij forany j=1,...,J.

It may be noticed that the shrinkage is made only when N > 2.

Remark Theorems 2.1 and 2.2 can be generalized directly to the case of Poisson multiplicative model for a
multi-way contingency tables.
Next section we also consider two-dimensional shrinkage to order statistics or to a specified point.

3 Two-dimensional shrinkage to order statistics.

Let x4 and z () be the (-th and m-th smallest observation among x14,...,274 and x11,..., T4, respectively.
We assume that I > ¢+ 2 and J > m + 2 and consider the estimator which shrinks x;; toward T o)+ when
Tit > T(g4 in the first dimension and shrinks z,; toward x(,,) when z,; > x,(,,) in the second dimension

simultaneously. To improve upon the MLE 5\%[ L we propose the following estimator :

1 (Tip — @) T (T4j — T (m)) " . ,
6B — = i o () O D oo (W) i)/ =1,...,I,5=1,...,J
W oxyy zir —01(W1) Wi +dy T+~ e2(W2) W +da P T e E e

where W = Zle(xpr —24)" and Wy = Z;’:l(xﬂ — Z4(m))" and d; and dy are positive constants. Then we
have the following.

Theorem 3.1. Suppose that 1 (1) and ¢o(Ws) are non-decreasing functions satisfying 0 < ¢ (W7) < I—¢—1
and 0 < po(Wa) < J —m — 1, respectively. If dy > (I — ¢ —1)/(I — {)supp1(Wy) and dy > (J —m —
1)/(J — m) sup ¢2(W3). Then 5 i=1,... ,I,7=1,...,J improves upon the MLE X{‘fL under the loss function

ij
i i (Mg = Xig)? /N

Next, we consider two-dimensional shrinkage to a specified point.

Let b; > 0,i=1,...,] and ¢; > 0,5 =1,...,J be given numbers. Assuming that I, J > 2, we shrink z;; to b;

AML
J

when x;4 > b; and x4 to ¢; when x4; > ¢;. To improve upon the MLE , we propose the following estimator

1 (.27 _b,>+ (l‘ ,_c,)-‘r ) .
s@ _ i — o1 (N, W CAn Y - 0o (No, W)t T30 =1,...,0,j=1,...,J
ij T4 L4 L)01( 1 1)W1+d1(N1) Tj @2( 25 2)W2+d2(N2) ) 1 ) 4y ] ) )
where W1 = Zi[:l(xpr - bi)Jr,WQ = ijl($+j - Cj)+7 N1 = #{Z|$Z+ Z b“Z = 17. .. ,I} and N2 = #{]|£C+J 2

¢i,j =1,...,J}. Although it may be natural to put the condition Zle b; = Z‘]

j=1¢j» we do not need it in the
following.

Theorem 3.2. Suppose that o;(N;, W;) is a non-decreasing function of W; and satisfies 0 < o; (N;, W;) < (N;— 1)
for any N; > 0, and that d;(N;) > (N; — 1)T/N; supyy, @i(Ni, Wy), for any N; > 0, i = 1,2. Then 650 improves

upon the MLE Xf‘fL under the loss function Zle Zj=1(5‘ij = Xij)?/ Nij-
It may be noticed that the shrinkage in the i-th dimension is made only when N; > 2.

For the rest of the content, please refer to ”Simultaneous estimation of Poisson means in two-way contingency
tables under normalized squared error loss®, JJSDS (2022) vol.5, issue 2 p577-628.
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IEARERICHITD2NTHED S DRD =S
REDHEEICDOWT

FORHERIR E R BT se Rt s 5
SRR ARG B LATSeR B X
FURFERIRY: BT A8 R
FORHERIRSE BT AEER M G

1. APS EFILHQSDREEDZAZREDHEICDOWVT

ZRX CHNERY DIEFDH 2R CHE» 725 R x RIEADERIIBNT, (4,))
szﬁ%ﬁ%:pij (i=1,....,R; j=1,...,R) T 5. R (PS) ETNMIIRD X 5IT/E
FIN 5 (Wall and Lienert, 1976):
rl,i*=R+1—i,j*=R+1—7Tb5s.

7 — F5OAFR (APS) ETMIERD XS ITER S NS (Kurakami et al., 2017):
pij =pirj- (+7#R+1).

ETADEZONTT —RITHEG LBRWEE, ET A5 2l 5 REIZEO
D% 5. ki and Tomizawa (2019) (& pij + pisj» >0 (i =1,...,R; j=1,...,R) ZIRE
L, APSET A6 DD 22 REZXRD X S ITREL 7

522 pulog =5

i+j#R+1

Dpps =

Alg zg+p1]

fogL/, A= ZZH].#RH]?U Thb.
B ny; D39 > TABn (n = 37,37 nij) DZADMHED ERGEL, p % R? x 1
ZIAMERNR T LT 5. ThbbH,

p= (p11,p12> -«+yP1R, P21,DP225 -3 P2Ry -+ -3 PR1, PR2 - - - >pRR)t7
T tREBERT. by BEALE (b =ny/n) &L, py & py; CEEMZ AL B
N prTd. Oupg DHEER Opps DEHENAL 7 RAZRXD X S5 2 T2

- 1 0?® 4pg ’
E(®aps — Paps) = ot p0p (D(p) —pp") |

ZZTDp)dpDikHDOEREZ i FHOMNMEIR L 20T, tr 13175]D + L —
ART. ZOE ROMERZIRE L

1 02D 4pg
P ) — —t
APS APS o r ([ 8p0p

(D) - ﬁﬁt)) ,

Z :f, [82@APS/8ﬁaﬁt] X [GQ@APS/ﬁpﬁpt] @pij %ﬁw T%%@ifc %@f%é

~ii -~



2. RGS, CPS ®ETIHS5DREDZRZIREDHEICOVT
Wi\ — LR (RGS) E7/UERD L 5 I2ERE NS (Kurakami et al., 2017):
Ay = Apg,

iU, Ay =] Zz‘+j<R+1 pij, Ap =3 Zz‘+j>R+1 pij THS.
SMEA & SRR (CPS) BT MIERD & S IEFK SN D (Tomizawa, 1986):

Iki and Tomizawa (2019) IZ RGSET /N L CPSET A6 DD 25 REZ Zh
ETHRD &SRR L Tz

1 A AS
Pras = —— [ AG log =% + A log —=
RGS logQ( SVl L0g1/2>’

1 Ap;; Apy. .
@ — 11 4 z**l tJ
o= S (ton S22 4 iyt S ).

APSETINDHGELRRIZL T, REDHEREY ZNZENRD X5 ITRE L2

Bres = ros — —tr & drs | (D(p) — pp')
RGS = PRGS ~ 5 2pop" pb)—pp )

- . 1. ([2deps]

o = - —t D(p) —pp") | .
CcPS CPS — oo r ( apopt (D(p) — pp")

D aps, Pras, Pops DWHEANA 7 2% nfEL72d D% Aups, Arcs, Aops €5 5. TDE
X ROEMN LR EGT:

EIE 1. Aaps & Agras & Acps DRNTFE LW,
7?'{’ 1. i)ApS =8 (i)RGS e &)CPS O)ﬂ]&:%blﬂ

TR 2. Oaps, Pras, Pops DWHLANA 7 ZADHRIZR(R—1)/2:1: (R+1)(R—2)/2
TH5.

SE X

[1] Iki, K. and Tomizawa, S. (2019). Measure of departure from point symmetry and
decomposition of measure for square contingency tables. Journal of Statistical Theory
and Applications, 19, 526-533.

[2] Kurakami, H., Negishi, K., and Tomizawa, S. (2017). On decomposition of point-
symmetry for square contingency tables with ordered categories. Journal of Statistics:
Advances in Theory and Applications, 17, 33-42.

[3] Tomizawa, S. (1986). Four kinds of symmetry models and their decompositions in a
square contingency table with ordered categories. Biometrical Journal, 28, 387-393.

[4] Wall, K. D. and Lienert, G. A. (1976). A test for point-symmetry in J-dimensional
contingency-cubes. Biometrical Journal, 18, 259-264.
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EAREIRICEITZRE—XAV MIEDL
FORIFEEHLISDRE-DZRAZIRE

R &gk EE 2 HAM PR 2

VR R R B A SR TR B
2 BURHIRLR Y BE LA 1B A AR

A7V rxr EATEIRICBENT, TERINERzZhEZR X Y L, (i,]) BAiERE
pij =Pr(X =4Y =5) 35 (i=1,...,r5j=1,...,r). EFTEEMBHTIE, BRI ENHLLIC
BT AL D 5720, TTEREINEROBINEIRD N nwZ ehZwn. 20k, HirticbD,
ITEREHNEBONPMEICE L TR H 5. 1ITEREIEBONIMEZ RTRENRET L E LT, AR
% (MH) €7V (Stuart [1]) 255 3.

MH E7UEIRD LS iIckEh 5.

pi.=ps (1=1,...7),

U, pi =3 Pity Di = Yoe Psi THB. MH EFNIEABRRIAD D 5 Z L HHI LA TV S, T4
BX eHERY OFUBHEBERZHVWS 2, MHEFTLIEIRD LI 1T ERINS.

FIX:FlY (Z':17...,7"_1),
7272 L,

FX=) p. =Pr(X <i), FY =) p;=Pr(Y <i).

s=1 t=1

JELOEREMERE FX v FY 0%%2EZ2 52, MHETILIRD XS 1CHRIND.

Gioy = Gowy (i=1,...,7 = 1), (1)
REL,
Gig=D_ > pst =Pr(X <i,Y 2 i+1), Gopy= Y. 3 pa=Pr(X>i+1Y <i).
s=1t=i+1 s=i+1 t=1

Hzohl7 =21 LT MH E7 VDY TR E D HAE S, (1) MHEFT VXD BHHIOFHTNET L%
AT 52, (i) MHEFAOSTEE D HBENERESHT S 2k, (i) MH 7170 50Wk D OREE
RIS Z LD S, MHETALORBE LT (1) KFEEHLT, s (i) 256 (i) 1<B3 2 51T
RS,

K (1) Wi EAIERSFEE TV & LT, Tahata and Tomizawa [2] 1, m K87 X — X EAFRSE (MH(m))
ETNAERRELE. BEHIOm (m=1,...,r = 1) 1L T, MH(m) E7MIRD LS ITERZINS.

m—1
-k .
Gipy = [ ¥ Goy (i=1,...,r —1).
k=0

Yo =ty = = g = 1 DY F, MH(m) t& MH EF U —5F 3. MH(1) & 7L IER 0 %
(EMH) €7V (Tomizawa [3]), MH(2) €7 Md—MALELF%EE 7L (Tomizawa [4]) \Z—HT 5.

K (1) 1cHED < MH E7 L&D bHlIDFTNETILE LT, Tahata and Tomizawa [2] 1, k XE—X >k
JEA—8 (k-MME) €7 V2R L. BEFIDIEDOEER k126 LT, k-MME €7 /UIRD X S ITERSINS.

BE[X*] = BE[Y"],

13-



=L,
=3 BV =Y
s=1 t=1

& 512, Tahata and Tomizawa [2] 1%, k-MME €7V DHIERREZRXD X 51252 7.

r—1 r—1

Yo+ D)F=iF] Guy =Y [0+ 1) — ] G

i=1 i=1
MH €71 DYTIEE H BBEWFERKZ 9K F % 72912, Tahata and Tomizawa [2] 1%, TMH €7 L25D
oz, ETOEk=1,...,r — LI LT EMME E7AHBKD IO 2 IEMBEFDTHE] W5 R
EHEG ATz, CORMREHD,L, EOF—XY PR —HELTWARVILIZED MHE7ADOHTIIE D HUE
{BoTeDDZERET 5 Z EMATREICL 5.
Tomizawa, Miyamoto and Ashihara [5] 1, Gy + G >0 (i =1,...,r—1) ZREL, K (1) 1&D
 MH £7 W5 D7D OREZH 2 REZRD X 5 ITRRE L.

r—1 * *
1 G G; 0
= — Yo L I
logQ;[G )ogQ +G()0 Q*]’

772 L
* +G* ) r—1
1(7) 2(1)
=—"g A=) (G +Ca):

i=1

. Gy _ Gy
1) = A 260) = T

Qi

RE U IIROWEEDD 5.

c0<U<I,
(] TZO@Gl(i):GQ(i) (Z'Zl,...,’l"fl)@MH:E?}l/,

DEERY, MHET ALY TUIE D PECRERZFET 2 I EHTH 50, MH €70 50DE/ZH D
BEZHZ 3LV, —J, RE VI MHEFL2 502D ORERZHIZ Z 21 EHTH 25, MH
ETFNADOYTEFF D PEVEREZRET 2 2L V. R#EHTIE, MHETAVOYETEE D BEVERKZ
FFES 2 Z e 2RER MH ET L2056 DD OREZM 2 RIEZIRE L. BEREICLD, 52ohk
T2 LT MH ETLVOYTITE D BBENGES, 207 —XOF#E% X DEMICHITST 2 Z & ASATREICE
rHifiahs.

2E Xk

[1] A. Stuart. A test for homogeneity of the marginal distributions in a two-way classification. Biometrika,
42(3/4):412-416, 1955.

[2] K. Tahata and S. Tomizawa. Generalized marginal homogeneity model and its relation to marginal
equimoments for square contingency tables with ordered categories. Advances in Data Analysis and
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[3] S. Tomizawa. Diagonals-parameter symmetry model for cumulative probabilities in square contingency
tables with ordered categories. Biometrics, 49(3):883-887, 1993.

[4] S. Tomizawa. A generalization of the marginal homogeneity model for square contingency tables with
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[5] S. Tomizawa, N. Miyamoto, and N. Ashihara. Measure of departure from marginal homogeneity for

square contingency tables having ordered categories. Behaviormetrika, 30(2):173-193, 2003.
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HADFE 71 & Fifefs

PEARIE A *

17 Dec. 20221

1 EL®IC

ERATERRTAE, EEFEEDT-o TV A Mt Th 5. HBA61(1986) FrHhE D, 3
TV ICKRBERENMTbA T\, TETIX, 20194, 2016 4E, 2013 4, 2010 FE25KH
FRENTONETH 5. KEERAEOEOMOBEHEHAENITTOATWS. 1B,
2020 FEFABE O ST ITFAELFIEXE ATV,

KEEFEDOFETIX, S, BFEYE FMBERESH 5. 2055 OFEEOEE T —
ZEHOCTHEA OO EITS. ELOKREFHEIX 2019FTH D, ZOBOEHER
BUTHATEE - FEREET 217,179 147, FrSSETC 22,288 A7 TH 5.

PTFIARIN TV IR ZEORELZIET 3.

Table 1: FTfSZEDEIE

G A 2 1A HLETRREL FEmE oA
1998 4£ (H10) H9HE1 HA~12H 30506 657.7 536
2010 4 (H22) H214E1H~12H 26115 549.6 438
2019 (R1) H30%F 1 A~12 A 22288 552.3 437

%3, TR, PRSI (FH) TH 3.

2 FRiSAHmOEE

1998 FEDME T — X DRRFFH 5 FIME, HRE, ¥ = FREEZEZETRET 2 & FIIfHE 657.96,
RO 536, ¥ =250 0.4042 ¥ 72 3. TS DEIEIINRINTVWRHELIZIEFRILTH 5.
T/, HEFT—2E2HNT, —BbX—%710, Singh-Maddala B & 05 2 O —f b —
RO AICHV SN 2RI EZRILETHEL, RIX—XOHEEEZEZ 2L
DHR 7=,

PIEARFEICDOUWT : 2000 FERLIFOFE T, IEAFEREHWTHRE S 2 22T, FH
BRERHELTNS. IHAKEREIE, »2HOEBFAECHE SN2 MR S ZEDH
BEHHEE DL TH 2. EFRICQIZRFITHLOERNTHIRER T & 2N TILKIE
BrEHLTWS., — i, #iEtottis oA 4 XEER O R DAY 4 12kt
NXUNZWDT, JERFEDPRKEL RBEARD S, OF D, IKFEH L Z, SHsH LT
V2 FEEZTWEIEIZHRDIZDT, 2OV x4 b HEKER) Z2EE L THELEZ R
D= HFHBEW.

Table 2 [ZIHMEARE 7 — % (EH]D) & 10 7O T — X THEE L7z =Rz 8T 7.

* IR R BE N B 2R TR
TRITE S B W o THERIZZOBR) SIRKEYF 54+ - IS5
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Table 2: ¥ ={&¥

H10 H22 RO1
X7 0.40420 0.40326 0.40910
MRl 105007 | WHT 10067 | WEH] 10 0fr
GG | 0.4096 0.4033 | 0.4060 0.3912 | 0.4120 0.4037
SM | 0.4011 0.3835 | 0.4005 0.3970 | 0.4065 0.3987
GB2 | 0.3991 0.3824 | 0.4016 0.3908 | 0.4076 0.3954

Table 3: ¢ DHETHER

H10 H22 RO1
& DHEENE

B 1% 0.2124  0.4056 0.1899

A7 0.5% 0.0418 0.1312 0.1952

EETRIAREL 30506 26115 22288

5000 L E | 72 21 20

3 PRS2 HDLEDHEE

Moriguchi and Saez (2008)% &, BiF#iat & DFRD L7 1% i 2H& L, EA70.1%
D B EIE ZINTz. BRI SRR DA FEE RS D 0 7253, BERO N FERIT/ NS
<, KED 1980 FALUE LALFTEE DFIGD LA LDIHRBAZZAUZE ER LT
BWIERRLE., Z2ITIOHAEDMOLENE S R0 T2 IBLAH 5. ko
THMO FEDOE D %2, —fRI{L SV — 70 GPD(E,0,u) Z 4 TEDTIBIR ST X—& ¢
DHEEZAT o 72, TEHRRT X—%& & OHEERTRIE Table 3ITHIFTH 5.

4 SHEDRE

GB2 OHEEIINLERDT, YIFEDESHRE DS D ULLE L THET 2 HIEEZE R
W, F7z, SEED EFEDANNO S EHEE S 5.

FSSED 7T — R e W SEO 7T — X 28T 5 2 & THitTo MR EE RS 2 2 & 23 H
Kb, MR % & S % i A DE TR TH - 7 EHiifiS 2 KD 5 Z L 3HK 5.
Frzon T ABE (M oMEED 2T 2 M3 H 5 DT, FfiifrfFzH\wa &
HHR AN OB DB FROTHMSOELZTANDE Z e B TE 5.

72720, TS RICOVWTIE, FifBERICARINTVWEED H 5. [ EFMlT L7 P
B v, FilickoTEHZXNS.

FirT LS = (SIS + H2RERNS - s - R RBERR - #e
Y)Y+ R ABER

! Moriguchi, C. and Saez, E. (2008) “The Evolution of Income Concentration in Japan, 1886-2005:
Evidence from Income Tax Statistics” The Review of Economics and Statistics, 90, 713-734.

~16 -~



BRIFRPUEDIEMR : FIEEY T ERFOE®E
(Toward understanding the Instrumental Variables Method in Biometrics

and Econometrics)
2022 F£ 12 H 17 H
EAEAN

BEZE (Key Words): #iatHyKR RHEGm, ERAER, BURFEM, Noncom-
pliance, ATE, LATE, #/EZ#%, MG AR d%60tE, TSLS, LIML,
Mendelian Randomization, &/ 1%

28 . RERBGR (causality) IXHEEHRIE 2 & DFBIEIC & o TIREARK
MOBRERPINRTH 5, FHEEYEFIERFODE TIXZ OM, #
IR SR HE G (statistical causal inference) VA IZIGH I N T WS, K
e Tld E 9 Rubin (1974) 1285 £ 5 K IR (counter-factual) € 7 )L &
Angrist, Imbens and Rubin (1996, %L T AIR) (T & 2 #/EEHGE (instru-
mental variables method) DJ&HDEKZ FHHH U 7z, IR LG =R
5 (econometrics) 126 1) & AR GFER & g S5 (structural equa-
tion) & fH B2 W THBI U, Fd SR W 72 At YR R (R
Rz kX, T OftEHHEE TR 2 5 U 7. i iR D HEE TIX OLS
T (BN 3E) B2 R 7220w T, BEEBGE (IVIE) L LTo
Wald %, LIML (il FRIG SR ACIE, 28 ttim/NER), TSLS(2 Bbgm/N— 3%
). GMM(—MALRERIEK) mEDORr e z@ L. & S5IZEH4EY)
CEHEREF R EIIB I SMEHINR OO X 5 5 EERE L /-,

- BAR IGEAE 7T B 1T S5 MR(Mendelian Randomization, A ¥ 7
Voo T 2 B LALIENT) (281 B ER IR DR I RS % Bl D R I D
Wb i U 7z,

B, NEOBBRTHARHHPTETITER L 225D
7z WHZEHE ORI NAZ M D 2 WS ITIXRER TIZD 25, T
ZEROE DB GHRAY) & EHRRRT D #E ]
http://www.kunitomo-lab.sakura.ne.jp/2022-11-4DP.pdf

EZRI N0,

VEME AR, SR BERIIZERT T 190-8562 B at#B 7)1 HifkkET 10-3
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ZZESME DR E T
HERFRTOEIIER SR

FECRFARE LRt 5= tlE

1. [FC®HIC

A E R AR M O TEZ NS K5 RHIFEEEZ 5. 2D X5 LRERE 2 MEE (distribution
regression) ¥ PRI, EHET — X EHTO—73 e L GEERLA b T TWwd. flZIX H2FE0H2EICBIT 24F
BRRIZE TR, Bz R, A2 SRR e T2 HERME LTERRT 2 28T, —Rn iz L 27— X & A3
TIEHNTES. (1], [2] TEHG 37 ZFE D 2013 FOFRAIFECHR DM % 1983 FOZCEIFT 22T, 2hbd
DE % DFEEAFECTRAMHBREE ZETE D XS ICEL L Z2 ot LTV 5.

W% R EODGHTHRZ 2 RE—A Y F2RHODBDLIRY L, W IZ 2-Wasserstein il dy 252 CTTZ 3
HEZE[E OV, dw) % Wassersetin ZEE EFER. F 2 W x W LD e L, (v1,12) ~ F 5%, omHEERE v %2
AR, vy BRERER . 35 L5 RENFEMEL L TERbEh 3.

SHEEENRDOE T MIEEVL OPRREINTWIER, ZALDIFL A YIS HDIICE d =1 DEFEITREL T
W5, BRI, [1] 12 Wasserstein ZZ[ D tangent bundle, [2] (3 REIA TSz FW o EIGEE 7LV %2 Zh 2 hid
HLTWE2, ThSDETNME A =1 DL ZWZHREFEEMED closed form RfEZFFOZ e ZFHALTED, d > 2
DO—DOFHICH L TEFDOEFIIRT 2 Z L IIREETH 2. RIFK T, ZEEDTHTH-> TH MDY 7 A& H#HY)
WZHIRR 374U, FolEERED closed form R AEFFOZ LICHA L, #ilBomHOMIFE TV ERET 5.

2. B8 | AV XSmO &EHXEE

DTRCREEDOLD, HHDY 7R ARHELFIR LG EE2EZ 20, XD —RiH2MOMEMIMHIC
HIR L CHFBRICHMDPTE 2. G % R LD Gauss ik 75, BRI ZF D =20 H 7 25
fii g1 = N(my,31), p2 = N(mg, %) € G B35 X N7, 2h 5O REEXER th2 K& Wasserstein i
A (in, 1) R EMBERELFD k5 1B B END 2 L AHBATS |

th2 () = mo + =, 22V P P2 P (1 - my),

duw (11, 12) = A/ 11 — ma|2 + tr[Sy + 5 — 2(SY25,512)1/2)

F7z, 3, BIERBRESEITAE T2, pe = N(my,Xy) € G BT 22/ (G, dw) OFEZERI, NEZERH
T, = (R x Sym(d),G,.) I© k> THR BN Z EDHSATNS (3)). 2T, Sym(d) ¥4 X d x d OFFR
FTH2IRT, 2 = (a,V),w = (b,W) € R x Sym(d) 12X LT, 26 OBONEE G, (2,w) = a'b+ tr(VE.W)
WKEoTEDTWD. EHIT, p, BT % exponential map exp, : Ty, — Glkexp, (a,V) = N(a+m., (V +
DYV + 1) i8&->THRALMN, pu BT B logarithmic map log, : G — T, &, log, N(m,%) = (m —
my, S5 AEYPER Y2y T ) it ko T A BB, —iRIC, BERS O BEIRER IR AR T C
EMTERND, DT Z A% H D 204 G ICHIBRT 2 Z 2T, 20 & 5 Ihoiink 5%, Wasserstein FR#fE &
BB DE ONEEGICEZ 2 Z e RAAREL 12 5.

3. BRETSETI

F % g X gt@ﬁﬁ#é]\?ﬁt L, (1/1,1/2) ~ f,l/j = N(mj,Ej),j = 172 &35, if:, %] = ].,2 &:jﬂ‘b, Vj D
Fréchet “F¥% vjg = N(mjg,Xje) &3 5. URNTIE, vy ZHHAZLE, v ZRREBE T2 L57%, G556 GO

- 18-



Wx#E 2 5. [1] LEBRICZER (G, dw) OFMZFHWT, BY 2570 vy RO vy & Z L ZNIERERIRI O R WITHNc A
L, nfET — 2 Mo 277 — 2 BOERICHEZEZ VWS 7 a—F 20 5.

3, & j = 1,210 L, Fréchet ¥4 v,g 1IZBWT (G, dw) DEZERZIED, 21 v; = Nj(m;,%;) & log, . vj €
Sy L WHITHNCE T 5. 22T, 8413 Sq = {(a, B) € R4+ : g € R? B € Sym(d)} &\ 5 IERIEHIR DL
THORETHS. £ LT, ZHRBROITI X =log,  v1 & Y =log,, v, ORI, BHEENGE TV

Y =(X,B)+E, E[E|X]=0

ERET S, ZIT, 4 RXRDF >V B € RCUHDXAX@HD) mEIFARS X — X TH D, (X,B) € RXEHD) 13
contracted tensor product ¥ FEZN 21752 7> VILDBDETH 3. X512, D DRIT d 3K EWIRFIE, [lFRR
BB OEZBIWRICIZ 27D, BIAMERT V72ROl L 2IRET 5. miRIC, 22M (G, dw) & Z DIEZEF D Xt
JEAS R 1278 B 71T, iR 1 T (X, B) € log,,, G L7556 L LT 2.

4. HEEDHEBR L ETDHEICOWVWT

EEITHER AP EEBNX NS Z 3T, A IS0 5 OB O A E 5N E5EBZ2 V. £ T,
WRTRETHY ZDMDRT (11, v9:) ~ Fri = 1, ..yn DISTERNCERE R, £ DBIBIENR B S d KT
7 MV Wi ~vj,r =1, N DPBERBIHIIEN 2 L WO REZEZ D, HR F X —2 B 2ailEh s X 51287
X=X O kLD, BUE W ~vyr=1,.,N,i=1,..,n,j=12E0TB:2H#ET 3.

HEEROMBIEIIULTO@ED TH 5. £73, MBI Wi, r =1, N ZHWT, BENRIM v; OHER
Dii = Nj(ihgi, Xjs) ZRER U, #EE SN0 05,0 = 1, ..., N ZFINT, 88 Fréchet V¥ v ZEHT 2. K2, #%
% Fréchet "V 0jq THRZEMZIID, #HEES N0 0y & X, = logy, . 71i € Sa, Y, = log;,, Pai € Sq &\ 2175
AT B, BRI, BEEE M, v(B) = n ' 0 IV — (X, B2 LB E, BNk argming.g M, v (B)
WEoTHAIXA—REHETS. 22T, || |p 7R RV LERT.

IO LTHELNZHTERICOWT, —8E, ICRL — R OHDEERMEICE T 2 N OEEIRE 5.

Theorem 1 E.O Fréchet 5 vy, vog DBEHITH 2 L IREL, ZDIRWTHE LN L HEEREL I@Bn’N 55, 72, 8
SRXA—ROHEfEE By LT 5. ZOB, WOMDEREEDD L, B,y — Bollr = Op(n~ Y2 + N=1/4) ASRAT.
X512, N & n OFIT, N(n) = ni(qg > 2) B, n — co D& X /n(vec(B, n) — vec(By)) 135 3 EH DT
N(0,V) S HlURT .

FHRTIX Z oA, Calgary weather data % W75 7 — & DN 7% ¥ HAEN L.

SE X

[1] Yaqing Chen, Zhenhua Lin, and Hans-Georg Miiller. Wasserstein regression. Journal of the American Sta-
tistical Association, pages 1-14, 2021.

[2] Laya Ghodrati and Victor M Panaretos. Distribution-on-distribution regression via optimal transport maps.
Biometrika (to appear), available at arXiv preprint arXiv:2104.09418.

[3] Asuka Takatsu. Wasserstein geometry of gaussian measures. Osaka Journal of Mathematics, 48(4):1005 -
1026, 2011.

19~



GMANOVA ETI/LTOREREMD S 5735 ]84
(FHREE)
HEURY: BEBB WM kH B

n EAD BRI LT, £ TOMEEKTHIER S Z i - 7R T p BIHIE L TH &0 2 R
ET—REMIND T — RO EAREHTIIEZ 2. OIS RT—XDoHOERE,
T —RIZEN TV B REREE) & FHIN 2 REN R E#Z L FLIERA S8 THS. 2070
DHTITIE, Pothoff and Roy (1964) TIRE I N2 RO—BALZZ &7 HIHT (GMANOVA)
ETFANILfEDbNS;

Y =1, X"+ AEX' + E. (1)

CZT L EETONDD 1 D n RITRZ ML, Y IEEATHEEERTHIE L THE L 4%
REHIE 7 — 2 20 572 % n x p {151, A BTSRRI K3 IERE R R R 7R K
DHAEB DT — 25725 n x k#BAZEBITYIE L, A'1, = 0; (0, 3R TOHID 0D
r RIERT FV) Ziile LTWa e L, X 13RO K512, ¢ 3EHEIHVSREBICL 5T
IE2 &%, SITHMERSOBED SR 2 px ¢ fTHITHY, ThOEZBEHITH 2. T2,
ra =rank(A), rx =rank(X) £ 55%. THIT, pld g RITTORHNRT bb, Eld k x ¢ DR
HATHITH Y, €13 E[E] = 0,0, Cov[vec(€)] = B @ I, D n x p DFZEITHIE L, B IEAKA
DpxplEEETHIE TS, 22T, ADH/zLTW3 A'l, = 0, 1%, FiAZEE (%4) &
LRENENHIMEEINTNE ZEERL TS,

ZDETILT, pEIORERRE t1,...,t, (t1<ta<- - <t,) &L, FIZIE X DifTH%E
@O th, . YT, uREE b, ..., D (¢ — 1) REEROFRE SR ZRT P L L
Tl ZhZnNRLTED, ChoZ2HET 2 Z e PRER R t1,...,t, D (¢ — 1) RZIEK
EHWTHERAF E]Y ] 2HET 22 2B LTV Z e i Lz, 72, @RES M
YD DN, & DM E X CHOTEREEEHET 2 Z e DARETH H, ZDOBII,
AV 2EBOEAMN EHTRRZEZHET 22 22D, p° EIFEADLSIHIGEL T
W5 ZEHEEETHIN. 2hoDZehbih 5 K51, GMANOVA EFLTHHET )V
(1) 1B 2RHDNZ F L p RfTH] B 2HEE T 2 2 L CRIEZHDHEETE .

L7235 T, 2O GAMOVA E7UZBWT, BIFHIE T — X 2 572 2175 Y S &EikD
AHAZE R ST ISR OMBAZEATI A R ¥ 6, RAID p, 2 2HEET 2 Z L2, BRIE
T—=RDOANICET 2 HINTH 2 FRLHOHEICBVWTEETHZ I h s, RiE T
TN rg R rx DA RIRMICBITAHEEICOVWTEH L. 2o HEER, KDY 2
TR R/INCT 2 2 TXThbRi T\

R(p,B[Z) = tr {(Y - E[Y])}=7H (Y - E[Y])'},

ZIZTEY]|=1,4X +AEX' Th3.
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COVRIZBB R, EX) ZR/NIT2E5B p ExRDLITHRONZZNZN
DHER [, BIX, ra = k»Drx = ¢ THII, o = (X'T X)X’ Y1, /n &
E=(AA)TAYS I(X'E'X) ' O THRIEONS L R ERBETIIMAL. Ll
BIWO, n<kBREDRMTEE S rqg =k DDrx = q ZHEIRVEEIZIALOHEER
DIFZFE oW, VAZEBOHAEZ TRTI2RELTHR/MET2RBENDHZZ 8
5, AFE TR 2 IR T OHEE BICOW T L 7.

FIT,ra=kDDrx < qDIRED FTOHER%ZKHH (2022a, 2022b) THREL =
CERMETHE L. £k, 2EEMPRKRET L (E7V (1) TX =L, L LEETL) I
BUWTKH (2021, 2022¢) TRELLMEEEZET L (1) NERT L2 T, ra < kDD
rx = q DIRED FTOHERZ, AHHTIIV 7 LTHRELE. X512, K#EHO XA ¥
LT, ra<k?POrx <qDIRED T TOWMERZRE L. ZOBRICHWEILET S 7
A T 7IZBWT, FEFICHWREZE < & Koll and von Rosen (2005; Def. 4.1.3) TR X
7z Extended GMANOVA E7 L EXIGLTWS Z iz iz, 2 Z TRELLMHER
X, —ORTBIELR, MIIEFRICKRE S Z e Rl £z, XA VTRRERLEHEER
DOfERIICHN, ZZE2WBET 27477 LTKkH (2019) DFELPHONLE EZ ST
iz,

GMANOVA E7L (1) IZBWT, FRARIREL ZNZNTIREL CELHERILTO
EOFeHoNd I eilHEHL 7.

K ra®rx DIE L HETHEICONWT

| RE | L DEEES E OHTEE | ThENOFRIEEE |
ra=k&rx=q | (X'STX)'X'S YL, /n, (AA)TAYS X(X'SX)"!
ra=k&rx <gq AHF (2022a) | &HF (2022b)
ra<k&rx =q KiEEHTYH 7 LTIRR
ra<k&rx <q| AEEOXA > UTRE | 74 77 BRE LT

5| A3k

[1] Kollo, T. & von Rosen, D. (2005). Advanced Multivariate Statistics with Matrices,
Springer.

[2] Pothoff, R. F. & Roy, S. N. (1964) A generalized multivariate analysis of variance model
useful especially for growth curve problems. Biometrika, 51, 313-326.

[3] 7kH B (2019) N T ¥ ZBIFERFAIE 7 — 212 B 1) % Extended GMANOVA E 7L DR
CHT IR, 2RI B HETRAICE 3 % FERTE.

[4] &H B (2021) SXTT/MERIZBT 2 2EEMEMEIRE 7L COHEEE, 2021 FEEHET
BEF R EERER.

[5] 7kH & (2022a) GMANOVA €7/ BT 27 BHEETTHE L £ DR, . ZERI2 78712
B 2GR OB & 2 DIGH.

[6] 7KFH B (2022b) GMANOVA E 7B 2 ¥ 72 R HEE ST IR L RR, KRBT — &
DEGR & iR~ #7272 N L B A DG ~.

[7] KHE B (2022c) FEHEED T > 7% H LTV 2RI TOZ LB RIRIC BT 2 Mk
SER, 2022 G BIEAREARE.

~29 -~



FEEIFRBEFICH T 5 R S HIMEREICOWVWT

KN B () KRR BB AT SR
B Bl (A RFEREHH R

R ICBWTIE, 2EBFHRBENICE T 2 5 S M HEREREIZOWT
i L7z, RS, ZEBIEHM RO p JUTHERZRANZ P L X = (X, X5, X3)
L, BEMDP B OLNIERRY ML 2RI LT X, PG50 RT, X,
Y X3 DM STV T IR & 3 2 IREURE 21T 5 729D O L HE & 1
U7z 72720, X, 3 X O p, RIUAEINRT MV p=p; +ps+p3 TH D

AHRETE, T X, BE5Z6NEFT, X, & Xy PR EHItHr Lk
FIE & 72 2 5% KD 7z, p BEEEAEN N,(1n,2) D RTUE, FHRZ b p,
DEEESEATH S 12oWT, X OE L WSS 5 0E %

ny Y11 Y12 23
H=1 py |- Y= 3y Yy I
Us Y31 Y32 X33

&35, ARG TS IR E R O I E &
Y31 = Yoz — L1211 13 = Oas

DEETH 2 BRT I TER. T2, pld p D p; TITHEINRY bL, 3y,
S D p; x p; TEATHITD 5.
F72, LUTRD XD T X=X DL

Y1 X021 . Uiy Ui Wy
e (12)2(12)3
221 211 222.1 — \1121 \1122 \1123 ’
23(12)2(112) i33.(12) U3 Wiy Wa
M
™
Ho — Worpe
| M
231
Ps — V302 M3
2%
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BEZDLE X PEZONIZTRT, Xy & X3 O EMIMEICBE 3 2 KERE
[
Hy:Wys = Oy vs. Hy:Wyg # Oy
YEEXMMZBIENTES,
BAKHNC, TT: Ny(p, X)) 22 of(3 oz NED p RITAEARXRT by, ... yy B
Bofie LTZORFBEMBEICE T 2 LEIMERF R 2K T 5 & LEL
MUERET &I

—2log A = N (log(det(Ss3.1)) — log(det(Ss3.¢12)))

=N (10g(det(5331)) — log(det(533.1 — 532.15272%1523.1)))

Bz tﬁsﬂ_‘_\‘é#’LfC ZZ &:, Sij =8

=

I i o
=32 U S=x2_ (-9 (-9
j=1

Z LfC t %, S @pi X Dj %%"Jﬁﬁ']’cjé% if:, Sz'j.l = Sz'j — S,-lSl_llSlj,

S St St
Saz) = ,S(12)3 = ,533.(12) = S33 — 53(12)5(_1§)5(12)3
So1 S Sa3

TH5.

RIRICBUIEFERR 21TV, ARG Tl L Tv 2 500 S0 R TR
FEXET =Xty b2 o REIMEMTREEZRD, ¥I21—-2arTHEZS
N2 _E1000% FHDME Y, HHE pops DA A4 304 D LI 100a% RO Lk %
1To7. BUEFEBROFERD S popr DA XD D pop; DEAGE < 55 1 FEERO R
WCEBREZ 52 BHER L.

SHBROFEL LTI DRNERTHMEDKEINMRT S X5 XHHDEIE.R
1528%, EDBEVRED FTORBREDHREZITO 2 RENEZIOLNS.
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ZBRBD 777 VEEDOKETEMNBAICDOWT
e A (—RBRFHEBRER)

0,1] ETERINZT IV VEB (W) BLKET T 7 arn-75 0 viEs {By(t)}
D 2 PRI BT A HEEFRICBIL T, BATO (1), (2), (3) &% L7z,

(1) g EED R

t1 tg—1
// (t,)dt,dtys--dty  (g=1,2,...

X LT,
! 2

v, = /0 F2(t) dt

D 5340 D ME BT ;
E(e?%) = (D (2i6))

TRINDILERUTZ. TIT, Dy(N) 1%, BIE Cov(F,(s), F,(t)) D7 Ly FHIL A
151 (FD) TH Y, FD 2825 HEEZHHL . ¢g=1,2,3 DEED FD 3RO &
ST 5.

1

Di(\) = 5 (1 + cos A% cosh A/4),
1

Dy(N) = 5 [2(1 + cos A6 + cos AY0w + cos A\5w?) 4 cos A0 cos A%w cos /\1/6@2},
1++/3i

wo = 5

1

Ds(\) = E[Bcosa cosb cosc cosd + 2<cosa cosb + cosb cosc + cosc cosd

+cosd cosa) + cosa cosc+ cosb COSd—I—S}

2
+E[sina sinb (1 4 cosc cosd) + sinb sinc (1 + cosd cosa)

+sine sind (1 4 cosa cosb) —sind sina (1 4 cosb cosc)},

141
a = N3 b=aw, ¢c=aw? d=a® w= .

&

$7e, g BRELBEBEAIE, BNEEE (D,(\) = 0 OBMY 752725
HCHEVERESAS L &R L

(2) ZHBARBEE
RAORE

/fﬁ t) dt

DA DWT H B g SRR 2 Sk, BB BUER Z & k7. DB
%&ti,

(9g=1,2,...)

P(R,<z) = P <3: /01 F2(t) dt — ;F;(l) > 0)
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—

1

0
1 | 1/2
= §+WA Qm{ (2i0: 7)) }w

WCEVERT I ENTES. 22T, Dy(\ ) i,

Késtde’)ﬂV@ﬁ>®

[e=]

7 7 [ (0= 9= 1) a5 (=0 =)

D FD TH5B. FD OEH 21X, D HER

Ky(s,t;x) =

= )\/ (s,t;2)f(s)ds
S, W A
FRIR() + (1) Az f(t) =
B LU 29 + 2 DR SEM:
_1\g—1
1) = P == o =0, o =S8 0 as
2g! 0
f(g+1)<0> _ f(g+2)(0) — = f(29+1)(0) = 0.

CHfEE 725 Z &0z, ZZT, E(R)=g+1 &S HRENFERVES N7,

(3) iH O BARGE & & L HPMRGREIBOMIZNET 57 7 7 Y a3 FIVEARGEHE
B(1)/2

:Aﬁﬁwﬁ

DRI DWTHEL L. 2T, By(t) 772 a3 759 ViEH (fBm) TH
b, Bm 3V 0 OESERT, LoBBIHAN

1
*[SQH —|—t2H o ‘8 o t’QH]

Cov(Bg(s), Bu(t)) = 5

1
T%i%ﬂ%.&pi/Bﬂﬂﬁ%iﬁ@H®ﬁﬁ§&ﬁ$%&%%T%5.Z:Tm
0
Sy DELELT,

ﬂF:Aquyw ch@yzwm1—ﬂﬁﬁfi[uU2Hmvm)

RIRELU. Ty 2B L7 FD 13,

Duy =1 -0 /()

&%, ZIT, Jo(n) FEIENY VB, &7z, n=/2(1-H)N(H+1/2), v=
(2H —1/2)/(H+1/2) TH 5. £7=, Qu Dl LT,

Ch(1)/2

_/(ﬂ dt

ZIRELT, TORMREIIDOVWTHER L.
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On Asymptotic Distribution in Martingale Convergence of
Supercritical Branching Processes with Poissonian offsprings

Bat-Erdene A.", Kawasaki S.", Li J.*", Altantsetseg E.”*"

*
Faculty of Science and Engineering, Iwate University
** School of Computer Science, Chongging University
School of the Engineering and Applied Sciences, National University of Mongolia

sokok

Abstract

A branching process is a mathematical model of Erdos-Renyi random graphs. For a normalized
process, a martingale convergence theorem holds. However, its asymptotic distribution has not
been known so far. We propose a characterization of the distribution via analysis on a functional
equation for the Laplace transform of the distribution. It turns out that a numerical analysis mostly
coincides well with the theoretical characterization. Applications of the Branching process include
a biological population, nuclear chain reactions, and the spread of computer software viruses in
common. Mathematical models of these applications play a central role in figuring out the main
process and predicting future extensions. Our funding works in common cases and provides an
explanation for the characterization of the processes.

Problem. Let W, = Z,/\",n = 0,1,2,---, where Z,, is the supercritical branching process with
the mean A which is greater than 1. Then, {W, } is known [2] to form a martingale and converges to
a random variable W, on Ry = [0,00) a.s. as n — oo.

However, not much is known about the distribution of W, so far in previous studies. The paper
aims to characterize the distribution by analyzing a functional equation that holds for the Laplace
transform of the distribution.

Analysis and result. W, is known to have a density function on (0, 00) [2, Corollary 12.1], which
we denote by w : (0,00) — R, while W, has a point mass at the origin [2, Theorem 6.2]. Thus, we
may write Woo ~ nd(z) + w(z) on z € Ry and §(x) being the Kronecker delta function.

Let ¢ : Ry — Ry be the Laplace transform of W,

(1) o(u) = /(0 )e_“zw(x) dz.

Mclaurin’s expansion was used to approximate the function ¢(u) described in below.

(n)
2 o) = 3 0

neNg

Then, upon calculating gp(”)(O), n € N recursively. To the evaluate gp(”)(O), an approximation of K,
as we defined in below is necessary

3) W(n)(o) =-K, (_p)n717 neN

for appropriate functions K, = K, ()\).
We write 1 + % + -4 (% n=2 2 5.1 below. We note that p, — p. Through the recursive
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relation

n—1
1 —1
K= —— (” l ) AT K (VKN
"=
(n—1)! E: —(n—1-1 Khl@) Ki(\)

In the result stage, we propose an approximation function K, () as follows:

Theorem 1. For arbitrarily fized ) € [1,00),
(5) K~ x (n— 1! A+ 1)) (1 + o(x")), as 1 — o0

for some ¢, > 0.

A derivative ¢'(u), instead of ¢(u) has considered. That is,

(n+1) (0
(6) Guw=3 £ 5 Bl

n€Ng n€Ng

Applying the expression (5) to (6), we have that the main term of ¢’'(u) is given by

1
u+tp AN+ D))"

const. X Z ( )\ + 1)] )” = const. X

neNgy

Now we recall that ¢'(u) is the Laplace transform of —z w(x). Thus, by the inverse Laplace transform
of ¢’ (u), we found that w(z) has the corresponding main component of the probability density function
given by

const. x x ! exp(—[)\()\ﬁ—l)}aac), z € (0,00).

b
a
K[n] p(n)
s
10 KI5 40
Klsl
KI71
1000+ P 30
Klsl
— KMol
1001
® values of an:b 20
L ]
10¢ N 10
[ ]
L]
[ ]
5 10 15 20 A

Figure 1: a. The function K, (\), its relation and values of an equation p, = an + b. b. Asymptotic
linearity, p, = an + b at some fixed A
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Forest Construction of Gaussian and Binary Variables based on WBIC
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Mutual information (MI) is a metric that determines the association between two random variables by
measuring the amount of information that one variable holds about the other. It quantifies the dependency
between them. A higher mutual information value indicates a stronger relationship between the random
variables. It is related to the concept of entropy and is used in various fields such as information theory,
statistics, and machine learning. Estimated joint probabilities from observed samples in each variable
category combination are used to calculate MI between discrete variables. But the conventional method
is inefficient for estimating the MI of a mixture of discrete and continuous random variables because the
conditional probabilities for discrete variables given continuous variables cannot be determined. In this
paper, we examine a new MI method that can accommodate a mixture of discrete and continuous random
variables. The estimation of free energy for new MI is not easy, but we can use WBIC to calculate the
corresponding free energies. After that, the Chow-Liu algorithm can be modified to take into account
the new MI in order to build a forest rather than spanning trees.

This section will outline the paper’s most significant findings and conclusions. Chow and Liu (1968)
considered estimating mutual information between two discrete variables. When only one of the variables
is Gaussian and the rest are discrete, Edwards, De Abreu, and Labouriau (2010) recalculated mutual
information using the ANOVA model. If X is a Gaussian random variable, and Y and Z are discrete
variables, getting maximum likelihoods of the graphical models such as X — Z and Y — X are simple,
but obtaining maximum likelihoods for other types of graphical models as Y — X — Z by maximizing
observational mutual information estimates is difficult(Suzuki, 2017). The state-of-the-art avoids this
problem by restricting the class to forests that separate discrete and continuous nodes.

On the other hand, the Bayesian method makes the assumption that there is infinite number of
histograms, but the number of histograms that are required for accuracy is unclear to us. Each cluster
also has a large sample size variance. Adjusting parameters is difficult when many clusters have no
sample. The proposed approach succeeds where the other methods fail in capturing the relationship
between multiple gene expressions and SNPs. Some previous works that relate to our research are as
follows:

Suzuki (1993) considers MDL method and obtains total lengths for all the variables, and estimates
the mutual information as:

(a-1)(B-1)
2n
For large n, J, < 0 indicates the independence of X and Y (Suzuki, 2012).
Edwards et al. (2010) assumed about a situation where some random variables are continuous and
some are Gaussian variables. Assume, X1, X X®) are Gaussian. And, mutual information:

Ip =1, — 10g2 n (1)

14(i,§) = —5 gy (1 - 7)., (2)

To use the mutual information estimator, Edwards et al. (2010) imposed the limitation that no
Gaussian variables could be intermediate between the discrete ones.

Suzuki (2017) took into account the Dirichlet distribution with the proportionality [], (z)*®)~1,
and derived the formula for mutual information as follows:

Q" (z",y")
_x Y ) 3
@ @ Q W) )
Suzuki (2017) has found that —log2Q™(z™, y™) is nothing but the free energy of the mixture of " and

y™. In the field of data science, free energy refers to the amount of uncertainty or surprise present in a
system or dataset. In statistical mechanics and information theory, free energy is employed to quantify

1
J,=—1
nogz
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the disorder or randomness of a system. But obtaining free energy is not easy. In this circumstance,
WBIC (Watanabe, 2021) is a way to figure out free energy.

The WBIC algorithm estimates the free energy of a system us-
ing Bayesian statistics, taking into account the uncertainty in the
model’s parameters. Again, we use the Kernel Hilbert—Schmidt in-
dependence criterion (HSIC) to verify the Mutual Information we

get from the new mutual information method. In the context of ®
statistical inference, the HSIC was developed to assess how much ® e ©
the embedding of the Hilbert space depends on the underlying dis- P L
tribution. To obtain the free energy from the mixture of discrete )
and Gaussian, we use stan. Stan specifies statistical models proba- o
bilistically. Stan uses Markov Chain Monte Carlo methods like the P ®
No-U-Turn sampler for continuous variable Bayesian inference. ®
Let, for large n, X and Y are discrete and Gaussian random ®
variables, respectively, and their joint pdf,
2 1 1 Figure 1: Forest for
[l y) = ;pm(l -p)'r N exp{?‘i(y — pi)?} 'P.sojae.survey’ data
And we propose the new mutual information:
. 1 X Yyn 1 e~ Fov 1
E:3 = nloggs;;n).czn(;n) = Ty = et )
; (4)
9 w— We calculate the MI from equation 4 using simulated data for
& @ P a mixture of discrete and Gaussian variables.
T When we use n=500, we get the following results for the mu-
$ tual information: -0.008828827, HSIC: 0.000759246, and p-value:
st 0.2397602. These findings both confirm and imply that the vari-
w ° ables X and Y are free to move around without influence from one
another.
Figure 2: Forest using simulated We can see that the sgggested .mutual information estimat-or
data works for all types of variables: discrete, continuous, or a mix-

ture of discrete and continuous variables. After calculating the

mutual information from the new method, we applied it to the

Chow-Liu algorithm to find the forest. Figure 1 shows the forest
for P.sojae.survey data with 12 variables; we can see that the first variable is independent of the others.
That is why it is separated from the other variables. Figure 2 shows a forest with 75 simulated observa-
tions with a mixture of discrete and continuous variables with 100 samples each. Therefore, depending
on the previous results and the figures, the current method can construct a forest from a mixture of
discrete and continuous nodes, depending on the independence of the variables. In future work, we will
apply the proposed mutual information method to multiple gene expressions and SNPs (single-nucleotide
polymorphism) data.
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Pa(t)
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Vo> 01T LT,
P(@®>M,) >1—«

Y3 XD BRERMEED C RY OBEEHIET.
RE: 1 KUCHIEROHEE O B LT % Hastie and Stuetzle (1989) S L 20, TEFADREEITS. R?
IHDAE NS 1 ATEH o IS LT, FEEDS L ICBI2H[RZ ML/ (t) & @ (t) = [ (1) -+ @y(1)]T
TET. 7, n(t),...,na1(t) Z{O)/ |l O] ni(t), ..., ng_1(t)} HRE DEMBELEEL 22 X512
5. X051, T 1 EOBEE fr ITHESWEREREL, V=V - Vaq]T ZEEAFOLEREr D (d—1) X
JeEk BI~! EOEE fy TSI HERRZ P LT 5.

(T4, Vi), (To, Vi) "B frx fy ¥ E[Vi] =0 2RET 5. EEAZ MLY O d XA Y., Y, &

LT,
Y, = o(T3;) + N(T3)V;
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J) i KR T 4 € 812 2 W T Wand and Jones (1995); Fan and Gijbels (1996) 2 &2 SR X v,
Bt), . Fa () B (GO 1E )R, .., Pa1(t)} 3 R DERERIEY 525 X 5128 D,
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ﬁdﬂm

YF 5. 3 00HR SR W CRHEEER D(r) c RY %

'G)

N(byw -

A @a—i—) = d—1
- - R-% N 0<R< B ,
{¢ T@an TV o€ Bt
:{ St 1< hvenit),

0<R<rwve B! },

1

D(r) = Du(r) UD s (r) UDy(r)
Y LCEHRT 2 (N 138). ABEHTIZ G £ D) OHANKEB LU, EEEK1—a»o () D r %
PET B HIEICOWTIERE 5 272, £, HEB T HTF -2 LTHELNTOVARVWESIIBVT, Yi,...,Y,
28Ty, ..., Ty RT3 ABEICOWTHE Lz, X512, {BEEMASFREEHEER L L TEELTWS S
CERMET DI 2L — a VERBROMES, ETF—XAOHAFICOWTHI|E L.
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Subexponentiality of densities of infinitely divisible distributions
on the whole real line

Muneya Matsui

Abstract

We show the equivalence of three properties for an infinitely divisible distribution:
the subexponentiality of the density, the subexponentiality of the density of its
Lévy measure and the tail equivalence between the density and its Lévy measure
density, under monotonic-type assumptions on the Lévy measure density. The key
assumption is that tail of the Lévy measure density is asymptotic to a non-increasing
function or is almost decreasing. Our conditions are natural and cover a rather wide
class of infinitely divisible distributions. Several significant properties for analyzing
the subexponentiality of densities have been derived such as closure properties of
[ convolution, convolution roots and asymptotic equivalence | and the factorization
property. Moreover, we illustrate that the results are applicable for developing
the statistical inference of subexponential infinitely divisible distributions which are
absolutely continuous.

Introduction

Let f, g be probability density functions on R and denote by f * g the convolution of f and g:
o0
fro@) = [ fa =gy,

and denote by f*" the nth convolutions with itself. Throughout the paper, for functions a;, 3 : R —
Ry, a(z) ~ B(x) means that lim, o a(z)/B(x) — 1. We study the following characteristics for
densities.

Definition 0.1. (i) f is (right-side) long-tailed, denoted by f € L, if there exists xog > 0 such that
f(z) >0,z > x¢ and for any fired y > 0 f(x +y) ~ f(x).

(ii) f is (right-side) subexponential on R, denoted by S, if f € L and f**(x) ~ 2f(z).

(i) f with dist. F is weakly (right-side) subexponential on R, denoted by Sy, if f € L and the
function fi(z) = 1g, (z)f(z)/F(0), z € R is subezponential, i.e. f € S. Here F(z) =1— F(x).

Definition 0.2. (i) We say that a density f : R — Ry is asymptotic to a non-increasing function
(a.n.i. for short) if f is locally bounded and positive on [xg,00) for some x¢ > 0, and

(0.1) ggf(t)wf(m) and  inf f(t) ~ f(x).

(ii) We say that a density f : R — Ry is almost decreasing (al.d. for short) if there exists xg > 0
and K > 0 such that

fle+y) < Kf(zx), forallx >z, y>D0.

Notice that the al.d. property includes the a.n.i. property, and the latter is satisfied by the
regularly varying functions with negative indices.

We will investigate properties of the above sort, particularly on infinitely divisible distributions
w on R. The characteristic function (ch.f.) of p is

(0.2) fi(z) = exp { /

—0o0

[ee]

. 1
(€™ =1 —izylyy<1y)v(dy) +iaz — §b222},
where a € R, b > 0 and v is the Lévy measure satisfying v({0}) = 0 and [*_(1 A z?)v(dz) < oo.

Throughout this paper, we always assume that the Lévy measure v of p has a density, and we
denote by ID(R) the class of all infinitely divisible distributions on R.
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Main contents

We separate the cases depending on weather v(R) < oo or ¥(R) = co. Note that we use notation g
also for the (non-proper) density of a Lévy measure. The followings are the results for the absolutely
continuous case (V(R) = o0).

Theorem 0.3. Let p € ID(R) with v(dz) = g(x)dx such that v(R) = co. Let fo(x) be a density of
po € ID(R) witha =b =0 and v(dz) = 14, <1y9(z)dx. Suppose that g1(z) = 1g,~139(x)/v((1,00))
is bounded, and there exists v > 0 such that

(0.3) lim " fo(z) = 0.
T—r00
For a density f of p we consider the following properties.
(i) feS+ and f isald.
(i) g1 € Sy
(iii) g1el & lim f(z)/gi(x)=r((1,00)).
T—r00

(a) If g is a.n.i., then we can choose f such that (i), (ii) and (iii) are equivalent.
(b) If g is al.d., then we can choose f such that (ii) < (iil) implies (i).

We could remove several conditions in Theorem 0.3 by assuming the absolute integrability of the
spectrally positive part fiy(z).

Theorem 0.4. Let pn € ID(R) with and v(dz) = g(z)dx such that gi(x) is bounded. Suppose that
75 14 (2)|dz < oo, which implies [ |fi(2)|dz < oo, so that pu has a bounded continuous density
f. Then the following relations hold between the properties (i), (ii) and (iii) of Theorem 0.3.

(a) If g is a.n.i., then we can choose f such that (i), (ii) and (iii) are equivalent.

(b) If g is al.d., then we can choose f such that (ii) < (iil) implies (i).

We apply our results to the consistency proof of the maximum likelihood estimation (MLE for
short) for p € ID(R) which is absolutely continuous. For simplicity we put a = b = 0 in ji(z) of
(0.2) and assume that the spectrally positive part iy (z) is absolutely integrable.

Let f(x;0) be the density of p with € a parameter vector and g(x;0) be a density of the corre-
sponding Lévy measure v. Let (Xi,...,X,) be a random sample from f(x;6p) with 6y € © where
© is a compact parameter space. Define the likelihood function

n
My(0) =n~"> " log f(Xi6).
i=1
MLE 6, maximizes the function § — M, (#). We say that a function a(z;6) is identifiable if
a(-:0) # a(-;0) every  # 0 € O, ie. a(z;0) = a(x;#) does not hold. For convenience, we
only consider the symmetric or positive-half case, but we can easily generalize the result in the
non-symmetric two-sided case. We use the function g; defined in Theorem 0.4.

Proposition 0.5. Let u € ID(R) given by (0.2) with a =b =0 such that iy (z) is absolutely inte-
grable. Let g(x;0) be a symmetric or positive-half density of v. Suppose (i) : g(x;0) is identifiable,
0 — g(x;0) is continuous in 0 for every x, and [(supgee |log g1(x;0)|)g1(z;60)dz < co with © a
compact set such that 6y € ©. Suppose (ii) : g1(x;0) is bounded and a.n.i., and g1 € S. Then MLE
én satisfies én LN 0.
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[e.9]

. 2
Bias|Px(@)] = " fi(@) | oPhw)do+ o),

—0o0

Varlfx(@)] = 3 Fx(@)ll= Fx(@)] - 2nfx(e) +o ()
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ThHZoNnd. WV AR

- _ ' 201
AMSE(Q(p)) = nf}(gl(Q(Z;))) _ 1@ (p)}np(l p)

£ 7%%. Falk(1984) % Maesono & Penev(2011) T, & — VB k() ZFIH L 728
B DI HEE & )

A, L[ g T—p

Qp,h— h/() Fn (.%')K( h )d.’L‘
DMHE AT DOWTHFIFEL T\, MV iR EE

AMSE(@p,h) — {Ql(p)}ip(l _p) + %Ql(py (_; + ;/11 K2($)dx>

n

THEZoh3.
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3. IBAI&E DEFAL A DI
Xh&,.X'%Ehk@ifﬂLlEI\ﬁﬁhw—)Kbtﬁ5ﬁ@ﬁﬁ$8?5

TGS B HEREEREIE f(—x) = f(r) 2L TRANMEAHE T 5. 0 13KRA
tﬁf RARAREL Ho : 0 = 0 IR L CRNZAREE Hy - 0 > 0 OBEREZE X 5. 2D
ISR S 2 BRI ARE FiG T B O A BEHERICOWTIX Lehmann & D’abrera(2006) T b 1§
fizhtnd k51g, MEMEOE DG 2 EIMAWVIEEEEMERI/NE 72 2 A H
H5.
P(x)=1(x>0), =0(x<0) &BLLE, FEMES tv4Lary rOfFEHs
NERIAE W :

S = (X)), W= > %(Xi+X)
i=1 1<i<j<n

ThHb. Zhe S, W oEki{by LT

S_ .. & o " _& ~:n(n+1)_ ( X+X>
S=n—nF,0)=n §:K( h), W 5 KZ%mK 57
BEZLNS. ORI BODHIIIFERDODO R T REMDHIHKTET 2 Z 212505,
W L WRE D EUE F() WRELRW. 20 S, WIE S,W 2Eo2IcLzd DI
o TW5h.

4. BRNA T RABNTHERICE I/ UNFTA M) v IBE

F 2REINT-0MEME T2 %, ROMEREEZE X 5.

WG Hy : Fx = F XIYAREY Hy : Fx # F
CDEI B RNEFRED R TILFHINZHMEL LT

KS,, = sup |F,(z) — F(z)|, CvM,, = n/oo [F(z) — F(x)]?dF(z)

zeR —00
EMEMGIREE T2a0Ea0 T c AN 787 T7—=X)L - T F ¥ I —ELRAMEMG &
HBHIHENTWS.
Rizky & Maesono(2022) (3 EHHREE g Z WA 7 R Z2HE/NT 2 5 — 3V BHEE &

ifﬁv(ﬁ%@;ﬁ*@®>,xea
=1

% BT
KS = sup |Fx(z) — F(z)), (ﬁM:n/w@ﬂm—F@WM%@
zeR —c0
FRELTVWS., UL T
|KS,, — KS| —, 0, |CoM,, — CoM| —, 0

MDD, Oz kb, WERKEHE KS £ CoM 2FIH L-EEKEIZ, @¥oa
IR T - RNV ITMEMGEBLIUS Y 7 —XL - 7zy‘~kxﬁﬁﬁﬁikﬁﬁ
ZEERFHLTHRETE S, ¥Ial—YaYORTIE, BREOAEVW EREH
7=,
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On a generalization of Clayton-Oakes model by R. L. Prentice

Hideatsu Tsukahara*

January 3, 2023

When we have two failure times 77 and 75 and our primary interest is in the association
between them, we need families of bivariate survivor functions S(¢1,t2) for statistical modeling.
Postulating some desirable properties on certain conditional hazard functions, Clayton [1] de-
rived such a family which is now called Clayton-Oakes model. In terms of the associated copula,
it is written as

Clup,up) = (W +070 —1)"Y9v0, 6e[-1,00)\ {0}

This family is an example of Archimedean copulas, which are closely related to the frailty model
in survival analysis as shown in Oakes [3]. The cross ratio function of T} and Ty is defined by

0 (1, 1) = S(t1,t2)0125(t1, t2)
DR 918t £2) 025 (11, t2)

Oakes [3] shows that the cross ratio function is a function of survivor function only if and only
if the associated copula is Archimedean. The Clayton-Oakes model amounts to assuming that
the cross ratio function is constant.

Prentice [4] proposed a generalization of the Clayton-Oakes model; he wrote “A trivariate
generalization with unrestricted marginal and pairwise marginal survivor functions is

S(t17t27t3) = {S(t17t27 0)_6 + S(tlv 07t3)_9 + S(O?t27t3)_0

— 5(t1,0,0)7% — 5(0,£2,0) 7" — 5(0,0,¢5) ¢ + 1}/

V0,

where —1 < # < 00.” However, this is a functional equation in S(t1,t2,t3), and it is not clear
that there exists a 3-dimensional survivor function S(t1,t2,t3) satisfying this equation. So the
problem should be correctly posed in the following way.

Problem Given three bivariate sf’s Sia(t1,t2), S13(t1,t3), Sas(ta,ts) satisfying the compati-
blility conditions

S12(t1,0) = S13(t1,0) =: Si(t1),

S12(0,t2) = Saz(t2,0) =: Sa(t2),

S13(0,t3) = S23(0,t3) =: S3(t3),

is the function G defined by

G(t1,ta,t3) = {S1a(tr,t2) ™ + Sia(t1,t3) 7 + Sa(ta, t3) ™"

— Si(t1) 0 = Sy(ta) ¥ — Ss(ts) + 1}

VO

*Faculty of Economics, Seijo University, 6-1-20 Seijo, Setagaya-ku, Tokyo, 157-8511, Japan, E-mail:
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a proper survivor function?

The problem can be stated in terms of copulas as well. Let Ca(u1, u2), Cis(uy, us), Cas(usz, us)
be the copula associated with Sia(t1,%2), S13(t1,t3), S23(t2,t3); namely

S12(t1,t2) = Cr2(S1(t1), S2(t2)),
S13(t1,t3) = C13(S1(t1), S3(t3)),
Saz(ta, t3) = Cag(Sa(te), S3(t3)).

—_
w

w

The problem is then reduced to whether the function

G (u1, ug,uz) = {Cra(ur, uz) ™ + Ciz(ur, uz) ™% + Cos(ug, uz) ™

—0 0

. _ ~1/0
U T U _u39+1} Y

VO
is a (proper) copula for any given copulas Cio, C13 and Cas.

One can easily observe that the answer is “no”; if the answer were yes, then the Fréchet class
F(Fi2, Fi3, Fa3) (the set of trivariate distributions with three given bivariate margins) would
always be non-empty (see Joe [2, Section 3.4]).

In this expository note, we begin with the review of the original Clayton-Oakes model and
the key concept of cross ratio, give an explicit counterexample to the above problem, and discuss
under which conditions Prentice’s generalization gives a valid survivor function.
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Kendall D NENAHBE R 2 [E€ L7z FCTOR/MEHRa Y 2 5

B it e !

1 s/MEERIAE2S

—fIC dRTaA 2T 2 ZRTORADHD [0,1] LO—HAHTH D d KotO A HBEEELEL, (TR d Xt
31k Sklar OEFWC I D a2 Z e AUNMEZAVWTRHAT 228 TEZ2 20, ataJid 2 ZHHEONE
EMEE2ICHRL TV I3, FiEOHIEHETRT, Miravas (0,12 LFo—REEEZFR2av27) I
Kullback-Leibler B DO ER TR O ALV I 2 7 2RIMERIE 2T LR, o a bt 2 73T OR#ELHED
R LTHEZ6N5bDTHS (fl 21 Bedford et al. [1]) .

11
minimize //p(x,y)logp(x,y)dmdy (1.1)
0o Jo
1 1
st [ pledy=1, [ pegdo=1 (1.2)
0 0
11
/ iz, y)p(, y)dedy = (1.3)
o Jo

RMERI Y 2 7 OBEHCE LR e L TRAMERF T AB I 2 IHAEZ oA TV 3. m/MEHa Y 2 7 LAk
2, =2 e R RUEBICH - 2B A TEREZ1T S 8 T, S/MElT = A a v 2 7 13T DR LHE D
fREiRZ 2 EMTES.

minimize Z Z mij log mij (1.4)

i=1 j=1

- 1< 1
s.t. j_;ﬂ—ij = E,izzl’ﬂ'ij = E (15)
n n
Zzhk’ijﬂ-ij = Uk (1.6)

i=1 j=1

PR, b, hi EFTSOBRL hy,i; B Dy OHLTD hy(a,y) O, 0 = (04, ...,0K) ZRH S X — &
TH5. ZORECEEIARZTMERELEEE o TE D, Rl — Rl ES 5.

2 2XOEMERIE 2 5 ADHLR

TEROBR/MER A Y 2 21350l LT 1 RO (5 2BEOHffMEOETREINS D D) OHE R ->TH
7=. 722 2%, Spearman DJENAHRIRENT 1 ROBETH b, Spearman DENAHBIRE % EE L 72 IRBIIRER D&%
IMERAE 27 DA TS T2 W TES. —J, Spearman DAL RE L LhigX N3 Z & 52w Kendall @
NEAAHBIFRENZ 2 RO BT H % 72, Kendall ONERAHBIRE % [EE L 72 KBUITER O R/ MEE 2 & 2 T DFERH A
TS 2B TERN. Z T TRMATIEG ORI Z 2 RO TDH % Kendall DIENHBIGRE L Lz 2 D&
iR (RNMERF = 2o as) 2FETS.

* REURER B R TR R 2 T K
T HEUR AR WO T2 SR I ST R Y K
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RO R/MEHRT = A a v 2 Z ARk, Kendall DIEMHBIREZ 7(e [-1,1]) ICEE L 72 FTORMEHR
FrABavra 73U N0 XS IcRELED e L TERMEEINS. R LEROHNEF = AavaJ Lo
Kendall DJEMZAHBIFREL [2] ZEEL TW5.

(M P) minimize Z Z m;j log i (2.1)
i=1 j=1
. 1 < 1
s.t. Zﬂ-i‘j:ﬁ7 Zﬂ-ijzﬁ (22)
Jj=1 1=1
1 0 ... 0
1 —Tr(ENE0Y) = 7, T = (1), 2 = 2 b0 (2.3)
2 2 1

7, FEBOMRER (HERETNVICBIZ2EAHOME) 2BHXLI2HELUTOLSICEATS. F=
AMaAV 2 7 2EOEME— AV 2T U= 51 ZFHRE T 27 bLZERH (OF5%EM) L&KL, (n—1)2 A
BB RIRIEIE (T5))im1,...n—1, j=1,..n—1 BBERXD. 7120, Ty i AT j AL i+ 14T j+ 15128 +1, i 17 j + 1 5
i+ 1T A 1, ZRLND 0 Lo TWABITHITH S, FEDOF 2 2Aav a5 HIZLIRD X 5 I2—ERFHK
aij ERHVWTRGELTES : U=U+3, ;a;Ti5,(i=1,....n—1j=1....,n—1)

Z DBRIEITHT 2 Il L8 (M P) OE8&MEE2E 22 22T, Mo FERG.

Lemma 1. fEEOF = Aa v 2 7 [I L EREOBABERE T,y & Ty XL,

Tij + Mit1,j + Tig1,j + Tig1 i1
=M+ eT;; —relyj, = ERELER T ELARS BLILLAR SRS (2.4)
Wi’,j’ —|— 7T7;’+1,j, —|— 7Ti’+1,j’ + 7Ti/+1,j/+1

LEDDH. DL E,
1 — Tr(EHENT) = 1 — Te(EIEIT) + O(e?) (2.5)

Lemma 2. F = 2#at' a2 7 II = (m;) W U, (EREOMABEHREE T;; ZW/NIIT72 o 7R O REDZE 71

1o T3, Ti4+1,5+1
Ti+1,5Ti,5+1
Theorem 1 (2 XDOE/MEHRT = AW a2 7 OFERE). 2 ROBR/NMERT = A 2 7 TEEED (4,5) Ol
B, j=1,...,n—1) 1L, LFOMEH—E.

1 log Tid Tit1.i+1
T+ Mit1,5 + Tit1,5 + Tit1,5+1 Tit+1,5Ti,5+1
¥ 7z, FERTIIZ Ot Total Positivity REMGEEOFEEE R, IR LR/MER 2 ¥ 2 7€ 70 % ER O
T—=RICE—RAY MERRIZT 4 v T 4 VT EBTFEREEN L.

BE Xk
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A7y Y 77N X B ERDTHOBE N A b R R

TER - AT B2 BR
TIER - BAWZERE Nk EK

BEL®IZ: AR PRERDIICOVTIE, TNETEZLOFEIMRERINTVS. AFEKXKTIX, Marden
(1999) @ Rank 2 HIRAELAET <> T ¥ ZATHNIEED S ERT OB AR MEIZOWTHE L. Han
and Liu (2018) Tifam S 1T\ % Kendall’s tau & OHBIZOWTHEHE L 7.

RELES: y < R?Y D Spatial sign %
Yy
. y#0
S(y) =4 lyll
0 , y=0

TERTS. XY, Z, X1,..., X, ZARLITEFEDIEATI S 28D d RITHERIAM F T L72h 5 BV
NRHERANZ L e T 5. Spatial sign 1I2HO K BN MR ERD DN DO FEA, Marden (1999), Han and
Liu (2018) TH#AZTNA TV 3.

RHEMT®D Kendall’s tau matrix K € R4¥4 1%

K=Exy [S(X-Y)S(X -Y)"]

TEHRIN, ZOWERZ

= R
K_O%lgﬁx X;)S(X; — X;)

TEREINS. —F, BEHTOREY TS v 7175 B € RY*4 1%
i = Exy,z [S(X - Y)S(X - 2)"] = Ex | By [S(X - Y)| Ez [S(X - 2)|"

TERIN, ZOHERIT

YR = n<n_1 Z Y S(Xi—X;)8(Xi — X3)"
i=1 j#i,k#1,j#k

TEFERINS.
RIfE: EEREEL LT, FABASHorx, ¥, K BLU) Xg BRUERTHTHHLENS Z L2355

ATW3 (Marden (1999), Han and Liu (2018) #2f#). Marden (1999) I2BW\T, Sp OHEER Sk Ik
202 M RERDOHAHEMES AT VLD, 20 Tg &

_ 1~ 2\ ~
ZR:K—F(l—)ER
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t%ﬁéﬂé.n—Mmmt%,EuJ(m,ERMZRK%$W%?5:tﬁ%ém5.:@:z#%,iR
¥ K oz, WAz S ¢ K Oy 5. KA OB, Sp b KI3Y5 52082 FRERK
DA ERHET A ON?2 VWS 2 IiTk B,

FHEBAH: oA P ARDIERE LT B2 2 5 (HEBBUC OV T, Hampel et al. (1986) ZZH).
FZ2MofmMe 35, BONMRE LT, Kt Xg ORKEAMEICET 2 ZEEKS XCEARZ PUCET
LB EG R 5.

K ZEZATHIT = [y1 - -va] & AT A = diag(ar,...,aq), a1 > >aq>01Ck>TK =TATT
EART MARREND T 2. L THBRRLEBEREELS, Y bR UERITINC X 5T IATT, A =
diag(A1,...,A\g) EARZ MADRETE 5. 72720, MET2EAMEICOVTIE, A\ > > A >0R50
WEPTIERY. LD oT, v DB LTWAEHEMEE Ay, M e{l,...,d}, g ORKEEGMHEL MG 2 E
AR MVEZNEN Mpaw, YL, LE€{l,....d} £ T 5. ZOr %, Kt X ORKEGMHEICHET 22
BIFk(x,a1,F), IFs, (2, Az, F) IZEDZTN

[Fk(@,a1,F) = ~{ A(®)n — 2a,, (1)
IFER (m’ )\mama F) = 7gB(m)’YL - 3)‘ma1: (2)

=

&
I
o

xy [S(X-Y)S(X-2)"+S(X —2)S(X -Y)" +S(xz— X)S(z - Y)"]

ThHs. Fiz, Kt Xgr OEAERY MV~ T 28 [Fr(x,v1,F), [Fs,(z,v,F)idzhzh

d
1
IFK(-’B,’YMF):Zal_angA($)71'7k7 (3)
k=2
1
IFs, (7, F) = ﬁy,{B(m)'yl Yk (4)
wzmr M A

THEzZohs.

ONZFRZADLEREERA : AHEHICBWTIE, W20 2 XTEAZHDD & T, EHEHE, BHEXZ b
VOB (1), (2), (3), (4) OEEZHET 3 2 v B X OEEEMOBLEOHELZELT, SpicksE
A aroa N MEZIE Lz, SAEZ EOET — XANOBEAMERICOVWTHIE L.

BE 3k
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