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Measuring Global Flow of Funds and Financial Network:
Shock Dynamics and Propagation

Nan Zhang
Hiroshima Shudo University

This study seeks to construct the Global Flow of Funds (GFF) matrix model to measure global
financial stability. We use GFF data and the sectoral account data establish the sectoral from-whom-to-
whom financial stock matrix (SFSM). The SFSM focuses on counterparty national and cross-border
exposures of the sectors between China and the United States to construct country-specific financial
networks and connect each country-level network based on cross-border exposures. We use financial
network analysis to run an empirical analysis of SFSM to study the local propagation dynamics of
quantity shocks in investment and financing. To that aim, we propose a decomposition of shocks into n-
order effects on the basis of an “inverse of Leontief” representation of the w-t-w matrices. And we
further propose an eigenvector decomposition of the effects to provide an analytical description of the
propagation process. This reveals the deep connection between the propagation role of financial
instruments/countries and their centrality in the w-t-w network.

This study enhances the above research studies by improving upon the GFF statistical framework,
integrating data sources, improving the compilation methods, and especially identifying the
interconnections between the sectors’ national tables based on the W-t-W model. This enhancement is
achieved by combining the GFFM and the financial inflow—outflow table based on the sector data.

China (CN), Japan (JP), the United States (US), and the United Kingdom (UK) (collectively, the
G-4) are the four largest economies in the world. Although their economic systems, market maturities,
and political systems are different and face many political challenges, a GFF analysis can grasp the basic
structure, mutual dependence, financial exposure risk, and homogeneity and heterogeneity of the
external flow of funds of these four economies. This will undoubtedly be useful in understanding global
financial stability. Therefore, on the theoretical basis of improving upon GFF statistics and developing
application methods, this study also focuses on the setting of counterparty country sectors in CN, JP, the
US, and the UK. This study explores new theoretical methods and proposes practical countermeasures
to prevent financial crises.

This paper is arranged as follows. Section 2 improves upon the GFF statistical framework and
reduces statistical discrepancies, discusses the integration and consistency of data sources. On this basis,
section 3 discusses the methodology for preparing counterparty country sector tables, create a theoretical
analysis model. Section 4 estimate bilateral exposures by international SFSM to show shock dynamics
in each sector of G-4, analytical representation of shock propagation in sectors, including the financial
network, to show the financial position and cross-border exposures of the countries in GFF and shock
dynamics between the Sectors. The contributions of this paper have the following three main points.

First, this is the first paper to compare national financial exposures across sectors of G-4 economies
by the GFF analysis framework. We use FA, CDIS, CPIS, and BIS’s data to estimate bilateral financial
exposures between G-4 economies. Furthermore, it connects national financial networks to each other
via cross-border exposures (see Figure 1), which are calculated by merging information from the FA,
CDIS, CPIS, and BIS datasets.

Second, it based on the framework of W-t-W to illustrate the use of a Leontief representation for
W-t-W financial matrices. According to the relationship and certain regularities in the w-t-w algebraic
structure, the dynamics are decomposed into contributions by the eigenvectors of the diffusion matrix,
the matrix containing the ratios of financing by counterpart sector per unit of investment by sector



measured in stock terms. The dynamics of the direct and indirect effects emerge as linear combinations
of declining trajectories associated with the eigenvalues of the matrix, weighted on the components of
the shocks in the base of eigenvectors. This paper focuses on cross-border interconnections of portfolios
investment to measure the external shocks dynamics and the propagation of the shock between China
and the US. We have illustrated on the basis of China, Japan, and the US, and the UK example, the use
of a Leontief representation for w-t-w financial matrices. In particular to study the propagation dynamics
of quantity shocks in investment and financing by making use of a Leontief power series expansion.

Third, as an empirical analysis, we can find an interesting fact which was by calculated. That is,

although we assumed that the external investment of the United States is reduced by 1 unit, and China
also reduced external financing by one unit, while other sectors of G-4 remain unchanged. However,
with the large share in the international portfolio market and the close relationship with multi-country
in portfolio trading, the U.S. has strong resilient to shocks, and the observed cumulative limit effect
value is still the highest. Under this assumption, we do not see the effect of increased financial
investment between China, Japan, and the UK, even if the scale of external portfolio investment in the
United States declines. Another interesting result is that when we transpose the C matrix and observe
the impact on the United States, Japan, and China from the financing (liability) side of the securities
under the same assumed conditions, we get a completely different result. That is, once the w-t-w
structure is considered, as done via the inverse of Leontief, the effects of the shock are more complicated
than just a reduction and an increase in the investment by countries offsetting each other.

Regarding our future work, we need to focus on the following issues:

* The proposed framework can be used to decompose effects caused by quantity shocks of any
nature. Such as central bank quantitative easing affecting the volume of assets held by the
relevant sectors, shock affecting the distribution of stock value, and price shocks.

* Future research should tackle the lack of temporal dimension in the description of the propagation
process.

* Beyond the use to characterise propagation effects, the Leontief representation can be used to
extract other relevant information from the w-t-w data.

* Improve Financial Accounts and GFF statistics, and develop application methods, including
network theory and data science

wwww
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Figure 1 Assets and liabilities network in the sectors of G-4 at the end-2021
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MZ27DICQIT (1 XH2L5% 70ty h—tEEEHAAS Q=03 REL. TIT, ¥EX



Nz m xm, px p RAEZETHTHS. £/, € ¥ T OIS, ¢ o (1,1) EEZ2 ¥, 31k L
oo TOREICEKD, BEREBOBEMMBMZ 5025 Z e Z2HRL 7.

LLRES, 2070ty h—EEEHAAAZZLREICED, RAT X —XTH|OHEE B Z 572K T
BTN TERVWEWSRENEELTLES. 22T, K#HETIE, WL O2DRHDITH % EE L=
FTOED ORATHOHERZIRRE L. 618, BRELLMERLZE 27010, AEETIIRKEHELZITS
HE7 VDY) X LDREZRAT o /2. AFHBHTIIRHC, HEMEFETTIIDRINOGEE, FRHIE T — X205
HEE S 2 FIREIRRL, 703V XL BHEEL -

AEHTHEL 27V ITV XL Z2HWT, ET XD Z2{To 7. ZDRER, REBDMERIZOWT DORERE
EHIPHEETEL IR0 o7z, LoL, WS O»ED BRoh oz, SRIER O - MEE RIS 5
72HDFERFE->TVISIEEZTWVWS.

BE R

[1] Guggenberger, P., Kleibergen, F., Mavroeidis, S.: A test for Kronecker product structure covariance matrix.
Jornal of Econometrics 233, 88-112 (2023). doi:10.1016/j.jeconom.2022.01.005

[2] Kroonenberg, P. M., de Leeuw, J.: Principal component analysis of three-mode data by means of alter-
nating least squares algorithms. Psychometrika 45, 69-97 (1980). doi:10.1007/BF02293599

[3] Potthoff, R. F., Roy, S. N.: A generalized multivariate analysis of variance model useful especially for
growth curve problems. Biometrika 51, 313-326 (1964). doi:10.2307/2334137



e THME TR I N 2 LR EIFET L
2B BEIEC), BiE

[JRERE KEBEER TREIARZERE Sl £
JRERY: KEBCER TREPEERL B &/

R TIE, 2EBHREARSLZERY v PHE, 2EBMMHAMER LY, FHEDS Ny MMT5
THEZAONZZERMAIFETNVCHET & NEEEZE 2 5. 7 VEFUREEL LT, L PRI —3R%
FEEDLK VR 7 BBORNRHEER L LTERAONBEIE C, RHERREET 2. ETLVORLELZH
LRI A R DD 208, LT _RHAE D ZD—DTH 5. BIE C, FHEE, ZZEEN R
ETMICBWTIRE Z N (Fujikoshi and Satoh, 1997), ZA &V v J[EIFA DL (Yanagihara and
Satoh, 2010) R—#(tV v EIFEANDHILIR (BIFE 5, 2009) 72 T TV S, LTI, Yanagihara
et al. (2023) 12 & b —&IRE TV EEE L LEIE C, RI¥EDIRRM T O, SEIIFTAL 72 B 3
D% &, Yanagihara et al. (2023) IZIZE EHRNWT 5 A TODEIE C, FIHEDILRZ A7z,

S EABE e LT, p RCHMNZER v (i = 1,...,n) LYIRIHZED 2 k + 1 KT HZERK
z;(i=1,...,n) BEIZLNTVELTE. ZDL X,

vy = wi(x;) + »1/2%, (i=1,...,n), e€1,...,6, ~i.i.d. F,

THEZLNZEFAREZS. 1211, F IRV 0, 28I, o535, & p KTEEETs,
wi() R S RP DS RERE T2, £/, EFLOEORE Y LT,

yi:7;+21/25i (i=1,...,n), €1,...,€, ~ii.d. Fy,

ZIRGET . Fo13F 0, 578 I, % H-D Orthant Symmetry (Efron, 1969) & FHEN 2 MFR31 T H
3. v BEOVIEME, X, 3 p ZOTIEEMEITIITH 5. 7, HNZEBITAY = (y1,...,Ys) O Tl
HE, DD MRHETE &3,

N 1 ,
THEANTWD T 5. L, HEn XITESTH, M & n ZoTHIEEEITIITH 5.

%, BHE(L —RIERER d(A, B) = tr{(A — B)X (A — B)'}, Z OHEER T H 2 HEE (L iRt
% d(A,B) = tr{(A— B)S— (A — B)} TEDB. £7, Tu = (Yrer s ve) € = (61s...,60) &
BE,

Lo(A) =E[d(Y, A)] = np+d(n, A),
35, BIE C, HHEE, ROBEN TR ZREEZICE SV A VBBORRHEER LTERA OIS,
Rc=E [LC(Y)} =0, +tr(H' H) + np.

727U, 0, =d(T,, HT,) TH 5. 20V A7 B R, OFRHEERERD 21203, KES X —% 0,
DWEDPRE L I2 5. 22T, ROMFHEZRHL T, 6, ONMRHEEEZER T2 2E X 5.

E [d(Y,Y)] —E [d(r*, HI‘*)} +E [d(szi“, Hf:;:i”)] .
¥ H1HEIOVWTR, O, =X,V T.(I, - H) (I, - H)T,=,? v B3, t1(©,) =0, TH D,
E[dr. HT,)| = mtr {E[(€'ME) 7] ©.} = mesh..

Z213%. 1121, 2 DOHOEFSIIROMEL D GON .



/
ﬁ% (% 1 IE&:?SU’Z)/HH?%{[E) EIME = (ZH ;21> ZE%, Z11.2 = 211 — Z51Z2_21Z21 Zj—é ZD
221 22

L& ¢ =E[l/210] ¥ LT, UFARD 1D,
B|(e'Me)] =,
F7z, 55 2OV, Co = E[E (E€ME) T E) v BLILT, KDL S ICHHTE 3.
E[dESY?, HESY?)| = mtr {Cy (I, - HY(I, — H)}.

KBTI, 1, Co DWIRHEL,

. 11 / —1 . 1 < / -1,
CIZJL“;;Z;“{(“:w)MS(z)) 3 C2=alglgoa;5<6>(5<e>M5w>) 208

DIXZERNT, EXTANVAET LD RDENDS. 72U, Ep) FLFIHDEDIRELUIC X 23RETHITH
5. IEXD,

E |:CZ(Y, Y)} = mer, +mtr {Co(I, — H)' (I, — H)},

DEPND. Lo T, 0, DONREEEE,
R 1 4 N 1 ,
9* mey d(l al ) 1 tr {CQ(ITL 11) (ln 11)}>

EBE, BIEC, HERZ X TERT LT, SETOHME D LU NOEMDL D LD,
T (L O, 5E).
MC, = 0, + ptr(H'H) + np.
EE. MC, 3V RAZBB R, DORNRHERTHS. D% D,
E[MC,] = R,.

72721, 0, OFETIE, HISEESEERINCRE SR 0Weo, TTICRAL X518y 7 h sz fi
T3, 2D, FEHOMES BERNRA M EDHOP LDH-THEBL e PR EE 25, Fiz, HEHIC
IEBRDHERE LHER M INEFEEE S 28R REE BN GG TIE, Kby Ikl
TO, RETZLNTES.

BE XMk

[1] Efron, B. (1969). Student’s t-test under symmetry conditions. J. Amer. Stat. Assoc., 64, 1278
1302.

[2] Fujikoshi, Y. & Satoh, K. (1997). Modified AIC and C), in multivariate linear regression.
Biometrika, 84, 707-716.

[3] MU AN, AKH: 55, Feik f— (2009). ZEE—MRILY v PEIFITBIT DV v P87 X — X ERELD
e DNA T AMMIE C), HHE. JEHMETE, 38, 151-172.

[4] Yanagihara, H. & Satoh, K. (2010). An unbiased C), criterion for multivariate ridge regression.
J. Multivariate Anal., 101, 1226-1238.

[5] Yanagihara, H. , Nagai, I. , Fukui, K. & Hijikawa, Y. (2023). Modified C), criterion in widely
applicable models. Smart Innov. Syst. Tec., 352, 173-182.



GRIESETNVOREERI DM HWHERN 7ay 75
ILDARA ZHEH]

AEN, FRAEKES
JREREER B E R TR EVTFER

Iy PT—=ZBINCB VT, BRICHERNZ 70y JMEZIRE ST 2R 7y 7ET L
(stochastic block model, i LT SBM) D& < HHwohn s, xy b7 =27 =% LTEHIZIE,
SNS @7 + 1 —vU —DRRP, @XD5IH - $5IHRERHSH. T I TERIZ, XA XHEHED
AR BWTHERN 70y JETAZHW A Y NV =27 —=2Da I a2 =7 4 BHIZOWT
E25. HiEW S 2 7128135, /—F8n, 3322748k DSBM 2 LTUTFDOHD%
EZR5D:

Aijlz, Q. k nd Bernoulli(0;;), 0i = Qx,2,, 1<i<j<n.

U, z={1,..,k} Ea32=74ED YT, Q= (Qrs) € [0, 1]F IZHFMTHNTEAMIL 2
ODAI 2T 4 BERIC) — R2HloTERL U5 N2 HERE2RT. 72771, BEET
Hl A= (A;) €{0,1}" ENFMTFITHC L - FIEFELRY, DFD, A;; =4, A; =0T
Hb. Iy NIV=T=ZDI 7 AR YIHEEIRA I 2 =T BHERFE L BTN, KT SBM
ZHOICHERE FERPFEELTETWS. LAL, 3 a=7 4 HOERMBEIIFEICH LW
METH 2. BE, aI2=7 1 BAKDIIPHEERDDOTH S LA, FRIDMZIE L CTHEH
ZATOHEPFHELTETWS., ZHCED, a3a=T7 482720 oiELRLD, ZOI
FHEDFHEAAIREICIR D, —DDHEE LT, aIa=7 4 BUTHFIOMEZIEL, FEIMH
YTV TRITIFEDRD DD, VN=2TNY T MCMCITRE XN 5 IERHE» O
BMH 7 AT ZLZHHALEL TREBELFTRF—5 TATIRREY. 2 UNFRX MY v IRA X
DHFHAIZ BT, 7 I RAX Y Y 70T 2 Hili0fm e L THERIEEETRE (Chinese restaurant
process, CRP) W& L HHWBHNS. ZOEER, $hRNRXTAY > 77 -2 MK T 5 Z & HAHE
THBH, 77 AZBITET 2HETMO—BMNEDRD TN e D2 e PHoNTNS.
Z DB Z RS 572912, Miller and Harrison (2017) IZXRDOARIEEE T NV DES (mixture
of finite mixture model, MFM) Z W HFi DM ZREL, ZOHFITMOH L TDI 7 AXE
DHEEFHO—ENMEZ R L 7.

k
kE~p(), (m,...,m)|k ~ Dir(k;~,...,7), zi\k,ﬂ'NZTrh&l, 1=1,...,n.
h=1

72U, KE7 IARE, p() & {1,2,...} LOMERBER, & 2 3277 AXEDYT, v>0, &
o E T4 7y 7HETH 5. Geng et al. (2019) Tl, MFM HHiinffiz SBM [ZHSaIa=



7T AMRHOMEICEHAL, W O2ORERNRED FT SBM IZE1T 53 2=7 1 BOFEERD
MO—EHMEZRLTz. L2LRERD S, Genget al. (2019) DFFEE, »v VT =7 DIHICEADD
2HaeHOLV— 72RO B Ary by =21 EHATE R W, FlZ1E, Train bombing data
FNEHEHFHIZBFE2 70 A DAY b7 —72, http://konect.cc/networks/moreno_train/)
T, HOEANTOY X MIXZ2BBRMEOEZIEZRLTNS.

AWFZETIE Geng et al. (2019) DETFTAZINRL, FROMOFAED LD ORHA <1 a 7
HEY T AN aEZMRT 5. BRRNCIE, Geng et al. (2019) DETNLVDOILERRKZRT Y V77
MICEZ S I TEEMLHCNV -T2/ LEETVEEZD. DED,

Ajjlz, Q,w, k ind Poisson(6;5), 05 = Qziz;y 1<i<j<n,

Aii/2|z,Q,w, k nd Poisson(6;;/2), i=1,...n.

HOL—73 2 5L TIA SN2 DT, EREOBEITIIONAMDE 2 DIERLR5 2B
LTW3. Geng et al. (2019) Ti&, HEMOBIR D & MIMTHI Q ITIER— XM ZRE L TV
578, MBETNVCTRAEEIRART Y YOz Es 2 DT Q IR AT <z iEs 5.
ZDET M LT, KIFFETIE Geng et al. (2019) &FEE, 2 I2=7 4+ BB L T MFM #=
HidfMzEHWs e 2EZ 5. BRIMOGTEIIBVTIE, Geng et al. (2019) & FIFRIZ &k, 1T
DWTREIET2Z 8T 2 DOMICERT 5. ZOELMIX, ko 1B L THEEE U 2B
ANCETEFRETH B Z 8, 2 IXREAIRETH S Z &, # LT Dirichlet process mixtures & [FlfED
Pélya urn scheme Z#EN T 2 Z 2125, 2 D distinct value DFRAMWHEANC T I 2 =7 4
BOFEZRIIC T % Z A Miller and Harrison (2017) I X D/RENT WS 728, SELIANCI
I 2 =T A BOFEEDMEHOIAEEEOFEIZ1TS ZEDRIBEICRZ 2 DT Fa—
FOEERETHS. £/, SBM TERA—DAI2=7 1 BT 2/ — RALHEGRERFO» L
I PIIHERINCFE L VW E WO REDDH S, / — FREIOERENEZE R L XBEE#RN ey 7
£ 7)1 (degree-corrected stochastic block model, DCSBM) 2% %. K7 Y VY LEEZEZ S Z
ETRBUBIE T X — & & BT NVOFBAATREMED 72 8 D572 I Z4UEX DCSBM N\DHLIR D B 5
T®H 5 (e.g. Herlau and Mgrup, 2014; #H, 2018). L2 L&A 6, MFM HiioffzHwi e
12, Geng et al. (2019) T/RENTZ K 5 BRHHARIRMEEDIL D SLO0E S IR TH D, Ma
TH5. HHIZ, WO DOMMOFEL OBHELE E fHRET — X 2WMET 2 TETDH 5.

BE Xk

Geng, J., A. Bhattacharya, and D. Pati (2019). Probabilistic community detection with un-
known number of communities. Journal of the American Statistical Association 114(526),
893-905.

Herlau, M. N. S. and M. Mgrup (2014). Infinite-degree-corrected stochastic block model.
Physical Review E 90(032819).

Miller, J. W. and M. T. Harrison (2017). Mixture models with a prior on the number of
components. Journal of the American Statistical Association 113(521), 340-356.

BT (2018). THUEIERER 71 v 7 EF MBI 2 A RHEE, BETRFERZGEHEHE TR0
FERHEOR G I H BB T E .



Asymptotic properties for small area estimation

in extreme value theory

BIESKE kK JHE BRIESAF THHE

FREDOER

WMUERE T T, MAHEREZMTST 5720
DFR% RIEFIHNE TV Y I FEPMREINT
ST RO EZELNE, HHOT) T T
KINZT =206, ETIVTDY AT %
BELFHTEZ EiIzho7-. 728 201E, K1
&, HARF ORI SEEBMT (2 7) D
fEZRLUEHMKTHS. Z05E, KK
WEEZDZO5THEORNARET LY R
ERENT U720, & ZAD, £ T ORHA
R T —RIEENIEEL v, K2 D EEE ’
NEVIE, HEOHBEKEDORRY] 78y b 4
ZmRULTW5 (https://wuw.data.jma.go.| e

jp/gmd/risk/obsdl/index.php). ZD& ¥,

WifERHIz O ETY V2T, 2DF 1: AR AR BIHFT DALIE
BSF IOV D & 50T, AR R AE X B AR L 0

TINZRERMBEOT —XZIRHEHI NG, TP R, BTV TOT—2EIDRL 725
WA, T—REZVTIEIZRTTHTLTLE D &, /FoNSHEMITDHIKRE
Wz DIAGHEMEIZRITTLUE S L WO RELND - 7=.

R RDOBE

FATIHIETIE, 272K 72 BLT, AEREROTY TDOT—X%21 20T YT
T=N$BILT, VA DFHKEL2ZEMSELHEPHESNTE 2 (de Carvalho
et al. 2023 ; Dupuis et al. 2023) . AKFFETIL, TN6 & IFRRET T —F& LT, /i
IHEE & I IE 2 3 B DIRARNRE 7V & M AEft s BRI /LA A 72,


https://www.data.jma.go.jp/gmd/risk/obsdl/index.php
https://www.data.jma.go.jp/gmd/risk/obsdl/index.php
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2: FHOBKEDIRSI 70y b (L HEKE, £T  FKE, A1 BIEER)

BAEMRETNVOREIL, =V 7 T OHEMEZIIGT 5DIT, TOMDETOTY 7D
HmRERHETDEIAITHD. TD &S KU, Borrowing of strengthl IFIEN 5.
BR, INUSHEEIZBEWT, BAMRET VL, YU TP A XHUNI WY T OHEENE % )
EBYTL-HODERL UL TEHEEINTE 2 (Sugasawa and Kubokawa 2020) . JelZdl 7z &
ST, WMMEETICFIHTE ST —XIEBROoNS. ZhD R, BREMRET VL, VAZOTF
HHEOE LIFICHEMTE 5 L E X 2.

AT, REMRET NV EZMIAAZBERGROMEE L 2 D/RT 4 —< v AT DWW THE
L7=.

£ 3R

[1] de Carvalho, M., Huser, R., Rubio, R. (2023). “Similarity-based clustering for patterns
of extreme values”. Stat 12(1), e560.

[2] Dupuis, D. J., Engelke, S., Trapin, L. (2023). “Modeling panels of extremes”. The
Annals of Applied Statistics 17(1), 498-517.

[3] Sugasawa, S., Kubokawa, T. (2020). “Small area estimation with mixed models: a

review”. Japanese Journal of Statistics and Data Science 3(2), 693-720.



B ERICBITA AT bOE—ESDORYETE

SINEEWMEZ LTy bOE—%EZ 5

183+ A L Tokumaru Kumon
1 TYRIVIIBBNICERE(T 2
TYaLEE @ B ARESO—RITRINICL - TEREAEET 2. @ BEMICE
OB L, BMEL T 2 RTLTHD, £ AT L1E. RNA & DNA E WS 4 BOEER% T
PEMEFTE LT BREYD o BEREY). BB, WMAEA CEMEL Lo, £ POEEIL
WAIBOREEN, FEIRMEEAN Y [F%] CHEESEY [T—500) 2EBLTTYRIL
L. XF CEABRWEE) & bit CHEET 2 EH) OFBEICL > TEREEMITENR L7,

2 EpOBEELET EAHTIBRREOEMEIRE

BRAYDIEZEYDEHESYDIHIIEE VO BEE(IZ. AP ELELRBTETTL
B, BHRERE T PO 2RANEMICERTHIE T, TOANZALIEERT,

IR FICNRECERBAENMEEL TOWFHRIC, £0RIIEDERAETREMTY? R
BT HI-ODEAEETEHH T, MR ZIE. WE - MNEBR. FEL. TNWENEREY.
ERAEY). BHEY. BIEEEAE L, COREEEIL. £HEREEIMY TR WL
DHZHITEETHEA%ZH DD T, S/N L T+80dB IEDRERIES L £ 2,

B LWEBRED, TOENIRBREICET L&, REEBIT+80dB 2 RFEEHE L TDH
DI EICRY FNERMALT SETERALIEL AN 7LD BEMELEEAET, &
1

~

TTOIREE | BFER/ #iAE HMELTRRT 2B | BEST ORI NREEL
HEMAET | 38 EERT / fRRRAS ¥ (DNA ¥ RNA: GC, AU),
EaEE 5 (DNARNA),

B EY IR (RNAD 7 I /)
BEY | 20 RFRT / ZIETIRE TN % DNA —E 5t A,
BEREY HIFRE R, EEEBH,

FILAF S enHtsE
(B, S ha>FY7)

BEREY) | 518 4000 BE | Sataty), PR (B | REEHAH =X L
Al . HEHR) wE RS
BHEENY)

R 6600 7 Fa/l FE. BB ORI, KE34 | Hok FFO 2E, BF 23
YL B, SRHM\ A= =3z

£ BEEMHI» SHILIEZ TOEPGARDOYIE - /EHL (FHEEX)



3 HREDMEE T £ AR TIERROBEMFRIERE

bt FOEFEIE. PRSI THEER. BHEENRS THLE—Z0)E b OEMZES
LT TYVRNERDIRE ST BEEERTH 2D TIEINIC & > TERDEEDATEETH 5,
FEIOHE XFEDEHERBAEINLD, INENEMFTRIETHIEBECZEAL S Z & THE
M7 RBe L B E E T,

k&, [FE L TEEROMN - ZMLIC & > CTRROIEEICERZIERT 52 2 & T BET
5 EEBHEICAR - BERLNTED ] EEERT D, b MIEERDERD/HIC, BEEZRET
BEEERY | SR REMER O MEMEN TIEEBDEENY ML L TW2, FEREY
50T, FEOHNED o DHENFFISE D, EZE D 12HICIE RELFEEBTEET 54
ENDH D, 7 TVILOBAERMRICELTELXNVITRABEBEZMEREL TH Y SUEAZL L,

BRI [Z0EELBEUVOCIRTOEROESEERE T 2], FERNCATEIL. BE
EBHEA 1 1 THUO2L, BRBREBEZENT, EELEEHRD 1 HNE0BRICAS 1 DAE
RTHDHMROEER T H-OICIEBWENICEEZEL T OAD LW EEZED D DLLEDNBH D,
BIADLENZ ED L HEARY LD EWND & EFMTH DD BT, HERIFBREER TE
FNfH TNEEBLIELES eoICid, HED okRb S NBEREREDNVELLD o7,

FIARRYETIEC A, [BWREEEICI> R B em < BRDAY 25TIET 5] HIifiT
Hod, INlE, OEBEBRANDEEREETHD I LN, QFEENEDEX X OfEwmE H
LichZBHRT 5 & THENDOND, BEFEDAVWEEITRYITETE AL, BEZFBIEDHS
DTHRVHSEIZ, BYDEIDZHIMTL L D200, <URLEEA, BBKRL, HOHFRFES
MELT. ECICHBERSCFELV BNV EZEDN O D & BIARVETENTE 5, 2N %X
T57eHICE, BEMEREICEZECIEHNDETHS D,

TOIREE | BEEA/ #iE RIE - ES0YIEiAL RME T TRRS N7 RIBEAL
LI 300 B &HT / oy 7vzLy—(ER) |EBENER

EAALE B =B HT I KOER (30 7 E7T)
RA |3 B&Ed / FE BAE (B AL) BRBDORESM(ELS ML)

SHHBERA | 400cc DK = %2 ¥ PR ZHAT 28 = E OB
BExat |7 AER AV IIIOES BERREA(Z )Y IFE)
B} REALE BEERT L TEHNER

BRI ED SRR (B30 R BEEHE)

DXt | 5000 &8 XF(CHAGRWEDH)ER | FREF

SCEAA EHERE - Ak MEZOBSEIFISM e )
SCEA 60 &/ Bit(x{ET 258 L 1 > | AFBHBER. AIAHRYITE

REHEIDR | 9=V MREI>VY | (FYbT—I7DFFEERLT)

#2

I O FEF v v RE COAEMEOYH - FHELEL EEEK)




Y OB EELESE 7 /L & presence and pseudo-absence data
A Bl — BB - HE T BB R T

B AE B4 12 GPS (global positioning system) 7 A — % %353 2 @ EF5EIL. 2000 FAX;
I APBEATRY | BUETIIAS L LTWD, GPS BBNIE ) & Z Z28inT
NERRT 5, £, HLEE (BE) owicE s8N BEILEL) HbRTL &

DR BRI E TE I W L— N TEBEI L= T b,

& AT BEDSGM 7Lz & W ) TFRICIE. e e Bar e WO R b & A
TW5, DFEV, GPS T —XITIE, %6ﬂﬁ%wﬂt iR o T, RITE D BE)
Lk-%%bﬁ@ok\k@w~bf%ﬁbt EniFtlEbinzsolz, OL 1T,
presence-absence (0-1) 7 — % DIEHMEZHT D, L7ehi-> T, #HAL/L— b OBREE#H
REEANFTNEL v P AT 4 v 7 EERET, EIWVIREOHEZIL, £90V )
FITRE T . RIFBREESRIFS &9 W O MR A~BEI L &5 W\ 9 Hidke s, & 9509 BREidk
HETFON— &2 XD GFATH S Ex 2 EERICFHI TE 213 TH 5,

GPS HIALA 5 presence 7 — X 1343 HALH D3, absence 7 — & 1%, LA/ — b
LIS RTED O ERE H 2, 2000 £RUTAY | Z ORBIIHE T b akim D4
Rz ks kot otc, ERIZHD GELODOZRYY) absence BEAHND, EOXIITHR
ffl> absence &4 T 57> (pseudo-absence & FEIXILS), K2, L— Y\iig?)i"@ = path %
random walk THRK L T ZIZREEFWMZ T 5, TOMEE L THID T, 72
fiil C pseudo-absence D734l & presence DiyAfi & b5 405,

TODRED K 9 IZ pseudo-absence DN ERFEZEENZE [ T—HR 7 & LIT40AF L | presence
PMEMZFF > THM LTV b, A0 X 5 ICEY) OBRBE®RIFEITEICHEE TE 5,

RLETHREERE

AﬁoA o [

HEDETIVEFNTERLEEAIT—4

= 0-0.1
u0.1-0.2
»0.2-0.3
0.3-0.4
 0.4-0.5
®0.5-0.6
0.6-0.7
0.7-0.8
0.8-0.9
= 0.9-1
© presence
A pseudo-absence

B2




L, ROKDED L 52 pseudo-absence 73 presence % - CTUVNRWIARTE & |
FO R DRI E A HEE TE RN,

BARTHIBITE
BEOETFIEFNTERLEALIT—4

I

Z L TCTZH LR L presence [Zxf L, pseudo-absence & VL F DAL L 5 IZ4ERK L TV
X, ADO XS ITBGEEAHETE D,

BRAZTHRTFE
HOETIETNTERLEZAIT—4 g :
A 5 " FH
=suiRERNEEE
2 i)
oS T
= 0-0.1 1 T e TN LT
"0.1-02 o t
50.2:0.3 o JERRRNE ‘A" t
£03-04 g, A W:H !
H 341 e
50.4-0.5 ey
o 1
& 50.5-0.6 ! :
Ly 0.6-0.7 N R—t
0.7-0.8 EEFE
50.8-0.9 isass
=0.9-1 2B
© presence
A pseudo-absence
-3
3 2 1 0 1 2 3
T3

Pseudo-absence ERIEIL, 72V B 7RED X 5 TH D, BUKTIZ, BRIZEZXD
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A= 2AHEED—FET, Generalized Lasso & MM 2 TIEEEDHIS T WS, HRYEEEK

o1
argmin ||y — 3 + A Dy, M)
BERRM

ERAMCTZ (2L A>0). ZOfFFI D e R™P m<pickoT, Iy /VLHEDHRIPPEX NS, RFBER EIERDH
FHHERNC B VT, AP ETVEH 62 UDEIONBDLRESNT VWS, ZDRD, T—XhrLETFVEMEL, BE
F—D 7 —& % AW THEIHERZ 1T 5 B, [EROBE T3NS 7 ZAMB4EL 5.

—77, Post-Selective Inference (PSI) ¥\ 5, /85 X —XIZBF 2 ME % £ 7 NVBIUTEED E1T 5 HESILFBEA RS
N T3 (Tibshirani et al, 2016; Lee et al, 2016). AFGTIE PSI OHTHiZ Tibshirani et al.(2016) THEZ 17z Forward
Stepwise 123 % TG (Truncated Gaussian) Test & W3 BEHEICEHT 5. TG Test I3 EIFDHEICH T % Forward
Stepwise IZ0 L TOAITONTE A, AKX TIZZ DR EZILIRL T, Fused Lasso(Tibshirani et al., 2004) 2@ $ 3.
Test IZRT v 7k ITBWTE T ITBEIM S N2 ji, 10T 5 B, 1220V T 0 2ERZMET 278, Fused Lasso 1205 5
EFIVERMATREIC R D, LD o T, MEDVGNOLET N EIRET 3 Z L BA[HEICR D Z 21X, Fused Lasso IZBIF3EF
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y=pn+e e~N(0,0°1) (2)

2 Fused Lasso

Fused Lasso (Tibshirani et al., 2004) 2% 2 %, BHlfEy € R® L IEQER A > 0 35 2 5172355, Fused Lasso 13X %
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FEATRFZE ¥ FIRIC fused lasso TOZMAIT M(y) = M(y°0) 23 {Ay < b} DIFE LTHD, BMEFRFHRAIERIHICHE SR
DRREERRRT 5 Z B TE S (Lee et al.(2016)). Fused Lasso D72 d TG MEZFEHT 2 72912, Forward Stepwise %%
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77 i T io?
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o . obs o
5 < Fou, (0T (1 = Poy™™) <1- 2. (6)
Trend Filtering OB EFE LD Y LT, 1350 D T INT > 7 DBEICBNTIE, ZREEMNT 3723 TR < BIT 5 2
Ty THREE 570, FEEOREIEATRE b DD Forward Stepwise 2 ZD X FHMHA T2 Z A TERL. ZOHIZOWV

TIFFHZ S HWE T 5.

4 BERER

ARFFRDOIREST TR DOV THH 1% FL 2 729 Tibshirani et al. (2016) & FEROBIEEEZIT 572, ZORATHETIX, B, B2
DEMENZNENE £-5 TH D, lAFTNTO L WVWH T =X EFHAEZIETW . (7?7) T, Fused Lasso OREIHICEDH 2 Z &
B, KRIE lasso DENIEXY R TH L L L AEL 2 XS ICEET o805, Yi1,---,Y20,Y21, - - - » Y40, Y41, - - - , Yoo DEAH
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Boze.

BEOZLROBIZ 2 OTH 2728, ZOBMEEBRTIEIRT Yy 71 BLU2 TIHIRERNEZENL, X7 v 73 Tl p fElF
U[0,1] DIHESFICHES ZeDEE L. FBE, X7y 71, X7y 72 TEHL, X7v 73 TRBBULRFERSICHE > T
W3 DHR TN

41 Fr®

AT, %3, Generalized Lasso ® HHIBEE% [2] 12 &k D Lasso ¥ FRRDIBICEIE T % Z & T, Fused Lasso I22WT,
FRE NG D5 E L [FBkZ Forward Stepwise 7V TV X AT ZEBTELZ I 2R L. RiZ, BT VEROEMEN T2
{Ay < b} THEZRL, MEHREEZHBRL 7.

—7%, D 747 Full Rank T 25128V TH, Trend filtering @ & 5 WZEMEME N2 DADGEIIEEHAIEHE LWL, F
7z, D 737 Full Rank T® % &\ 5 DIE—MRITA D 3L7272 078, §RTD Generalized Lasso TRIFRIZ TG Test IIMK T Z 72
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Further analysis on LASSO-type estimator

In nonparametric regression

THEK - AT R X
TEER - HESEE Wik BEX

3

BE HWARY, e R EHPZH X, e RUISHL T/ V87X bY v Z[ERET L
Vi=f(X)+e,i=1,...,n (1)

K

BHNT, H3HES e c RGBT f(z) #HEE LAV, 207D, RIFEEIRICET 3 RN 2 %
EOWRNDL S, (1) ZHEER ¢ 1B 2EERE TV
Zy = Agl™ (x) + €4
ke LiAty, TZT,
1 (X;—-=)" /h
Zo =0 VPWERY | Ay =0V PWE2 | : . Eo = Zg — A0" (),
1 (X,—x)" /h
Wy = diag {Kn (X1 —2),....Kn(Xp —2)}, Y = (V1 Y,)T £33, %7, HOASXA—X% 0%(z) =
(02(z) 07 () - 05(x)" = (f(@) hOLf(@) -~ hdaf(@)T L L, 0; 135 i KA TORMHSEET. Ki(z) =
K (z/h) /hTH D, K XA d RTEHEETH S48, h > 013> FIETH 3.
R HER ¢ 1285 05(x) = f(x) OHEE & ZROEIRZ FEITT 588, KD LASSO(Bertin and Lecué
(2008)) 12 & %
6(z) = arg min { || Z, — A0+ 27 |6, } (2)
eeRd+1

EHVBE, 0= (0001 - 0)T 1TBWVT f(z) WHIET 2YIHIE g BEANLIEICA > TWS 226, B
HEE DRGEEDSE L IR B A[REEDS D o 7z, T ORI Z RS % 728, Matsushima and Naito (2022) Tl

6(x) = arg min {|| Z, — 4,6]3 + 27 6o, } 3)

OcRa+1

ERRBELTVWS. 22T, a=(aga; - ag)t T2V Ta_og=(a; - ag)t ERTZLICT3. AHHTIX
(2)DO=0(x)BLUY(3) DO =0(x) IBL, WOIDBLEH»S, ThoDHEHRINEET- 7.
RTS8 d <d, Bfg:RY - R, BE & OWIES T = {i1,... 04} C{1,...,d} BFEL
T, (z1,...,2q) € RTITH LT

flai,..o,zq) =9 (i, -, Tige)

il e BIRET S, dF EHWT,

T * *
0" (z) = (93(53) 07, (z)" 92‘2)($)T) , 05(x) €R, 0fy)(x) €RT, 0y (z) e R,
Ae = (Ago) As() Az@)s Az@) ER", Agyy € R™T | Ay, € RP* (@74
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EAHILTRT. AR 0(@) = (fue) 60)(@)" Bpy@)”) , 8(2) = (Au(x) B(@)" Bu(@)”)
EnEIT 5. MEANHEERE 7(x),n(x) =

iﬂw)me)+(wul{0¢umf%uﬁT€fm%n<52&;0})’

0g—g+
0
R . U (Agg) Agy)E —Af_’<* >}
filz) = 6 <w>+( " {( v (1)2) SR @)
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YEFELIEE, HIWKERY A, ITBWT
0(z) = 7(x), 8(x) = i(z)

BRD VD, T 2T Uy = (Ago) Aa(r)’ (Aw) Az(r)) ¥ F 3 (Zhao and Yu (2006) ZBH). = DA
HERZHWT, ROUMEZRTIEBTES.

BISHEE DR HEE S o 1B 3 f(z) #HEET L WS HIAD, 0 L 0 DB 5D HHEL 05(x) = f(z)
EHETETVEI2HKT 23 EHATH . HE2HRKESRY B, C A, ITBWVT

({ko — 0 ) @0 eamﬂ}rus):>P({@0 ) — 05 (x ‘ ko ewmﬁ}mBA)

DD L RRT LA TES,
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Semiparametric regression with localized Bregman divergence

TIHEK - MEHETYN M2 RE
TR - BEAWTZERE Pk HOK

IEC®IC : BERIFDHTICE T 2 R E &OWHERIMEICEI Ligim$ 5. Bregman X 4 N—3 = ¥ X DRI
B/MEIZ & D [ERHEE B2 MRS 5. Bregman XA N— = Y A% MR T 2B MEBE ET L ZHRT 2
VI BRDBE G X T RIEREICB VT, BIFHEEROWNANMEE 2813 2. AHETIIRIC, REMHER
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RE: nMHOTF—% (Y1,X1),...,(V0, X0) ~iia. [y, x) = plylz) - q(x) ZHEDE, BIRBEE u(t) =
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BEZOoNZDY OERMNEEE, ¢ 2 X DEELT 5.
—RIARERR OO S, V7B G ZHWT,
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YERTD.
WEHR Lt ICBIBZRMLLEETLE, REAASFIX—& 0 ZHWT,

m (z(t),0) = G (GT%) (1)

3%, 1L, 0cOCRMLTHD, z(t)=x—t, z(t)=[1 ()T TH53.
n(X;) E747—EMXD,

~ 79— 4 X.00)
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0 (1
* %@) n (t)
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sw) Lo
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w & D—fRIVEHEE R o @ functional Bregman &4 N— = R, KFHEAKRU  R-R & u=U/,
U oz U 2T,

Dy i) = [ |10 (0(a)) = U (@) ~ u (@) {1 (@) ~ @)} g (a) do
= [ AU @)~y ulp(e)} () dyde -+ Const.
CEFEING., ZhEHWT, HERtICBIRMEAN—Y 2 %, BEBEHAALZ2ICED,

Dy [p, il t] = /Rx]Rd Ky (2 (8) {U" (u(i(®))) —y - u ()} f (y, @) dydae + Const. (3)



LEBRENG. TIT, Ky(z) = |H|"V2K (HV22), K >0 REARFR d JOTBE, H SERZ R
dxd N> FIEFFITCHS. (1) & (3) &b, HEEHLICBIFS 0 ORFHEER 0(t) 13,
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0(t) = arg Iaréiél o Ky (z(t)p(y,x(t),0)dEF, (y,x)

TEEIND. L, p(y,z,0)=U"(u(m(xz,0)) —y-u(m(xz,0)) THYH, F, IEHRIMTDHS. (2)
£, p(t) BT 2IREHEER A(t) ZRFHEER 0(t) ZFWT,

At) = G_l(edTH,lé(t))

TR I NS, 72720, er; € RE 2 i DAL 1 BN bLr T 5. #EHIEEZTET 5 Bregman
HAN=Y = VAWM T 2T U &, ETLVEMRT2Y) v 7B G DAz 5 R —RIVERER, R
FrZ AR DS (d = 1) 1BV T Zhang et al. (2009) Tikam S LTV 5. AFETIIFIC, REHER
a(t) OWHER A% d > 2 OHBETEET 2 & & bz, ZHAEDIHGR L ERICOVWTHREN L.
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DR, PR U 1L B3 XA N—Y 2~ Z + Y X2 (Naito and Penev (2021))
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RELLR 21T o /2. FHC, RFTRIEHEE & & ORI OVWTIRE L. ¥ 21— a VEROBREKROHE
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PR BIRLR YR FBE AN LA et
HERE 723 A4 TV RER
SERUATHIRLRSE: BB 22

1 [FC®IC

rfHADATIVE cHOATITVLOERINS 2HEOHI T TV INEREZEZ L&, Zh
SOMBEEDPL/ONS r 1T cHORE ZILaBIR R, 7EIREZ W2 BT, 2 DORBUIC
BRED S 2 005D, DF D, HEHHNI 2RO 2 iHEiT 2 2 & % BINC, A R FIEIRR X
N, ZOFED 122 LT, A ZFHEBZHOHVEOBMENHHTH D, JL< RN
Auwshz. gERICEITEIDBFECDETD2H5E0EZ b0, TD K5 708K 2 EHT7HIFE
YIER. IET 0 EIRGEEMED TR A A ATICEFR L, Extaroiih 3 iconThi 2 5 1HE
133 2 7=, 2 TR D 3 A O BEE M IIM s T <, MR D 2727w, 2D 7=tk e
Kb b, WHLh T3V OMERDE D EWVEFHE T 2 MFMED AR R SN TE . MFitED
FRATFIRIE R F A0 2 FEEC, BARMY72REKH & LT Bowker [2] OXFFETLE D 2IC LIMRE
12 & % ¥, Tomizawa et al. [3] @ power-divergence BURE &) 12 & 3 0-1 XFETOXFED
5 DMPEFHED D 5. Th o % BDIFATHRIC X 2B TFIEORRZ, HEIR2K NI
RN T, Bl S N 0 BIR RO ME DR, SRR D & DM 2 X 2 FE e L CIEb]
MI7273, Z2RE D KA 7V ORMPEICER L7zwe EEAEYITH 5.

AW D HIVE, 2EIREROMFEDFHE S TR R EA 7EIRC LT, &7
2V OMPMEDEUE(L & 2 RITHERE BRI LE 35 2 & T, R OBREEZAZICT2 2L
I2HB. F7z, power-divergence IR EZHD EIF % Z & T, power-divergence W T—f{b X7z
FEEEOH D T TH, KHMNZERTE S Z & Z2RAEL 7.

2 NFMEDAIRIE

AE D IR, JR M, SFMEE DT, &7 2V Ol & ZRITHEE LA Rk
o, BERNHEREOKEZHIETE XD 5. FHZ, Beh and Lombardo [1] i, Bowker @ %
4 ZRAREH R xF ZAOVZ AL E IR L2, Pearson HHEORRBICOAEE L. 207D,
power-divergence BIRE &N ZH W3 Z ¥ T, kA RIEEEC ORI L Bl b 5 EIRR L.

power-divergece FIREE N 13, A > —1 OHFFATU R D XS5 ITEHZX NS,

N Pij + Pji A2 _ )
oW = 3N T - S B (s | = D D6l

1#] i#]




T2, 6 =320 2pij £ LT pj; =pij /6, p§; = pij/(pij + pji) EBE,
1 C
X [1 (pz])AJrl (pji)A+1] )

N Dy D A2
o) =T - S H (i)

N e ey
Hij ({pijvpji}) =

L L. ZIT, (i,)) RAOHIES 5 OMEE ¢ (> 0) BET Z L ICHEELT, /o))
(4, ) BN B DEIFATHN Sopenn(n) EEZ D,
N = ZZ(]ﬁ(A) = trace( skew(,\)Sskew(A))
i#£]
2 LT, MM B OB A 5 25 b 00N DT & 7. AHFZER, Sppewn) Z VT,
IGERERE LA AU ST 2 R R B L7z, SR Spen(n) ICHRERIEDRETTS ¥,

Sskew(/\) = ADaBT)

DRTETz. 22T, A, BREENEN Sepewn) DH, ERENZ FLEFFD S x M ERATH,
D, XAy ;K"JIIE\T%;E{ U (m=1,...,M) %8> M x M W75 TH 3. 7=, M 1%
TR (E720350180)S TEILL, S HBEERHIE M =S, BRI M=5S-1%%. ZhbD

70 % W CEIE 215 2 05, IEADEIRICOWTOEED Ry —) 27 LT,

F=D"Y24D,, G=D"'?BD,,

Do, BT, AT 3 T OXFMEDL & DD ZRTEBEENSE M. 22T, D = (Dg+
DC)/2 THY, Dr, Do FZNZIT L HNDJELER p;.,p.; ZXHABDITEED S x S MAITHIT
5. — /T, BHXNT M RITOPEFEICE T 2 m B H OIS % FiloF 51X,

dN = trace((ADoBT)T (AD,BT)) = trace(D?),

THHZeh5, a2 /D) x 100 (%) TR S5IT-.

R TIX, power-divergence BIRE &) OAFULORIEE S I 21— a v F— X9 HBI%
Lz ez, EF— ﬁﬁﬂ‘ﬁ’?ﬁﬁbf RIRX=R N 2ZtRDFEROESL Ty P I %
AT 3V OFEEDAED HERINDFERDOERZ R 7.
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1. fE

A7) ==Y 7R, AR OBBY > TP A4 XEDIEE0ICKREVEEIC, BIER Y BE s
DA IR T 27200 EHZY — L TH 2. L L, tHEB,AZERERZ OGS, BUNCE
BeBRTERWEENZ V. 2R LT, RFaE w2 2 & TallHZ K O 2 E R0 % HEER
TE, ZHCEIROMAER M LT & 2. AERTE, BIEFRICHART L ) ECZELRE 2R T 2
TORERIRT 2 HIEE2RET 5. BEFIRZ, HFOMIC k> TR ONLIERD O RERESZYID
BT3Z0T, ZHEROMREZA FXEE. ¥Ial—YaryF—ReEF—X2AVWEEBTIZED,
REFEOMREL R T 5.

2. BRROV—-Z=T

ntFO7F—X {(yi,x;); i = 1,...,n} BlELIRLE TS 22T,y € RIGANER =, =
(i1, ., 2ip)T € RP BHPLBE T2, cho@zhzhifift, EELIhTws T3, ¥
o WHRERRET LVOBBRBE D VO IRETZ L, y = XB+e RESD. TIT,y=
Wy yn)t, X = (z1,...,20)T, B = (B1,...,B,)T QHEIRRE, € = (e1,...,6)T FFEEL T 3.
Sure Independence Screening (SIS) [1] i, w = (w1, ...,wp)T = XTy e R? ZEIHL, j HHOEHD
HEEL |wi| (1<j<p) EERL, lwj| DREFVIHICEZRZEIRT 5. SIS &, BIRT 2B EICEHE
B AR B OHERITHNAINC LIRS 2 e WO B LR, L L, SIS IXFHHAZK M2 EIE
FMEZ RO L JITWRBEYIR R ) ==V P TERNZ ENZ .

3. AFAthEERALEERR IV —Z2T

Factor Profiled Sure Independence Screening (FPSIS)[2] &, RF O EEHL TTF —& 52 H
FHIREEZHERR L2 SIS 2T 2. X O d (< n) HOHBRERFXZ bLEHIE LTDH 275 %
7Z € R4 R AMITHIE B € RP¥, BHIDH IR E K T2 572 21751% X € R™*P ¥ <
¥ X =BT+ X vF£¥3. Z ZEEOREHICE D —EIITEE SRV, X = UDVT v R(#
DRL, U OBRFID dH%E U 322, U1 13 Z 0RO 12asaRES (K1) . U DFIRZ P LI
& o TR &N 2R 2218 O B A 2RI D S 751

Qr =1, - U (ULU) T UT

EVIERR O #3528 T, Qry = QrXB+ Qre 36N 5%. g = Qpy, X = QrX
B, X 3HART X OEPMEE 25, w = (wi,...,w,)T = XTg 2L, |vj| 2 j BHOZE
BOEEEL T 5.

Preconditioned Profiled Independence Screening (PPIS)[3] (& FPSIS O 7 — & Z #2235 U /-
HiETH2. £F, X =UDVT OFICREMBEDR LI, 175U, D,V £hzh% dEHOHIEHER L
LT229, Uy = (ug, ..., uq) € R Uy = (wgy1, ..., ) € R Dy = diag(p, ..., ptq) €
R Dy = diag(ftgets .., pin) € RO—DX=d) i — (v, ... vg) € RP*? Vy = (vgy1,...,0,) €
RPX(=d) v 33 (K1) . 7— &2 EH4TH %

Qp = U, DoU5 {1, — Uy (U Uy)UT }

THED, FPSIS LA, § = Qpy, X = QpX, w = (W1, ...,w,)T = XTg ¥ LT, |wj| & j FHOZE
BOBEEEL 5. F— &5 d XTH OIERTICHEET 2 57 OFER D IR 720 Tld 2 E R
A>T L E S 78, FPSIS THWSHNTWARD 572 d + 1 RITUEDIER D & b 7= 7 — X ZHA TS
FHWAZ LT, X pWHART X kDl &b, SEIHEEZI DR RIEE 2.
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2%F ¥ Truncated Preconditioned Profiled Independence Screening (TPPIS) [4] &, 7—& 225
ZEIREZI O RS 720127 hbN s PPIS TOTF — X ZHHZ2HE L. a 2 a € (0,1] 22D d <
[na] Zifi7z3le 35, X 2REEDRT 22 THRONS U, D,V %, dFHDF L [na) FHDHZ
B LTehzn 3 220, U = (U1, ..., ua), Uza = (Wat1, s Upna))s Uzp = (Wnal41s o Un),
Dy = diag(p1, s fta), D2a = diag(ttas1, -+ fna)), D2v = diag(pnaj+1, - pin), Vi = (v1, ..., va),
Vaa = (Vay1, - Vna))s Vab = (Vpnaj+1, - 0n) €52 (M2) . Z2LT, 7 —XER(TI%

Qr = UzaD5, Uz, { I, — U1 (Uf U)UY }

CEDD. Uy & Doy 1, ARRFBITAREMEAR T2 O RDWHEREHRLTLE S 220, FHLARL. R
B75 Uy, & Doy O RYIDIETS 2 v T, MARTHD 2 & b ERECHET &, ZH0RIRO MR
b3z BEEOHER, §=Qry, X = QrX, w = (w1,...,wp)T = XTg L LT, |w;| 2 ] BHOZE
BOEHEEL T 3.

TPPIS OZEKCRIRDIEREE, 1751% 3 DICHEF 5 72D OIBHEAF ORI d % a DHICE > TE
b330, INOEZFAEARIXA -2 AR, ZORMEKEEEIITT — 2105 L7z BIC B Rt
2] ZHVWTEIRT 2. Y32l —2arF—XBLUEF—XOOHEZELT, HETFEROGHEE
85 5.

U D VT
4

X = |y, U,
D, vy

1 FPSIS & PPIS 7 —XZHYTH Qr, Qp WHWHNZITHIDA X —

U D VT

Vf

X = U, ||Upq || Usp Dy, Via
Dyp Vb

2 TPPIS @7 — X ZHUTH Qr RV LN Z{THD A X =
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dXt(y,Z): {92<8 2 8 2) +916y+77182+(90}Xt(y72)dt
+Uth (y7 Z)? (t7y7 Z) € [07 1] X D? (1)
Xo(y,z) = f(y,Z), (y7 Z) €D,
Xi(y,2) =0, (t,y,z)€[0,1] x 9D

%25, 2720, {WEY IR D LoV RV 7EMIZBITS Q-7 4« —F —ilfR, FIE ¢ 1z We
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TEDD. 272U {wkl}kl>1 IIRNL 7R 1 IRGCHERE 7 5 7 @JT%D
9w : —(ky+nz)/2 _ 07 + 07 2012 | 12
er1(y, z) = 2sin(rky) sin(wlz)e , Agy=—bp+ T + 74 (k* 4+ 1%)02
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(k,l €N, (y,z) € D) TH 5. EHERZERT—X & UTXnmw = {Xt (Ui 22) Fo<i<N0<j1 <My ,0<ja<Ms
%%Z)_é 7:f:b, ti =iA = i/N, yjl :jl/Ml, ij :jQ/MQ, M = M1M2 t?é

2 8202/82,/€:91/82,77:?71/92 ODHE'ilJ\ZI‘/F57\ F;E/ri

%Fﬁﬁﬁﬁﬁgl %*7‘~§? XE\},)m == {Xti(gjl’zj?)}OSiSN70§j1§m17OSj2Sm2 %%Zé f:f:b, 5)5 0 <
p<1A2(1—a) & be(0,1/2) IZD2WT m :=mimg = O(NP),

b<yo<n<-<Yn <1—-b, b<Zp<z1 <+ <Zpmy <1-0b
L35,

N
NlAa Z{Xti(y, z) - Xti—l(y?z)}27 f(y,z : 57”777) =

=1
LU, 2 C(0,00) x RZ i3> 87 NYES, (5%, k%, n%) € Int_ WEEE T 5. 7‘_7“b L ixhv
T ERT. DL E (s,k,n) OBR/NIT VTR MEERZ 2GS & T — ax L EHWT

ma  mi

2
UNmSHn ZZ{ZN yj17zj2 _f(yjusz:Sv’%an)} 5

Jje=1j1=1

'l -«
Ao

Inly,2) = st

(8,k,n) = argmin Uy (s, k,n)
(s,k,m)€EE

>

TEDSH. FHIFMHEDT, Nymy,mg — co D& E N%/\(l_o‘)(é — s R— kA=) D0 D
NLD.



3

REUST A — &9_(90,91 N, 0s) B LUV o2 DBERHIHEE

RS & 7= 2 X2 = { X (4, 23) bo<icnosi<anosip<i, BB ZB. 727 L, n < N IZH

LT

~ N | i )
t’i: g N, 120,1,...,71

LY 5. HERLERE 2y (1) 2IERE & F— % XP), 2HWT

Mo My
. T 2 : . S
Fral) = 27 D D Xy, (Ui 232) sin(whyy,) sin(lz, el 50 +1552)/2
Je=1j1=1

BRETH 5.

dap(t) = =gz (D)t + oA /2 Quy, (2),
r12(0) = (€, enp)o = fO fo z)eg(y, z)e" T dydz.

IDLEFEEBRORT T 4 VT4 NT A=K opy = aA,;?/Z DB

Gy = Z{i‘k,z(ﬂ) — g a(fi1) )

TRED%. SPDE (1) DREUST A — X D#EIGHIHERE & %

TED, 0 = (0o,01,71,02) £T 5. FEHIZEMEDT, n, My, My — 0o D& F \/n(0—0*,6%—(5%)?) 5

P _{37r2< 1 1 >‘1}a/(1‘a)
ERCEENCHECENGARE ’
2

91 = /%92, 771 = ﬁég, ° = 892,
2

AN 2 :
00:—<f22) +<Z"+2w2>92
911

N(0,T) DD LD, T OFAMIZONWTIE 5] 22

4

N =10% M; = My =200 & U, @HHE T — ZIZE W2 KEEREY I 2V —va vz

MIEIa2L—Y3Y

AN
%

BAKBNZIE, (8,4,9) BEO(0,6%) 235H L, TOENEEE%MEET 5.

& 3R

(1]

2]

(3]

(4]

(5]

(6]

M. Bibinger and M. Trabs. (2020). Volatility estimation for stochastic PDEs using high-frequency observations. Stochas-
tic Processes and their Applications, 130(5):3005-3052.

F. Hildebrandt and M. Trabs. (2021). Parameter estimation for SPDEs based on discrete observations in time and
space. Electronic Journal of Statistics, 15(1):2716-2776.

Y. Kaino and M. Uchida. (2020). Parametric estimation for a parabolic linear SPDE model based on discrete observa-
tions. Journal of Statistical Planning and Inference, 211:190—220.

L. Piterbarg and A. Ostrovskii. Advection and diffusion in random media: implications for sea surface temperature
anomalies. Springer Science & Business Media, 1997.

Y. Tonaki, Y. Kaino, and M. Uchida. (2023). Parameter estimation for linear parabolic SPDEs in two space dimensions
based on high frequency data. To appear in Scandinavian Journal of Statistics.

H.C. Tuckwell. Stochastic partial differential equations in neurobiology: linear and nonlinear models for spiking neu-
rons, In Stochastic biomathematical models, pages 149-173, 2013. Springer.



ShViE R0 & & OEHET — X OHEETE N A N
AL (BUR), $IN W2 (RUR), B M2 (BERERIAR)

AIAE T U THUE T b 8B EIRE 7OV 2 @ I HEE T 5 HiEamIE e N A MR IEEN S < OFFZER D
5. — /T, BRNAKISICBOWTREHONRT A -2 250 BEE T, REELMET IV, MEMET
VDSV S A, SMUEDHEE I BIFT B MAMIZERLTWS. 512, MEtAmiEafEoAR 5T,
XEHEE 51T & B AHEEMEOFM > FHl, BERREEZEL I LA -HINTHD, D KD REiE SRz st
PUAED O (R T 20 R TEBEMES RO SNTWB. T A—XDEHEETIIRL, T A—RDHEBSG
WS BN 1L HEZ T N A ME (Posterior robustness) & FFIXI, BENLD7-d D (fiF7%) 054055
MR o T DI HIRIIBED Z £ TH 5 (Desgagné, 2015; Gagnon et al., 2020; Hamura et al., 2022). %
D&M LI TREEORK D DANEVIEE RS, HEHIZZ > THANEEZHIATE S LW EHBNREDT
HBN, FHEONZ MEPEENLT B 72 OITITFRE S ILHEHEE (super heavy-tailed) TH B, F 7z 1T EER]
£ (log-regularly varying) T» 2 Z & ERINDE. DI, t METIHTFDIZEPEVWEZEZT, FHk
TN A MEZERNL U722\ (Gagnon and Hayashi, 2023). X DIZHEL — MR EBFHEH IO TN 5.

—MALIEE T VI B WTIE, AMVELRHICRIE L 22 2 DIFEHT — % GEFAOEBREA IS T—X) &k
SKRT Y VERPED ZHAARIRTH S, AANE L X EIRIHIZ AR TR E W, 72130 WBLHIMEZ 15325,
BT —XicBnWTHEERYO L2522 0% v, ZOMEIERZ YT (zero inflation) & FHXNHIZE S 1
TEED, RETIHER LY a2 ED—FRE AL, FHONAMEZERT L2 L2 HIET.

BARIICIE, BEBELZRORT Y YERET IV

Yi ~ PO(Th exp{:z:jﬁ +gz—r£1})a 1= 17 RN (2

EEZ, RIS KEWEX BRI Y O 231 EH n, THHT . 20720, n; ORI HERSEISEBRETH D,
POYOMAETHEENERML TWBIBENRH S, ZIT, BABR—ZNHEL2EHREHRTEIzE0ELN
% Rescaled-beta DM DH A ZIRET 5. TOEEEBIILLTTEZ 505

1 {log(1+m)}t 1
i3 7b = 5 ;> 0.
POiiab) = po s 1, A tledra)
ZONMHEIFEBETH Y (p(ni;a,b) ~ n; H{logn} D asn; — 00), D0 < a <1 DL ZFHTHEEIRK

g5, BHEEBIINBIEZEA, TOXEETEHBIIRAETHEH, W OPDREEEEIMSNTWS :
Nilwg, v, w; ~ Ex(uy),  wilvi, w; ~ Ga(v;, 1), vi|w; ~ Ga(b,w;), and w; ~ Be(a,1—a).

ZDETINVD n; OIS AIL Rescaled-beta D k745, DI, WYRBELHAZLATLI LT, ¥7
A YT K DG EBOT DI RE L 2B, ARHFFE (Hamura et al., 2021) Tl EIRDE FIIT DN
T, BEZEOICRTE2EBIHDID E VP, BN MEOBRNHHZIT>72 ET, BERY Y vE
E TV & O BUEEBRRILIRRGET T — X DT 7V X 2B R @ 247 5.

PAEDOHBIZIA > T, #EYHIIMEOERE2 R BIC, BETIETFN, AETE, HROMEE % 3
U, BUEFERS X OETF— X oM OMEERERA L T-.

BERRE T, AMUEDREEX, HAIUEDOREEIZ & > TIREFHEOBMBMEZEIZHE I H 31 EMDH - 7.
AR THC 2 HEZEE AN MEOERIT THGREIBH S W 2RO N MME] TH D, ANIEOREIZHK
FETICaNAMERENIT 2 Z L2 EHLEZ. T0O5 2T, AFETIEANVEOREEEZIHS ALY, 4
NEZRELZDT2ZIEHMNELTVWARWZ L 2R, FEORFIZOVWTERLZ. £72, HHT S
Rescaled beta 72412 D\W\WTC, EHDFHIER, WM ICHEREEBRBIZR>TWSEZ LIZDOWTOMRDERMD



HY, EHEIToT. NAF VT =RPAT T ANT —RIZBTBHNEIZOWTHEMD D - 7203, i
BT —ZR2AT Y b T —REBFRBRDZPNIRDTHAD I L aibRTz.

Desgagné, A. (2015). “Robustness to outliers in locationscale parameter model using log-regularly varying distribu-
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Jeffreys prior & MLE ICH@ L Z1&EI & ZDER

1INV S i o L AT

1.

RA ZHEFEIZ BT 5 Jeffreys prior DIRE &, BHEHEEIZH TS MLE (12133 U\ IGE S ABI%E
Iz, UL, < DOXETIX Jeffreys prior DIREIZIZHEIRITH 2 —F5, MLE 1Z/A< ZITF A
NoNTWEEIICRZS, ZOMMABEL CHAEZEDLZLIE, INSEZFIBITHLL
Rl ilA o HfEL UTHETH D, UTFOHEmTIE. T < FWIERIZRMFIIE 0 & REd 5,

2. REIDHLEM

A p(x)0),0 € © C RP IR BEMPSDREX n OFEAZ ¢ LEL, 1 ZHETI

HATEE (B 7(0) 2IET 5,
2.1. FESRRIREEN - < EMN R G R FITEE X REATEE 1(0) « 1 TH D, FIHDHHE
# Bayes, Laplace 5 & —RRFATAMZIE L7z, LU, BEOLHEHIMEFELTLE S, ZD
MY UTHRI X Nz Jeffreys prior %, 1(A) % Fisher i, & LT m,(0) o |1(0)|Y/2 TEH
N5, DEHEOREEZFHALTWAETE VRN TH D, ZHREBIZEL TALETH S,

—J. #EHRE U COYOREBHERE TS UIEE— A ¥ MEE PBRUNZIRIEDZH OV STV,
RAHEE R Oy = Argmax, p(x|f) CEHSND, DHEHEOREZFIHLTWA ST L D BH
HITh b,

2.2. FDEFHIARIZE] : Jeffreys prior ZEZEHUIZES Jacobian DORHIEIE & HfiE X v, RO
ZHIZBEUCAERFENBE TH S, FHBEDERDZOIZ, FERNZER L D EAREEIZET
HHIRNIETGR L, R AR ROREES A I NS, MLE IZETANEDSND & —EITE
5, ZRE—AVFEAHT S & 2BEESRRV, EEOHEE REA T 5 L%2FHLT
FEirand, LEHEHEANINETD D, WHERNIZIXEEMEDP K D LD,

2.3. FERIMOEHEST « —Ruufi@EEE p(x|0) = [[g(zi — 0) Tk, MLE 235 IZHEA I
— BT B0 S EFRPHIELND, BB, ZOETIVTIE Jeffreys prior (&—FkP M5, Z
ORI IX, EROMAORI &2 MLE BEWE EZIT1ED 57z,

— 1. =R p(x]0) = [[exp(z:0 — M(0))a(x;) Tl Jeffreys prior 53 —kE 12—
BT 24006 EMRAGRENPNDS, BB, ZOETNLTIE MLE X ITEATEEICR 5,

2.4. EAM : Jeffreys prior & MLE (232 @ B2 TEZ LT T VI U THEAMICEATE
%, RSP PR EWMN T L IXERWIC TG TH S, £z, ERNR —RRHERTOM & P E— A



v MEER L DERPENTVS, o T, B ERE LTHEINS,
3. HBDORME &R

SHIZE T 2WFHITH@E U R, ORI HENE SITER I N HERDOHRS VD&
SZHB, Kot p PO TEWEMBHID 5, Koeh 2, 3 DX S ITMELS TH, FMIZHHRD & U
FUIRSEORMA D 5, EHSM N(yu,02) LT OOIHAMHRHIE LTE N5, ZDOXRM
BABERNTH 5,

Jeffreys prior DR & U T « prior R EVREINT WS, F7z. reference prior (Bernaldo,
1979) IXEL ZIF AN SNT WS, MLE OWE & UTIEEMN & R, O LED 5\ XD L E
DREZ BRI EIREVRINT VSN, WROERKIIR SN TNV,

4. 5> Temk

B X 51z, WD THEHT B & Jeffreys prior & MLE D% &1 % D JE s (51 & Bt R b
L TE L WIEEIBZE s ND, £O—FT, XERETOFEIIERE < #7425, Jeffreys prior
B U TS E 722 5 2N EEI T %5, MLE 1E maximum likelihood principle D HGEAY R 5 41
% (Bl 21X Goodfellow 5, 2016) XD IZIAK ZITFANSNT WD, XA AHETH MAP fi# (Fk
RERKRLE) BWZF AN T WS, £, BEFGE T RE(IKEHTE 5,

5. MEEDES

BT EDR U 7 — iR 2 A & 1350, Jeffreys prior (ZEED W HEE R 0 = Epos[0; 7y (0]x) A
MLE & O MEREDMEN T WD Z LB I D, BB MAIKETIZERRER A& R0 C I3 A& R
BOFRFIITHET 5L LT d 5. MLE OEAr& U THL K72 BoE M2 % 0 LEHREAD
ARUEDD 2, & ZADBEBOEED FTlk, #HEER ; & MLE 30ERIZ O(1/n?) OA =X —
THiE—39 % (Yanagimoto and Ohinishi, 2021), f€-> TR R B IZHEA I NS, ARk
BL CTHERR~ il TBiEt T 5 (Sakumura and Yanagimoto, in press)

L0 —~BEDGEOVEREE T BBITETER T 5 2 21k, AREARD T T 0, 1 Ii3moitEa 3R
b o dN, MLE TR 5 NRWHFENDH S, Yanagimoto and Ohnishi (2011) 1F¥ERGEMAED T T
0, DEGEY:E MLE OREMEZRL TS, BAKRFTHEEE2Y I 2L —va v THIET 2 &,
6, % MLE IZ#Y 5 Z L hYBm S 15,

X#k : 1) Bernardo, J.M. (1979). J. Roy. Statist. Soc. Ser. B, 41, 113-147. 2)Goodfellow, I.,
Bengio, Y. and Courville, A. (2016). Deep Learning, MIT press Cambridge. 3) Sakumura, T.
and Yanagimoto, T. To appear in Commun. In Statist. - Simul. Comput. 4) Yanagimoto, T.
and Ohnishi, T. (2011). J. Statist. Plann. Inf., 41, 1990-2000. 5) Yanagimoto, T. and Ohnishi,
T. (2021). Pioneering Works on Distribution Theory: In Honor of Masaaki Sibuya, 103-121,

Springer.



WG H v~ Hu o mE vz
7 A TV DNRA ZHEE

TR AAC

1 ELC®IC

TATAGHPEDH A X n OFEA z =
(21, ,an) BEZD. 74 TADHIIROEER
0.

pllu,7) = Tp" 72T te M

2T, x>0,u>017>0ThHs. ZOEE
X, T BEED E BRI MIRICET. BABENZ
1/u™ THH, MET 25 +oHetEiE Y ol TH 5.
2% (a > 0) DHIFHEE T (14 a/7) £ 72 5.

AR TIE, VA TAGHEDNRT A=K (u,7) D
RNA ZMEERZE R D, NA HEE TIEER R D%
ROPEETH 5. BEROTRRT—=2BHNIL, K
E LT BainmaErnd. —hH% 5 TR
WL, BERENDMIEZIONS. L RiE,
RT3 72 ©DMERIICIR B (Bernardo, 1979; Sun,
1997; Xu, Fu, Tang, & Guan, 2015). AHILTIL,
FIWERZ R HH M e LT, pia LT
BREADAE, TICRNLTH Y HHDHEE Z,
Febkiz r — 2 & U CHIERFHR M 2N T 28T
BATS.

RA ZEETEERD 5 —DDRUL, HENRD
BEIRTH 2. e 20X, EEEGmECN LTidE
KRR EHEENRE L, ZOERFHEEZL L
ThRENZH T 2T EZMETZ 5 (Yanagimoto
& Ohnishi, 2009). Z4UZ, #EYIRHEENROHER
DEETHLILEZTRRTZ25DTHS. AWRT
&, ZOBARMBICEREZR(LHEREZERXS. £
DYEREZ SR O BN D SRS 5.

2 H®{HOIEFISH
BEAR e ORMFEE 2 255, £z, n=1/u",

AT=>2T/nt35. a3 pDRIHERTHS. §
58, VA TNGMOERELIILLTD X 51272 5.

n,_n ~n(7'71)efn77;7f )

plxln,7) =n"1"% (1)

TRBOREFR T80 © T 184-8584 HUAUER/ NS HHIHEETH] 3-7-2.
TRFHBERRZERT © T 190-8562 BETHRAL)IITHiFRAT 10-3.

(SRS

T ZEE L7zt & n ORI 2R TERT 5.

m(nlT;m, 61)
= e~ S1mTn=log(m™m—=1) 7 (ye=k(m™.01) (5, > (),
x mz(n) (61 =0).

ZZT, min)=1/midY =7 ) —AEHHHETH
3. F7, mEFIRIRA—RTHS. T DFEHID
IR TERT 5.

7T(T; t, 52) = (t52)627’62_1€_t627—/r(52) (t, bo > 0),
x 1/7 (62 =0)

UL%EEZT, (n7) OFFDHE n(n,7) =
w(nlT;m, 61)m(T;t,80) ERET B, 6 = 0 DFA
2EZBL, (n,7) DRI,

m(n,7) o<~ (td2) 2702 e 027 T (8,)

2)

LB, 0y =0 =0 O|A, m(n7)ocn vl k
5.

3 IREMTESE

AHITE, WIEITERLZ 6 =0 DL TDOHEE
S m(n, ) Db ET, VA TATHDNT A =&
(u, ) IS T RS AHEERBTIRET 5.

9 7 2EE L 2D ARy OFR G 2E
25k, n=n(r)=1/a" »Eohd. ZOLE, 7
DHEER 713 m(n,7) DHETD T DFZRFFL LT
RDd. 6 =008 %=, FUFERERE [n(n,7|z)dy
F, rrtoemlgnTpmnTe e I W T R I e D, T
DHEBVEIRATHELNS.

Iy (

" .
fooo (%T) 7o2—le—t827dr

n
7') 702p=t027 g7

e

7/;:

=

F/, p OWERZI 4 =1/77 2 LTRD 3.

4 YRULLEE

REMER L BIFHEERITY R 7 Tk s, BE
FiEE R LR HEER (MLE) 2HM 3 %.



1 p O RIER K2 INNY T4 75 —E
Proposed Proposed

n T 52 =0 (52 =0.1 52 =0.2 MLE n T 52 =0 52 =0.1 52 =0.2 MLE
0.5 3.491 3.508 3.525 3.568 0.5 1.494 1.464 1.439 1.510

1 0.377 0.374 0.371 0.381 1 1.494 1.417 1.353 1.510

2 0.087 0.086 0.085 0.087 2 1.494 1.334 1.213 1.510

5 0.015 0.015 0.015 0.015 5 1.494 1.142 0.958 1.509

10  0.004 0.004 0.004 0.004 10 1.494 0.958 0.904 1.510

5 0.5 1.554 1.563 1.572 1.593 5 05 1.236 1.229 1.223 1.251
1 0.223 0.222 0.221 0.225 1 1.236 1.212 1.189 1.251

2 0.053 0.053 0.053 0.053 2 1.236 1.178 1.127 1.251

5 0.009 0.009 0.009 0.009 5 1.236 1.094 1.000 1.251

10  0.002 0.002 0.002 0.002 10 1.236 1.001 0.952 1.251

10 0.5  0.627 0.629 0.632 0.638 10 0.5 1.107 1.105 1.103 1.116
1 0.113 0.113 0.113 0.114 1 1.107 1.098 1.090 1.116

2 0.027 0.027 0.027 0.027 2 1.107 1.085 1.066 1.116

5 0.004 0.005 0.005 0.004 5 1.107 1.052 1.013 1.116

10 0.001 0.001 0.001 0.001 10 1.107 1.014 0.989 1.116

20 0.5 0.254 0.254 0.255 0.257 20 0.5 1.035 1.034 1.033 1.040
1 0.054 0.054 0.054 0.055 1 1.035 1.031 1.028 1.040

2 0.013 0.013 0.013 0.013 2 1.035 1.025 1.017 1.040

5 0.002 0.002 0.002 0.002 5 1.035 1.011 0.993 1.040

10  0.001 0.001 0.001 0.001 10 1.035 0.994 0.981 1.041

YIalb—YaryTlEu=13%. ¥k, t=1¢%
T3, IRTDII 22—y a3 iZBEWT, 10,000
EATS.

-t < 31=FS
pAZDOWTDIRIBK Ly (o, p) = (i —p)* 2E X
3. HEXNZV R DRERER 1ITRT. 7N
W ZATIE, MLE &b dI2EHEERDHETE Y 22
ANEWV, T HAREL KRB Y, MEBOHEY A2
RERZTIRLSRE., ZNEEDH YT A4 X n
THRCMEATHS. F/2, 5 DEWIH LT, H#
FEV A7 DEICKEREZRZT ORI L HE
Bxn3.

4.1

4.2 ALY IS4 T5—4E%

NNy T« 4T —HIEOERER21CF L
Hb. ZZTH, MLEDVU 227 X h bIEEHEERD
U 27 DIE 5 BRI/ NS WEAID RZT S b.
Sy BRELTBLVRZIINEL 3. Fig, »H
RKEL 2D e ZOMEMIEEZEICR L. HZ, 7=05
DEED G DREINWZEZEEII NIV, /2,
YINH A& BV R DEE, ZFIBRDE
BrHRBENX W EHHEINSD.

5 ER

SHEOHETIE 6, =0 EWIRENZ D DER
W, Gy BB G THAERITo 72, 7 OFRIDHED
BIRZPE S22 LThH, p OHEEIZRWIERER RT.
FRHS, T X =& (u,7) DIREHEE B OMEREIX MLE
ZERIDEERERTHS.
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ROBUSTIFYING GAUSSIAN QUASI-LIKELITHOOD INFERENCE
FOR VOLATILITY

SHOICHI EGUCHI AND HIROKI MASUDA

1. SETUP AND OBJECTIVE

Given a complete filtered probability space (2, F, (Ft)ieo, 1), P) for a fixed time horizon [0,T], we
consider the process

t ¢
Y=Y —|—/ Hsds —I—/ o(Xs—,0)dws + Jy, t €[0,T],
0 0

where p and X are cadlag processes in R? and R, respectively (X,_ := lim,4s Xy), w is a standard
r-dimensional Wiener process, and J is the jump part of Y* which is assumed to be finite-activity:
Jir = D 0csct AYF with 300, Tyayrzoy < 00 as., where AY) := Y — Y denotes the jump size of
Y™* at time s. All the processes are (F;)-adapted and the components of the covariate process X may
contain those of Y. The diffusion coefficient ¢ : R? x © — R% @ R" is known except for the finite-
dimensional parameter § € © C RP, the parameter space © assumed to be a bounded convex domain.
Let t; =% := jh with h = hy, := T /n; we largely omit the dependence on n from the notation. For each
n € N, we define the stochastic process Y = (Y;):e[o, 1) as follows:

Yg t=0
Vi=4q ¥/ t e (tj-1,t) (1.1)
Ytj +bjAj t=1t;

where b; = b, ; € {0,1} ass and A; = A, ; € R? are Ji,-measurable random variables. Note that a
sample path of YV is a.s. Riemann integrable while is not right-continuous if it Y* is blurred by a “spike
noise” (b;A;), the number of which is much smaller than n.

Our objective is to estimate the true value 6y € ©, assumed to exist, based on a discrete-time sample
{(Xt;,Y%;)}j—o- Obviously, the “ideal” situation is the case where b; = 0 and J = 0 so that the model
(X,Y) equals the continuous regression model considered in [10] (see also [2]):

t t
Y, =Y, —l—/ 1sds +/ 0(Xs—,0)dws.
0 0

We regard both {(b;,A;)}n,; and J as “contamination”, leaving the drift function p unknown.
Y, 130)

Denote by Aj;§ = &, — &, , the jth increment of a process £, and write f;_1(0) = f(X¢,_,, Y3,
for any measurable function f defined on R? x R? x ©. When ignoring the drift, the jump component,
and the conditional-mixture structure (1.1), the Euler approximation scheme is given by

P,
}/tj ~ )/tj71 + hO’j_l(Q)A]"w.

In this case, the conventional Gaussian quasi-(log-)likelihood function (GQLF) is given by, with S := ¢®2,

n
0 _% ) <1Ogdet(5j—1(9)) + ;Sj—l(e)_l[(ﬁjy)m]) :
j=1
which would miserably behave if the contaminations are present. We refer to [2] and [10] for the asymp-
totics of this random function in case where Y = Y* and Y* has no jumps. It is well-known that the
unbounded Gaussian quasi-score function 9pH,,(6) is inevitably much influenced by outliers related to
L{(X,Y)}. We show that the density-power tapering [1] (also [5]) effectively works in asymptotic infer-
ence, as a handy alternative to the threshold estimation where several sensitive fine tunings are inevitable
(see [7] and [3]). To the best of our knowledge, the only previous studies on the robust divergence-based
inference for stochastic differential equation models are [6], [8], and [9], all of which are concerned with
ergodic Markovian diffusions without theoretical consideration in the presence of the contaminations.

1



2. DENSITY-POWER DIVERGENCE AND (GAUSSIAN QUASI-LIKELIHOOD INFERENCE

2.1. Construction. Write ¢;(0) = ¢y;(0) := ¢ (Ye,; Yi,_,, hS;—1(0)) and v;(0) := dplog ¢;(6), where
o(+; 1, 2) denotes the d-dimensional normal Ny(u, X)-density. We will consider the density-power weight-
ing [1] in our framework, by multiplying the (non-predictable) weight ¢;(6)” to each summand, namely
Z?Zl $;(0)P1;(0); the tuning parameter 3 is assumed to take its values in [0, 3] for a given 3 € (0, 00)
and should be pre-assigned by a user. Since the weighting entails a bias in the quasi-likelihood equation,
we consider the compensation to obtain the associated martingale estimating function:

0 3 (6500°05(0) — By 10,05 0)]) 21)

The conditional distribution £(Y;,|F;_,) can be rarely explicitly given, so that (2.1) itself cannot be of
direct use for estimating §. We need to reasonably approximate the term Ej " [¢;(6)%4;(0)] in an explicit
way, which will turn out to be possible because of the high-frequency nature of the sample.

By approximating the conditional expectation in (2.1), we introduce the explicit density-power GQLF:

hdm . L ~8/2
2 Z¢J 27r)f’15/2(ﬁ+1)1+d/2Zdet 5=10)

Given a value 8 > 0, we define the density-power GQMLE by any element Gn(ﬂ) € argmax, g H,(0; 5).
We are interested in the asymptotic behavior of the rescaled density-power GQMLE \/ﬁ(én(ﬁ) —6p) with
handling the effects of jumps caused by J and possible measurement errors.

2.2. Asymptotic mixed normality. With some structural assumptions on the covariate process X, we
can deduce the asymptotic mixed normality of 6, (8); our model may be non-Markovian, and the key tool
is the stable-convergence result due to Jacod [4], where certain filtration structure is essential to verify
the conditional Gaussian character of the asymptotic distribution. Under some regularity conditions, we
obtain the asymptotic mixed normality

Vi(0,(8) = 00) £ MN, (0,To(8) ' o(8)To(8) 1),

where the random matrices T'o(8) and Xo(8) are explicitly given through the Riemann integrals of the
form 71 fo (X, B,6p)dt. Hence it is straightforward to provide consistent estimators of the random
asymptotic covariance matrix, followed by a practical recipe for approximate confidence set for 6.
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Estimation of the number of relevant factors from

high-frequency data
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d EOSRMEEDOREMBR Y = (V,),cp01 PUTOEGHET 725 —EFLIER>TVS

HDETB:
Y, = BF + Zy, t €[0,1]. (1)

« BEFETVI LA x r THIT, EFIDNEFEFHRICHGT 2.
e F=(Ficpy W r REEIRLF VS =TT 795 —BRERT.
« 7= (Z)icpon) & d RIEESRUF VT — L CERIEB 2 ETRMHET .

B, F,Z BINTEKRMTH2EL,Y OFRBHERt;, =i/n (@ =0,1,...,n) TOHAT—%
(Y, )y DHHEZSNTVWEETS. £, EFIL (1) I BV, 7775 —HWDhEFND
ZEEHRTD. T0E, T d 18T DEEEOWKDOMH d — 0 DEE O ITPNRT D &
ZHBIS. COLSBRRICEVWT, SERTEHMET —F DFOER d,n — co DT T A LR
DHIBEICTDRVNT 75— OBEHET DZ2ONERREOENTH 3.

BNZ XD IEEICHRNZcHIC, 7709 —BREFFEAFEICEIZIRDREZEAT S:

[Al] () F BELD r i d,n KKFEETEEINTWS. o, F O ZREZEHTH [F, F; I$REEX
| TAHETHS.
MEH1LI>a; > >a >0DPFELTE&Ej=1,...,rlcD2VWTd > co DEE
A(BTB) = do HERDIID.

CORER, BBREETINVICEWTHEWI 779 —Z2ETILLT B DABNRRE (Bai &
Ng (2023) * Uematsu & Yamagata (2023a,b) SR) OEHRFEMREAGESD. 2O EE, 7€ (0,1)
Z 1 DROHIETT,

r-=max{j € {1,...,r}:a; > 7}
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ZHTEIT D2DHARBEDENTHS. LUT, EEH L max() = 0 £FE 3. Freyaldenhoven (2022) T
MUSNTWVWBRLSIC, ERMEEMBICKITZETIICDOVWTIE 7 = 1/2 DBED LA LEED H
27709 —ICHIET B.

Y ORBFHDEITH

n

Y Y]] = Z(Yi/n — Yi1yn) Yipn — Yic1ym)
=1
2E2%. VY] OERBEZREIBICEEEAHTENLEDZ A\ ([Y,Y]]) > - > \([Y, Y]
E9B. COEE, BUBEAREDOTTUTDOZ ENRES:

=3
~—

(@ FRD j <r IKHULT, N (Y. Y]]) <, dY (n — 00).
(b) max;jsr, Aj ([Y,Y]]) = Op(d7) (n — o0).

COERZRAWS &, r, OBABEEEE U TUTODDOHNEZ SN S:
PPN = max {j € {1,...,7mac} : N ([, Y]]) > d7g(d)}

I, T &7, DEBDERT, g: (0,00) = (0,00) IFEEEEHTHD. CDHEEEIFEY R
FRIREDOTTr, DER—BEEE LRI IENTREZN, EHLEEF/NNT7A =TV ZD g DEVAH
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N (YL YY) +d7g(d)

A+ (Y YY) + dmg(d) (G=1L....,d-1)

ER;([Y,Y]}) :==
EUVREZ ER/ (VY| ) B j=r, BE5F1EDOREL j>r, BERF 1 ITAWVEZEZEWVWS
EEICEDKHEHEET, UTOLSICERSINS:

ff(’y) =max{j € {1,...,"maz} : ER;([Y, Y]?) >14+~}.
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EELRDBIEERIIENTET, BARERTD/INTA—TVAHEL BV ENERTES.
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Simultaneous Confidence Region of an Embedded

One-Dimensional Curve in Multi-Dimensional Space
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