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A New Lasso Refitting Strategy

Liu Guo!

'Department of Pure and Applied Mathematics, Waseda University

1 Introduction

The least absolute shrinkage and selection operator (Lasso) is a popular method for high-
dimensional statistics. However, it has limitations such as bias and prediction error. To address
such disadvantages, many alternatives and refitting strategies have been proposed and stud-
ied. This work introduces a novel Lasso—Ridge method. We show that our estimator achieves
better prediction performance than the standard Lasso, even when its tuning parameter is set
at the optimal rate y/logp/n. Moreover, the proposed method retains key advantages of the
Lasso, including prediction consistency and reliable variable selection under standard condi-
tions. Through extensive simulations, we further demonstrate that our estimator consistently
outperforms the Lasso in both prediction and estimation accuracy, highlighting its potential as
a powerful tool for high-dimensional linear regression. Details and references are not included
here due to space limitations, but they will be presented and discussed during the conference
talk.

2 Methodology

We consider a standard linear regression model given by:
y=Xp"+¢ e~ N(0,0%1,),

where y = (y1,...,yn) € R™ is the response vector, X € R™P is the design matrix, 8% denotes
the unknown coefficient vector, and e is the noise vector. A new Lasso-Ridge estimator could
be defined as:

A . 1 by _
6= agmin {oLiy— X613+ 515 - 518}
Berrf_p=0 | 21 2
where /3 is the Lasso estimator, defined as follows:
_ ) 1 )
B =argmin ¢ o—|ly = X5l + ArlBll o,
BERP n

and FE is the equicorrelation set, defined by:
E={ie{1,2,....p} | X[ (y — XB)/n| =Ar}.

3 Theoretical Results

We summarize the main theoretical properties as follows:

1. A theoretical guarantee of improved prediction under mild assumptions on the design,
noise, and Lasso tuning parameter.

2. Retention of key strengths of the Lasso, including variable selection and prediction con-
sistency.



4 Numerical Studies

We adopt a simulation framework similar to that used in the Relaxed Lasso experiments to
compare the performance of our estimator with that of the Lasso under diverse conditions. The
response variable follows the linear model:

y=XpB+e,

where the design matrix X € R™*P consists of rows independently drawn from a multivariate
normal distribution with zero mean and covariance matrix ¥, given by

% = pl Il with p € {0,0.5}.

The noise vector € € R" follows a normal distribution N(0, 0%I,,), with o € {0.5, 1} representing
different noise level. The response vector y is then generated according to the linear model above.
We consider sample sizes n € {50, 100,200} and numbers of predictors p € {100, 200,400}, and
the number of relevant (nonzero) coefficients is s € {5,10,30}. For k < s, we set f = 1, and
for k > s, we set 8 = 0. In addition to the synthetic simulations, we have also conducted
experiments on semi-real and real datasets to further demonstrate the practical performance of
the proposed refinement, and the results will be presented and discussed during the conference
talk. In summary, the simulation results demonstrate that the Lasso-Ridge estimator generally
outperforms the Lasso across a variety of scenarios.

5 Conclusion and Further Studies

In this work, we proposed a Lasso—Ridge estimator. We provided theoretical guarantees under
minimal assumptions, and empirical evidence demonstrated consistent gains over the standard
Lasso across various simulation regimes.

Several directions remain open for future research. First, extending the theoretical analysis
to more general noise structures and non-Gaussian designs would broaden the application of the
method. Second, the integration of adaptive or data-driven tuning strategies within the refine-
ment framework could further improve robustness in practice. Finally, extending the method
to broader model classes, such as generalized linear models or structured sparsity settings,
represents a promising direction for future work.



Portmanteau tests for copula time series

Shi Chen
(Waseda Univ.)*

Yan Liu

(Waseda Univ.)*

1. Summary

This study introduces two portmanteau tests for copula time series models. Copula provides
a framework to separate marginal properties and correlation structure. We define a copula-
based Markov process and propose portmanteau tests as diagnostic methods. The first test
uses residuals, and the asymptotic distribution of its sample correlation is a weighted chi-square
distribution; the second applies the probability integral transform (PIT) to recover i.i.d. innova-
tions. Simulation and empirical results show that PIT-based methods are generally more stable
and more powerful.

2. Methodology

2.1 Copula Time Series and Generation

Consider a Markov process { X;.t € Z}. Denote F' as the joint distribution of Xy, X1, ..., X3, Vt.
A copula time series of order k is defined by

F(xo,...,xk) = C(F(.’L’()),,F(J?k)),

where C' is a (k + 1)-dimensional copula and F' is the marginal CDF. The process is strictly
stationary.
Generation Algorithm. Given initial values {X;}5_;:

1. Transform Uy = F(X;) for t < k.
2. Fort=k+1,...,n:
(a) Draw V; ~ U(0,1).

(b) Compute the conditional distribution

COL-A (2 Uy, ... Upy)

Hy(z) = COLI(L,Upq,....Upy)

(c) Solve Uy = H, *(V;), then X; = F~1(U7).



2.2 Portmanteau Tests of copula time series

(1) Residual-based Test. Define residuals & = X; — Xt where Xt is the conditional predictor
from H, ! Compute sample autocorrelations R;, and the Ljung-Box statistic:

mo 5o
szn(n+2)zﬁ

=1

n—1

Under the null hypothesis, we conclude that the asymptotic distribution is

Rt _ Elget ]
Qm — ;Clh(l)y a = W?

where ¢; could be calculated analytically or estimated by sample estimation. We could estimate
the distribution of @),,, by a Gamma distribution.

(2) Probability Integral Transform-based Test. With the given conditional CDF H;.
Compute innovations u; = Hy(Uy). If the model is correctly specified, u; are ii.d. U(0,1). Then
apply the Ljung—Box test to u; for p value. The asymptotic distribution should be a standard
chi-square distribution.

3. Questions and Answers

(i) Generally, we do not use the non-standard chi-square distribution. Can we
use some techniques to make its asymptotic distribution become a standard
chi-square distribution?

Since all asymptotic variances ¢; are available, each R, can be standardized. Then the
Ljung-Box statistic will follow a standard x?,.
(i) How to estimate the copula model?

We could estimate parameters by maximizing the likelihood based on PIT:

00) =" loghi(Us | Up—r, ..., Ui 6),
t=k+1

where hy, is the conditional copula density. This corresponds to maximizing the probability
that the recovered innovations are i.i.d. U(0, 1).
(iii) How does the performance compare with existing algorithms?

There are no existing portmanteau tests for copula time series yet, but we could compare
their performance with others as goodness-of-fit tests.
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Multivariate linear process bootstrap for sphericity testing in
high-dimensional time series

Yoshida, Yosei (Waseda Univ.)
Kita, Mikoto (Waseda Univ.)
Liu, Yan (Waseda Univ.)

1. Introduction
We use two statistics U and V, following the terminology of Ledoit and Wolf (2002) and Nagao (1973).
They are defined respectively as

1
U=-tr
p

<(1/p‘?tr5’_1p>] and V:%tr[(S—Ip)ﬂ,

where S denotes the sample covariance matrix, p is the data dimension, and I, is the p-dimensional identity
matrix. These statistics are utilized to assess structural properties of the covariance matrix.

Recent work, including Liu et al. (2018) and Yoshida and Liu (2024), has successfully extended the
asymptotic theory of statistics U and V to high-dimensional time series with temporal dependence. These
studies established the asymptotic normality of the statistics under the regime p/N — ¢ € (0,00) as both
the sample size N and dimension p diverge. However, their derivations of the bias and asymptotic variance
require specific structural assumptions on the data-generating process, such as Gaussianity and linear process
forms.

Motivated by this limitation, the present study introduces a bootstrap-based refinement using the Mul-
tivariate Linear Process Bootstrap (MLPB) under the null hypothesis. Unlike classical asymptotic theory,
which often fails to capture the finite-sample behavior of eigenvalue-based statistics in high-dimensional
settings (Ledoit and Wolf (2002), Bai et al. (2018), Zheng et al. (2015)), the MLPB provides a flexible re-
sampling scheme that preserves the second-order dependence structure of the data. As a result, we improved
theoretical justification and make better finite-sample performance for sphericity testing in high-dimensional,
temporally dependent time series.

2. Model

We describe the high-dimensional time series model and present the null and alternative hypotheses for
testing sphericity. We also clarify the asymptotic regime and modeling assumptions adopted throughout this
study.

Let {X () = (X1(t), Xa(t),...,X,(t))" : t € Z} be the p-dimensional Gaussian stationary processes with
p X p covariance function R(h) := (R;;(h)).

We focus on the problem of testing the sphericity hypothesis:

Hy: R(0) = 0*I, vs. A:R(0)# 0%, witho? >0,
when the sample size n and the dimension p diverge to infinity at the same asymptotic order, where I,, € RP*?
denotes the identity matrix.

Suppose the observation stretch X (1), X(2),..., X () is obtained from the process {X(¢)}. Let us
define the sample covariance matrix as

- _ _
5= 57 RO - XX - X



3. Sphericity MLPB Procedure
We refer to the bootstrap algorithm that uses f‘;’;” in place of f‘f{,z as the Sphericity MLPB. The
procedure is summarized as follows:
1. Let Y(t) = X(t) = X and Y := vec([Y (1) : ... : Y(N)]).
2. Compute W = (f‘:y")fl/zY, where (ffj;”)*lm denotes the lower left triangular matrix L* of the Cholesky
decomposition f‘:ﬁ;o — LHopMo T
3. Let Z be the standardized W, that is, Z; = (W; — W)/ow,i = 1,...,pN, where W = Z%NZfiVl W; and
ity = o i (Wi = W)2.
4. Generate bootstrap sample Z* by i.i.d. resampling from {Z1,...,Zpn}.
5. Reconstruct the bootstrap sample as Y* = (f??;”)lmZ* =vec([Y*(1):...: Y (N)]).

4. Theory

Theorem 0.1. Suppose some Assumptions. Under the null hypothesis Hy : R(0) = 021, we obtain

ilé]ﬁ; P <\/1”Tp o 7V2U - A,) < u) - P (8,}1(U* —Ay) < u)‘ =op(1),

and

sup [P <\/7Tp B2V — A, < v) _ P (a;*l(v* Ry < u)‘ = op(1),

where P* denotes the conditional probability, and ﬁu* and G2., as well as ﬁv* and G2., are the bootstrap

estimators of the bias and asymptotic variance of U and V', respectively.

During the Q&A session following the presentation, several insightful questions were raised. One was
whether the proposed method could be extended to non-Gaussian processes. I received advice that the linear
bootstrap might not perform well in such cases, and that a hybrid bootstrap approach could be a potential
alternative. Another question concerned why the results deteriorate when p = 32 and N = 32. Finally, there
was a question about why the distributions were not plotted in the simulation results. I explained that the
focus of this study was on the behavior of the test statistics, but visualizing the distributions would be a
valuable ingredients for future work.
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EEDOHARRE L5, BARBBOFEBLTFINTIE = DOEEM 21723 (Corcuera and Giummole,
1999), XEA Y XL op L Id o = y1—72 THEEND, ZOREHD N1 7 2K prior (& mpr(71,72)
exp(y1 +72)/(1 +expy1)?(1 + expye)? THA 6N B,

MOEME Ho : v = 0, Hy @ ¥ > 0 ZEHKE cl(z,y) = Pr{A;n(&, Y|z, y)}, AL A =
{(&, )| > 0}, IZHEDWTHEKT E %, IREHMREDKAEZFEFS 5720121, MEHEEZ T(z,y) =
Pr{C(z,y)}, AL C(z,y) = {(2/,y)|cl(z’,y') > cl(z,y)}, & UTHEKT B, Z DA XHE DILIR
BT RTOGEITEATE S, ZOMEFAZDWT, Ogura and Yanagimoto (2016) 1£5M-ff &
MEiETH 5 McNemar MEZFNZL T L TWVW5S,

4.2. Y 2 L OH#ER

HOREE UT SEEHBERL T g = logp, np = logq DEGEEHERMT 5. ZDHAE. WY 2
IDHE p=n —np EBWVTH, FMA SRR BER RN D L2\, BEETOREK
HETIE MLE AAHWoND, 2072012, JAZOHERIFHH N R oNnTE 7,

—Jiv AT AMER prior (& wpr(n1,m2) < exp(n +m2)/(1 —expni)(1 —expne) &85, H#im
FHRZHE A v XD B E & FRRIZERR T E 5,

Xk : 1) Corcuera and Giummole (1999). Scand. J. Stat., 26, 265-279. 2) Firth, D. (1993).
Biometrika 80, 27-38. 3) Miyata, T. and Yanagimoto, T. (2024). arXiv:2409.19673 4) Ogura, T.
and Yanagimoto, T. (2016). Stat. in Med., 35, 2455-2466. 5) Yanagimoto, T. and Anraku, K.
(1989). Ann. Inst. Stat. Math., 41, 269-278. 6) Yanagimoto, T. and Ohnishi, T. (2011). J. Stat.
Plann. Inf., 41, 1990-2000.
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1 Introduction

Univariate stationary Hawkes processes are known to be approximated by integer-valued autore-
gressive (INAR) models with infinite order; see e.g., [2]. For multivariate cases, the similar ap-
proximation are widely used. To estimate the self-excitement structures for multivariate Hawkes
processes, the conditional least squares estimation for INAR models which approximates Hawkes
processes are widely used; see e.g., [1], [3]. However, a rigorous proof of the discrete approxima-
tion has not yet been established in the multidimensional case. Furthermore, sparse estimators for
high-dimensional settings have not been sufficiently investigated in estimating the coefficient matrix
of an integer-valued time series approximating a multidimensional Hawkes process. In this talk,
we discussed the discrete approximation of multidimensional Hawkes processes via integer-valued

autoregressive models, as well as the sparse estimators for high-dimensional INAR models.

2 Main results

Let N be a d-dimensional stationary Hawkes process with the following intensity function:
A(tIN) :==n+ / H(t—s)N(ds), teR,
R

1



where n € R¢, H (t) € R4 ¢ ¢ R have non-negative components. For the Hawkes process N and
given A > 0, we define ALA) = H(kA),k > 1, n'®) = An and consider the following INAR. (o)
model.

xM=N"AMox, j+e%, tez, (1)
k=1

where o is the multivariate Poisson reproduction operator, {egA)} is a d-dimensional i.i.d. random
sequence such that for every i = 1,...,d, ei?) ~ Poisson(An;). For multivariate reproduction
operator, see e.g., [4]. Then, we define the following process N (A)
N®@) = 3 x®, Aes,
t:tA€EA

where B C R is the family of Borel sets. Then, under appropriate conditions, it holds that
N® v N A0,

where —" denoted the weak convergence.

When the non-negative valued function H (-) is integrable, for every ey > 0, there exists 7y > 0
such that ||H (t)||cc < €m,t > 7. Therefore, if A > 0 is sufficiently small, the INAR (c0) defined
in (1) can be approximated by the following INAR with finite order.

p
XM =3 AVXE) + e, pa=[mu/Al
1

>

i

This talk addressed sparse estimation of the coefficient matrix in finite-order INAR models and its

application to the inference of Hawkes processes.
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Flexible modeling of Z-valued time series
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1. EA
BREZR SRR T — 2%, X IEBRTHCEWTEEENS. I, vy —
BT 2 FRAEBCEEBRNG (HFROMBZ EPE T o s, 17, JIFERIERR
7 — R0 EEHDGE, BAEZINS ZE TERT —RIEMT 2 e EZLbNS.
DL E, ENEN- TR UT, IEAMTANIEZ RO BREUED KRS 7 — X 4L
REN.

Z D & 5 RBRERERY T — 2 2T T LT % 72012, IEEEBUERRYE T %2
L7ARiRA A 6 T & 7z, RENLRIFEBRUERSRYIE 71121, INGARCH (integer-
valued generalized autoregressive conditional heteroscedasticity) €7 /1% INAR (integer-
valued autoregressive) ETZ LD H 5. TNHDET VI ZENENDHEEZTE»TET
BBEET AAIRENTE .

INGARCHE 7 /UCED L TR E LT, (ERDRT Y YA REE S, 27 F 4
TZIE LD T 2BBEN 2R EDME LTHWS FENRERSNTVS. X
7z, INGARCH B TAMR S h 2 JFEBBITH L, —1,1 DEZIW LNV —A 77 %
BIELEL LD, FFEeROBHIET — X 24K T s HlA B IRE ST
5. —J7T, INARET/CEDS S TEL LTR, FFEf Mg SEEFZEAL, 16K
DIFETIE TNV B ERANILIR T 2 AD RSN TE. 2721, INARIZES K
JHEIEZEHT 2 D, HEESL T NEC 2 2 L WS HEZ A TV 5.

o T, MHTHNCH D 23 W INGARCH € 7V DIRIR Z AL D HFE R & LTz,
BEFF D INGARCH & 7 WICED CHRRTFRIE, RoN 27 7 AT LpEHTE RV
WO IR D 5. A TIE, FRRBBERRIIE TV 2REL, ZOMERIEEZ
L7z

2. REETI
Z 2 THAIE, ROEEZEDT (mixed difference) INGARCH €7 LV ZRE L 7.

Z = B Xy — (1 - Bt)Yty
Xe|Zy—1,Zy—o, ... ~Pois(M\ x), Aix:=wx+ax|Zi_1|+ BxAi-1.x,
Y;|Zt_1, Zt_Q, e ShiftedPOiS()\t,y), )\t,y = Wy + ay|Zt_1| + 5y>\t_1,y,
Bi|Zi-1,Z4—3,... ~Ber(Mp), Aip:=wp+apBi_1+ Beh_1,B.
2 T T, Pois(A\IF N > 0D AR 7 Y oA, ShiftPois(A\) & K—F {1,2,... } TH 3

FIIA D shifted K7 Y 531, Ber(m) &P € (0,1) DRV X —A JHTHS. K7,
Z, DFFS 5 B, DMENFHETESL L ICERETS. NI XA =KX, w >0, ax,ay >

ARIFFLIE JSPS BHFE JP23K16851, HAREEREIMATIEN 7 = v — DR ZZ 3725 DTH 5.

*le-mail: yuichi.goto@math.kyushu-u.ac. jp



0, Bx, By >0, wg >0, ag >0, B >0, wg+ap+ P <1Zifi/zF. THIT, wy i
BIL T, wo > 1T EAE0 <1 =370 Boy < wnp 27T

ZDETIME, BHZ, OB ZHIELTE D, X A EOMER, v, I3A%E
BUEOREZET ) V7L TW5a. EDOETILTIX Poisson 77fi=° Shifted Poisson 77
7% W TW 30, il 213X Negative Binomial (NB) 77465 Shifted NB 731k ¥, X %
XERDMOMAEDEEEZ S ZEDARETH 5. RETNORHEIE, ZIEEIHO
BTV Y IDVARRTH 2 K0, AL OMHBEZEZER LT 5 OERHERZEATZ 5K
WZHb.
2.1. REETILOME
EH TR, BBETARIESBIE Z, OEFE LI — FMEB XU S-mixing P2 D 37
DDDTRFENEEZ . 3, 7 WINLT

m < as., 1—m <7 as.

B3R € (0,1) BEUO i € (1 -7, 1) DEETZERET S, 251, X,
¥ Y, \& stochastic-equal-mean order property %ii7=3 b DT 5. RDITH

A:<04X7Tfr+ﬁx ax Ty )

ay Ty oy g + By

DARY PIVHEED 1 RIGTHIUL, IBEET VRS EF TV IT— Fidfg Z, H
FET 5. iz, B-mixing REICOWT, HEIERK >0 L o€ (0,1) BFIELT

By(h) < Ko",  h20
DI D LD,
2.2. RABHHEECIANEE
RIZ, RHSZ XA =X DHEETEE LT, RTERS NS mixed Poisson bR ILEE

RELL. s= B X,Y ML, = (w00 8:)7 £BL. 0= (YL pl) 1h
L,

R U AU 9AC)
2T, ABELREERERR TS 2 55, 7
£1(0) = {1og(7: () = Mus (wx) + Zelog (har () | Lizizo)
+ {log(1 = 7 (v5)) = Xat () — (Z + 1) log (P (wy) = 1) } Lgzico).

AN %éhﬁ’-@/ﬁﬂﬂﬁxo,xy e 7X1—p,X7 XO,Y, e 7X1—p,Y7XO,Ba Z), ceey Zl—qa éo Kﬂb,
T =R ORIEARERENEZRTERT 5. s= X,V AL T,

Ais () = ws + s [V | + Bs M1s (,), Mp () =wp+apBit + B N15 (¥p).

%%%ﬁ%mﬁbf,E%ﬁ%ﬁp?f%ﬁ@@nﬁﬁ@ﬂax—&@eommmﬁ
?5:&%%Lh.éEK,¢ﬁ@n—%>ﬁMﬁ%KEﬁﬁﬁKﬁ5:Z%%%#K
L7-.



Self-normalized partial sums of heavy-tailed time series
Muneya Matsui

Abstract

We study the joint limit behavior of sums, maxima and ¢P-type moduli for samples
taken from an R%valued regularly varying stationary sequence with infinite vari-
ance. As a consequence, we can determine the distributional limits for ratios of sums
and maxima, studentized sums, and other self-normalized quantities in terms of hy-
brid characteristic-distribution functions and Laplace transforms. These transforms
enable one to calculate moments of the limits and to characterize the differences
between the iid and stationary cases in terms of indices which describe effects of
extremal clustering on functionals acting on the dependent sequence.

Targeting processes. The stationary sequence (X;) is reqularly varying with (tail) index o > 0
if there exist a Pareto(a)-distributed random variable Y, i.e., P(Y > y) = y=“, y > 1, and an
R9-valued sequence (®;) which is independent of Y such that for every h > 0,

]P)(J:fl(X_h,...,Xh) € -||X0| >a:) iP(Y(G_h,...,@h) € -)7 T — 00.

We prove the joint limit behavior of sums, maxima and /P-type moduli for samples taken from this
sequence.

Out tool: hybrid characteristic-distribution function. Following Chow and Teugels
[1], we will exploit the idea of hybrid characteristic-distribution function. We call a combination of
a characteristic function (for sums) and a distribution function (for maxima) hybrid characteristic-
distribution function:

Up(u,z) = E[exp (ia;luTSn) 1(a;1M7‘1X| <uz)], ucR?, x>0.
The hybrid characteristic-distribution function of a pair (Y,U) of a random vector Y and a non-

negative random variable U determines the distribution of (Y, U). Moreover, (Y, U,) LY (Y,U0),
n — oo, if and only if the hybrid characteristic-distribution functions of (Y, U, ) converge point-
wise to the corresponding hybrid characteristic-distribution function of (Y,U). We also use this
function to describe the joint limit distribution.

Conditions: mixing condition, anti-clustering condition We will use the following
mixing condition and anti-clustering condition. Mixing condition: for some integer sequences
Ty — 00, ky = [n/7,] = 00, for every z > 0, u € R?,

(0.1) U, (u,z) = <E[exp (2 agluTS,.n) 1(@;1MEL(| < x)])kn +0o(1), n —r 00.

Condition (0.1) ensures the asymptotic independence of k, maxima and sums over disjoint blocks
of length r,. It follows from strong mixing properties of (X,,) or by coupling arguments.

An R%valued stationary regularly varying sequence (X;) satisfies the anti-clustering condition
if for some r,, — oo such that k, = [n/r,] — oo,

Tn

(0.2) lim limsupn E E[(lay'X;| A ) (Ja, ' Xo| Az)] =0, x=1.
=00 n—oco —
]:



Further definitions necessary to describe our result.  Under (0.1) and (0.2) we have
the property that ||[@|§ = >, [0 < oo a.s. Then one can define the spectral cluster process

Q = ©/||®||4. Defining |||, p € [, 0], such that [|x[|h = 3,5, |x:[P for x € £*(R?), we introduce
another spectral cluster process Q) via the change of measure

03) PQPe) = @Rl Elal (g <)

By construction HQ(p)Hp =1 a.s. and, beside Q = Q(®, we also use the notation CN,) = Q) and
Q = Q® which are well-defined for o € (0,2). The extremal index of (|X¢|) can be expressed as

(0-4) Ox) = P(Y max|Q;| > 1) = E[|QII%] = E[QIlz"] -

We also use the spectral cluster process to describe the joint limit distribution.

Main result. We have the following joint convergence of normalized maxima and sums.

Theorem 0.1. Consider an R%-valued regqularly varying stationary process (X;) with index o €
(0,2)\{1}. If a € (1,2) we also assume that E[X] = 0. Choose the normalizing constants (a,) such
that nP(|X| > an,) — 1 as n — oco. Assume the mizing condition (0.1) and the anti-clustering
condition (0.2) for the same integer sequences rn, — 00, kp, = [n/rp] = 00 as n — co. Then

a ' (MXS) S (e &), n— o0,

where nq is Fréchet-distributed with a positive extremal index 0x| and §, is a-stable with charac-
teristic function

(0.5) pe. (u) = exp ( — ca 0 (u)(1 — i B(u) tan(aw/2))), ucRk?,
constant c, = '(2 — ) cos(an/2) /(1 — «), and parameter functions, for u = (u/|ul) 1(u # 0),

E ~T a _ (T « o

(06) ﬁ(u) _ [(u ZtEZ 9_;)—}— (u ZtEZ Qt)—] 7 O_a(u) _ |u|aEHﬁT Z Qt‘ :| '
E[[aT ez Qil7] <z

Moreover, the joint distribution of (N, &,) is characterized by the hybrid characteristic-distribution

function: for u € R and z > 0,

E [e [ uTﬁa 1(7704 S x)]

(0.7) = e, (w) exp (- /0 B[ SR 1 (y max|Qul > o) | d(—y )

= e, (W @) exp (— g [ B[ SR 1] d(—y ).

where Q = ©/||O||o and Q = Q*) is defined in (0.3) and the extremal index tx| is given in (0.4).

Based on Theorem 0.1 we determine the distributional limits for ratios of sums and maxima,
studentized sums, and other self-normalized quantities in terms of hybrid characteristic-distribution
functions and Laplace transforms.
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1 Report

Suppose that g = g(A) is the spectral density of a stationary process and let fy = fy()\),
0 € O, be a fitted spectral model for g(\). A minimum contrast estimator 0,, of 0 is defined
by 6, = argmingeo D (fs, §n) where D (fg,g) is a divergence between fp and g, and g, is
a nonparametric spectral density estimator based on n observations. [6] showed that 0,
is asymptotically efficient if g(\) = fyp(A). Because there are infinitely many candidates
of D (fy,g), infinitely many efficient estimators 0, can be constructed. In view of this, [7]
discussed the second-order asymptotic efficiency of én, based on the second-order Edgeworth
expansion. These authors show that the bias-adjusted version of 0, is not second-order
asymptotically efficient. This is a sharp contrast with regular parametric estimation, where
it is known that if an estimator is first-order asymptotically efficient, then it is automatically
second-order asymptotically efficient, after a suitable bias adjustment (e.g. [1]).

In this paper we investigate the first- and second-order robustness of D (fy, g) by use of
the first-order influence function /F;(D) and the second-order influence function IF(D),
where D = D (fp,g). The first-order case is investigated proving that all 1 F;(D) = 0, i.e. all
the divergences are first-order robust. In the analysis of second-order robustness we consider
(a) Dg, which is a Whittle divergence, (b) D, a log-squares divergence, (¢) Dg, an a-power
divergence, (d) D, an a-entropy divergence and (e) the Hellinger divergence introduced by

[8]. The paper shows that (c) and (d) with @ = 1/3 have better second-order robustness

1



properties than (a), (b) and (e), which is an unexpected result. [4] also discuss higher-order

infinitesimal robustness for “regular” statistical estimators. However the current paper deals

with “semiparametric estimation”, hence methods and results are different.

Also [7] and [8] showed that the Dg’s lead to the first-order efficiency, and that (a), (c)

with a = 1/3 and (e) lead to the second-order efficiency, but the other Dg’s do not.

References

Ghosh J. K. (1994) Higher Order Asymptotics. Institute of Mathematical Statistics. California.

Hampel F.R. (1974). The Influence Curve and Its Role in Robust Estimation. J. Amer. Statist.
Assoc. 69, 383-393.

Hannan E. J. (2008) Multiple Time Series. J. Wiley.

La Vecchia, D., Ronchetti, E., and Trojani, F. (2012). Higher-Order Infinitesimal Robustness.
J. Amer. Statist. Assoc. 107, 1546-1557.

R Core Team (2024). R: A Language and Environment for Statistical Computing. R Founda-
tion for Statistical Computing, Vienna, Austria. https://www.R-project.org/.

Taniguchi M. (1987). Minimum contrast estimations for spectral densities of stationary pro-
cesses. J. Roy. Statist. Soc. B 49, 315-325.

Taniguchi, M., van Garderen, K. J., and Puri, M. L. (2003). Higher Order Asymptotic Theory
for Minimum Contrast Estimators of Spectral Parameters of Stationary Processes. Economet-
ric Theory, 19, 984-1007.

Taniguchi M and Xue Y. (2023). Hellinger Distance Estimation for non-regular spectra. Theory
Probab. Appl., 69, 565-570.



NEURAL TANGENT KERNEL IN IMPLIED VOLATILITY FORECASTING: A
NONLINEAR FUNCTIONAL AUTOREGRESSION APPROACH

HANNAH L. H. LAI

We denote by H = L*(Z) the Hilbert space consisting of all square-integrable surfaces
defined on a compact set Z C R? and equipped with the inner product
(f.9)n = [; f(u)g(u) du, for any f,g € L*(Z). Define the squared L* norm of a function
by ||fll% = (f, f)n- Let {Y;}, be a series of n random surfaces that take values on
Hy = L*(Zy). Associated with each Y;, there is a regressor surface X; € Hy = L*(Zy).
We consider functions with finite second moment, ie., E[[Yi]|3,] < oo and
E[||X;]|3,,] < oco. For simplicity, we assume that ¥; and X; are centered functions, i.e.,
,ux(l)> = E[XZ<U)] = 0, Yo € Ix and My(u) = E[K(u)] =0, Yu € ZIy. Let Px and Py
denote the distributions of X and Y, and Pyx : Hx x Hy — R the conditional
distribution of Y given X. If Ly(Px) represents the class of all measurable functions of
X with E[f?(X)] < oo under Py, then Ly(Py) is similarly defined for Y. Our goal is to
capture the potential nonlinear dependence between Y; and X; through a function
g:Hx = Hy

(0.1) Y, = 9(Xi) + &,

where ¢; is a noise function with E[e;(u)] = 0, Vu € Zy and E[||¢]|7,,] < co. In our study,
X; is a vector of lagged surfaces Y;_1,Y; o, ... or their linear combination. Hence, the
model is a nonlinear functional autoregression model (NFAR).

We project Y; onto a set of orthonormal basis functions ¢ = (¢1, o ...)" with ¢; € Hy

(0.2) Y, = ZyijSOja with yi; = (Y, 0)2y

j=1
with y; = (vi1,Yi2,...)7 € H, C R the projection coefficients of Y; onto the basis
functions ¢, satisfying E[y;;y,,] = 0 for j # v, j,v € Ny and any i, € {1,...,n}.
Similarly, we project X; onto a sequence of orthogonal basis functions ¢ = (¢, s, ...)T
with 77Z)j € Hx

0.3) Xi =Y miply,  with zy; = (X5, ¢,

j=1
with ; = (21, %p,...)7 € Hy C R™ the projection coefficients of X; onto the basis
functions v, satisfying E[x;;z,,] = 0 for j # v, j,v € Ny and any i, € {1,...,n}.
Transitioning from functions to vectors, we define f : H, — #,

(0.4) yi = f(x:) + €,

where ¢; is a noise vector with Ele;;] = 0 and E[||¢;]|?] < oo. Although vectors offer a
more compact representation of functions, they still exist within an infinite-dimensional
framework unless additional restrictions are assumed to hold. This inherent complexity
makes the empirical estimation of Equation challenging when working with finite



sample sizes. To address this issue, we employ classical sieve methods leading to finite-
dimensional vector spaces.

To elucidate the nonlinear relation between X; and Y; in Equation (0.1I]), we introduce
another Hilbert space of functions generated by a positive-definite kernel K : Hx xHx —
R defined on the inner product of Hy through a function p : R* — R™, such that

(05) K(XivXj> = p(<Xia Xi>71x7 <Xi7Xj>7'lX7 <Xj7Xj>7'lX)7

for any X;, X; € Hx. The function-on-function regression problem in Equation (0.I)
can be reformulated as a functional kernel regression, in which the task is to find B, €
B(Hy,My) such that

(0.6) By = argmin E[|Y; — B*K(., X;)|13,].
BGB(Hy,mx)

We define a new kernel &k : H,, x H, — R such that for any x;, x; € H,
(07) k(miamj) :p(<mia$j>7<mi7wj>v<:vja$j>)‘

Lemma 0.1 (Isomorphism between Reproducing Kernel Hilbert Spaces). Under
Equations (0.3)) and (0.7), it holds that

k(s ;) = (k(. ), k(.. ;)
- <K(‘=Xi)7K('7Xj)>fmx = K(Xi7Xj)‘

Then the RKHS 2Mtx nested on Hy is isometrically isomorphic to the RKHS 9t nested on
Ha}-

Theorem 0.2 (Vector-to-vector regression). Given the decomposition of Y; in Equation
(0.2) and X; in Equations (0.3)), under some technical Assumptions and Lemma for
a positive definite kernel k defined by Equation (0.7), if there is a covariance matrix ¥,
of k(., ) that is diagonal, then the function-to-function regression model in Equation (0.6
may be represented equivalently by

(0.9) Bo= argmin E[[|ly; — B°k(., z)|],
BEB(Hy Ma)

with solution By = X1, 3,. This leads to
Ely;lei] = Bok(., z;)
(0.10) = Sya Xl k(. i)
= E[{(Shak (., 2))(@)}y].

In our work, we utilize the Neural Tangent Kernel (NTK), a flexible kernel class that
uses neural networks to capture complex nonlinear dependencies in data effectively. Our
empirical analysis includes over 6 million European calls and put options from the S&P
500 Index, covering January 2009 to December 2021. The results confirm the superior
forecasting accuracy of the fNTK across different time horizons. When applied to short
delta-neutral straddle trading, the fNTK achieves a Sharpe ratio ranging from 1.30 to
1.83 on a weekly to monthly basis, translating to 90% to 675% relative improvement in

portfolio returns compared to forecasts based on functional Random Walk model.
Email address: hlhlai@u.nus.edu
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Debt Structure and Recovery Rates
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Recovery rates are a critical determinant in credit risk modeling, bond pricing, and risk
management, quantifying the amount creditors reclaim in the event of default. Empirical evi-
dence reveals substantial heterogeneity in recovery rates; for example, Moody’s (2023) reports
an average ultimate recovery rate of 40% for senior unsecured bonds, yet with significant dis-
persion where 25% recovered less than 10% and 20% recovered more than 70%. This variation
challenges the conventional practice of assuming constant recovery rates in credit pricing mod-
els. While factors like debt seniority and collateralization are recognized determinants, the role
of the overall debt structure remains underexplored. This paper defines debt structure com-
plexity as the hierarchical composition of a firm’s obligations, including seniority layers, debt
instruments, and covenant constraints, and examines its profound influence on recovery rates.

Our theoretical framework extends the structural credit risk model by Leland and Toft
(1996). It incorporates finite-maturity debt, refinancing opportunities, endogenous default, and
a layered capital structure composed of senior and junior bonds.

The firm’s asset value, V;, is modeled as a lognormal diffusion process under the risk-neutral

probability measure:
dVi

Vi

where r is the risk-free interest rate, ¢ is the payout ratio, o is the firm’s asset value volatility,

=(r—q)dt+odz (1)

and dz is a standard Brownian motion. The capital structure comprises equity (F), a senior
bond (SB) with face value Fgp and coupon Cgp, and a junior bond (JB) with face value F;p

and coupon C;p. The total levered firm value V,” is the sum of these components:
VP = E(Vi,t) + Bsp(Viot) + Byp(Vi, 1) (2)

where Bgp(V,t) and Byp(V,t) are the market values of the senior and junior bonds, respectively.
The model incorporates market frictions such as flotation costs for new debt issuance (), tax
shield benefits from coupon payments (at rate «), and bankruptcy costs (w) representing a
proportion of the firm’s asset value forfeited during liquidation.

Equity holders optimally choose the timing of default, 7p, to maximize their value, which

occurs when their value becomes non-positive. This is formally defined by the smooth-pasting
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E-mail: leizhou@nus.edu.sg.

fDepartment of Mathematics & Risk Management Institute & Center for Quantitative Finance & Asian
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and value-matching conditions at the default boundary Vp(?):

E(Vg(t),t) = 0, (‘?)f;(vB(t),t)_o (3)

In bankruptcy, the firm’s assets are liquidated. The remaining asset value, RV, after deducting
bankruptcy costs, is:
RV, = (1 - w)VTD (4)

This value is distributed based on strict priority. Senior bondholders are repaid first, up to their

face value:
SBRV:, = min(Fsp, RV;,) (5)

Junior bondholders receive any residual value only if the senior claim is fully satisfied:
JBRV;, = min(Fyp,max(0, RV, — Fsp)) (6)

The recovery rates for senior and junior bonds are defined as the ratio of recovered value to face

value:

SBRV,,
Fsp

JBRV,,

Bliss = Fip

, RR;p= (7)

This hierarchical structure implies that if RV;, < Fsp, junior bondholders receive nothing,
illustrating the subordination of their claims. The optimal decision-making behavior of eq-
uity holders, considering default and refinancing, is governed by the Hamilton—Jacobi—Bellman
(HJB) equation:
2

max {50 VG0 4 SIS B (- ) - 0V - Cun) B} =0 (9
where Cioiar = Csp + Cyp. The solution to this equation determines the endogenous default
boundary and thus the recovery rates under various capital structures.

Simulations demonstrate that as the ratio of junior bonds increases (proportion of senior
bonds decreases), the recovery rate of senior bonds increases in a stepwise upward pattern. This
is attributed to a larger portion of the fixed liquidation value being available relative to the
reduced outstanding senior debt. The recovery rate of junior bonds also exhibits a fluctuating
but generally increasing trend, reflecting the expanding pool of junior bondholders eligible for
residual liquidation value. While senior bond recovery rates consistently remain higher, these
specific trends highlight significant nonlinearities.

This paper conclusively demonstrates that debt structure complexity significantly influences
bond recovery rates, moving beyond conventional seniority-based explanations. Our combined
theoretical and empirical approach establishes that recovery rates are dynamic and depend not
only on the nominal seniority but also on the overall debt composition, leading to nonlinear

recovery dynamics for both senior and junior bonds.
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The t distribution, which includes the heavy-tailed Cauchy distribution, is a
useful model for data analysis including outliers. The likelihood equations of the ¢
distribution are often solved by numerical methods. The Newton-Raphson method
is a simple and fast approach, but it may not converge due to its dependence on
initial values. Liu & Rubin (1995) used stochastic representations of the normal and
gamma distributions to estimate the parameters of the multivariate ¢ distribution,
and compared the EM, ECM, and ECME. This study focuses on a simple expression
of the EM algorithm, A simple expression of the EM algorithm is focused on in this
study, while other options are available in literature.

At first, we consider Cauchy and its related distributions, with probability den-
sity functions (pdf’s) given by:

1 o
fC’(I> = = noy L € (_00700)7 (1)
r—p\’ m (0% + (z — p) )
To (1 + ( - M) ) ( *
1 o
et ” (1 (log:c — M)2> o (02 + (logz — M)Q) el )
Wve + T

where p € R, 0 € (0,00). The log-Cauchy distribution is obtained by taking the
exponential of a Cauchy random variable. It has infinite moments and is suitable for
modeling extreme events or outliers. For example, it can be used to model the time
from infection to virus onset. Our talk consists as follows. Among various these
skew-t distributions, this study gives the simple EM algorithm for the Cauchy and
its related distributions. For that purpose, a review of the skew-t distributions is
given. Then, the main idea is constructed to borrow the strength of the exponential
distribution structure and thus obtain explicit expressions of the EM algorithm for
the distribution in a form of Cauchy-type. Based on the idea and the inclusion of

1



a latent variable into the distribution function, explicit updated formulae for the
multivariate skew-¢ distribution are derived. The formulae for the finite mixture
and regression models are also derived in the section. Some comments on the initial
values and stopping rules for illustrative examples are given. The first example of
the EM algorithm for the multivariate skew-¢ distribution is shown for the CHF
1,000 bill data and the second one is given for real estate data that are skewed and
have a heavy tail. The vector epsilon algorithm applied to our EM algorithm is given
using the result in this talk. In our numerical experiments, all computations were
executed using Mathematica, a symbolic mathematical computing package. Finally,
conclusions are presented.
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Abstract

A probability distribution on the torus, or toroidal distribution, is a bivariate distribution of two
circular random variables. The applications of toroidal distribution can be seen in many fields.
For example, analysis of the wind directions at two points, the directions of the consecutive
movements of some animal, comparison of genome structures between paired bacteria, and the
pair of dihedral angles between consecutive amino acids in a protein, and so on.

In this paper, we focus on the parameter estimation of the distribution by Abe et. al. [1]
with the pdf

f(01,02) = 2G (Asin(01 — p1) sin(02 — p2)) f1(61 — pa) f2(02 — p2), (1)

where fi(-) and f(-) are the symmetric circular pdfs at 0 and G(-) is the cdf whose pdf is
symmetric at 0. The marginal pdfs of the distribution (1) are easily shown to be fi(6; — u1)
and fo(f2 — p2), and the parameter \ controls the relation between two circular variables.
Therefore, this construction is one of the methods of specifying marginals, but it does not need
any complicated functions like cdf, and an additional normalizing constant. A more interesting
property is that the Fisher information matrix is expressed by

59\ 0 0
0 tyrpr lpips | » wWhere o = E [

0% log f
dadf |’

0 tupe  Lpsps

and ¢, ,, = 0 when A = 0. This property will be useful when the test of independence between
two variables is considered, since the usual asymptotic normality is satisfied for the maximum
likelihood estimate (MLE) of A.

Consider the trivariate distribution with the pdf

f(w, 01,02) = 2¢ (w — Asin(01 — p1) sin(b2 — p2)) f1(61 — p) f2(62 — p2)

for (w,01,02) € RT x [—m,pi) x [—m, pi), where ¢(-) is the standard normal pdf. The marginal
pdf of ((91, 92) is

F(01,02) = [ 26 (w = Asin(6y — ) sin(62 = o)) (65 = ) folb = )

= 2/00 d(w)dw f1 (61 — p1) f2(02 — p2)

—Asin(01—p1) sin(f2—p2)
=2{1 — @ (=Asin(f1 — p1)sin(B2 — p2)) }f1 (01 — pa) f2(02 — p2)
=2 (Asin(bh — 1) sin(02 — p2)) f1 (61 — pa) f2(02 — p2),



corresponding to (1) with G(x) = ®(z). Therefore, the conditional distribution of w given
(01, 02) is the truncated normal distribution with the pdf

(f) (U} — )\Sin(el — ,U,l) Sin(HQ — ug))

: - >0
O (Asin(fy — py) sin(f2 — p2)) v

f(w]01,02) =

with the expectation

¢ (—Asin(0; — pp)sin(f2 — p2))
1 —®(—Asin(fy — p1)sin(fa — p2))
¢ (Asin(01 — p1) sin(f2 — p2))
® (Asin(f; — py)sin(f — p2))’

Using this property and considering w as a latent variable, we can construct the complete
log-likelihood function for the observations (611, 691), (612, 622), ..., (61N, 02n) as

E[w | 01,02] = Asin(0; — uq) sin(fy — ug) +

= Asin(fy — py) sin(fs — po) +

N N
N 1 . .
. =Nlog2 — 5 log 27 — 3 nE 1 w2 + \ E Wy, sin(bry, — p1) sin(Ba, — p2)

= n=1
X N N
5 Zsin2(91n — 1) sin® (0, — o) + Zlog f1(Orn — 1) + Zlog f2 (02, — p2).
n=1 n=1 n=1
In this expression, changing w, and w? with thier respective expectations

¢ (Asin(01, — p11) sin(fay, — pi2))
O (Asin(bry, — p1) sin(bay, — p2))

and

¢ (Asin(01y, — p1) sin(fap — pi2))

’LT)?L = )\sin(ﬁln — ,Ll,l) SiH(QQn — ‘LLQ) +

1;2 =14+X SinQ(el” — ) SinQ(eQ”  p2) FAs(O1 = pur) sin(Bzn — ’u2)<1> (Asin(01y, — p1) sin(fan — p2))’

we obtain the ¢ function for the EM algorithm.
Application of the EM algorithm to the hidden Markov model with the introduced distribu-
tion and fitting to the time series data about wind direction are shown in the talk.
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far(0,z) = 2 cosh(x) (1+ Asin(@ — p)) 2%~ exp {—(B2)* (1 — tanh(k) cos(d — )}, (1)

7z72L & > 0, cosh(k) = {exp(k) +exp(—~k)}/2, and tanh(x) = {exp(r) —exp(—k)}/{exp(r) +
exp(—k)} £33, ¥R TIRAXA—ZK—DZEMIFTa>0,>0,k>0, 7<pu<m -1<A<1¢
2%, ZOETFTME, EHIEEBDIEFICS Y TARBDICKR>TED, OOV DBESTHS. (1)
DEEREICHWTIE, © DEARMHM X AT X — ZIZFRO LRSS X AA T -2 —
731fi (Abe and Pewsey, 2011) 127 o TW 2 728, BIEIENFZ 7 — X ITH M T E 51T - T
W3, LA s, BRI, ERBEEEEFE AL -2 =TI 5 A ENRVEVEAE
FOS VYR —bEDF—EZDBFEL, ZDL EDELNT A — RN T 2 RIHEERIL, 8T X —
K —ZEROEER LOEZINS 2 A6 TV,
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2 ERREANE

OB 272912, ¥ ¥ RI 7 LTl Miyata et al. (2024) iIZ X W IREZI LT O
D (0, X) O EHERRMZIER L
af®

qu()\ sin( — p))z® ' exp {—(Bx)* (1 — tanh(k) cos(d — u))},

(2)
Lz >0,a>0,8>0,k>0, n<pu<m —-1<A<lel, H={(gkr\p)|-—7m<
p<mr>0,-1<A<1,a>0,0>0} ZRFTXA=R-2EHrT5. £/, [-1,1] LORKERK

Islg)eiESSUM (0,2) =

I'(2(¢+1))

= e ) CIsesl)

gq(x)
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NEDM, X 25272050 0 OFMFEMNEDHIZFIRT LD TE S, X512, AEEH O o
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BRATCRHAI S NI AEARY 4 X T = 426 OFAM, FiE 7 — 20 LT, 200 % M1 mickorR
N~ a7ETAERILEICED 7 4 v P EET. ERD Lagona et al. (2015) DEFT LTI, W
{OPDHNAFHIZBIIBEANRT A=K — NI T 2REHEEBDMES T X — X —ZE/ D5
REDEZEZ DI LT, SEIRBELEZET LTINS ORILHEEN T X — X — 22/ DN S,
WBIXED, EHIZETADT7 4 v PORIZRIMBALEINLEZEINE Z e 2lE L.
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2 ¥ X — D53 (distribution on the cylinder, cylindrical distribution) & 1%, #¥E7% (linear) 24 X
E A L (circular) $ U EAED (angular) Z8 © OFK (FE) 7ol ezns. X HLLIE O
RO Z b H 5 LEHAEO Z e b H 5. HARRZICHA e LTk, (R, J& D , (&&, & mD , (F)
Yo EhiasE, MEE) , (1 HORRHOMEMANE, R 255, W O0OIBEB L W 200
BEEBPORZZERDOY ) VX — EO53MMIE b —F X ED531 (distribution on the torus) Z4L5k L TH
D, NAX=2 1) ¥ X — D51 (distribution on the hyper-cylinder) £ FHIN 5. > 2RI W LTIE, (N
A%=) YV X = LOFHDESE, FHERDIDDFE, —EEMY L —Z&ME D Wicksell-Kibble
B O (767K » Dou * Liu (2025, #atBIEZEZHERR) COWTHNM Z1To 7.

(INAIN=) DA —EDRTEDERE :

(NAR=) ) B — DG RERT 272D WL OO FESHSGNTWS., 26D 5 HDRE
Wk hiEzE FiFs e
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Wicksell-Kibble #4375:

R% o Wicksell-Kibble 7 > <537 % Hf#12 LT, ZDDMIBER (X1, Xo)" € R2 £ —DDAELR
O € [0,27) DRI EIRE L, AHOFHHEICOVWTIEREZ. (X;,0)T (j = 1,2) DFEI I Abe and
Ley (2017) @ GGSSVM (generalized Gamma sine-skewed von Mises) IZHY L, X; ORI EAN
& Stacy —fi A > =, © DREAZTHIE sine-skewed negative exponent power cardioid & 72 5.

DHEOIRE
R2 | Wicksell-Kibble # > <73z 5C LT, vy e Ry, A€ [-1,1],05,& € Ry (j=1,2),6 € [-1,1],
p€[0,1), pe[0,2m) ITRL, (X1, Xo,0)" DIFIREHERE FERIEL
§162
(1= p)T(v)o102(pB) = 1/2

1)/2—1 1)/2—1 z1 o Z2 s
(xl)él(v-ﬁ- )/2— (xQ)éz(v-&- )/2— (;) + (?2)

o1 o9 1—p

i (2 o (2 (22)° (z1,22)" € R2, 60 € [0,2n) (1)
y—1 1_p P ol oy ) T1,T2 + 5, 40

BROINRI X=X MHERE L. 22T, B=1+6(1—p)cos(0 —pu), L) EXE v OF 1 BEE
Bessel A¥(TH D, ZDEDFRI & HRKREFERTIX

f(21,29,0) = C™H1 4 Asin( — p)}

0 2

1 m zcos6 _(* v 1 z '
LG =5 [ eostmeetan = (3) S0 ot (%)

r=0



TEZ6N5. EHRILER C X, Gauss @BMBEE M = HWT
C =2maF1(v/2,(v+1)/2;1;(6p)%)

ERBEING. LD I=0%401F, (X1,X2)' L OEMTIER5.

S DOFHLEE & T OFADEIE:

o (X;,0)T DA Abe and Ley (2017) @ generalized Gamma sine-skewed von Mises (GGSSVM)
K%Y 5.

o X; DJAANIZEA & Stacy v & THMRSZ 7MKL, Stacy > vDREEGL UTHRTE
B, 5=0%L<IEp=00r XX Stacy > < ET 5.

o O DT, BEFE —v D sine-skewed power cardioid distribution & FER 273 % K3,

e O=0DE5Z5NLED Xy DEMHFENTE (X1,0)T = (21,0)T BEZONT2L ED X, DM
fF &N %ERKDT, “chain rule”

Ix1.x00(1,22,0) = fx,|x,,0(21]22,0) fx,10(22]0) fo (0)
WX D RLEEEER T A2 7 VTV A6 %5 %272
o KEDDIRNT

L(y, A\, 01,09,61,62,0, p, 1) = [ [ Fxaixs.0(@ailrni, 0:) [ | £x. 0 (20, 6:)
=1 =1

12 & D, missing-completely-at-random 7 — &t v b

T1j T1j
zy; p(i=1,...,n) (missing) p (j=n+1,...,m)
0; 0;

WHLTARI A =X ERAMENREE THE e ERL.
o O IZHT 2HERULICOVWTRL 7.
MPEDEMEZRMBALT, =6 =6=12LEYTETLDORT, 2017F 6 A1 HA5FE 30 HE
T 30 HE D Tokyo (FREE 35°41.5'N « £ 139°45.0'E « B 25.2m) @ (§]6:00, & 12:00) 2B 3 JEH

(X1, X2)T L8 6:00 2B % 16 HAEA © F— X DN 270, (X1, X2)T, (X1,0)T, (X2,0)T O#k
MR MHEREERE LTE X, RIX—XERIHELT-.
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