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Geometrical quadratic discriminant analysis for high-dimension,
strongly spiked eigenvalue models

Kazuyoshi Yata®, Aki Ishii® and Makoto Aoshima®

¢ Institute of Mathematics, University of Tsukuba
b Department of Information Sciences, Tokyo University of Science

1 Introduction

We consider a classifier for high-dimensional data under the strongly spiked eigenvalue (SSE) model. We
create a new classification procedure on the basis of the high-dimensional eigenstructure. We propose a
quadratic classification procedure by using a data transformation. Suppose we have two classes m;, i = 1, 2,
and define independent p x n; data matrices, X; = [x;1, ..., Tin,|, ¢ = 1,2, from m;, i = 1,2, where
x;j, j = 1,...,n;, are independent and identically distributed (i.i.d.) as a p-dimensional distribution with
a mean vector p; and covariance matrix 3; (> O). We assume that limsup, ., [|u||*/p < oo for
i = 1,2, where || - || denotes the Euclidean norm. Also, we assume that tr(X;)/p € (0,00) as p — o0
for i+ = 1,2. Here, for a function, f(-), “f(p) € (0,00) as p — o0” implies liminf, ,»c f(p) > 0
and limsup,,_,., f(p) < co. We assume n; > 3, 7 = 1,2. The eigen-decomposition of 3; is given by
Ei = HlAZH? = Z?zl )‘s(z)h’s(z)hz(z)a where AZ' = diag()\l(i), ceey )‘p(z)) having )\1(1) > 2> )‘p(z)(z 0)
and H; = [hy(;), ..., hy()] is an orthogonal matrix of the corresponding eigenvectors. Let X ;—[pt;, ..., pt;] =
H iAZ-l/ QZi for : = 1,2. Then, Z; is a p X n; sphered data matrix from a distribution with the zero mean
and identity covariance matrix. Let Z; = [21(;), ---, Zp()) " and z;) = (2133)» -+ Zjns(3)) " » § = 1, ..., ps for
1 = 1, 2. We assume that the fourth moments of each variable in Z; are uniformly bounded for i = 1,2. Let
Zoj(i) = Zj(i)— (Zj(i)s o> Zj(i))T, J=1,..,p;i=1,2, where z;;) = ni_l > i1 Zjk(i)- We also assume that
P( liminfy, o0 20133 || # 0) =1 fori = 1,2. Letxg be an observation vector of an individual belonging
to m; (1 = 1,2). We assume @ and x;;s are independent. We estimate pt; and X; by Z;,, = E?;l xij/ni
and S, = Z}il (ij — Tin, ) (xij — Zin,)T/(n;—1). As for the HDLSS data, Aoshima and Yata [1] consid-
ered distance-based classifiers and Aoshima and Yata [1] gave the misclassification rate adjusted classifier
for multiclass, high-dimensional data whose misclassification rates are no more than specified thresholds
under the following condition for eigenvalues:

a0
r(3?)

— 0 asd —oofori=1,2. (1.1)

Aoshima and Yata [3] called (1.1) the “non-strongly spiked eigenvalue (NSSE) model”. Also, Aoshima and
Yata [3] gave the following eigenvalue model called the “strongly spiked eigenvalue (SSE) model”:

2
lim inf { M) } >0 fori=l and 2. (12)
oo Lu(22)

Aoshima and Yata [4] considered a liner classifier under the SSE model 1.2 by using a data transformation
from the SSE model to the NSSE model. They gave a consistency property of the classifier and discussed
the asymptotic normality when p — oo and n; — oo (i = 1,2). On the other hand, Ishii [5] proposed a
linear classification procedure which has the consistency property even when n;’s are very small under the
following eigenvalue condition:

P 2
s=2 )\s

2
ALt

® =o(l)asp — oo fori=1,2. (1.3)

Note that (1.3) implies the conditions that Ay(;y /A1) — 0 and /\%(i)/tr(E?) — lasp— oo.



2 New geometrical quadratic discriminant analysis under the SSE model

Aoshima and Yata ([2]) gave a geometrical quadratic discriminant analysis (GQDA) under the NSSE model
(1.1). We consider a new GQDA for (1.3). We assume the following condition:

(A-i) hl(l) = hl(g) (= hy, say) and )\1(1)/)\1(2) S (0, OO) asp — Q.

Note that (A-i) is much milder than 3; = 3. Aoshima and Yata [4] considered a distance-based classifier
by using a data transformation from the SSE model to the NSSE model. They gave the consistency property
for the classifier and discussed the asymptotic normality when p — oo and n; — oo (i = 1, 2). On the other
hand, Ishii [5] gave a distance-based classifier by using the data transformation when p — oo while n;’s are
fixed. In this talk, we create a new quadratic classifier by using the data transformation. We construct the
following new GQDA:

pHﬂ?o — Z1n, |I> — {(z0 - Z1n,) By}
tr(S1n,) — A1)
2o — Ban, |1 — { (20 — Bony) T hy(1))}?
tr(San,) — ;\1(2)

tr(San,) — A
LD g TS T | @.1)
tr(Slnl) - )\1(1)

éDT(mO) =

Then, one classifies x( into 7y if ém(wo) < 0 and 79 otherwise. Here, ;\1(i)’s and ﬁl(i)’s are the noise
reduction (NR) estimators of A(;)’s and hy’s.

Theorem 2.1. Assume (A-i), (1.3) and some regularity conditions. For the classifier given by (2.1), we have
that as p — oo
e(l) > 0ande(2) — 0. (2.2)

Here, €(i) denotes the error of misclassifying an individual from m; into 7 for i,j = 1,2 and i # j.

We gave the performances of Gy () by simulation studies and real data examples.
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Sparse Tensor Subspace method for
biological modulator selection

Heewon Park (i B K224 B 2E6)
/NI E R (Y B TR

We are often interested in analysis of multiple datasets comprising the same variables as
measured in different groups, and we call this type of data as tensor data. In this study, we consider
that “the multiple datasets have a common eigenvector structure but with different sets of
eigenvalues” (Pepler, 2014). Flury (1984) focused that “the covariance matrices of different
groups have a common basic structure, even though the underlying covariance matrices are not
exactly identical across all groups”, and generalized a technique for PCA to identify a common
structure of multiple groups. Wang et al. (2011) proposed a method for common component
analysis (CCA) to extract common low-dimensional subspace, that accurately describes all
datasets of multiple groups. However, the existing methods for CCA provide fully dense common
loadings, thus tensor subspaces are constructed by all variables. It implies that tensor subspace
construction procedures can be disturbed by noisy features, because noisy features are inevitably
included in datasets. Moreover, the fully dense loadings lead to difficulty in interpretation of CCA
results, like in PCA (Al-Kandari and Jolliffe, 2005).

To resolve these issues, we incorporate sparsity into CCA, and propose sparse CCA to construct
sparse common subspace (i.e., sparse tensor subspace) of datasets from multiple groups. In order
to perform sparse CCA, we first focus that “ordinary CCA can be implemented by eigen analysis
of a matrix (i.e., common loadings of multiple datasets are estimated as eigenvectors of a matrix
M ”. We then consider that the common loadings of a matrix can be also obtained by SVD of
square root of the matrix M. In order to incorporate sparsity into CCA, we introduce the use of
sparse PCA (Zou et al.,2006) with non-centered matrix, i.e., the common loadings of multiple
datasets can be estimated by sparse PCA of the square root of the Gram matrix, which is a non-
centered data matrix. Incorporation of sparsity into CCA leads to effective analysis of multiple
high-dimensional datasets, because the high-dimensional data inevitably contain noisy features.
Furthermore, our method provides efficient interpretation results for the constructed common
subspace (i.e., we can select crucial common-features of multiple datasets).

We apply the proposed method to construct tensor subspace of drug sensitivity-specific gene
regulatory networks, i.e., drug sensitive (resistance) subspace. It can be expected that the
reconstructed drug sensitive and resistant networks on the common subspace can effectively
describe characteristics of drug sensitive and resistant networks, respectively. Thus, we consider

candidate drug identification based on the similarity test between the reconstructed drug sensitive



and resistance tensors on common subspace. For biological modulator selection, we also propose
a permutation-based statistical test to evaluate whether the connectivity of genetic network varies
with modulators. The similarity test between two network tensors is conducted based on the
proposed similarity test on not original data space but the constructed drug sensitivity-specific
subspace. We can see through the simulation studies and real data analysis that the proposed
method can effectively perform for common structure identification from multiple datasets, and
the effectiveness leads to reliable results to biological modulator selection (i.e., candidate drug

discovery).
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N QY TADHBEU, B i Yy TVDOEBIZIZHAT « 275221295, LT, g0 =
WM T T T = diag{tM Ty, XMW = (xT x T x (T, & = (T el
eN)Tel, DT

9

gzééTw@wpzﬁiTm(wa+é)
h=1 h=1

YEFILIT B, 2EL, YTV, OF D
(M, XM e z) L (¢, XM e, 2) (i#j, he{l,2, . . H}

ThBILENRETS. NV NRy, Ly (i#j) THB. £z, BEORREFLVOL Sz XM »
e BT THB e fELTHL.

BIEAERE R y() & AR 2 ODBRETELLSETY V27 TETWRIE, EHRTE 2% 0 M TEMAED
& CRIHED A5 y M) OFINIEHEE BT 52N TEDD, ~RIZZOETY U ZZEL V.
ZITEEE, ZOELWEFY V28T LE4EE LAY, HinAa7 M =pe" =1 2) 2Huv
T2 INRTAN)I I T Ta—FEHAVSNEZ EBE W, KERTI, 207 S o—FIZB8WTRERNR
IPW B2 S. ZOHEETI, BIEICMERA I 7 OWBEEAL LT3 Z & TR RHIE
EETL, TORICEEOMEEB A4S, BAMIZIE, BEATH W = diagt™1,/eM) 2 HVTE
At E IRIE LR

H
Zx?_xwm);vw(g_wa) (1)
h=1

CEFEL, ThE BIZO0WTHR/IMET 52 2T IPW #fiEE

H -1 g
BPW = {Z X(h)TW(h)X(h)} ZX(h)Tw(h)g
h=1 h=1

2525, IPW #iEild, H<MHATE2H 0 Y TRMEDLETEMEEZD D,



2 ETILEIRELE
F=RIZRHDID BIGED MSE L LTHRIZEZOND L D2 _fEHEX 5. 3 -FEH2 LT

mean weighted squared error %

NhﬁE:éiE[QiWB—E{ym|Xﬂﬂ)TWﬂm(Xw%_fﬂmm|qu”

Sef(a-x08) w5 x09)

h=1

-3 [(a s X0 W (5[5 X0
+2§§E[@_Iﬂ¢m|quf¢mm(xww_yﬂ¢m\XWqﬂ

h=1

LEHET D, TIT, BEO C, BEOETIZR S, EHEBRITIIEODHIZAMLTWS., TITOHEA
& ZR/ANE, BHEICEAZMICTETLZT— X OWAHME L T OHETEDZED M & Ak, TO
HALIPW HEETHHWONTWVWEHDTHS. FHE, AMEOE—HEZ (1) Offffiz 723D
Thbd. 2F0, HEEOEE L HEBOMENMCABOBLERTEZTEY, TOHMTHRTHS.

Wiz, ZF¥H & UT mean unweighted squared error %

EKXW%AjﬂﬁmLXWDTTW(XW%AIW¢M‘XWWH

M=

MuSE =
h

Il
—

E [(y _ X(h)@TT(h) (y _ X(m[;»)}

M=

h

S [(o-e o 20 7 oo )

1

H
oS E[(go[g® ) X)) T® (XM _E [g™ | X
2B |(7-E[g? X)) 70 (X085 X0
LRERTD. ZITRHEHHEZ DL DODT — X OMFEL ZOWEMOED T HEZZTWS. Bllllsh
E DI T AHEBED EIZEVEALEZVEVWSIEZFOE LTI, 25 50EEERDOAVER
EWVWRE. WHETERL, WM 70 3JEEEEFMTAITH D, W MSE &/ ILAICHE->TWS,
WHO C, BEOHEHIZR S\, HRELZEDOOEHHOMHEEIL, TFNVITHKE L 2\ ZIEHH
EREL, Elg® | XMW = XMg & UTHE=HH 2 BHEHE U726 0% HEHRIC BT 5 O, HHEL T
%, WREFMG TR, BIEEOREICN L THRERIZ FEE 255020 L, FOMRBEZGIZRD 5.
ZL T, MwSE %\ & MuSE 25822 H L2 ZnZh wC), HD VW E uC, KT Z &ILT 5.

Theorem 1. A X3 T BRHMTH B — AT IPW #fEREEZH WL ED O, FEHER

H H
_ = s APW\ (b (5 % (k) AIPW 1 e )T
wcp_Z(y X3 )W (y X3 )+QZE[€(}L)5X xXMrel
h=1 h=1
H ~ R - ~ R
uC, = Z (@ _ X(h)ﬁIPW) T(h) (g} _ X(h)ﬁIPW) +20%p
h=1
THEZoh5.

WO, DRF VT 4 HIFBHZHETES LIRS R0, YN 7 W (™ — x (M) grewyr x (1) x (W
" — XMWY /(N D &5 it B ERABDITE R DN TES.



FEAT—4 T D
von Mises DHDREHEEIZCDWT

1A i ™

1 EC®»IC

FEICETZ9HELT, REELAEDIC von
Mises 3fd'$H 5. ZODWIE, ERIAEICBLTS
Y, AAT—YICEYT 2RRABLFEICMHESTS. 2D
DHE2DONRIA—FE5F>THY, ThETnHEAE
NTA—4, ERENRTA—SELTHALNATWVS.

FRATF—YICEATIHEE, Az BAEE0N
#r Mardia & Jupp, 1972) R EHH Y, EFE, EVDEH
THAPHEFEINTWS. 7, von Mises AfICEAT
35 X—SHEDHRE LTI, Schou (1978) I &
ZRAMBAHTEEDRRERENBEIFONEH, ZOMD
=S AN

—7, EHESHEHRICEVWTHAABROSHRESIZ
REME%RD (Yanagimoto & Ohnishi, 2009). Zh%
von Mises A ICEAL, RRMEEEL T E%5E
Z2%&, REEOBRAND, REHEEIRVERELT
TEDEFIND.

2 von Mises %1

BAXy,..., X, & ROBERZFEEHEZHFD von
Mises 248 VM(n), 1) (1 € (=7, 7t), T > 0) &5 DRAE
BIERET .

p(x;n, 7) exp {T cos(x—n)}, x € (-7, m)

_ 1
"~ 2nly(1)

ZZT, B¥I(-) IE1BEMANY EILEHTHS.
ZZT, Clx) =YL, cos(x;), S(x) = X1 sin(x;) & L,
C(x) = R(x)cos %, S(x) = R(x)sin ¥ &&= AH~RY
MU R(x) EEREHAA X EERD L,

R(x) = YC*(x) + §%(x), D
THY, R(x) 20D EE 3 = tan 1(S(x)/C(x)) TH 3.
3 RRHEE

Yanagimoto and Ohnishi (2009) (2 &Y, SEMEH
RISN/HEETHL2ERBHOEERTHE%E, von-
Mises 3 DR (17, 7) DHEICH T 2EMAEER

*SRINASIZT S8 T184-8584 HAER/N& H iREFAT 3-7-2
Y S SHECRRIZEAT, T190-0014 BAUERII) I ATiET 10-3

WARE T

ELTIRET 3. von Mises 2 DBEARREIL, 0 =
(61,02) = (tcosn, tsinn) THY, WHIKT 3+t
El& x = (cosx,sinx) TH 3. FFIDMICITSRER
BE % B\ 3% (Garvan & Ghosh, 1997; Robert, 2007).
1/2
et o {1 28 - o)
22T, A(x) = L(0)/I(x) THB. ThFISTA—%
nickELAWZ &S, L, nr(t) &XT. BRE
# 0, DEERITHIL,

0 = cosf/Tnm(T|x)A(IR(x))dI,
&5, R,
0, = sinf‘/ Tt (T]|x)A(TR(X))dT,

AELND. TNBIE, KS%—% n, T ICELTRE
THDHH, 0=(01,0,) =(rcosn, tsinn) &4, K
HIRFHEEEIZ,

fi = tan™! (g—j) =%, (2
T= w/élz + é% = / Tt (T|x)A(TR(x))dT, (3)
&5,

4 HEEBOLEE

REMEEDOHREEZAETI 27DIC, REHEEL
DEBEERFEZTD. BFEHEEL LT, RAHBES
(MLE), BiI&AL#EE (MMLE) (Schou, 1978), €
TR A—9 DE%RFY (PM) ERBET 3.

ZZT, 192 MLE FUTTRLNS.
=

ML = Al (
n

F 7, Schou (1978) &, T ICEAL T, RX&#HT
MMLE, Tpmr ZIREL TW3.

nA(tmme) = R(x)A(EmmLR(x)), R(x) > Vn
¥, 0<Rx)<Vn e, tym =0 THD, &
512, TDPMIERKXTEZ SN S.

TpMm = /Tnm(T | x)dt



Prop.
~~MLE
4- | ~MMLE
PM

R(x)

Figurel: ¥ Y4 X n =3B 1F 5, R(x) iKW
%1 OHEEDIRDFEL: RRNVREMEEE (Prop.),
=AEH MLE, #HEH PM, RAEERA MMLE %389

41 HEEDIRZEW

EHENRTA—9 1 DENTIOHERZIE, R(x)IC
WL THEEIND. 22T, £7, Rk) ICKUEH#
EETOIRDZBVWICOVWTRETS. VT4 X
“Fn=3cEEL, R(x) 2Z{bI e ZDHEE
exact ICR& 7R % Figure 110~ &Y, LUTFD
ZENEALB. MMLE i3 7 = V3 TiFh&n' % 3. &
=, PMIER(x)=0DEEICT#0TH3. R(x) AKX
ELRDE, REHEE E MMLE ($3EE ICR VWMEZ B
Y, PMEEHLEAODVWTWS. MLE IZIREHEE LY
HEBICKEWMEEES.
42 Y RULLLE

REHEEOMUREZ ) R VHEERICK > TRIET 5.
DRV IZHEERDERNOETET S, DXV,

R(%):/L(%,T)p(xh)dx

ZZT, p(x|t) & n =% & L7 von Mises 237 DIEAR
BETHY, L(T,7) IFBREHERL, TITE, e v
ATLICBFBKLYAN—=V VR, KL, &, m VR
FLICEFB KLY A /NN—Y VR, KL,, ZFigXk,
MSE =FW53.

BEFHEEENBE LEAREEEELD) AL
A%, >Ial—2avil&oTHId. ¥YTalL—
2avikBWnWT, AENASA—% = 0IKEZEL,
BTN X 0 = {10,30,100), EHRERS X —F
t=1{0,.3,1,3,10} DK T, ThEHICHWT 10,000
YU TNEERLTITD. HER%E Table1 I2RT.

Table 1 &V, RE#HEEZIZ, MMLE 2B &9 3
&, n=10ICWVWT, 1=0TIHEMMLE IZ%%ED
D, t=038LUVT=1TIHEEHELTSEY, 1>23T

Tablel: 8%k KL, Dt & TD ) X7 L

n ot Prop. MMLE MLE PM
10 0 0.5586 0.5165 1.043  0.9011
0.3 0.6298 0.6686 1.055  0.8968
1 0.9858  1.169 1.065  0.9540
3 1.104  1.065 1100  1.075
10 1.085  1.052 1.087  1.049
30 0 0.5175 0.4923 1.009  0.8787
03 06925 08573 1.014  0.8517
1 1.064  1.045 1.000  1.018
3 1.033  1.023 1.028  1.024
10 1.021  1.019 1.032  1.019
100 0 0.5065 0.4822 1.004 0.8743
03 09277 1122 1.019 09126
1 1.031  1.018 1.000  1.020
3 1.012  1.009 0.9991  1.009
10 1.022  1.020 1.025  1.020

FIFRETHD. £/, n=30,100 DIBEICEWVTIZ,
T=1DLZTDFRIIFELTZ2EOD, FIFRA CIERA
IZHhB. £/, MLE &tkR% &, REREEZERITFEA
EDOFBEDEETEBLTVWS., PM BT Z &,
ICT=0IC3EWEE, REHEEEEDIT D HARWERIC
HB. T 5L, von Mises Fisher 4% 74 & DEES
MICHIIPHEEEOERICEAL T, TOERELIHER
THhd. IBIC, ZITREBERFADOMERELTY
2O B ET 1D, BROH ZEMHHE TOERYZ
OHTEEDBRICOVWTHABAKRTHZ LHFT
5.
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A Practicable Estimation of Mean Squared
Prediction Error in Small Area Estimation

Masayo Y. Hirose
The Institute of Mathematics for Industry, Kyushu University

Abstract

The empirical best linear unbiased prediction (EBLUP) estimator
is utilized for efficient inference in various research areas, especially for
small-area estimation. In order to measure its uncertainty, we generally
need to estimate its mean squared prediction error (MSPE). In this
study, we seek a MSPE estimation method achieving several desired
properties under aggregated level model.

1 Introduction

There has been high demand for reliable statistics on smaller geographic
areas and sub-populations where large samples are not available. Even in
such a situation, an explicit model-based approach can achieve more accu-
rate estimates by borrowing strength from related areas.
The Fay—Herriot model (Fay and Herriot, 1979), in particular, is widely
used as an aggregated level model for small-area inference as follows:
Fori=1,...,m,

ind

Level 1 :y;|60; ~ N(6;, D;);
Level 2 :0; ind N(z}j3, A). (1)

The level-1 model takes into account the sampling distribution of the direct
estimator y; for the ¢th small area. The true small-area mean for the ith
area, denoted by #;, is linked to the area-specific auxiliary variables z; =
(@i1,+ -+ ,xip)" in the level-2 model. In practice, the coeflicient vector § in
RP and the model variance parameter A in this linking model are unknown.
The sampling variance D; is often assumed to be known.



Since A and [ are unknown in practice, the empirical best linear unbiased
predictor (EBLUP) of 6; is generally used for small-area inference. It would
also be quite important to measure the MSPE of EBLUP as its uncertainty.
For small-area inference, its MSPE needs to be estimated with high accuracy.

In this study, we consider what a desirable properties of practicable
MSPE estimation. We also compare the performance of several MSPE esti-
mators in our investigated class and others through a Monte Carlo simula-
tion study. This study has been published in Hirose (2019).
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TEOHERNL, BENOMBEO~ 7 =F 2 — RECRFZE I IERED /3T /L S 1 5 Rk O g

DX, FIEMTHOIMELARENE Z 2ANCFHMET 5 2 L3 TE 5. ¥ 1127”7 Single-link 1%[1]
(ZHEVHIEERE 2 AR U, MR L 7= HhEBRE O L ICBEN O R KB 2 B, REOR %R OBNMELZ T
TNARE, REBELERTH. 2 LT, HHHOHMEREN 30 AUNICAEL K Z AR CH OMEL
T 57O OMEHET L EMEG L, OB A ML 5.

HWERE O~ 7 =F 2 — FZECRZEM R BT 2 8 80E, HMEHNOMBE N LK~/ =F a2 —
N MUTIEAF L TELT 20D, D 2 DHFEISRMO T TIXATERE & il HUEREO I AH T H ZeHm)
DEVWRBEND[2]. 22T, BNORK~/=Fa2— KM L ZFHIREWVWY I =F 22— KM, D7
AM, HUEREOMKGHIM T (H), FENOPLEAMERE D (km), HEEHEOPLRE X, HE Y OfE
B (Mskih) ZaTEMRB OO ORMELE LT, HIMERICONT, BENORFTHIENS 30 ALL
NORBEREMBLZ AT CTORIEMRE L EHR L, RAUTESWTEHET 5:

logit p = g(X, ¥) + fi(N, M1, AM) + o(N, My, T) + f5(N, M1, D) + a0+ as

22T, logitp=log{p/(1—p)}iT p DEDEE 0<p<1 DFFHNRET 20Ty FEETHY, ZDL&
FD DA TEL I & 2 ATRERER ORI b 5 O IXRTEERE & O MR ORI A v R LIRS NS,
AT 11 g(X, Y) [ ZHIME D ZIT KA L2 R — R T4 2T 0 WA 7 T A L BISKIC K R S5,
E72, SN, Mo, AM), (N, M, 1), iV, My, DYARHOMEEITIES <Ay XOARIHE, Theh 3
WATTAVBICE VBB LEETHS. £77 a0 TEHETH Y, S6I0, BRAMEHOFEICL
BHEE DAL EA AL BT, P EOIEICS iﬂfﬁb\ﬂﬁ%ﬁﬁ@giﬂ% os MR T

1%6¢1H1Hﬁ%1%%$mﬂ315&?@%%f%ﬁﬁ&m7&;éimﬁﬁﬁ@%m#%%
2 12R L7, [ 2(d) D HUIEDHEERE R 5 1%, TS E T & Fbc B0 TRITERR N E < 72
S>TW5. £72, K 2@75 i77~%1wF#AM#¢émi&ﬁ%ﬁ¢ﬂﬁ<,I2®# (Lt
WM T AEOIE ERIEMENE L, K200 b I ERMEEA R OIEEE TITERENRE ko T
BY, ZOMAEHERNICESTELLTWD ZERbNS. A8, M2ICHET 55Me LT, &
K~ 7 =F 2= K My RS WIEEFITRRERENE < 2o TOBH, ZAE, MAVISWELRS LTS
KB~ =F 2a— ROTFTBRPTR5720TH 5.

PLECTHEE SNT-RTEMR O A, 200041 H 1 H225 2017410 H 31 HE CORA X s/
R L, REP IR N=2,4,8 | gbtgﬂ%ﬁ_omfm%ﬁ¢%ﬁﬁbk HIFRAE 2 & ORTE
e DORFAME 2 10% K50 ) ORI/ T THEIF L, SBkTOEBOFIEFI AT /b bt & bl L
TRRAR LR, PR, B0SO B R OB A RO, Ak o R REEFTAT I & 5
REANTHSD. £7z, 60%HBOMHIEHEEE B O T B0 B CH Y, EBIC M6 jitk
DARBZEILTND. 2L, 7o 21E 2016 FFREAMERORTERARSIO & 5 (SRR 10 28 %
T B L, FEROIEFIZ L BRI AREER b DL 25, S%IE TR~/ =F 2— RO
ETFRMIN DB & v 7 OF A E et L CEFEkO TR Z KD 720
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Penalized least squares approximation methods

Ak B

RRKF AL BRI

20198 A 30H
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setting

o B=(Q,F,F,P),F = (F)er, : a stochastic basis
e OCRP: NS A—4ZRH

° O RERFARE
° 0" : Hff, 0" € © HD 0 DA po &

0 0 £0,..,0% £0, 0% = =05 =0

o rp: T DR, $<DFAR . = VT 2EX 3.
o RUKMLveERP EHTRI Mbuy e R BEP vs0 € PP EBVTRO LS

ICRTZEICT .
o [v]:}
UJO
RIS p x p TH M %
Mg Mg
M= [M]m A’IJUO]

DEIICRTZEICT B.

EERETE) YRS b (BRTAMT— 5 OHEET ) ¥ J) 201088308 2/10

Objective function

Q(6) = (6-6)G(O—0)+>_ w6,
i=1

o 0: MPHEER
o PIRIEHZOREH L1 (0) IKH LT, 0 € argmingLr(h) B2 HD
o GERP: (S5 V4 ty) ERMENTTI
o K} = arlf;| ™
o v EHE, 7> —(1-9q)
o BRI y=1.
o (ar)7 : deterministic 2251, r
o BRI, ar =r2.

;(27q+-,)aT%OO. T;IQT:o(l)

penalized LSA (Least Squares Approximation) H#ES 69

09 € argmin Q2 (0)
6€6

Bk B8 (REAFALIREERIATRA) YRS b [BRTAMT— 5 OHE T Y ¥ 7] 2010%88308 3/10

o 171 (6—6") = 0,(1).
eGP @
o GERPXP: H2 (V4 Lk) EEMERITI

Theorem 1 consistency and selection consistency)

T

RE1DEET, . )
' (09 —07) = 0,(1), PR =0] -1

ARYILD.

S YRYY L (BT — 5 OHEET Y ¥ J) 2010%8A308 4/10

10— 07) =% G3¢
o (:pREREERELREY, § LT
o —% : G-stable convergence
e G:o-field, o(G) CGCF

Theorem 2 (Asymptotic normality)
& =[Io (Ggn)'Ggu] £BL. ZOLE, REINDET,
rpt (09 — 07) 1 — &{r7 (6 - 07)} —P 0.
IS, RE206ET,
72 (0@ — %) ;1 5% BGTEC ~ MNy (0, (Gyn) 7).

A EB (RRAEASBRBIEN ST R YRS b [BRTEMT— 5 OHET7Y ¥ 7] 2010%88308 5/10

Definition 3
FERBRE X = {Xr}r D' L -AREWE, supp E[|Xr|P] <oo,Vp>1DEZICWI.

(Gyr, {G Y BET {r71 (0 - 07)}r & L™ -HR.

Theorem 4

1 RE3DHET {rpt (09 — 0%)}r I Lo A5
2. FED L >0 1KLL, B CL HEEL,

PO =0 >1-Crr3*

HERD T > 0 18 L TR Y IID.

2010%8A308 6/10



definition

—BEERONPHER ) #BET 5.
2. 6 EAWT, BHIIFI I, ZRBITIIE T B penalized LSA #EE 01 ERDB :

3
h(a) A _0.\2 J q
o), € arggergm ;((91 0;)° + k7165 ) (2.1)

3. HMLVWAOREK Lr(0) #AWT, P-O #HER I ELUTTEST 3.

6 € argmin Lr(0)
€6

TIT, O={0€ 06, =05 €I, JO={j=1..p0, =0} &L

P-O #ERIE, ZHOEIRICD W TIE penalized LSA #EEB ERASEOUEEFO—F, BN
WEBEWO>TWD. 510, RBUTHEBMTIICLEZEICLY, (21) ERTHD
%&£ 2, BMREROBRELHED | RTORBELMBICFEINATVS. —RICEHE
ROBBIIFRTICADZ ZENZWED, ThIZFEBICERATHS.

Sk JaiE (RAAZAZ ISR AHGR) YRS b (HRABMT—5 OHEET ) ¥ J) 2010%88308 7/10

result

covariate process X = (Xt)iec[o,1] & 20-RTT OU B2 TLUT D SDE %5579 £ D %%
Z5.

dX| = —a; X;dt +0.4dW;, Xo=0, te][0,T)].
ZZT, ani=1,---,20 i

a; = ag = a1 = aig = 0.15,
ax = a7 = a2 = air = 0.2,
az = ag = ajz = ajiz = 0.25,
ag = ag = auy = a9 = 0.3,
as = ajp = ais = axp = 0.35

&L, W= (Wiz1,... 20 W& 20-RTTIEHE Wiener B2 & T 2. T — 4 & intensity A(t,0%)
% point process N = (Ni)ecjo,r) DY Y TR ET D, F, BIE &

6" =[2,—-1,1,-0.5,—1.5,1.5,0.5,0.75,0,0,0,0,0,0,0,0,0,0,0,0]’

&T5.

Bk B8 (REAFALIREERIATRA) YRS b [BRTAMT— 5 OHE T Y ¥ 7] 2010%88308 9/10

simulation
.
cox model

RD & S 73 intensity A(¢,0) &% D point process N £ 2 5.

A(t,8) = exp (Z 0])(;) (3.1)
JET

ZTT, X = (X])iepo,r),jmr,..p BEERL pRTHEBRET 2.
EFN (31 IKHLT, BULERTEEZS. REUSHLERRE

00(0) = Z/O log (\*(t,0))dN;* —Z/ A% (t,0)dt. (3.2)

ae1”/0

EBLE, Lo(6) = —Lr(6) RORBMREHBED, £fo, BUBLEER I % (r(0) &
BALTZE0ELTERASE, § RIRE 1-3 &7%F.

2010%88308 8/10

Table: Results of the variable selection under 7" = 50, 100, 200, 400.

[ T=50 T=100 T=200 T =400
T(p-L5A) 1.12,03) 321 704 %638 999
% (unified LASSO) (1, 12,1) 59 17.4 471 796
% (Bridge type)  (0,1,0.3) 89 219 523 803

Table: The summary of results for the simulation under T" = 200.

01 02 H 04 05 [ 67 s Oa f10
true 2 -1 1 -05 -15 15 05 0.75 0 0
nitial 19938 00936 09941 -05003 -14909 14978 05009 0.7490  0.0001  -0.0002

(0.0722)  (0.0830) (0.0858) (0.0889) (0.0962) (0.0745) (0.0851) (0.0880) (0.0908) (0.0974)
pLSA 19918 00872 09877 -0.4758 -14877 14946 04750 07383 -0.0001 -0.0008
(00728) (0.0840) (0.0868) (0.1035) (0.0065) (0.0748) (0.1049) (0.0904) (0.0265) (0.0340)
P-0 19950 -0.9971 09964 -0.4979 -14931 14998 04946 07523 -0.0003 -0.0007
(0.0565) (0.0682) (0.0713) (0.0892) (0.0823) (0.0602) (0.0915) (0.0730) (0.0228) (0.0307)

%(p-LSA) 1000 1000 1000 988 1000 1000 984 1000 994 99.2

[N 012 015 014 [ 016 7 s 010 020
true 0 0 0 0 0 0 0 0 0 0
nitial 00014 -0.0038 00007 00026 00063 -0.0015 00042 00013 -0.0048 -0.0014

(0.0760) (0.0794) (0.0872) (0.0947) (0.0971) (0.0701) (0.0802) (0.0896) (0.0914) (0.0941)
pLSA 00000 00003 00007 00002 -0.0004 00000 00011 -0.0003 0.0013  0.0004
(0.0000) (0.0185) (0.0252) (0.0240) (0.0248) (0.0000) (0.0194) (00239) (0.0247) (0.0208)
P-0 00000 -0.0003 00007 00000 -0.0003 0.0000 00007 -0.0004 00010  0.0004
(0.0000) (0.0152) (0.0221) (0.0188) (0.0259) (0.0000) (0.0134) (0.0214) (0.0199) (0.0213)

%(p-LSA) 1000 997 99.4 99.4 995 1000 99.7 995 99.7 995

A BB (RRAEALRBIRN LT RN) S YRYY L (BT — 5 OHEET Y ¥ J) 2010%8A308 10/10




RAF—F 55BN =T 4y v—RaAF7Y) VT3

BIPE R M —

AFRTIE, RUT—RIZH LDV THRAHEMZFETEFIERLE U TAZERT — XD
T4y ¥y —A37 Y vk (Incomplete-data Fisher Scoring; IFS) 22183 5. IFS D&
HOHME, DOROME, U CEBOEMZxRT.

ek, RMlT—2IZH EDOWTERAHEEMZEIR T 5121%, EM 703 X LD EEHER)
WCHWSNTE 2, BAETIE, EM 7L I0) ZLIEHEIZRET—XIZHEEDNTIRT A —
REWETBAEITTHRL, BELSHRETILVDNT A —RZOHEEX — O HEEBD /T
A — ami’%ﬂ%éMT%Tmé BEOE Z A, kw?—at%aﬁmfﬂﬁx—a
EHETBEIZIE, EM 7L T) XATHEFEEOE—EREME > T\ 5.

EMT»:UZA@ﬂﬁi ZTOEFRDEENLPT W &, T U TEHANEHMZ
itk eThd., ZNREFEEOLPTIP, EHROMIROLPTIIITERL TV
5. UL, ZTNUEEM 7LV ITY) XLDRREENTEZT VT XLTHS I L E2EIKL

TIEWARW., EM 703V AL, RN SIPERBENZ LI TER. 22 T3
SPRDEX &1L, REFTOMROBELRIBDZ L THS., EMTIILITY XLiE, o7
VT ZALZHARTPERETIZET 58 0 R U OFHERENL < 25 HAIZH S, ZD K
D MRS & R T R, BR2 BRIEED A A SN T E 72, BlZ X, doubling step %,
Aitken JIE72 ETH 5. —MRIZT SV o2 HEE, REMIZIZHKBIRO ML O
WEMS Z2izid. Tz, BHlh s HNERO WS H 2 W EZIHIBT 5 &

RIEWREMES ZENEHKTHAS. TV EBEZHIZHLEIWT, EM7LVIY X
LD E £ OMONEER (HI A XEE) 2R HT 2 hybrid EM 7L T3Y XA%, EMOT
A T4T7AVENRSEEM 7V TV XL Z2FLRVEHN (= 2 — b BRI
74wy =GR RN 4y Yy — A7) Y IE) BRI NT E 7L

AR CTRIET 2 IFS X, Ai& & BEOHFMBICALENIT B Z N TE S, IFSIFATY
TiEEFAET 22 LI KB MEETH S, BIRIZIE, T RA =& a ODBIEDOHEEE o)
DO H T2 R HEEE o) NDFEH &

1 _
oD = o 4 5= (Jom(@®)) ™ Vegps(®)
n

Ti1725. 22T, n@#/7»#4%,8@17/7%ycm()ﬁbé? RDT A
yv—1$ T TH D, IFS DRFEETREWEIE, FIZIEERM O s=127
, (FA—DWHETHIUXEM 7L T) XL &2 [ @%mﬁ@ﬂ%iﬁ?étm
ngf%5.g®b&ﬁ,s>1t?éthiD,EMY»:UXA&D%EVW?
NRIADZ WS Z e ThHb. TUT, A7y TlEs Z@EYNICHMTAZI2&D, &
D EERIN R A EBTEETHAD.
EM »3 > T Wz BB O BEFBAMEIZ OWTIZIFS AL TWa. TFSIZ Xk 3 hE
D B 13

gObS(a(t+1)) - Eobs(a(t)) ~ Vgobs(a(t)),(a(t+l) - a(t))
= iVﬁObS(a(t))/ (Jcom(a(t)))il Vﬁobs(a(t))
n
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THZONEG., BBEDHD Jem(a) BIEEMHETHINIL, Los(aD) — Lo (a®) > 01X

SEMTHD. —MROBHEETVIZBWT, 714y ¥y —BRITHAINBIEETH S Z & 2K
ET DI IR LU THIRWTIEZRWTHA D, [oT, —MARIEIETIVIZH LT (A
T 7l s EYITH B L), BNBIRO RGN HETE 5.

ARRFZETIE, T OERICHEGRINZRE DT &2 52 2. BRI, (1) IFS 2 B ins &
BAT Y TME (s > 0) BBTIFAET B2 2, (2) IFS DIHDE X 1F Vg (®) oo (D) 1
DEAMHEIZKFETEZ L, THS.

BB, IFS # HERREART Y Y H DT A — XMW U 725551 %2 FRICH
H9 5. 1910 4 5 1912 F£D London Times fKD LT AFKD 7 — X (Hasselblad, 1969;

Titterington, 1984) IZlk, ZDDKRT YV VA ADRGAMVRCHEET DI BRI H6NT

W3 (Lange, 1995). ZDRMHD/NT A —RYEFEIZIFS ZFHVTAS. M1k, EM 7V
IV AL LB HEEERE, AT TiEE 2EE L7z IFS OHEE e, RERAT vy TR
U7z IFS DHEE @R Z R L TWB (FNZENRHTIEEM, IFS, AIFS &3Ka0). %
DEUEETH D, MEHINREDORE L ZORHATOREDAETH S, YOHES BH
IR L TWA Z 2005, IRETIZ, EM 73V XA1F2000 HEAE, 25y T
g % [EE U 7z IFS (& 1500 [FIFEE, AT v TRz L 72 IFS 1% 200 FIFEE O 0 & UGt
BEBFEL D, ATy TiEEFHFELUZIFSIZEM 7T Y) XLD 1/101EE DD KL
B &> T, WYRATY TIREHVSZ L TIETES Z L0905,
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Missing data problems

KLIPS data

Scatter plot of (X;,Y)

© Missing data has become a major problem in statistical analysis,
especially in social science, epidemiology, marketing, and so on.
= Nonresponse
~ Causal inference

© A report on missing data was issued in National Research Council
> It has been a big problem in the world

* Our main goal is to obtain an estimator which is close to that with
complete data

 Korea Labor and Income Panel Survey (KLIPS) data
- Sample size: 2506
= Y- Income in year 2008 (missing)
~ Xy Income in year 2007
~ Xa: gender (1 or 2)
Xt age (1, 20r3)

© If the data Y of lower-income workers are likely to miss, the average
income should overestimate the population mean income

© How can we estimate the mean income in 2008 by using only
observed data?

u

rved
population mean

| I Bias

Poulatiar

Missing data

o

2/38 8 nac
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What are Nonignorable Nonresponse Data ?

Problems and Goal of this talk

Conceptual graph of the problem

Parametric assumption on 7(z.y; ¢)

© Nonresponse Data
~ Y+ response variable (missing)
- X : covariate vector
~ R response indicator of ¥

* Nonignorable Data (NMAR)
~ Response mechanism
P(R=1]2.y) = n(x,y) depends on ¥’
~ If the mechanism does NOT depend on V', it
is called ignorable or MAR

© Problems.
~ In estimating NMAR data, an outcome model f(y | z) is to be
modeled as well as a response model (xr,y; ¢)

* Geal. We propose,
(). (Frequnetist) an empi

al likelihood (EL) type semiparametric

ator;
(ii). (Bayesian) a multiple imputation (MI) method with the EL estimator
without specifying any outcome model

© In common, we do not require f(y | ) distribution

* Logistic model is considered in this talk:

1

T S g o)

- 62 #0 = NMAR
- 62=0 = MAR

© Maximum likelihood can NOT be used without specifying /(y | )
(Greenlees et al., 1982, JASA)

5/38 5 oue

6/38 6 oo

7/38 5 o

8/38 5 oue

How to conduct Bayesian estimation for
semiparametric model?

2 () Parametric | Semi-parametric
Aswumption + : ~ :
fwl29) : Ho #a) :
Ukainood [ |0) L Gaeld)
| (EmpircalLikelhood) |
Postorior S(zobe | 0)P(6,7) 1 :

9/38 5 o

Outline

Outline

Characteristics of EL

Introduction
Empirical Likelihood (EL)
Multiple Imputation (MI)

Proposed method
EL in NMAR
MIin NMAR

Numerical Fxperiment

Introduction
Empirical Likelihood (EL)
Multiple Imputation (MI)

* Semiparametric method (Owen, 1988, BMK; Owen, 1990, AoS; Qin
& Lawless 1994, AoS)

o For statistical tests of EL estimators, variance estimation is
unnecessary (Wilks' theorem)

© Target parameter 0: a unique solution to £{U(6; X,Y)} = 0
—eg 0=E(Y) > U@)=0-Y;
0 regression coefficient = U(6) = A(X)(Y — X0)
AX)=XT LS
X0)/007V1(X) : GEE

AWX) = (.

10/38 5 ouc

lllustration of EL

Qin and Lawless (1994, AoS)'s EL estimator

No plug-in estimator is required in statistical test

EL estimator in NMAR

Maximum Empi kelihood Estimatior (MELE)

g
PR ol &

—arg max [[@(6)  « profile likelihood
0 i=1

© subject to

i*,:, wi >0, i,;,[/('r,;ﬁ):r)_
=1 =

* Empirical weight: &4(0) ~ s

© Empirical likelihood: Z(0) = | [ £(0)

=1

© Under some regularity conditions,

© Qin et al. (2002, JASA)'s estimator
~ J(u| %) is unnecessary
~ Consistency and asymptotic normality (CAN)
* Two shortcomings:

1. Efficiency is unknown (asymptotic variance is too complicated)
2. Wilks' theorem may not hold

eptain —2log LL((”;)’ 2, 33,
/d,, =1 - . L “ #) has an explicit form by using the Lagrange multiplier 4 dimension of
/m O)dF(@) 0 S U)o, | Addtonl o [L:(6) can be regarded as a (pseudo) likelihood
b
11/38 @ oac 12/38 & oac 13/38 3 oac 14/38 @ oae

Multiple imputation —1/2—

Multiple imputation —2/2—

Multiple imputation in NMAR

Dataset our method can be applied

© Create multiple complete datasets by imputing missing values with
some reasonable ones (Rubin, 1978, 1987; Kim & Shao, 2013)
~ Itis casy and convenient for users to deal with missing data
~ Variance estimation can be conducted by the Rubin's rule

o Let 2 = (2,9), £ = (4,7); 7 is a parameter prescribing f(y | 7:7)
M, €0

(P-step) Forj=1,.. PIE | 2oms) o P(Zobe | P(E)

© Compute interesting parameter
60) with the j-th complete
dataset (j 1., M) Y

Create M
datasets

N . 1
Vi6m) = Wie + (14 77 ) Bur

© In P-step, some outcome model f(y | #;7) is to be specified
~ Otherwise, posterior can not be computed
~ In Im and Kim (2017, JKSS), fi(y | )
instead of f

fly | 2,r = 1) is specified

* Semiparametric Bayesian estimation is required (Chernozhukov and
Hong, 2003, JoE; Lazar, 2003, BMK; Yin, 2009, BA; Chauduri et al.,

X Y R

1
D !
o

+
(-step) Fori=1,...,m, 4" ~ply | z,r = 0;60) " 00 2017, JRSSB)
R
where p(€) is a prior distribution of £ W g PO & iy @ Extra information such as
v o E(X) and E(X?) s available
< e (0 -ha) = 3y 3207
15/38 5 oac 16/38 o sac 17/38 5 ouc 18/38 5 oac
Outline Motivation Proposed estimator for { = (0, 0) On Empirical Weights w;
Maximum Empirical Likelihood Estimator (MELE)
© Let g(z) be any integrable function of . ¢ = arg max arg max [ i * By using the Lagrange mukiplier,
- egog(e) = {Laa? .} ¢ i o Q) = 1
‘ L A R OF
© By Bayes' formula, it always holds that st.
wi=1, w>0 P B . . -
. By (X.Y)a(X)) palX) P = @) = (o) (s O) — 5] b (O 7 i O
Proposed method Edg(X)} = = Tr e g il Fs ) . — A satisfies
EL in NMAR : 59 . h
N L [ pa(X) S w,{ — L g =0, h _
Ml in NMAR = £ {«(X. V) E{Q(X))} =0, Z Paleiwio) E T ©
. ziyi0) . .
where p= P(R=1) and Fy(-) = E(- | r=1). Z el e~ . C:m”fmr,[,“"“"
where 7, iy (a).
19/38 & e 20/38 RIS 21/38 o oac




Theorem 1. CAN of MELE

Remark

Empirical Likelihood Ratio

Theorem 2. Wilks’ theorem

Under some regularity conditions, MELE ¢ has CAN and the asymptotic
distribution can be written as

Ve~ 60) B N0, %),

< ut = { 2O 5 o)) [ { S }]

* Dimension of g must be larger than that of ¢
= When dim(g) = dim(), the estimator is exactly the same as
GMM-based estimator (Kott & Chang, 2010, JASA)

© There exists a “best" g-function which minimizes the asymptotic
variance of ¢ (Morikawa & Kim, 2017).
~ The lower bound is called the semiparametric efficiency bound

© Our estimator is applicable for the data in which both o and y are

« Empirical Likelihood:
L) [Tate Yo [n,u | A((/,)Thu,,a))]
et =

® Likelihood Ratio Statistics:

L(¢0)

R(8) = ~2loz 75

Let ¢ be a d-dimensional parameter. Then, we have the following results:
® Test Hy: .
= Guy, be MELE

R(Gsr) D \3(d)- ¢}

o Test y: ¢V = ¢V,
- ¢W is a sub-vector of ¢ = (¢7,¢T)T
= Gt = (Cy S )T be MELE with ¢ = (G10.2) and fixed Cio

T issing, but we know E(X) and E(X?) such as the Census B . 5 6= A
. k(rzi0)= r Vo), ="t y0)7 missing, but we know E(X) and E(X?) such as the Census Bureau ~ g true value (or null hypothesis: & = og) Ra(Gor, Ger) 2 X(d — dy), @)
w(26) w(z;0)
where )
. ¢
Ra(G1, &) = ~2log 725
22/38 5 o 23/38 8 oac 24/38 5 9ac 25/38 5 oac
Semiparametric test of response mechanism: Conceptual graph of the problem Multiple Imputation in NMAR —P-step— Multiple Imputation in NMAR —P-step—
MAR v.s. NMAR © Consider an EL
T wio)
© Consider a simple situation that we are only interested in 6 =t
s.t.
o Logistic response model Swi 1 w0
=t © Recently, Chauduri et al. (2017, JRSSB) shows that Hamiltonian
. 5 g Monte Carlo (HMC) method is effective to sample from the empirical
D I e Py S {piﬂ(lx,y,.ul *9,‘} 0. posterior distribution
~ gr1t MELE with 6 = (60, 1. 62) © We can regard this likelihood s a pseudo likelihood!! © AnR package elhme s available
~ g1 MELE with 6 = (60, 61,0) Informtion o X (R=0)
e  Empirical Posterior Distribution (Lazar, 2003, BMK):
© If the null hypothesis was correct, we have Posterior of ¢ can be sampled from a distribution proportional to
R 5 D, 2 p9) ] «(0)
R . 1
2(6EL; 9EL) — X°(1), oA
prior o
26/38 5 oue 27/38 6 oo 28/38 5 o 20/38 5 oue
Multiple Imputation in NMAR —I-step— Multiple Imputation in NMAR —I-step— Summary of proposed MI Outline
MCMC is not needed!!
© In a similar way to Kim & Yu (2011, JASA), we have
« Pustep
) 7 fly,r 1O, y) Assume that . — Sample parameters from the empirical posterior distribution with HMC
: Sz | r=1)0(x,y)dy’ o R del: = —
o -1 sponse model 1233 = Tt s gre o) 60036 | 2) o l6) [ @) G=1,...,00)
- Oe.y) =7 Ha,y) =
¢ o K, is the density of the standard normal distribution
* Kernel density estimatc ith EL hts (Chen, 1997, AJS, ® st
ernel density estimator with EL welghts (Chen ) Then, the imputation model becomes a normal mixture model e _
. ~ For each missing data {i : r; = 0}, impute them by
: e [ 2
S |r=1)= HZ“‘((D)’\’( )Kw< ) folr | 730) = 3 wi(@)N (s + h202, h) m
=1 B g Rl Z, B o~ foly | 2:60) = 3 mi@N (s + h 9P, B2,
= 1 p-dimensional covariate where \'(j1,0°) i the density function of normal distribution with mean o
~ b bandwidth o e . * The rest is same as the classical MI Numerical Experiment
= K..K,: kemel function of z and y () =g
w0 syl A w(Ok ( = )vxp(ow.)
30/38 5 ouc 31/38 5 oac 32/38 5 ou
Setup -1/2- Setup -2/2- Trajectory of ling par at P-step Imputed data in a dataset with M/ — 100
o X~ U101 Y[ (a,r=1)~N(z-0.121, 1/v3) o n=1.000 N
o Response mechanism: * #Imputation: 10, 100 or 1,000 o]
L E]
(e y) T e (005 100 ® #repricaton: 1,000 5 = >
o Target parameter o gle) (1w, 2% %) ;7
- BY) o  Prior: p(¢g) = N (log{(1 — p)/p}, 100%) p(es) = N(0, 100%) -
=SB L) ot ~ Assume MCAR as the prior 31
a5 a4z a0 as
o
33/38 5 oac 34/38 o oae 35/38 5 oac 36/38 5 oac
Results Conclusion
* We proposed two semiparametric methods to analyze NMAR data
. 1. (Frequentist) Empirical Likelihood (EL)
Table: Results of numerical simulation. 2. (Bayesian) Multiple Impuation (MI)
i(Y) Hh o Partial information can be effectively incorporated
M 10 100 1,000 10 100 1,000
BIAS 0.024 0.024 0.024  0.001 0001 0.001
SE 0037 0.034 0.034  0.043 0042 0.042 ® Theoretical results for MI are needed
RMSE 0108 0100 0189 0212 0.200 0.208 ~ In what conditions, Rubin's rule holds? bandwidth?
TEST 0031 0061 0066  0.942 0.943 0.047 © The assumption on the response model can be relaxed such as

TEST: Rate of the confidence interval with significance level a = 0.05
including the true value

1
@) = T @ ey

where h(r) is an arbitrary function (Shao & Wang, 2016, BMK)
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Spectral Embedded Deep Clustering
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1 Abstract

We propose a new clustering method based on a deep neural network. Given an unlabeled dataset and the number
of clusters, our method directly groups the dataset into the given number clusters in the original space. We use a
conditional discrete probability distribution defined by a deep neural network as a statistical model. Our strategy
is, first to estimate the cluster labels of unlabeled data points selected from high density region, and then to conduct
semi-supervised learning to train the model by using the estimated cluster labels and the remaining unlabeled
data points. Lastly, by using the trained model, we obtain the estimated cluster labels of all given unlabeled data
points. The advantage of our method is that it does not require key condition. Existing clustering methods with
deep neural networks based assumed that the cluster-balance of given dataset is uniform. Moreover, it also can be
applied to various data domains as long as the data is expressed by a feature vector. In addition, it was observed
that our method was robust against outliers. Therefore, the proposed method is expected to averagely perform
better than previous methods. We conducted numerical experiments on five commonly used datasets to confirm
the effectiveness of the proposed method.

2 Proposed Method

Given an unlabeled dataset X = {x;}I' | (x; € RP) and the number of clusters C, our proposed deep clustering
named SEDC (Spectral Embedded Deep Clustering) groups X into C clusters. Since this grouping is achieved by
obtaining the estimated cluster labels of X, our goal can be replaced by estimating the cluster labels up to permutation
of labels. In SEDC, the estimated cluster label of each x; € X is defined by argmax;_; _ cpe-(y = jIx;), where 6
is the trained set of parameters. The classifier pg(y|x) is parameterized by a fully connected deep neural network.
The training scheme of this classifier is as follows: we firstly only estimate the cluster labels of selected unlabeled
data points by using only X (this part is done by SGSC (Selective Geodesic Spectral Clustering) algorithm.), and
then conduct semi-supervised learning to train the classifier. Regarding with this semi-supervised learning, we
use the estimated cluster labels of selected unlabeled data points and the remaining unlabeled data points, which
are treated as the given true cluster labels and unlabeled data points respectively. The objective function of this
semi-supervised learning is as follows:

h
A
Ruat(6:X) + 7= > KL [po(ylxa)llg] + 2H (YIX), (1)
i=1

where the first, second and third terms are VAT loss, pseudo empirical loss with estimated cluster probabilities (
q(iy ) of selected data points based on KL divergence [1] and conditional entropy loss [1], respectively. A; and A
are hyperparameters that range over positive numbers. y and & mean the cluster label and the number of selected
data points, respectively. Eq.(1) will be minimized.



Table 1: The mean clustering accuracy (ACC) of Eq.(2) and standard deviation are shown. Five popular clustering
methods and our proposed method were tested on five datasets. MNIST and Reuters are real-world datasets. FC
(Four Clusters), TM (Two Monns) and TR (Three Rings) are artificial datasets. For each method, Average means
the averaged ACC over the five datasets. The experiments were conducted seven times on each pair of method and
dataset.

Method MNIST Reuters- FC ™ TR Average
10k
k-means [4] 0.53 0.53(0.04) 0.60(0.05) 0.64(0.04) 0.35(0.03)  0.53
SC [5] 0.72 0.62(0.03) 0.80(0.04) 0.85(0.03) 0.96(0.03)  0.79
IMSAT [2] 0.98 0.71(0.05) 0.70(0.04) 0.66(0.05) 0.34(0.01)  0.68
DEC [7] 0.84 0.72(0.05) 0.72(0.04) 0.67(0.03) 0.48(0.04)  0.69
SpectralNet[6] 0.83 0.67(0.03) 0.79(0.03) 0.87(0.02) 0.99(0.01) 0.83
SEDC 0.89 0.73(0.05) 0.95(0.03) 0.96(0.02) 0.99(0.00)  0.90

3 Numerical Experiment and Conclusion

Table 1 shows the clustering accuracy of each methods. Our method is SEDC. The evaluation metric is as follows:

Yy Wy = (4]

n

ACC = max ()
T

where {y;}" | and {§;}/_, be its true cluster label set and estimated cluster label set, respectively. The number of
data points is denoted by n. 7 ranges over all permutations of cluster labels, and 1[- - - ] is the indicator function.
The optimal assignment of 7 can be computed using the Kuhn-Munkres algorithm [3].

With respect to the conclusion, we propose a deep clustering method named SEDC. Given an unlabeled
dataset and the number of clusters, the method groups the dataset into the given number clusters. Regarding
its advantages, it does not require an additional condition except two fundamental assumptions: smoothness and
manifolds assumptions. In addition, SEDC also can be applied to various data domains since it does not have
preferred data domains, as long as raw data is transformed to feature vectors. Furthermore, the performance of
SEDC can be robust against existence of outliers. According to these advantages, our proposed method can be
expected to averagely perform better than previous deep clustering methods.Therefore, we think our method can
be a competitive candidate for users in some practical clustering scenarios where prior knowledge of the given
unlabeled dataset is limited.
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