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Several optimization problems arising in real world applications do not have accurate es-
timates of the problem parameters when the optimization decision is taken. Stochastic pro-
gramming and robust optimization are two common approaches for the solution of optimization
problems under uncertainty. The min-max and min-max regret criteria are two of the typical
approaches for robust optimization. The min-max criterion aims at obtaining a solution with
the best worst-case value across all scenarios. The regret is defined as the difference between
the actual cost and the optimal cost that would have been obtained if a different solution had
been chosen. The min-max regret approach is to minimize the worst-case regret. This criterion
is not as pessimistic as the min-max approach.

For the max-min regret criterion, we consider the knapsack problem (KP) under discrete
profits. For the discrete scenario case, we assume that the scenario set is described explicitly. The
discrete maz-min knapsack problem (MM-KP) is known to be strongly NP-hard for unbounded
scenario set [3]. However, the MM-KP is solvable by a pseudo-polynomial time algorithm when
the size of scenario set is bounded by a constant. We examine this pseudo-polynomial time
method based on dynamic programming. We also examine a branch-and-cut algorithm based a
mized integer programming (MIP) model. We propose a heuristic algorithm for the MM-KP that
solves the underlying KP to optimality under a fixed scenario. For the average-profit scenario,
we show that the optimal value of this fixed-scenario KP under the average-profit scenario is
a valid upper bound. We further propose an iterative method to improve the performance of
the fixed scenario heuristic. In each iteration, we generate a new scenario based on solutions
obtained by then.

For the min-max criterion, we consider the generalized assignment problem (GAP) and the
multidimensional knapsack problem (MKP) under interval costs. The classical GAP is a strongly
NP-hard combinatorial optimization problem [6] having many applications (see [1, 4], and [5]).
The classical MKP is a strongly NP-hard combinatorial optimization problem [2] and has been
widely studied over many decades due to both theoretical interests and its broad applications in
several engineering fields, such as cargo loading, cutting stock, bin-packing, financial and other
management issues [7].

The interval min-maz regret generalized assignment problem (MMR-GAP) is a generalization
of the GAP to the case in which the cost coefficients are uncertain. In real life applications, the
costs are often affected by many factors, and they can be unknown at the optimization stage. We
assume that every cost coefficient can take any value in a corresponding given interval, regardless
of the values taken by the other cost coefficients. The problem requires to find a robust solution
that minimizes the maximum regret. We prove that the decision version of MMR-GAP is
YP-complete. We propose a heuristic algorithm for the MMR-GAP that solves the underlying
GAP to optimality under a fixed scenario. We consider three scenarios (lowest cost, highest
cost, and median cost), and we show that the median cost scenario leads to a solution of the
MMR-GAP whose objective function value is within twice the optimal value. We also propose



a dual substitution heuristic based on a MIP model obtained by replacing some constraints
with the dual of their continuous relaxation. We also propose exact algorithmic approaches
that iteratively solve the problem by only including a subset of scenarios. The first approach
is based on logic-based Benders decomposition: it solves a MIP with incomplete scenarios and
iteratively supplements the scenarios corresponding to violated constraints. We then introduce
a basic branch-and-cut algorithm and enhance it through: (i) Lagrangian relaxations, to provide
tighter lower bounds than those produced by the linear programming relaxation; (ii) an efficient
variable fixing technique; (iii) a two-direction dynamic programming approach to efficiently solve
the Lagrangian subproblems. We compare the introduced algorithms through computational
experiments on different benchmarks.

For the interval min-max regret multidimensional knapsack problem (MMR-MKP), we pro-
pose a new heuristic framework, which we call the iterated dual substitution (IDS) algorithm.
The IDS iteratively generates linear constraints (rows) based on a mixed integer programming
model. Computational experiments on a wide set of benchmark instances are carried out, and
the proposed iterated dual substitution algorithm performs best on all of the tested instances.
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Operator Estimation : Analysis for Functional Regression
with Functional Input and Output

Masaaki Imaizumi (UT)
(joint work with Kengo Kato (UT))

In this presentation, we investigate a regression problem where both covariate
and response variables are random functions. Let the covariate X and the response
Y be L?(I)-valued random variables with I = [0,1], and T : L?(I) — L*(I) be a
regression operator. Then, we consider that the random functions are generated
from the following regression model

Y (t) = T(X)(t) +€(t), tel, (1)

where € is a Gaussian noise process in L*(T).

Data representation by functions is used for analyzing data which are observed on
a large number of grids in its domain. The fields of statistical methods for analyzing
such data is called functional data analysis, and it is summarized in Ramsay and
Silverman (2005).

The functional regression with functional covariates and functional responses is
investigated by many studies, especially the linear regression case. Cuevas et al.
(2002), Yao et al. (2005), Crambes and Mas (2013), Hérmann and Kidziniski (2015)
and more studies propose their estimators and clarify their theoretical properties.
Since it is possible to represent the linear regression operator by a form [ b(-,t)x(t)dt
using a bivariate function b(s,t), some of the methods for the linear regression are
conducted by estimating b(s, t).

The nonlinear regression with functional covariate and functional response is a
developing problem, since there is no standard way to represent the nonlinear oper-
ator T'. Such the problem is considered by Bosq and Delecroix (1985), and various
methods are proposed. The Nadaraya-Watson method with the kernel function is
investigated by Ferraty et al. (2011), Lian (2011), Ferraty et al. (2012), and others.
Another method for the problem is a functional reproducing kernel Hilbert space
(fRKHS) method which is studied by Preda (2007), Lian (2007), and Kadri et al.
(2015).

In this presentation, we propose an estimator for the linear and nonlinear func-
tional regression problem, and clarify some regularity conditions and properties of
the estimators. Then, we derive the convergence rate of the estimator which is char-
acterized by smoothness of the variables and the operator, where the smoothness
represents a speed of delay of coefficients measured by the basis function decom-
position. About the convergence rate of the estimator for the linear regression, we



find that the rate is independent from the smoothness of the operator in the direc-
tion of responses, and the rate is identical to the convergence rate with the linear
regression with a scalar output case provided by Hall and Horowitz (2007). For the
nonlinear case, we also find the similar properties of the convergence rate with some
assumptions.
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Affine R Ic & $HRA/ I v 7 QECEDREF

FROK - [ERELL A1 B
BHEOK - [HHETT W Bl

Nakayama et al. (2011) I k> TIREIN/-Hv /2 v 7 HREZ, FHRNSROBEK
2 Z NS T SR TR EGRICER L TR R 21T ) E v ) FikTH S, du/ Iy
LEEZ AT 286, Mo HRAE M 72 oIEY 2L 5 2 2 01D 5. BEE
7D % K TE N T XA —FNEBET D /87 X —F 2BV THICHT 28613 Z Off
Z v, Z S HBE G I 3REUR B 2 F v CTHRIIE 2 3E L T % (Sei and Kume
(2015) ). L& L, fRBUEBIC X 2 IIHERSSE IZEOWBHEZ AR TCE T3 b IF Tk
5, HEBEIGHR L ZBEDMESENC S WEHETE 20080 ) 2EIEHE D EEINT
Chdrol, ZORBEICNLY 5701, ARETEPUESXHETEZ 607 & TD
Pfaffian R OEMEFHFLICOWTEZ 3,

BMEGIE L 2vwda ) Sy VB8 % f(0) = f(61,...,0,), 0 €O CRP L L, f(0) %
BLgROXZ FVZm) EEL, i=1,...,plk2wT, m(h) I

0

om(6) = Pioym(0), (0= 5 ) 1)

Zi7z§ & 9 7% Plafian R P, : © - RIDBFEL TWA D ET 5, o, HIKD
HHNIRA=FZO(), ZTNERLKDERTIXA—=F%00) £LEFZ, 26224 curve
Z0(t), tel0,1] £E£T. ZoRA (1) X
¢ 0
0,m(0(t)) = Prm(6(t)) = g(t,m), Pfi=) (B6i())P(O(), dh=5  (2)
=1
DX B HERARICHSHZ SN D, K (2) Tm(0(0) 2352 5 NI m(6(1))
AR T2t 2EZ 5, 22T, G2 wE m(0(0)) IV T,

172(0(0)) — m(0(0))] < C, C = (c1,...,c,)" € R (3)

DX BEHE AL L T2 ERET 5. A (2)(3) THEA Ny BRI 5
7 7m—F & LTIE, Taylor model T & %Y 7Z /775 (Lohner (1987) &%) &, BB
® Runge-Kutta IED A ¥ — 2 ZFH L THOWUEZ LK T 2 FIEIREINTWV S
(Dit Sandretto and Chapoutot (2016) 5%). AWIZETIZX, v/ I v 7 LD BT
ZIZBWTIHIA < Runge-Kutta IEDSHW O N TV 5 Z EZ2EEL, BEDORAHAZ W
TR AZ EEIC S, B e T2 2 L2525,
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X (2)(3) RSN LMy TR OB 2 FHE T 2 121F, XHEGEE & FIEN 5 25D
FRETRZLGZ CXMZRIHEEEDPH L 2L TES, L L, XEEE XA
DB Z KT E RV E W) RED D 2 7- O, A Tld Affine TZx (Stolfi and De
Figueiredo (2003)) & MHEN 2 BB FAERIPH 2 ZIHA D TL T Tk 2 fi> TitE 217
9. KHEE & Affine X0, HEORIBICH L TEHAEDPRESIN S L) WELH
570, EE KoK Th %2, ZOHICHEHOEIEENTLLRY, FHEMJBELLT
HHINZXMEICEOBPEENT R EARTIENTE S, BRMICIE, =1t 128
% Affine JED 1m; LHBZAT Y T IZOVT, RDOXIICtj =t +h BT
Affine T mjq Z251HH T 5.

Mji1 = Gnsr + LTE([t5, t511),m(([t5,541]))

fof:\L, gn+1 &i

Ynt1 = My + hzbiki; ki = g(tn + cih, my + hzaijkj)

i=1 Jj=1
D & 912, @HE D Runge-Kutta Ik CalH 217\, LTE([t),tj41],m) 3FAT v 7IZEBIT
ZATHYI NIRRT, BETIIEBICH V257V 3 XL OFE & BUEER O #5R
ICDOWTHHT 2,

SE 3R

Dit Sandretto, J. A. and Chapoutot, A. (2016). Validated Explicit and Implicit Runge-
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Computing, Vol. 25, No. 2, pp. 321-332.
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BEERICK T B BEEBESFRHEE
MK RGO AR £

JINRESR R« 757 + A VAN VIER

1. ZEHERE AIC &/IME

MaHAICB T 2B TOVHEE TR, HHREREZ
HACTETIICERHT 237 X =8 28T 5 C
ED3H Y, THUIBBCER EWFIEN S . ARitiiEaRE
Ki¥E (Akaike’s information criterion: AIC) 7% &
DIEHEBIEDS S, AIC D3/ TH % & 9
BRI RX=FDBEEERDL LT, T—F L
DY TIFFE Y ORI ZHeb R L) ICTFHIRE
DRVETNEMET S EMNTES. AICHT
ZLRTNSEZ & B ZEBOERO— B 7 Tk
DDELT, ATy T T4 REDBASNT VLS,
AT v 774 X%, R EDBEDHEEY 7 b
7 TICEEI N T T, FHEEHTA v
50T %. LaL, AT v 774 ZEIS /AR
ZLTWRLEARLEEZDT, fEEINLZETILD
AIC /N TH % EIFIRS 7\,

2. BIFFERERETSZFE

0¥ 2T 4y 7 FRETFCH LT, #RIERZ
7RG FEBERIE R HNE 1 X 2 BECERDR R
INTw3 3. ZOFHEICKI>TRLNSMIZ,
AIC DPR/NTH B ERAES N VDS, AT v 7T
A RFIHNEDORGETH 5. —T75, #ElIEE
TN T 2 EBBGERDOFIELE LT, IRAEE
Kt 2 V7o Tk (2] PIRA TR T KE
RO FE (] PREIN TV S,

AT, Fowfl 2 5 U 2 2508k L T,
ROBEIRERTHFE & LaEb L, @@k
SN MEZRIRR R e DRk % I TR 21
ZLTWw5. RETIFHERZFET L7012, 77
BIREED 7 LV — 07— 27 Z 4L T % SCIP
(Solving Constraint Integer Program [4]) Z >
%. SCIP IZHHENE WY 7 b7 27 TH Y, iR
L CHlT 2 70 77 A REET L LN
TE5. 20k, AWgEIEER L [Tz VL
N=DATHEL L) bIFTIEIES, LR
KzREL, FHEE THBL T 5. #IBMFICE
7% AIC e/ MUICRT L T, RS 2 Tk E e
JEDOBBDRE S TRIETE 20805 5.

EIN

3. MINLP & UTERIL

itz v 2 ZBHGEIN T, —fitic, HIEEE
F B2 ONET—F EETFILOMAE L “FiHL
BOB OZO0HEP SR I NS, ETIVICH
NBERIA=9% B =(B,....0) e RP &7
2. ZHEGEIRTIE, FHZEOEMINERI Nk
Do, WIET 29 A= B, 130 TH 5.
ZHOERD 72 O D idbE L, XROBEEEESE
BogstmfE s L cesfbkTtE 3.

lgff@ﬂ+kg%%
s.t. Zj:O:>ﬁj:0(j€Ip) (1)
Bj € R, zj € {071} (.7 € Ip)

2L, N RIEQERT, I, = {1,...,p} TH 3.
f(B) BEZoNIT—8 LETND#AEE LT
e 513, M (1) o HWBEEU: € 7V %2 5§ 5
ZENTES. HIBEBOB IH Y| 25 33
HHEBOBDRF LT 4 & L THERET 5.

4. THREEL LREOFHE

ITRRE R Z F 7 [ (1) 23R B Fikz
RET 5. oEIRERE, - (1) O RIED i
AMIED T FUE & R (1) DAMED Sl DS 2652
Thd. TEBREED 7LV -7 =7 %L T
W5 SCIP[4] ([ THHiE & FRYEDFHR 2 AT %
ZET, (1) 2R 2 EMNTE D,

IIRE IR I 1 % o BadREIC & T, FaTfHE
DRI NBEE, 25 (j € 1) 13 1 H B\ I3 0 ICIEE
INg. BRINFFIRTEICK LT, 25 (j € 1)
DHEFICBE L TROEAEZERT 5.

7z = {] S Ip 17 F1ICHEEI N TV S }’

Zo={j€l,:z F0EEINTV3 },
Z={jel,:z BFELBEIN TV}

e
Y

DS 71, 20,7 C 1, WX LT, iE (1) D

pu{



I Q(Z1, 20, Z) BRD &I I2RENS.
min f(8)+A ) z
B,z :
J€lp
st.zj=0=>6;=0, z€{0,1} (j € Z) (2
Bi =0, z=0(j € Z)
zj=1(j€Z), B eR (j€l,)

WS Q(21, Z0,2) @ 2 € {0,1} (j € Z) D
BRPEZ RN L 7RI D X ) lcRI s,
min f(8) + A Z 2
Bz ;
Jelp

S.t.Zj:O:>,8j:0,0SZjSl(jEZ) (3)

Bi =0,z =0(j € Z)

2j=1(j € Z), B €R (j € L)

[ (3) DRYIMEE, TR Q( 21, Zo, Z) DI/
HOTRIETH 2. KICFTE (3) 2 5 H 2 = 0 =

Bi=0,0<2<1(G€eZ) &z (ell,....,p})
ZHD BRI ORJEICOWTEZ 5.
m[;n f(B) + A#(Z1) 0

st. B =0(j € Zy), BjeR(j€lp)

M (3) DIEEDFEITHEM (B,2) I LT,
Zjelp Zj = ZjeZ Zi + MEH(Z1) &0, ROAER
BHALT 5.

FBY+AD 2> f(B)+ M Z).
Jelp
B lE (4) DETHRERTH 2. ko T, i (4) ©
B/ IMEZB R Q (241, Zo, Z) DIe/IMED T FHiH
ThHb. LEho>7T, KWgi<TiE, FE (4) 28550
W8 Q(Z1, Zy, Z) D T iU Z K& % 72 9 DfEAIf
EE LT .

BIEEIRIC B % AIC RAMEO B4, [FRE (4)
IR LM REGHERTE & 22 2. ko T, BB
BAZE 2 L CHE 4) ORINRERD D 2 &
MTESL. P A7 4y 7EIFIZE T S AIC /)
Loie, B (4) 1 EHIFIRE L hEHsE & 2 5.
$oTC, 22—t EREDHEFEOT VDY A L%
WHT 2 2 & CHE (4) OR/IMEZRRD B 2 L
TE5.

SIRBRE LTI, M (1) D/ IMED YA b 44
YCh 5. [ (4) D/ IMED & RIE (1) DELTH]
B2 BT 2 2 L TE S, B L 2z Hwv
T, [ (1) Om/MED EFREZ 1S5

5. MERLELLILHDOIRXK

AWHFEClE, [ (1) 288 R R 7201t UT
DILTRZREL T 3.

(T) BlTE D FEAIRTE % F o 72 N FUE O T HT

() feofEm z M L7255 2 2 + O

() IR DD TT

(IV) A7 v 77 4 AExFIC L 72 ERYEOHH#T
DTHEREFZED 7L -7 =7 2t T3
SCIP[4] IcZ b6 2L T 5.

6. FIEER

FIZIRIC B 1 5 AIC eMBIcx L T, BEFE D
Fik (MISOCP[2] £ MIQP[1]) &i2%7 % Fik
(MINLP) DRI 2T 5. BflFhicix,
5] TR NT VBT —F 2T 5. GHEIK
(X THIBRIFEE] 2 5000 #2 & 9" 5. 5000 # TS 7\
&, >5000 LRt L, AIC 136 n7: LR

G

name p Tk AIC  time(sec)

sfC 26 MINLP 2816.3 10.5
MISOCP[2]  2816.3 489.8
MIQP[1] 2816.3 26.49

fires 63 MINLP 1429.6 >5000
MISOCP[2] 1431.6  >5000
MIQP/[1] 14351 >5000

crime 100 MINLP 3410.3 >5000
MISOCP[2]  3690.7  >5000
MIQP[1] 3646.4  >5000
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%A RENG Z Ol T — 5 ~D
i 277 7 DA AT IHEDBIF

SN i — 1 REXE A JF bk ¢

1 BRUSHIC

fifaeAl# ol 5, Zhs OBz il 2MEIE, £ OTHTHETH S, FIZIE, MRS
¥cid, MBINERICE T 2 iR E OB E A S KO B 2 il L, 7= ALz 787 X —F fiEE
REFHNC AL T Z EPTES, AR OREE T VIGEATRE 27— RAFEE LT [1] d 5. #Hiky
#2277 AFVY T [3] Lok, FEZRMCTNVELZ L7 70—F1d, BERMZOL %KD 5
TENTER, S, Ty PHINPEGSLNIE, YRR 282 52 2 LIRS v,

HREEAV, UEA EOEDIZWAT 77 G = (V,E) L2RIUEREG LEDRAD 7 -8
f=lmm)mertiner,..y BIAE, THOBRMAZ L) ISHLT, f2ROICHIT S G OF

L&A & %2 K % [ % 7 7 74 TIE® (graph fitting), W& L T graphit MR Z LICT 5, Ll
graphit D@26, ZMAGAEEGZ R OWBROER B2 KD 5 FHE2IRET 5.

2 R’ERFE

2AEF$£L@Z7’J7—%J”%@ it L w&wxm—fgw%ﬁ%m Lﬁﬁv {v1,...,01}

J(x1,y1,. . 20,y1) = Z / wdl (1)
{vi,v;}EE

%55';7\@‘6 f:f:\l/, Fij 1 (C,Cz,yl) 75’6 (:L‘j,yj) ’\o)fi %i’%? :O)k %, B%Eiﬁfbﬁtﬁ%ﬂ

min J(z1,y1,...,2,y1) st (x1,91,...,21,y1) €S (2)
D%, K2 graphit £ T2, 2L, SIHELRETAEERAERT. 4, ¢ Clrnl U2 oiEs %

w/Mbd %4576 %, 2 3 graphit &9,
Moy Iy % BI%

@ﬂw(1®<%)+0<%>06ﬂ)ﬂ (3)

* FURRFR B LRI
T ORISR T
E R EE TR R



TRF A= T2 £ %, graphit iCBIF 3 J OARIZEICETT

g:;fi: 3 (xiLz'xj/FWdl+sz/ ( o@”> 9>, (4)

ji{vi,v; YEE () i
9.7 (y —y / / (a ) )
- Y (L% vait L 6 5
. 3 ’
Wi qiohen N L Jry oy
E7b, Lij 3T ORI ET 5, L7h> T graphit [3BXK 2 XEHHE [4] ® L-BFGS-B [5] T TE 3.
U DEFRICITZODPOHENREZ SN,

L UMFow: [0,M)x[0,N) = R DED S graphit 2, F#fb7Z4 graphit &9 :
![/|[m,1’m)x[n,1’n)(x,y) =fmpform=1,.... Mn=1,...,N. (6)

2. ST w: [0,M—1)x[0,N —1) = R D3ED % graphit 2, 1 XA 77 A »IZH-I < graphit &
WY ol
im—1,m)xn—1,0) (%, 4) =(m —x)(n = y) fran + (M —2)(y =04+ 1) frnnt1
+@=m+1)(n=y) fmpin+ @ —m+ 1)y —n+1)fryinp (1)
form=1,.... M —1,n=1,...,N — 1.
ZNFNDED % graphit K 2 F graphit  H\T, SHANFEERMEZ RO A TSRO % il 3 2 5l
Tz ro7, ZORE, 1 RAT I A KD 23 graphit 23, &b = OHIITEAELE D> S B o TH R AL E
2R 2D > T,

3 &bHIC

ARWHFETIE graphit (2HED  HHRD & DEE T O FEZIRE L 2. RETHEEIBH TS ARG Z R
ez 5.2 208, RITENOWIIRE IR KT 5720, FEICH WA ZMIET 2i1cikx2, S%O#
M E LT, ROGIIKEZ BB S 2 FEORABEBET 6N 5,

SE 3R
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Information (Geometry Approach to

Parameter Estimation in Hidden
Markov Models
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Abstract: We consider the estimation of hidden Markovian process by
using information geometry with respect to transition matrices. We consider
the case when we use only the histogram of k-memory data. Firstly, we
focus on a partial observation model with Markovian process and we show
that the asymptotic estimation error of this model is given as the inverse
of projective Fisher information of transition matrices. Next, we apply this
result to the estimation of hidden Markovian process. For this purpose, we
define an exponential family of V-valued transition matrices. We carefully
equivalence problem for hidden Markovian process on the tangent space.
Then, we propose an novel method to estimate hidden Markovian process.

Information geometry established by Amari and Nagaoka [1] is a very powerful
method for statistical inference. Recently, the paper [4] applied this approach to
estimation of Markovian process. In the paper [4], they employed information
geometry of transition matrices given by Nakagawa and Kanaya [2] and Nagaoka
[3]. Since this geometric structure depends only on the transition matrices, it
does not change as the number n of observation increases while the geometry
based on the probability distribution changes according to the increase of the
number n. In particular, the paper [4] introduced the curved exponential family
of transition matrices, and derived the Cramér-Rao inequality for the family,
which shows the optimality of the inverse of the transition matrix version of
Fisher information matrix.

On the other hand, some of preceding studies [5, 6] of hidden Markov process
employed information geometry. However, they studied em-algorithm based on
the geometry of probability distributions, which changes according to the in-
crease of the number n. So, the estimation process becomes complicated when
n is large. Hence, they could not evaluate the asymptotic behavior of the esti-
mation error.

In this paper, we apply the information geometry of transition matrices to
estimation of hidden Markovian process. Since we need to estimate the hidden
structure from the observed value, we apply the em algorithm based on the
geometry of transition matrices. That is, for this purpose, we formulate a partial
observation model of Markovian process and the em algorithm based on the

1
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geometry of transition matrices for this model. Then, using the transition matrix
version of the projective Fisher information, we evaluate the asymptotic error
in the Markovian case under a certain regularity condition.

However, we have another difficulty for the hidden Markovian process. There
is ambiguity for the transition matrix to express the hidden Markovian process.
That is, there is a possibility that two different transition matrices express
the same hidden Markovian process. This problem is called the equivalence
problem and is solved by Ito, Kobayashi, and Amari [7]. However, to discuss the
estimation of the hidden Markovian process, we need to consider this problem
in the tangent space because the asymptotic error is characterized by the local
geometrical structure.

In this paper, for this purpose, we establish the local equivalence relation for
the hidden Markovian process. When we apply the above em algorithm to the
hidden Markovian process, for the regularity condition, we need to guarantee
that the tangent space is non-degenerate with respect to the local equivalence
condition.
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TOINVERICE T 5/\1 7 AfH1E SVM
SR - BORPPETREE Pl T

FUPERA: - BOEYE % KH A
FRS: - BEEWE R L

1 FUIC

ARG T, SIOUIMER T — 2128 2 I 25 27, REENDS 2 dH 2 LRUE L, ARHEN
m; (1 = 1,2) 12T p RDOXT T v g, T EATINC p ROIEEENTTI E, (> O) 2 b2 ERIE
T5. 22T, BEOLT—FIHLTE =3, 28T 5 2 L 3BEENTERCDOT, HHiTHO
FEMEICOE Lz, 727221, liminf ), oo {tr(31) /tr(X2)} > 0, limsup,_, o {tr(X1)/tr(B2)} < 00
ZRET D, SREM T 26, ny GO ML=V 7T =% x4, ..., Ty, ZEEAICHIET 2.
HRINRDT =8 % xp (€m BLIF Em) L L, xp €m ZatHiT 2MEHRZ e(i) LEILT 5.
A=lpy — ol EBS.

FRILD 2 BB T 2RI DWW T, Aoshima and Yata (2015) %, A — oo, p — 00 %%
A= 2 LM BRSO b &, — I m ol 7 i

e(i) >0, p—o0, i=1,2 (1)

%5 -HMENMROND T ERFEHAL .

=T, TR=—FRT Y=< (SVM) EEXRIGT — & BHTICE O TR R &, N iERE
DRV EHHSN T 53, Nakayama et al. (2016) 13 SVM OWHEAYIEE %2 ST/ MEARD P
HATHAL 72, KFEHTIE, PL—=v 77— ch s Z LITEHL, #E SVM
(LSVM) OERIIMERIZE T 2 W0ENEE 25 L, B2 52 570 DIEAIEMAE S EH L 7,
LSVM 13& % 1IERIZEED & & T (1) 28T 53, HEXOUMERIZE W TEIANA 7 AHIC K > TA—
MaEZTRN2H 5. LSVM 1EH 2 FHIZEMFD S £ T (1) 287725, @XI/MEAIZE LTI
A 7RI L > TA—B2EZTENBH S, 22T, Z2ONA 7 RAHEEZMMIEL 7o 34 7 AHHIE
LSVM (BC-LSVM) ##2ZE L7z, E 512, N4 7 AMIEIEME SVM bIREL, 2 OHFIMk6E % 5
A 2D BB 12 BEIE L 7z,

2 BRILT —FICHBFS LSVM OFHERIMHE & /N1 77 AHIE
MIZ SVM (LSVM) OHIRIBEEE y(xo) LT 5. WE, p— oo TRERET 3.
(A1) Var(loi - ml2) = Ofr(S2)}, i=1,2:

. max;_1 o tr(3?
(A-ii) Xz( ) _ o).




Ay = A+1r(21)/ng +1t1(Ba)/ne EBL. TIT, k=1tr(X1)/n1 —tr(Xs)/ne &L, REARE
ER-R

(A-iii) lim sup Ll <1
p—00 A

EHE 1 (Nakayama et al., 2016). (A-i)-(A-iii) ZIKET 5. p — oo D & EHHIBIE y(xo) 12D
T (1) Y 7.

(A-iii) 1¥ LSVM O A 7 RSB T 2KETH S 2 LICHERET 2. L LAa2S, B, SR
DPEHAT ny & ng, b LLIE (X)) & (o) BAIFEDGA, (A-il) HRETE R\, b L,
(A-iii) PMRETE R BEHA T O FLEDR D 370,

% 1 (Nakayama et al., 2016). (A-i) & (A-ii) Z2IRET 2. p — oo D & ZHBIBIEL y(zo) IZDWT
¥ RDARVACH
e(l) =1 and e(2) -0 asp— oo if liminfg >1; and
p—00
e(1) =0 and e(2) =1 asp— oo if limsupg < —1.
p—00
F 12565 L (A-ii) 2SR D VAR, $13R LSVM EERILT — ¥ f#fric B THw 3R E
TiAL, 2T, A4 7 ARIE LSVM (BC-LSVM) XD k 3 07 3.

N

ypo(xo) = y(@o) — A“

Z 2T, A* = Hjlnl —Top, ”2, Rk = tr(Slnl)/nl—tr(ng)/ng ThbH, 2171, Tin, = Z;L;l .'E”/nz
& Sin, = Z;“:l(% — Tin, ) (Tij — Tin,) /(ns — 1).

EE 2 (Nakayama et al., 2016). (A-i) & (A-ii) Z2IKET 5. p — oo D & SFHHIBE ype (o) IS
DT (1) 2R DY 3L,

BC-LSVM 1% (A-iii) % {RE¥ T 10 —8ER 7T 2 LATE 3,
X512, NA T AMIEIERRIE SVM b RE L, Z DYHIPERE %2 BUESEE: & 927 — & fidbr 2 v O
SEL 7=,

W

2 SRR

[1] Aoshima, M. and Yata, K. (2015). High-dimensional quadratic classifiers in non-sparse
settings. arXiv:1503.04549.
[2] Nakayama, Y., Yata, K. and Aoshima, M. (2016). Support vector machine and its bias
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Generalized Boltzmann machines

and activation functions
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1 Introduction

Recently the neural network has been revived and attracted lots of interests toward a direction to deep
multilayer networks in machine learning, see LeCun et al. (2015). Boltzmann machines are highly explored
and focused on the general architecture in a paradigm of deep learning. In particular, restricted Boltzmann
machines present a simple understanding for the conditional distributions with logistic sigmoidal functions.
On the other hand, several activation functions including the softplus, leaky rectified linear and max func-
tions rather than the logistic sigmoidal function contribute to efficient learning for network parameters. In
principle, Boltzmann machine is based on Boltzmann distributions which is extended to an exponential
family, cf. Welling (2004) for exponential family harmoniums.This is closely connected with the classical
statistics that is formalized by the notion of sufficiency, likelihood, invariance, unbiasedness, efficiency and
so forth under the assumption of the exponential family.

We present a general framework for Boltzmann machines associated with an activation function, called
the generalized Boltzmann machine (GBM). For this a generalized mean rather than the linear form as in
the arithmetic mean is introduced employing the activation function. We will discuss to combine energy
functions Ey for £,1 < ¢ < L by the generalized mean

(LS e (1)
(22

via the activation function ¢ with the inverse temperature 7. We note that if ¢ is an identity function
on R, then (1) is nothing but the arithmetic mean; if ¢ = exp, then (1) equals the log-sum-exponential
function. We show that a generator function defines a generalized exponential family. As a result, we give
a probabilistic understanding for the GBM including the maxout neural network (Goodfellow et al. 2013) if

we view the generator function as an activation function in a neural network.

2 Generalized Boltzmann machine

We generalize both the Boltzmann distribuiona nd the log-likelihood hunction as follows. Let ¢ be a strictly
increasing on R and E an energy function of an input vector . Then the generalized Boltzmann distribution
is given by
1
f 2, 0) = —¢(- TE(x,0)) (2)
29
with a scale parameter 7 and zg = ) ¢(—7E(z,0)). On the other hand, the generalized loss function for a

given data set D is

L) (0, D) Z —¢7 (f(2,0)) + n¥.(6), (3)



where U (0) = 13 ®(¢1(f(®)(x,0))) with ®(s) being [*__ ¢(t)dt. We see that the generalization is just to
replace the pair (exp,log) with (¢, ¢ "), or if ¢ = exp, then f(#)(z,6) is reduced to a Boltzman distribution
and L(%) (0, D) equals the minus log-likelihood function up to a constant.

We next consider an energy function of a visible variable z and hidden variable h such that E(z,h,0) =
~b'x —c"h — 2" Wh, where 6 = (b,c, W). In fact E(x,h,0) is a restricted version of energy function that
is connected only between the visible and hidden components. The generalized Boltzmann distribution is
given by f()(z,h,0) = ¢(—7FE(x,h,0))/zp, which has the marginal distribution for the visible variable,

O (x,0) queTE z,h,0)). (4)

Basically we can apply the maximum likelihood for this model (4), however we adopt the generalized esti-
mation method with the loss function

L90.0)=-%" ¢ ( FO(z 9))+an(9). (5)

rED

The gradient is given by a weighted sum of estimating functions as follows.

Theorem 1 Let L) (0, D) be the objective function defined in (5). Then, the gradient is written by

8 0 ¢(—7E(x,h,0
ZZw(¢)mh0{ae—( ( ))}

89 z€D h E7)
0 ¢(—TE(z,h,0
B[ S o) g M R )
h
where
9 (z,h,0) = 1 .

¢ (¢ () ¢(=7E(x,h,0))/20))

We can consider a deep architecture of restricted Boltzmann machines connecting among the input vector
2 and hidden vectors hy,--- , hy with energy functions.

3 Discussion

The recent developments in deep learning will open a new paradigm for data sciences, however, the under-
standing to allow uncertainty is not fully elucidated. We discuss to extend Boltzmann machine to permit
various activation functions in a probabilistic argument. This implies to escape from the standard idea by the
exponential family and log-likelihood function. However any extension satisfy a kind of minimax principle.
In effect it is supported if we consider the generalized entropy and divergence. It is necessary to proceed
further investigations in maximum entropy principle.
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Xr >R ZHOT, Wit hrow: X7 = Vr BRDEXHICRKIND LIRET 5.

h.0.w(X) = (W, e (X))- (1)
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Wy, = argmin ]/%7-7,1(9\]\7, w) + pr(w)
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1 [FU®IC

175872 (determinantal point process, DPP) (%, 1970 4EfUHUEHIC Macchi [4] 12X > T
B NFIRTFDOOEDTH L 7 2V KT Z2ETIMMET 2 72 DICRE I N HER UERE T
H%5, ZORBRIZICHELSCHOWONZFBEREDOVOEDTH L RT Y v aEfE & 138k
D, KENDH DR 2%l T 22 ENTE, THEBAIHEINTVLEINRTDH 5,

ARG T, JEFEDITAIRAGEREZ O 72 BHERE B~ DIGHIC O W T, HE DU (3]
BT DEERNEZ I 2GS 2 ko, FICERE7ZYY YTV, \—E=ZvIT7 9>
ZIb EMEN A BRI EOfTHRAUERICOWTERL, BiRT 2 Y XL 7 EMICHT 2 RE
BEDOHGZ G 272, F7-ZOFHE, BRI 7 ¥ v 7 VIS IRE 22 IR L — b %238
THRINEHEZHZE EEYTAVETYA VRINZHEENICEZ 5 2 L), RUN—F
Sy 2T INVBEFEDOE Y T ALIEL DHGIRY — F 2T 582525 C
LG L, TNsOEREIT OV TIRET CHEHIN O W THEfi L 2D 612, 3l
BT 2otz kR 5,

2 #EfE
FERRZMNT 2720, ZITEREOPOHEEZGZ 5, WH, e T AraikTiy, M
SRS d KOS SR (0,114 Db DEEZ 2D, T TIHdRILKRIE S Db D%EEZ S,
Brauchart et al. [2] 12 & O, JT4E, BRI Lo L CEEY TALATHA 2 RF (QMC
design sequence) DWERPEA I Nz, ZHUIBRME EORETICB LT, X D ElZiiE DL
Wz HEBT 2K ORI ZHKT 2@ TH 5. [2) T, FrICBkE RIcHBI s
2> & s @D Sobolev 22 H (S IB W THEE Y T A LR THA VRIIZEERL, ZDEE%
fToTw3,

KEITH Z 2 EREROFEHIC B W THEEZ DX, Sobolev Z2[H H (SY) IFFHAM% E LR
WV RZERTH B T L TH S, Brauchart et al. [2] TlE, WEZEYTNIGEA LGS, HIZIL,
d/2<s<d/2+1IZRLT, ZDOHAEKIE

K (@,y) == 2Va-2s(S") — & —y[>*7", @,yes.

ERINLZILEDBFONTVS, £, s>d/2+1ICEBVWTHRKLERIPFNS
EDFNS T % (Brauchart-Womersly [1] 5 [2] ZZH).

Sobolev 22t H*(S?) LD¥#eE v T hvu 7H A v RI|%EHKT 272012, R Loy
I(f) = [qu f(z) dog(z) & N KA Xy C ST TOER Q[XN](f) = Ywexy [(@) EIC
B 2 OB (worst-case error) Z X CERT 5.

wee(Q[XN] H*(8Y)) = sup [QIXN](f) —I(f)]. (1)
st

ZDEE, H(SY) EDMEE Y FAARTFYA VRINIRTERSI NS,

At (EREE) BRSNS RY: HREEE (T 480-1198 BMIEREAF M H 7 R 1522-3, E-mail:
hirao@ist.aichi-pu.ac.jp)



Definition 2.1 (H*(S?) LO#EE v THLa TH A VRI [2]). s>d/2 &L, {Xn}%&S?
FOREADOHERINET S, ZDOLEE, NIKELZROWER c(s,d) > 0 DAL,

(s d)
DD LDO L E, WAA (Xy) &2 H(SY) Loy TAhra 794 v RIIThH s LS
Fric LoMAEKRE HONUR, d/2 <s<d/2+ 1I1281) 5 RERAEE

wee(Q[Xn): H(SY)) < (2)

{wee(Q[XN]; H¥(S7))}? = Va_as( ZI% — x|
i#£]
THZOoND ZLIZEETHS, FEHTIIZOREHRZDOFEZiT7 .
3 ERER

CTCEEBUCOWTBRRS, Hz IFHNA L 72 2 MO BRI Lo TR sdf 2 fv 7o
E%E,E&?éo)uﬂﬂﬁ%’%&x% RN S? Loy vy 7 vERAGWEGETH B,
Theorem 3.1 ([3]). 1<s<2&T %, ZDLE, NHEKE7ZYH Y7L Xy I LT,

E [wee(Q[Xn]; H*(S))?] = 2272 B(s, N) (3)
DD ED, 2T TB(s,N) 3= TH 3.
CITRY =V 7 DORAZME L, EEL7 s LT, B(s,N) ~T(s)N~% (N —
00) THDH I ENTHD, LEho>T, THRERNITHLT(3) IFFHENIC (2) 2l L
TR ERTDS. Thbb, BAREILIKHRET V4 v 7VIEHEHEIIC HS(S?) 125
THMEE VT ANVATYA VRINEEZH5DTH S,

5 I —MRIT ORI ST E%Lf N—FZy 77 UF Y TNERGS ERDFHER
2G5 EDTESL, ZOEMI %@%/Tﬁwn&;b B\ — 8 — TR DN
HLTw3ZEzihRTWw3,

Theorem 3.2 ([3]). Xy % N = dim(PL(S?)) HON—FE=v 77V H v TN THB LT
5, ZOLE, d)2+41/2<s<d/2+1IKNLT, N E3HTRERC(s,d) > 0 EEEL,
C(s,d
Elfwee(Qw]; HY(5)}] < 1000
Zile§

HEE AU, REAUPREMDS: T (B), AEET 16K17645) DBIRZ 31T T
w3,
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Cell Regression and Reference Priors
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1. Introduction Many data collected by survey agencies, such as govern-
ment offices, are published in table forms. A large portion of these tables show
cell frequencies for categorized continuous variables. In this paper, we shall
refer to such coarse tables as reference tables. Cell regression methods proposed
in this paper only explore the information on these cell frequencies and the
intervals defining the cells. We use parametric models to predict the cell prob-
abilities, and estimate the regression parameters by minimizing the Kullback-
Leibler divergence from the reference distribution to the predictive distribu-
tion. Bayesian extensions are also considered. We propose an approximate
Markov chain Monte Carlo algorithm to compute the posterior distribution of
the parameters. The posterior distribution so obtained may be used as prior
distribution in a second stage analysis based on more detailed data. For this
reason, we call the posterior distribution the reference prior. Indeed, the primary
motivation of cell regression is to mining prior information embedded in often
large but coarse tables available with low costs.

2. Predictive Distributions We assume that both x; and y; are continuous,
and are interval-censored. The exact values of x; and y; are not known. We
only know the cell membership for each pair (x;,y;), fori=1,--- ,R.

DEerINITION 1 (Predictive Cell Distributions). Assume that the following cell re-
gression model holds.

yil(xi,0) ~ f(yilx;, 0) (1)
xip ~ f(x;) (2)

where both f(y;|x;, 0) and f(x;) are known up to an unknown parameter 6. A predic-
tive cell distribution p;;(0) is defined by

Cj d,‘
pij(6) :/ {/ f(x,y16) dy} dx  (0€0). (3)
ci1 (Jdig
Let R;; be cell frequencies, r;; = R;j/R and R = }_R;;. Let P be the predic-

tive distribution defined by (3). The goodness of P is measured through the
Kullback-Leibler divergence from the reference distribution R to P,

KL(R||P) = Y1 log% @)
i ij

1



We define the minimum contrast estimator 8 to be the solution to the following
constrained minimization problem,

mein KL(R||P) subject to ) _p;j(8) =1 )
if

3. Reference Priors Bayesian random effects models are often used in de-

riving the posterior predictive distribution for a particular subject based on

repeated measurements for each subject. The cell regression analyses come

into play when we want to replace the assumption on the prior distribution of

the fixed parameter. We propose to use the posterior distribution of the corre-

sponding parameters derived from a Bayesian cell regression analyses as the

prior distribution for the fixed parameter. We consider the following Bayesian
cell regression model.

yil(xi,0) ~ f(yilx;, 0) (6)
xip ~ f(x;) (7)
0 ~ 7(0) 8)

We define the Bayesian predictive cell distribution p?j(ﬂ) by

o = [ {[ senafa @co ©

It is easily seen that

pii(0) = 7(0)py(6) (10)
Denote by P? the Bayesian predictive distribution. Let
8 = arg min KL(R||P?) = argminKL(R||P) — log 7(8) (11)
0cO 0c®

The following algorithm computes the posterior distribution for 0.

(i) Compute /éb of (11).
(ii) For the (i,j) cell, generate R;; independent pairs of (x,y) according to

x ~ f(x) (12)
~b
yI(x,0) ~ fylx6) (13)
And do this for all cells to generate R independent samples
(x1,¥1), -+, (xR, YR) (14)

(iii) Apply a typical Markov chain Monte Carlo method to compute the pos-
terior distribution of 6 based on the approximate sample (14) and the
Bayesian cell regression model

yil(x,0) ~ f(yilx;,0) (15)
xi ~ f(x;) (16)
6 ~ m(0) (17)
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BB oW MEZ, ELBOARMED L (/ —F) TORBEOEAN Z 11
TEM T 228K %, cubature 23 (cubature formula) &9, R, RE(t
DTOEREDOLIEK flconT, BofEs f OREAN EFMEDOAED 0 12
5L E, XEt DA (cubature of degree t) &9,
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o BABUBRNTZIC BT B2 NF v NZERID ) )V L AEIEAERE (isometric
embedding),

o EEMIENICE 1T % mutually unbiased basis (MUB),
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o HRATIYSEEREIINEIC B 1T 2 D fRiEE ] (D-optimal design),
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EXACT VC DIMENSION OF ELLIPSOIDS AND CONSISTENCY
OF MAXIMUM LOG-LIKELIHOOD ESTIMATOR FOR
MULTIVARIATE GAUSSIAN MIXTURES

YOHJI AKAMA

1. INTRODUCTION

The log-likelihood function L., () to estimate the parameter 6 of a d-dimensional
(d > 1) K-component Gaussian mixture is unbounded, where n is the size of a sam-
ple. This is overcome in Chen and Tan [4], by adding a term p,, () to L,(#). This
penalizes small variances or ratios of variances to L, (). Chen and Tan attempted
to prove the consistency of their penalized maximum likelihood estimator (MLE),
by reducing the argument to a univariate argument combined with a Bernstein
inequality and Borel-Cantelli Lemma. But, at some point, they did not uniformly
handle the unbounded subsets of R¢, although they should. See [3], for detail. To fix
the flaw in Chen and Tan’s consistency proof, Alexandrovich slightly modified Chen
and Tan’s sufficient condition for the penalized MLE to be consistent, and used (1)
a uniform law of iterated logarithm for classes having finite VC dimensions and (2)
that the set of the d-dimensional ellipsoids has finite VC dimension. VC dimension
of a class is a combinatorial measure of the complexity of the class. It is difficult
to give the exact value, in general. In this note, we give the exact VC-dimension
of the d-dimensional ellipsoids (Akama-Irie [1]). Then we review Alexandrovich’s
approach to consistency proof [3] of Chen and Tan’s penalized MLE to Gaussian
mixture.

For sets X C RY and Y C X, we say that a set B C R? cuts Y out of X if
Y = X N B. A class C of subsets of R? is said to shatter a set X C R?, if for any
Y C X there exists B € C such that B cuts Y out of X.

The Vapnik-Chervonenkis dimension (VC dimension for short) of a class C is

VCdim(C) := sup{ £S | S c R%,C shatters S }.

By a d-dimensional ellipsoid, we mean a region in R? defined as {z € R? |
Q(z— ) < 1}, where 1 € R? and @ is a positive definite quadratic form. Our main
result is:

Theorem 1. The class of d-dimensional ellipsoids has VC dimension (d*+ 3d) /2.

2. ALEXANDROVICH’S CONSISTENCY PROOF OF CHEN AND TAN’S PENALIZED
MLE

In order to uniformly handle unbounded subsets of R? missed in Chen and Tan’s
consistency proof, Alexandrovich slightly modified the condition Cj, so that he can
employ uniform law of iterated logarithm developed in empirical process theory [5].

Condition 1.

Cs: pn(X) < a(n)log|Z| for |%| < en~2?. Here ¢ is a constant and a(n) = o(n).
1
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Here n is the size of a sample, p,(0) = Zfil Pn(X;) is the penalty function
for a K-component Gaussian mixture parameter 6 = (1, X1, p1, .., bk, 2K, PK ),
p; € R, a positive definite ¥; € R¥4, and Z]K:l pj = L.

From Chen and Tan’s argument [4], Alexandrovich observed that the following
condition implies the consistency of Chen and Tan’s penalized MLE, if the penalty
function satisfies C instead of C3. Condition 2 gives an upper bound of the number
of the sample random variables lying in a ellipsoid, asymptotic in the size n of the
sample and the “volume” of the ellipsoid.

Condition 2. Y,, (n € N) is an i.i.d. process such that

n
Y Hiew s (view<(og|sn?) < a(n) +b(n, |£))
=1

b(n,s)

where a('ﬂ) = O(Tl), b(’fl, S) - O(Tl), 1im5_’0+ Tog s =0

Proposition 1 (Alexander [2]). Suppose that C is a class of Borel subsets of R?
and C has a finite VC dimension. LetY, (n € N) be a d-dimensional i.i.d. process.
Then a.s.,

: 2 oicq Lle(Yi) —nPy, (O)|
limsup s = =s Py, (C)(1 - Py, (C)).
1;1:;1)p Clé% 2 log log 1 Clélé \/ v (O)( v, (C))
By Theorem 1 and Proposition 1 with C being the set of d-dimensional ellipsoids,
Alexandrovich derived:

Corollary 1. Let (Y,)nen be a d-dimensional i.i.d. process with a bounded Lebesgue
density f, M := sup, f(y). Then a.s. there exists a positive integer N such that

- 3
D e e (im ) <og 22y < 7 V/loglogn + nMug|S[? (log [B))!
i=1

RdXd

for every u € R%, every positive definite matriz ¥ € , and every n > N. Here

vq s the volume of the d-dimensional unit ball.

Then this satisfies Condition 2. Alexandrovich’s observation explained above
implies the consistency of Chen and Tan’s penalized MLE under the modified con-
dition Cs.
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1 RBUSHIC

DIABEDOERICE T 2 H03 BB T O BB, PEAEM PO, VA7 7V —TOREL X
CEREOBEDOREICEERBERKEZ AT 2 EEZ 61T\ 5. Tomlin et al. [4] 1%, BISZRDIA %
RNRELZMET, IERD 2R HED L 9 @B ABETILELRFEIL 7'v 7 7 4 V2 RoiEs
FZEREL L) ET2FETCRELZONEZ T U 7 7 A VDEETL I EEZR L. 2D X9 7,
—HDDABEIZB T —EO DB ABLE DR TR EN 2B 71 7 7 4 )L & outlier expression
profile (OEP) & WEUX, Z D X 9 e DS AR D T & % cancer outlier & W5, cancer outlier 1%, b L

CBEMEORENLH L E Z S5, [4] TlX OEP Z i 0EE T DRET % /5775 & L T cancer outlier
profile analysis (COPA) 230%E 41, ZIUTIHED W THINI IR ABE DT 75 4 THHS L s o7,

Tomlin et al. DWFFEIZ % S 4172 COPA DIFZEDS, Z DBEED 7V — 712 k> TEBI T
5. Wu [5] 13, fliEEHEDOFRE 70 7 74 V& FHEL L T cancer outlier ZEF L, TNZFET 57
DHOF L WIRER IR & L C ORT fital &% #24 L 72. Tibshirani and Hastie [3] 1%, Wu & (3547 5
cancer outlier D 7EF& 12K\ T outlier-sum statistic % H > 72 #i%E 12 X % cancer outlier D A 7 V) —
Z U RRE L. Tomlinetal. Z&®7- 216D COPA iff9eix, ZNZF Ul EHIZESR L 72 cancer
outlier IR L TITbTW3. T4bb, fliED 70 7 7 4 W6 EORETERE L T\viud outlier
R DD, E v LEWEDIIZE D L ICH 4% 5. Lian [1] 1, 2416 OMIERE % fi— 191 i
T 5720, TXRTOL EWEHICEI L THEZL %17\, MOST statistic % H V> 7z outlier & {5 - DIEF
?f%:ﬁﬁ%bt

Z E TITHEA L 72 COPA %% 1%, 9 XT cancer outlier & L THREE S T\ 285 1% IKSME
Cu_%’) WTRET 5 7 @@?{iio)ﬁjuf Hb. LrL, 206 DLEMREZ M7 outlier IR T
DAY —= 7%, cancer outlier analysis DF—H MW E 2o\, i 2 1, DABEEETDOH 5 7
V— 7%, FEDIARERE BT I N2 D, F 7R S i R AT RS ICBE T A Ju
AR I RTE T 2R 2 BT 5. L7035 T, & {fBl7z OEP 2RO 03 A BME{R 72 7 7 A% Y
VITHIET, ZDXI BEVFNCOERDO H BB FRHOREICENS. X610, 29 LTH
E I NI BB T RE%Z 72, cancer outlier 12350 K DSABEFEOHINE (T4b b, DBSADBWIE) O
BIFE b SN 5.

DEDXIBERDOT T, AT NT A Y vy 7 ANTFRIEGE T VICH D WIEEBE T &
YU NG RD 7 F AZ Y v F (biclustering) FiE &2 2L T 5 (Figure 1). $2457%13, cancer outlier
ZRCETMEL, S SICRE (BSA or fltHF) OEWMDIY ANHHiftED s 725 7
FELERSOTED, EM 7 ATV AL 2HOTRTI A=Y Z2HEET 5. %72, #Y) 7% OEP EIETD
aAVR—FY MERET D700, [HHEFEEICHE D T VERZITY . ~EREEICE- T
Figure 1 @ X 9 %2 H§id (outlier 3818 T DHE 9 2A0) DMEE S 1LdUX, #Hi7- = BHE KT L T, 23A 0
W EHERIHB T 2703 XL 2T 5 2 LB TE 5. AL TlE, outlier 1 i&E DHEE H>
SVABFEDOHRHE TO—HD 7Oy =Y v 2 RFHELE LY Ialb—va vy RUPET—FIT X
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Figure 1: AWF7E THEE T % biclustering DG RO, 177717 GE{EF/51) I 5 &, DA BE
BT (FOED) LBEZ LEE T (ADOED) o, FlJ5m (EF ) IC/S &, AR
FHORICE VT, BEEE T OB 70 7 7 A VISBERICHL S,

% EHilisEEE 2179 . 7 —% & LT, Milsetal. [2] TN S (L7 BRERIEEBIERIEO KB 7 — %
KO~ A 707 L —BERERET -5 205,
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PRI (HUOR), REIT (#

EEEA AL DR & 2 i B E T IV Dt

FBEIFAT), TOH Kim-Chuan (&> 4 H— VE 1 A%)

2017 2H 19 H BURE S Y RIY L REHNET ) V7 EE 7L T ) X LD & JEH

1 FL®IC

2 fEH RIS 12 B 1 2 EERMED 1 DT
HO, PRI RTEX—<T v (SVM) 2iZUDELT
Bk 72 2 EHIAE TOUREI N T WS, @O E
EERTE-OITE, TR A RETVEME,
HWYRET NV EEIRT Z2HEDVRHD. TD7=H, HHR
ETNVEREITD BT, 4 DT IVITRAL U 72 ik
TiE% <, PHN» D EHRRECTFIEZRAKT LI L
NEETHS. £ I TARTIEU T OB
LIREEZEZD.

min F(a) := f(a) + g(a). (1)

acR?

U, MFofiEZ B <.

o f:RY — RGN A fE 2 BB ST, Z
DA V() XY Ty yviETd s, $hbb,
HBEVTTYYER Ly >0 BPFEIELT, LMFOR
HEADE D LD,

IV 5(@) = VFB)la < Lylla— Bl Ve € B

e g: R - RU{+oo} IXEMMBIET, A%hHHEK
dom(g) = {a € R? | g(a) < +o0} BEHAMTH 5.

BB RE S MITRN DR A WET N, [ 2IEE
IH, g ZIEALIHE BL Z 2 THE (1) KWRETE 5.
FIRE (1) (239 2R 2k & U T, Issm B A Bl ik
(APG) [1] BEISNTH Y, APG 2B L TEH LD
MEEZEOLIMELRINT VDS, —HMOWREEIITL
TERBADRMEATRE N TWARR - 7203, Fx 2] 1k
BEHOWREEZMALGDE S Z 2T, HRIIZIDER L —
F@%ﬁ@%é%ﬁ%kmL&APG@AHQ%%%b
. AFETIE FAPG ORI Z BN T 5.

2 RBE7IIVILAL
B g O BEHEMTORICER SIS,

= argmin{g(a) + %Ha — 64||§}

prox, 1 (&)
acRd

EEEAEE (PG) &, B f oAfide, B g OE#E
BEFAWT, LRORRIZ S 2 FHT 5.

£VI(e).

k+1 kE_
a < Pproxy r, (a

f:ffb, Lk+1 = Lk 2 Lf (k = 1,2,..
Fla) % B DFb b TEML 7B

Qr(e; B) = f(B) +(VI(B),a = B) + g(a) +
EHVWD &,

) B Hik

Sl —BlI3

ProXy 1, (ak B %Vf(ak)) = argming cpa Qr, (o ak)

ERTZIENTESL. TRhbL, PG L, B EF 0L
B Qr, (o; o) 280K UHR/MET 2 7L TV X472
LRES. 20 PG TERI NS ST “EN © X
S REE R MA T2 OH, MEEHEARE (APG) [1] T
H%. APG TP TFORRIZSF 2 FHT 5.

Step 1: o « prox, (Bk — L%Vf(,@k))
Step 2: g ¢ VI (7270t = 1.)
Step 3: BFtl «— aF + tt’; 11(01"c —ak ).

PG OUHL — ME F(a¥) — F(a*) < O(1/k) T»
Z0IZx LT, APG & b #WIUKR L — b F(ak) —
F(a') < O(1/k?) % 5. FAPG [2] i, APG &4
REREOBRBEEZMAGDLDELZFIETDH D, Algo-
rithm 1 D XS IZRHZFEH 5. FAPG OPURL — b
¥ F(ar) — F(a*) < O((logk/k)?) 7255, ERIIZIE
APG K0 & EHTH 5.

3 BEHBETILADIGHA

2 EHIBIRT L, HlE e 5L y O m EDH:
(i, y;) ER" x {+1,-1},i€ M :={1,...,m} THX
ST —2 %2 212, RAOT—X 2 BhEHLS5D
I ABUT VA2 AT AHETHL. WE, i
KB h(z) =w 2 O/FFICE->T FT—Ra DU
AETFHTHIE2EZDL. ZOL EHEYLEHR w O
ED S EREbfE e UTERNE L2 O Bl E
TIVTH 5. B ek HRIE TV RIE (1) 1ZRE X
1, FAPG IZ & o> TR 2N TE 5.

3.1 ¢ ERMEETIV

g(w) = |lwl) £BL. ZDEE,

fw) =CY " log(l+exp(—yw ;) £BL &,
F'EJE_( Vi 4 EAMbR Y AT 4 v Z[llg e 72 5.

o flw)=CY " (max{0,1 —yw'x;})? B &,
IR (1) 1% ¢, ERE 6-SVM 2725



F1 U & a(e) DEDHE, 2MEHHTFAOME. 7270, My ={ie M|y =+1}, M_ = {i e M|
yi=—1} Tha. £, PV TNES {a | i € Mo} KRUT, &, ETFHRZ ML, 8, 3D BT % KT

(oe{+ —}).
ETN U, xz(a)
S=vy AR Yy | U= {(oy,00) ERY [l < K, 0 € {+,—}}
(MPM) z(a) = (2 + 5/ %a;) — (- +3%a)
74wy —OMIHMNE | U = {a e R | |lafs < &}
(FDA) z(@) = (@4 —2_) + (54 +3)
v-HHR— I RIR=w vy U ={a € R™ | Yoy, @i =Yy @i=3, 0<a< e}
(v-SVM) w(a) = Dienr, Qi — D ieny. i

Algorithm 1 FAPG Method

Input: Lo > 0, u,na > 1, o, K1 > 2,6 € (0,1)

Init.: t; <1, to+0, B« a a'«a’
L1« Lo, i+ 1, kre< 0

for k=1,2,...do

o« prox, 1, (8"~ A V7(8Y) # Step 1
while F(a*) > Q1, (a*; 8%) do
Ly < nuLy # ‘bt’
L+ /1+4(Ly /L 1)t5_,
t ( k2/ k1)t _q # ‘dec’
BF e of Tty B (o = ab ) # fdee
of e prox,,, (B° = AVIBY)  # e
end while
Li+1 < Li/na # ‘dec’
2
born l+\/m 4 Step 2
B o+ tk—l(ak —a* ) # Step 3

te1

if k> kee + K; and F(a®) > F(a*™') then

kre < k, Kit1 < 2K;, i+ i+1 # ‘mt’
Ma<6-na+(1—46)-1 # ‘st
B okl o bl # e
tht1 < 1, tp <0 # ‘re’
end if
end for

727ZLC >0 TA=RTH3. WIhoGs
FAPG Z#HT2Z &N TES. 2D g(w) DEELTD
EEEGIEY 7 bEMERE L TN, (prox, [ (w)); =
sign(w;) max{0, |w;| — L} LEHTE 5.
32 H—HHBIETIL

Oy IEHHMEE TV %2 GO~ R E TV H, BAF
DIEATH GRS HZ &N TES.

i du(w) (2)
772U, du(w) = maxgey{—w 'z} THY, U C R™
BEAMESTH L. FAUDKEIXREZEYIZED S
ZXIT&D, bRk 2 {EEFIE TV (2) ICRETE 5.
WE, BEAER o € RY, SIS x(-) : R — R, B
EHU CRIEZAVT, U ={z(a) |acU'} ET
&, [ME (2) BT OB VABEIZRE I NS,

. T :
_ = — z(a 3
max | Hﬁlgrél w z(a) Inin lz(a)ll2, (3)

72720, w=x(a)/|z(a)]s THD. X1ITU & z()
DEDFH &, 2 EHHEFVOMEEEZRL TS, WE,
fla) = ||lz(a)|2, g(a) = () & BT, FAPG I
koT (3) M ZENTES. WFNOHIZBVTS,
LG AR prox,, 1 (w) 1% Breakpoint #8581 [3] 7 & % H
WTHIERE O(m) TEHET 2 Z & TE 5.
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DBIfF. (LB v-SVM. FE: 6 EHIE -SVM.)
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The notion of probability plays an important role in almost all areas of science and technol-
ogy. In modern mathematics, however, probability theory means nothing other than measure
theory [10], and the operational characterization of the notion of probability is not established
yet. In this talk, based on the toolkit of algorithmic randommness we present an operational
characterization of the notion of probability, called an ensemble.

Algorithmic randomness, also known as algorithmic information theory, is a field of mathe-
matics which enables us to consider the randomness of an individual infinite sequence [14, 11, 2,
12, 3, 4, 13, 7]. We use the notion of Martin-Ldf randomness with respect to Bernoulli measure
[12] to present the operational characterization. As the first step of the research of this line, in
this talk we consider the case of finite probability space, i.e., the case where the sample space
of the underlying probability space is finite, for simplicity.

We give a natural operational characterization of the notion of conditional probability in
terms of ensemble, and give equivalent characterizations of the notion of independence between
two events based on it. Furthermore, we give equivalent characterizations of the notion of
independence of an arbitrary number of events/random variables in terms of ensembles. In
particular, we show that the independence between events/random variables is equivalent to the
independence in the sense of van Lambalgen’s Theorem [17], in the case where the underlying
finite probability space is computable.

In the talk we make applications of our framework to quantum mechanics, information
theory, and cryptography in order to demonstrate the wide applicability of our framework to
the general areas of science and technology.

For the detail of this talk, see Tadaki [15].

Key words: probability, algorithmic randomness, operational characterization, Martin-Lof
randomness, Bernoulli measure, conditional probability, independence, van Lambalgen’s Theo-
rem, quantum mechanics, information theory, cryptography
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The rate-distortion (RD) theory studies and characterizes the performance of
lossy compression systems by the RD function [1]. There are studies interpreting
learning and prediction problems by rate-distortion theoretic views. In particular,
clustering methods can be considered as vector quantizers and naturally related to
the RD theory. RD theoretic interpretations have been obtained also for problems
such as classification and sequence prediction.

In this study, we provide a RD theoretic view of Bayesian learning. We formulate
a rate-distortion problem by the distortion measure defined by the pointwise regret
of the model parameter 6,

p(a"lf(z"))

d(x",0) =lo ,
(",0) = log = ey

where 2" is the data set and 6 is the maximum likelihood estimator. We show that
the generalized Bayesian posterior distribution appears as the optimal solution to
the problem. The generalized posterior distribution has been used for purposes
such as the posterior consistency [2] and model selection [3].

We also discuss the connection of this view to the asymptotic theory of Bayesian
learning, which characterizes the generalization error of a learning machine by
a constant called learning coefficient [4]. It is demonstrated that the learning
coefficient provides an upper bound of the RD dimension [5], which is defined by
the asymptotic behavior of the rate-distortion function. Let A be the learning
coefficient. It is known that A is the leading term of the negative log-marginal
likelihood, and if the model is regular, 2\ = m, the dimension of the parameter,
whereas if it is non-regular, 2\ < m holds in general [4]. The asymptotic behavior
of the RD function of the above problem shows that twice the learning coefficient
provides an upper bound of the RD dimension,

dimRD S 2\

R(D)

which is defined by the RD function R(D) as dimgp = limp_,o — g D"
2
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We also provide a RD theoretic interpretation of the Dirichlet process (DP)
means clustering, which is a simple extension of the K-means clustering and esti-
mates the number of clusters from data [6]. More specifically, DP-means runs the
usual K-means with K = 1, and generates a new cluster when the distance from a
data point to its nearest cluster center is larger than a constant 7, which is called
the penalty parameter and prespecified by the user.

From an RD theoretic point of view, the penalty parameter can be considered
as controlling the maximum distortion in the training data set {xq,--- ,zn}(x; €
RE) [7),

max d(z;, Oe(sy),

where c(7) denotes the cluster label of the ith data point and 6;,--- ,6; are the
cluster centers obtained by the algorithm. The logarithm of the estimated number
of clusters per dimension of data, log K /L, can be considered as the rate. The RD
theory of the maximum distortion criterion [8] implies that

log K
T — B

as N — oo and L — oo, where R is the RD function of the distortion measure

used in the algorithm [7].
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