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MARE R ONEEL r=1ogR)&FH %, Blfamx STHEL LT DL, MARBBIIHAE
BERR ASIO)DJE b D e % Hbw T

1y = f(5:10) + & | ] | | | | . |

CHEZLAB (=1,..7). COLE, & e
. | | | | | ‘\”I 5
ee~N(p\[Ae18,-1,0%/2¢) [ | e | o
WO ETHB LT H. 2T, L%, [ 0l T -1 N3
A = exp(—¢ef) \-Jf;_gi.

LERT D, 14 1L, BT -2 nfET

HEDE OERICHGL, LOoHCH 1. BRIYORNYTF—ao0ERXR. 1
BMoXro, 4 2h&dnse UMUET FFo5F—42RN -ty (BRES)TT
HOMERPREC D L) HOCMBICHT  BEFLEHBEL, RHANET—2 (AR
2HEGNIK BT LI D, I, 4D )EFRTS

REVEEE, HOCHBE~OTFLG 23K E L

b, o0 ITNE, BEDAR)ET IV E R D, T2, TOMEERSHIL, p=0 T 5L,
Tukey O biweight B & B7- X 5 2B iz .

PEIANNEDORRE R RO Z T XA =2 TH Y, &7 — 2 BHEEBRHEICKELFHE
T2H00, HNUETH 2 A[HEEDRE VO ERET 272008 2D THL. £ T,
PN T A =2 EMARKICHT2HRI 702N F—vavicXoTIRELTRE T
€32 (K1), pUAND AT A =2 ERAMEICL > TRD7ZLE, KD I7BRANY T—
a3 VI 7 —HNIVPDFEREIERT 3.



p=0.2, g=1.0 (positive outliers only)
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Estimation of B-spline copula

Xiaoling Dou? Satoshi Kuriki, Gwo Dong Lin, Donald Richards®

B-spline copula is constructed with B-spline basis functions. It is a generalization of the Bernstein
copula, and its form is similar to that of the Bernstein copula (Dou, et al., 2021). For given p + 2d + 1
knots

s g=-=50=0<s51<--- <5, 1 <1=35,="--5,44,

N(s), i=—d,...,—1,0,1,...,p—1.

For any u, v € [0, 1], the bivariate B-spline copula density is defined as

c(u,v; R) erklmm )P1n (V) (1

k=1 I=1
where
n m
P >0, > Th= Qs DTk = Qi
=1 k=1
and
Prm(s) = 7Nk d—1( / N g
k,m

When m = n, it is known that the maximum correlation of the B-spline copula c(u, v; R) is attained
when

R = (ri) = diag(gr,n)1<k<n.
and we denote the B-spline copula with the maximum correlation as

n

C: (u7 U) = Z Qk,nd)k,n(u)d)k,n(v)a U,V € [07 1]' (2)
k=1
Suppose that we have a set of i.i.d. data (z¢,y:), t = 1,..., N. We consider methods of estimating

the joint density by using the B-spline copula. As the B-spline copula has a similar form to that of the
Bernstein copula, the EM algorithm methods for the Bernstein copula (Dou, et al, 2016) are applicable
after some changes made on the basis functions and the constrictions on the parameter matrix R. We
consider two EM algorithms for the two forms of the B-spline copula in (1) and (2), respectively. In both
methods, the marginal distributions and the copulas are estimated separately. That is, for each marginal,
we use the kernel method and the empirical distribution function to estimate the density function and the
cumulative distribution function, respectively.

*Waseda University, T The Institute of Statistical Mathematics,* Academia Sinica, ¥ Pennsylvania State University



To estimate the joint density of two random variables, the general idea is to use the general form (1)
directly,

h(z,y; R) = c(F(x), G(y); R) f(x)g(y)-

In this method, we need to determine the parameter matrix R and its size m x n. The first EM algorithm
is to estimate the parameter matrix R of the finite mixture distribution (1). The size of R, m X n, can be
determined by AIC.

When the two random variables X and Y are highly correlated, we can use the copula density of the
maximum correlation case (2) and the independent copula to approximate the joint density of the data
by

h(z,y;q,n) = (1 —q) f(2)g(y) + qob (F(2), G(y)) f(x)g(y).

In this case, we need to find parameters ¢ and n. For this model, except for another EM algorithm, a
grid method can also accomplish this purpose.

References
[1] Dou, X., Kuriki, S., Lin, G. D., and Richards, D. (2016). EM algorithms for estimating the Bern-
stein copula, CSDA, 93, 228-245.

[2] Dou, X., Kuriki, S., Lin, G.D., and Richards, D. (2021). Dependence properties of B-spline copu-
las, Sankhya A, 83, 283-311.
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logitP(Y = 1|X) = fo + S1.X (2)
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INAT A MSE
True value of oy True value of oy
-3 -1 0 1 3 -3 -1 0 1 3

PRETFIE REFIE
ap 0.133 0.062 0.048 0.100 0.166 ap 0.058 0.024 0.013 0.030 0.074
o -0.377 -0.060 0.000 0.070 0.350 op 0.251 0.015 0.002 0.016 0.239
as 0.149 0.070 0.036 0.080 0.138 az 0.049 0.019 0.008 0.021 0.048
T 71y DAk (M) T 7Lty FDA (M)
ag 0.114 -0.005 -0.022 0.012 0.112 ag 0.101 0.042 0.030 0.046 0.105
oy -0.140 0.016 -0.001 -0.003 0.131 ap  0.188 0.018 0.003 0.018 0.183
oy 0.066 -0.012 -0.014 0.001 0.058 as  0.042 0.021 0.017 0.022 0.042
fERFH: PafEmise (M2) PERFE: FafEmsE (M2)
ap 0.687 0.375 0.204 0.378 0.687 ag 0.480 0.149 0.049 0.151 0.481
o -0.915 -0.255 -0.013 0.223 0.857 ap  0.888 0.070 0.001 0.055 0.780
ar 0.756  0.379 -0.015 0.326 0.688 as  0.576 0.148 0.008 0.111 0.477
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po(ylz) = Zpg(y]x,a)p(a]x) (1)

acA

%%%Lf:o ZD (1) ﬁﬂ:%’)( INTRA—=540 = (,Bo,ﬁl,,8276370'2) @ﬂﬁjﬁ@fﬁgﬁui,

lRr(0) = Zlog (Z P(yz‘|$z‘,a;9)P(a|$z‘)>

acA
THA 6N, E>TC, HWHALERETFVOBLOS 2,87 2 — 8 12T 2HE i, XAo
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Normal Regression Marginzl Regression

X1 IERSEEYRE 7L LR E 7L

e g,
Em(B,z,a,y) = pa(—1)z,y)Er (B, z, —1,y) + ps(1l|z,y)Er (B, x, 1,y). (2)
=77,
1 fa=1
e T S
Ltexplar(@)y +ao@)
ThHh,
_ Qﬁ(l‘, 1)7Q5($a*1) _ Qﬁ(xvfl)ziQﬁ(xv 1)2 p(1|:l?)
al(x) - o2 7050("1;) - 202 + log p(—].‘ﬂf) .
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sup  pp(llz,y)||I€r (B, 2,1, y)|| < oo

y<Q(z,0)

y——00

sup  pg(0]z,y)||Er (B, 2,0,y)|| < oo
yZQ(I,l

Jimn s (01, ) (5, 2,0, )| = 0.
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(Leroux, 2018) 2 ¥, BABT — XM FIRICHE O 7 /e —FEHINTWS. 22T, ki RRHY
RO ORA T T — XX LT, Leroux (2018) 1 & b 18R X = BRI EIRE 71 2 J53R
SELBERENTHET Y O I FEERE L. BEFRER, METoMEHS T -2 ICEH L. %
7o, B> I 21— a VITK D REFEORREEZRE L7

2. EBRENFRETIL

n HA OB T — 2% (&), g zijrsi=1,...,m,5=1,...,J,g=1,...,Q,r=1,...,.R} T 3. C
Z°TC, &= fi(tij) 3 HED tij Rric BT 5 HGHE, Tiq B Zijr = Zir(tij) X, #hrehssiHE
D q FHOIFRHKAFILLE R, ¢,; FICBIT 2 r FHORRIKEFELLZ R 35, 7, HBAMORE
e FHAHZERT 572012, FiHNBTSF, Azehzhd) (k=1,....K), th(=1,...,L)
L, HEHGEEE Gult) CERTS. ZOT—RIIHLT, UTOEFTLERET 5.

Q R
Ein(tiy) = folti) + Y wighig(tis) + > zin(ti) for(tig) + gt i) + biltiy) + €itiy)- (1)
q=1 r=1
ZZTC, fol-) ZREPIREEL, fi,(-) 13 ¢ T HOIERFRMRIFHZ B O REBIEL, for (1) & r T H ORFREMK
FHZEORBEIR, g(, ) ERIER & FEHZE 2 R T, b;() ZHBOZLE 2K TZERRBEL,
gi(tij) = e BBIARRETD 5. £z, bi(t) EHTHEI C(s,t) = cov{(bi(s),bi(t)} & B DOH U RiEHE,
£ij 1Z N(0,02) ICZNZIED, bi(t) & &;(t) EEWHN TH 2 LIRET . X618, RERFILERI,
FHEB ORI D OKIRCIEFEZRE L, ik (i) = 1 (L) 90 (E7) +bir (tij) +Eir (tij) DX I RET
N (1) REFERRICRES 5. 2T, ,.() SRPEFREE, g, () 3FETEBIZ R TBIEL b, () ZHBOZE)
ERIERNREIEL, i (tij) = cijr FBHERZE L 35, b, (¢) 13HTEEIELC, (s, t) = cov{bir(s), bir (1)}
ZHOHYREE, £ 13 N(0,02) CZNZNED, by (t) & () BHWIZHNTH 2 LRET 5.
S D RIE & BEEBNE, g(tY,1™) = Yuend (1Y) + Yseasonal (1) + Vinteraction (1Y, ™) LKL,
Vivend () FRIALENTH, scasonal (-) EFEEIIH, Yinteraction (- ) ERALEMEE 5 5. K5l H5
BOBPITHRNZ, Leroux et al. (2018) Z2ZE IZHREMEAME THEZHWTITo 7.
BTV IOFM, BUES I 21— a YHIRBIUET - XA OFEAMRIE, BHIMEL:

BE R
Leroux, A., Xiao, L., Crainiceanu, C., and Checkley, W. (2018). Dynamic prediction in functional
concurrent regression with an application to child growth. Statistics in Medicine, 37(8):1376-1388.
Chiou, J.-M. (2012). Dynamical functional prediction and classification, with application to traffic
flow prediction. The Annals of Applied Statistics, 6(4):1588-1614.
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1. TYRILEES (B OERERR FICHh D EEBHIMER)

L1 BREYD oA v X—Fy FET—EBT2EHDT ¥ 2ILELDEEDIHEE)

7Y 20t 01(ON-OFF) 0 ELUGE 51 b & 0K 2 EFFICIRS v, & L A4 dmkDs 4 o
T 7B IR E R B BIICGEL X ¢ 2 Eami b 2 2037 Y 2 v Th b, 2 ER ML
HERUS 5 T H 2 Bl & il o 72 558 & MREDELIZ A amELDIRE L L TZED T b b,

x 1 FEZAEY, BB, WA, NEOEL2ZEBIT 2. T TEiE, XY XCAR X
) &I B EMAROEENLERRT. FHBREIMHEELTH Y, NREHER L LI X 5 A BB
DEALD, ZN%F YY) B 720 OEMEFERTE (%, WE, 7E)2EALT. B oE3mmEEL
ThY, BEEAEITTIND &, KMEREG=E S/N ) Tcoma4F Iy Ly Y efLE,
EMECRIM 22 (55 LBE Sl E & 72 0, HICE 2 Zn WimBLEL AL E 0 5.

iS5t LA I YEBELIRR EEELIRR
2BA EREY ®%, & B D IRFE & e E gk TGRS, %illiaft
530MA | #H#ZY e B - BESE HHER ST (=S W)
66MA HELEE ] REE, &I RE o, HERESRE
130KA | JREAE A R b b DAl t FOE#RMEE, BEELA
66KA | EFEMALE =30 EROFERE, RE Sk (BEED i BIEE)
5KA XEAA JLEF SCHA (K522 % i 2 72 36 4) WG (B 2 S BE~ DiEAL)
50A MEHDA Bit F v b7 — 7 BR (e VRIS

F1 o T Y 2 UEEEB=10 & M=100 77, K=T, A=%Ff0)

1.2 BRESEMZ ERA T 2 7-OICIIEMERENLDE TH > 7

b b OEGEL, BBV EIRPNER CHA I 2 Rk NG & 7 0%, AH AL R SRR R 7
BEREZEGL, BET 7 ' v M X B IFHEIVEERIEZ OB E 25 L <, BEHOSGRLE
DIE o, ZD%, WALRVWEHITH I XFLNGET 2 EHITH 2 bit 3TN, Z Ok
BEEe L w2 L S 2, AED 2 NOBEIETFICHEZAGHAE D 5.

SCGEILE P BERGRICHACTO NS DRI EEF LORRKOFTH > 7. FEHEORHIID &
LFIE, SGERROFEEH 230 172 LIcifA LB - e zons, @ Mz TR, EEzhEC
BEx, MERHER AL 0T MEMRES COEEE ~ 27 PS5, LS b o, (1341 2014)

R EHRERE~DY] Y & 2 3 AR R EE T ERICE ST 3 (BE TSI hTns)
L, BVHEMARCAEINT 2 ¥ X VI Z R TARBE T REEZME CH 2 L2 offiwT 5
&, SGED T T ZFARH LA 70 L{EMEEERE A T H 5. B 2 o @it & 7= (8 e
ThEEN. BIFRYENEDDITIE, X VRS OBRIE & X Y (KO IBUIEARKO b 5.



2. MR OEMMEE TRIT D701

21 EEZAEBT 2EYBEIINENREME LY T —0TH 2
bt OFFENMBED AT IL, FHEEY O TR EERTH Y, 2 BMENRIEMREA » 7
EEORE L A

—7TH5. LNBEOREIE~A 27027 ) 7HIIGICEH S TRIMEKEICEIRL,
v b7 — 7 R IMERR T 2 E S 5 B Y v ovER(B M) 2 REE T 5.

22 EEOERIZ 2BEORRE 3BEORBICL > TT7 77 ZIIEHLT 5

BERoMY, SELERE TS0 % B MlEoNEGREESS, 14 1 o K EHmE
o, 1O, SNeE0ry b7 — I~ 7 77 ZOVICEME L TEBIT 5. 54
113 6(=2x3)8 ) DEMMEDH B 2 L 2 EF I3 > THEL LERDH 5.

HEREC ) 7 H) EWREEGB Mg, 4y b7 —2)
1xf 1O R (CEH:NIZ REDEEHLE®S
154 (e e HE#S= HEMBE
ey V-7 | BERSRIRE FRRMERZERZ

3. BIROEBEMIZFRANAIEE. MBHEENICRET 2

31 BN EEAREOFHFICL Y, FHegldRRYETELIZ< WL
XF bit L T N7 FEEIEHIL, BEREER ECTHAR 23T - bit H & k2720, RIADBE

HTHDL. EHERBEOBERZRIS Z L IFEL V.
HARREIYICH 5 720, RiHHFICHBSET 250, BFREEAICT 518070,
HRES S CERENE T 5 72, —EiRo A2 ST 5 L 2 EMEIC R Y, IEL W

=]

e F Aoz %%5.

32 MHBEENAESAOI-HOZ T ANEOTILITY XL EERET S
FZFAN AL, FELFLADTEZLC 2 (A), lED SEANTAHD (B)
AD YOS EZ=22OMEEZHALLICTSE D> HOTHORLIIIKEZTAS
B> 3 EX 72002 Wb,IcT2d > AHE - MRoRAELROT S5 dAICKD

COHBBHENZAET LT XLAPEBELRTFICEZATNELE, s v AREET 5.
SE 15H4(2014) REED T/ ZIVEEE & SORIE - fFIshE L To e XNy, 15ILF S 2014-NL-219(23) PP 1-19

1S4 (20HO0STO)BER DAEMEIE, o NS [Eh O TRBLDERIEDRILNAWEEER] OEYFENIONT

1$3(20H00576) BERIERECH 2 —FBICH T 2RTHRYTIEOMLENE



FHDEHDOERAIY NOE— BN A N—=ST VR

L 5iE
ot e BRI S

—MALARIEE TV (GLM) 138 B DA HED i CHEHE R T X — R 9 &5 [mRBIEA~ DV v 7 BIBUZ & - T H R kR
BETILVEEAL TS, HIZRAMBET IV, —BALHEELREARED T RN SIEL 77— R ICHW ST
5. ZTOHBAERIZEIKARTY A —ET VL KL FA4 =V =V ZAOBMROHERRNHEEH 5. ZOREKT
BFHEIFBONAT, O U-Z> bt —L U- XA NV 2V AEZEZTHRRAIY AV — BN A N=D
A DB BEfREERT 5. UL > T GLM OIERZK D, GLM % & b FHRIZT 5 FIEIZDOVWTHE R 72\,

1. ELC®IC
KR MV X 2o HIERY OTFHIREEZZZ 5. X=xz 25272 T Y OFMTESEE (HiE) ok
ZP={pyle)} £ELLE, HREBDZER R = {u(x) = [yply|lz)dA(y) : p € P} PE»NS. GLM O
AT, DN T A=K EZRVAFRWVETHNIX

pylx) = exp{yl(z) — ¥ (0(x))}

CIREZI NS, cf Hastie et al. (2009). HEHENT A —XELENFEHIR L TIIRTE S LNET S LIZEHEY v
ETNO(z, ) = a'z BEIADRNETHIRETANERMETES. Tk, BHEART A —205EHEAF
A — X DL S AIREBUL p(x, ) =n(aTz) LRINE., ZZTnd) = (0/00)w0) £T5. ZOXSIZY
MRV XA G346, KTV VA, BYIPHREIH->TWD L ETH, §(z) DETIMIZ & > THARLREIFE
FUDPREINTVS., GLM OFHAMIENT (1) ZT Y o —HRAD G E B> TH Y, 85 A —&HfEEIRE
JEIE, HE2VEINAMNY T - 547 F5— (KL) KA N—Y =V ZAFMEDRFEITINhTWS. ZORRE il
T, TDIFADHTT — X% L O RRIZFEET 2 HEE RO, ZZITP Loz hbabE—i&

fﬂdp)::][p(ybﬁlogp(yhﬁdydx

THAN, WEAEERBIET — % D= {(z;,y:)",} LT
U, D) = {yia ;i — (e x))}
i=1
EEITCy KL THIETH D Z PR ER-oTW 5.

2. — itz hOE—ESAN=T VR
IV b= ZAN=V 2V ADELD =D ERBEMOESE U = {U R — [0,00) : U'(t) > 0,U"(t) > 0}
T %, cf. Eguchi (2006). A5 T —fEOREMEERL 72012 U'(1) =1 23 3. U(t) & BRI YR e 3
5. ZOUDU %flioT, ZMPIZKAETL PO —%

Hu(p.q) = — / Pl (ale)) - / U((alylo))}p(@)dA (e, )
CEDT, U-RAETVIMAE=LIER., ZIZTE(s) XU (t) DL TS, ZDLE,

Hy (p,q) > Hy(p)



DERALL, FHEp=qDEEIIRBIEMHSNTWS. 2T Hy(p) = Hy(p,p) &L, Hy(p) 2 U-T ¥ b
OE—Y IR, ZDZ M5 U-BAN=Y VA
Dy (p.q) = Hu(p,q) — Hu(p)

WEED. BAONET =X D= {(z;,y,)_,} POMITET N M= {p(y|z,0) : 0 € O} BWET Oz L &, U-
EPNETH e

Ly(8,D) = —Z{f(p(yilwiﬂ)) —/U(f(p(y\%é’)))df\(y)}

LD TRENT A =R 9 D U-HEER Oy = argmaxycq Ly (0, D) ZBAT 5. U-BEBH Ly (0, D) 3&#%TY
Fa ¥ — Hy(p,q) D ply|z) iE7 — &% D ORERSMEE, q(y,2) 1ZET NV p(ylz,0) ZRALIZHDLR>TWNS.

UDHDS Uy = exp ZENUE Hy, (p) IEARLVY <Y -y ) Oy baY—, Dy, (p,q) KL XA N—=Tx
YA, Ly(0,D) ZADONBEERBIZRESI N, GLM ORi#EE2H7225. —FHT, UDHH»5

Us(t) = 54 (1+ 1) 7

RRET S, €(s) :%(sﬁfl) EBDT, REr/BATY hp—(%

H,(p.q) = — / {1 pl2)lal2)’ — 1] - 54 alyl2) Ip(@)dA (e, y)

NE)PNDS.

ZOEITEBBBES U TR UTETIVEHEDOME U xU 105 (Up,Uy) 2HY, Up-T v B —HKE
T MUO bt Ul-%i% éUl S EMAES A= {([]7 U) U € U} IZHGERELENS. TRbE, Uop-
IV hRE—RRKETIVIZ

My, = {poylz, @) := Uj(ya @ — vo(a" x)) : 0 € R}

THEABN, U-fA A=z v AR OBEBEEE T M = {p(yle, ) : a € R 124 LT
Loy (e D) = - i{vi-1<p<yi|wi,a>> - [Vt @ni)
CHEZBNB. 5T, (UoUh) = (U, z;) LHE (1) 1
Lu(a,D) =~ e — nlaTe)

L#HIFS. ZZTrla'z)=yola’z)— [Uya'z —yola’z))dy. ZD X5 Ly(a, D) 1T EDRHOL R
&M BRI T B, WHAEA A DR TERERS DEBET HEZDOVTIEWL DONEZ 5N BREN RS
DEFREFGONTRY. JSHE U TEYBOERDEOHRED /2Dy 7 ALY M f-7 v 7 AT Y MK
INEBLDNEZSNTWVWS, cf. Komori & Eguchi (2019). 58, M4 RQIGHPEK I NS R THERRE ODPRE
INBZ VI NS.

SE R

Eguchi, S. (2006). Information geometry and statistical pattern recognition. Sugaku
Expositions, 19(2), 197-216.

Komori, O., & Eguchi, S. (2019). Statistical methods for imbalanced data in ecological

and biological studies. Springer Japan.
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DWTERZRITIMILIL LA M E DL L S b BRI CIEE RS ZH-> T 5,
L L, BAMEHZRICIE, —RICIZE DAL TRBEITNTE Y, EROGEE RSV
LIREA RV, 22T WETREHECH T iEZH o LORD T L, 7 — X 2 UE
THWMERD Y, HiMZOWFRLEDLNE, BRAMEWITLL TR D, Him X AFETlE, #
ReLTEONET—20ERHRET 272010, 2L DITRBRINT VS, HlziE, EE
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BR. 7 — 2 WEOHIB 21T 5 BRI 2 — T 4 2 — & — I 21T 5 St R 2B b %
BB DB, L DN Z NE NORE CEMW AL o CBb 5 2 LT, BRHF
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TFHETADOERICOVWTH, bl XS, O XS ICT— 220G T 50 L\ [H#E
Vb, RAMNZTDOMELLHELNZT —2%2FH 5850 HNIE, fiN X OErLELR
T =255 EbH 5, THIETVOMERIE, &b FThiE, MErET LV OFRICREL T
EONDZ LB LD, POXICHBEINEZT — 2%, EDOX I ICHHT 0L w5 B
o, ThbHBWNET VA vORlIE» b 2 2 L bEETH 5, MalKiL, HFREN%E
BT, ETCHNEIWEMRBC OV EZ LA DL, 2F D, 22 TH, Hff
FEORHE, EIT. T, RoFTXCichero3lbsLick s,

ARFEFR T, HPETEIE L T 2RI, BRI ORER T 9 4 v CHIRITE 2 D 2
BRofHfk, X 5IcZ 2 COROBENCOWT, UBiofl %@ L Cihx L7z, BRI
BRAEACEDOLNE L, HRETTREZL - fTDARVI LICOWVTHFFL 7z, &
HIT, WL D ERIEEH & TRl T AR ERT W 21T o BRI U 7 © & %o, YBelist
DHEFIDSBM LoD, LT 4 v e FillE T VOBEICOWTHEEE L 72,
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HEGIR S SEGIER R
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v o +— 7%, ERIR IR 5T
Al Z BF5E | =2 PP, EGTA IR BT, 11, 101, TVAHER
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A7 L — LK B EERRICE T D MEMER O NI

TIEK - MEHTA R KK
THEK - BEETZERE Wk HR

BEBREDZ AL - LY RA—ZEFILTIE, 7L —2%% 1ID HEXREKL L, At FTOr7 L — A4
FIEZTRE N DRT Y VB N = (N0 ZHWTRET 2. 22T, i ®HDZ L — 2HZRTHERLEL
Y, D0fi% Fy b L, ElYi]=p &35%. YIEEL 2 > 0, ZEMMNEEL 0 252, REBEStEOBEEERE
X = (Xy)i>0 &

Ny
Xp=a+1+0ut—Y Y
=1
ERENG. PHEE 2 D X, ICOWTOWERLZ 7(x) = inf{t > 0: X, <0} &L, ARKHIERERE
P(x,T)=P(r(z) <T) £3%. TOETABMMFMFZIZT & E, WEHEER (r) = limroo (2, T) D7

75 AEHZ
1 uo

Lip(s) =~ = sp(l+0) — 1+ my(—s)

L5 ZeNHLNTVS (JHK (2018)). 22 Tmy(s) ZY DE—X >V MRIBKTH 5.
HHEERE X, 2BWT, HAB n LT,

0 Y;
00— — Yi
—>\/ﬁ’ A = nA, _>\/ﬁ

PWHBXHZIC Lo THELN 2 EEBE

X}:x+(1+j%>@ﬂé%t—&%§§m

R —1 Y2 X B EFERE L IER (Cohen and Young(2020)). I 2T, Ny 338E n) 0K 7 Y ViBETH
D, n @EIZEBHBARCG L TWS. MRERE LT,

XL a+w, (n — o0)

DD BHISNT WS, 22T, Wi ld (0w, AE[Y?))-7'5 w7 VB TH % (Schmidli(2017,Proposition
5.19), iE7K (2018,6.3.2 fi)).

nIRIEL TV X, OWPEMRER ¢, (2) £ T5. n=1Dr %, X, ZTOEHERE X, 20bDTH5. L
TeioT, X, OWPEHER (z) 1, n=10Dr TD X, DWHERER 1 (z) TH 5. WE, MREMIE DT> T
BD, ZOMIREERRE (777 V&) OBERRZ ¢p(x) T2 &, BRI ¢, (2) = ¥Yp(z) (n — 00)
THb. Xo7T, Y(x)=v1(x) B Yp(x) THEUMTETVWZDrMHEL XS, Y, () = ¢Yp(z) (n— o0) T
BHY, (@)= (z) THZHS, ¥(z) D Yp(x) 12 & BELUE ¢, (z) ZBCRD 2 Z L TEETE 3.



AFERTIIERHC, BIRATX =& a, REXTX—ZBBOH O L — LEMESGREERS.
ZDEE, n— oo lZBWVT Y, (z) I TOWLEEMEZ SO !

Yn(z) = Yp(2) {1—\/15,41(3:\9, a,5)+iA2(xye,a,5)} +o CL)

N
N
ke

203

Unl@)= e, = =

[20(a+2)  O(a—1) B
Mateam) = { G+ He e =0 - ),
Aﬂﬂamﬁy:;gifg{%a+2w%¥—3@a+5wx+ma+1y+a34énux:0ﬁ

TH5. ZORERMI Cohen and Young(2020) Tikim S MBI O—2D— b ko T 3.
F72, Yn(x) IZ2WT, FED 2> 0128V T

ln(z) < Yp(x) < up(x)
DEDILD K S 4, (2) & up(z) 2522 Z D TE S (Cohen and Young(2020)). o, (z) OEuAEMAICH
W, o(n V/2)IEEHY LT

bnale) = v(e) {1 - A (al0.0 )}

WHLT, FED 2> 02BN T
o () < hn(z) < un(z)
MDD, ZhITEk-T,
[ (2) = tn 1 (2)] < L(n(2) Z Pn1 ()0 (@) = €n(2)] + L0 (2) < ¢n1(2))[¢n(2) = un(z)|

DD ILH, 1), 1(x) 1& Cohen and Young(2020) TERZHLNLRF LD B ¢, (x) DRWVIELZEZ TV 3.
AFEHICBWT, Ai(2]0,0,6)(i = 1,2) DEHIZOWTHIE S X 2 2 2 dIZ, ZOREMROEE LSRG
WZOWTHREZITo 7.

BE 3k

(1] TH/KZERE (2018). TREGECH ¥ MAGHHYTTE, HAZHIR.
[2] Cohen, A. and Young, V. R. (2020). Rate of convergence of the probability of ruin in the Cramér-
Lundberg model to its diffusion approximation, Insurance: Mathematics and Economics, 93, 333-340.

[3] Schmidli, H. (2017). Risk Theory. Springer Actuarial Lecture Notes, Springer.
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X, AH =X L% EEICHIET 2 BRIRA R 2B IRT 2 5ikTh 5, ZDIgd, ok
HIRS 2 2 H =X L DWERZM > T MHER—REF A DEE T 5 HB L BIET 27
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Some recent topics for Preferential Sampling

Shinichiro Shirota
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The basic issue of preferential sampling (PS Diggle et al., 2010) is bias in the sampling
of spatial locations where point referenced response data are collected and the potential
impact on inference regarding the response surface over the region. The canonical illustrative
example addresses the objective of inferring about environmental exposures. If environmental
monitors are only placed in locations where environmental levels tend to be high, then
interpolation based upon observations from these stations will necessarily produce only high
predictions. The obvious remedy lies in suitable spatial design of the locations. For example,
a random or space-filling design (Saltzman and Nychka, 1998) for locations over the region
of interest is expected to preclude such bias.

However, sampling may not be designed in this fashion. Environmental researchers may
install monitoring stations where they expect to find high exposure levels; ecologists may
tend to sample where they expect to find individuals. Recognizing the possibility of such bias,
can prediction be revised to adjust for it? This is the intention of PS modeling. Specifically,
there are typically two questions: (i) is there evidence of a PS effect? and (ii) can we improve
prediction in the presence of PS? That is, we do not seek to remove PS, we do not propose
to revise the data collection. Rather, we seek to acknowledge its presence and attempt to
mitigate its impact.

We introduce the Bayesian modeling approach for PS based on the point processes (es-
pecially, log Gaussian Cox processes, Mgller et al., 1998) for observed locations, then briefly
review some recent topics on PS. Our main contribution here is to expand the issue of sam-
pling bias to the case of bivariate response. If responses at location s, say (Yi(s), Ya(s)) are
dependent then prediction of say Y;(sp) at an unobserved location sy can benefit from using
all of the observed Y5’s in addition to all of the observed Y;’s.

Then, the question here becomes the following. Suppose Y; and Y5 are strongly depen-
dent, that is, for a given region D, realizations of the response surfaces, Yi(s) : s € D and
Ys5(s) : s € D are highly correlated. Then, if there is sampling bias in the subsets, S; and
Ss in D where Y] and Y; are sampled, respectively, can we demonstrate the presence of a



bivariate preferential sampling effect? Can we improve co-kriging through a model which
captures bivariate preferential sampling?

We consider two illustrative examples here. One focuses on realizations over a spatial re-
gion of ozone and temperature in the summer season (May-September). It is well established
that high temperatures are a driver of ozone formation, suggesting expected strong positive
dependence. The other considers, for a site, mean diameter at breast height (MDBH) over
the site and trees per hectare (TPH) associated with the site. Here, the “constant yield law”
(Weiner and Freckleton, 2010) argues that the total yield /biomass on a plot at equilibrium, is
roughly constant regardless of the number of individuals, i.e., size of individuals will decrease
as density increases, suggesting strong negative dependence.

In the bivariate setting we have ); with associated & and ), with associated S;. This
raises two possibilities: (i) S; = Sy and (ii) &1 # Sa. Above, the ozone and temperature
fall under (i) since they are collected at the same set of monitoring stations. We imagine a
single point pattern but bivariate geostatistical response. The MDBH and TPH fall under
(ii) because the sites for the measurements can be different due to different data collection
protocols.
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N;x ~ Poisson(2)

WIT, BT nE A% ELS. BHON AT OFEFRIFT 5% B ORI H 2 5 R
SNBEHC, bRILY 8T A= Suk bOHT NS LITGET 5. o, iEH O
BATTH, L= YK ) FIOBRNERLRS = Lo, £7-, BHIERYA Ry, ;(j =

(L) 1, EEOBRIHAIST TN L 2 HE LT, HMOERMSA AN, La, fE/5T
b h, TIEHREA S, A A LTS — s IS L R

Yij ~ Binomial(N;y,p;;)
pij = Pijx2z;+1.0X(1—2z;)
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Introduction

Quantifying biodiversity and its change has been a central interest in ecological sciences, and a
large number of metrics have been developed. The modern foundation of measuring biodiver-
sity commonly consists of three ways:

a-diversity: the number of species found within a location;
B-diversity: the number of species commonly (not) found between locations; and

y-diversity: the number of species in a whole region.

Ideally, biodiversity metrics representing these three aspects should recognise the dimension-
ality of change and the ecological processes that lead to shifts in community composition.
However, it is not always the case and, in fact, even widely used measures such as the number
of species can fail to capture some changes (Shimadzu, 2018). This fact underlines an urgent
need for a better understanding of the nature of those metrics in terms of depicting biodiversity
changes.

Temporal changes in ecological communities

Let A;(t) > 0 be the expected abundance of the i-th species at time t. The expected total-
abundance of the community is then the sum of each species” expected abundance as A(t) =
Y.i-1 Ai(t). Consider now an equation for the expected abundance of the i-th species as

Ai(t+dt) = 1+ a;(t)dt)Ai(t), (1)

where a;(t) is the instantaneous change rate at time ¢ that drives the increase or the decrease of
species abundance. The change rate is a legitimate indicator to quantify, literally, the turnover
of the i-th species, based on its abundance, for the time increment d¢. However, as the change
rate is in most cases unknown, it needs to be determined by the trajectory of the expected
abundance, A;(t) > 0, itself as

Ai(t+dt) — Ai(t)  dAi(t)
Ai(t) Ai(t)
Although the continuous form of the expected abundances, A;(t),i =1,2,...,s,isunknown,
we can estimate it using observations at discrete time points. We therefore rewrite Equation
(1) in a discrete form representing a community dynamics model over a relatively short time
interval, between times t and ¢ + h (h > 0), within which the difference equation is still valid.
By integrating the instantaneous change rate, a;(t), over the time interval, the community
dynamics can be described as

S t+h S )
A(t+h) = Z(1 +f ai(v)dv) Ai(t) = Z (1 +log (%)) Ai(b).
t 1

i=1 i=1

a;(t)dt =

=dlog (Ai(t)).

1



Note that A(t) = }}°_; A;(t). The change rate and the instantaneous change rate may therefore
hold the following relationship for the short time period £,

A(t+h) —A(t) . Ai(t+h)\
0 Zl ( 0 ) i(#), @

where p;(t) = A;(t)/A(t) is the relative abundance of the i-th species at time ¢. The collection
of the relative abundances of the community — the relative abundance distribution p(t) =
{p1(t), p2(t),..., ps(t)} — satisfies the conditions that p;(t) > 0 and };_, pi(t) = 1. From
Equation (2), Shimadzu et al. (2015) define the turnover measure, D, between times t and
u,(u>t)as

S

Z;log( (())) i(t) 3)
= - Yo o e (55

D1(p(t) :p(u)) + D2(A(E) = A(u)).

If the expected abundance, A;(t), is modelled via GLMs with the log link function as

D(t:u):Zdi(t S 1)
i=1

log(Ai(1)) = . Bijx;(t),
j=1

where {x;(t)} are environmental variables, and {§;;} are the parameters to be estimated, Equa-
tion (3) reveals that it becomes possible to identify drivers that influence the turnover measure,
D, in an additive form as

D(t:uy= ) > Bilxj(u) = x;())pi(t).

j=1 i=1

Since the contribution of the species and the environmental factors are all additive, putting

Z Bij(xj(u) — xj(t))pi(t) and

di(t:u) =
=1

di(t:u) = Zﬁij(xj(u) —xj(t)pi(t),
i=1

the contribution of the i-species and of the j-th environment variable to the turnover measure,
D, is respectively identified.
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Abstract

Clustering is a major unsupervised learning algorithm and is widely applied in data
mining and statistical data analyses. Typical examples include k-means, fuzzy c-means
and Gaussian mixture models, which are categorized into hard, soft and model-based
clusterings, respectively. We propose a new clustering, called Pareto clustering, based on
the Kolmogorov-Nagumo average, which is defined by a survival function of the Pareto
distribution. The proposed algorithm incorporates all the aforementioned clusterings plus
maximum-entropy clustering. We introduce a probabilistic framework for the proposed
method, in which the underlying distribution to give consistency is discussed. We build
the minorize-maximization algorithm to estimate the parameters in Pareto clustering. We
compare the performance with existing methods in simulation studies and in benchmark

dataset analyses to demonstrate its highly practical utilities.

keywords: k-means; fuzzy c-means; Gaussian mixture model; maximum-entropy clustering;

Kolmogorov-Nagumo average; generalized energy function; Pareto distribution



1 Introduction

In data analysis or data mining, there are two fundamental types of methodologies: clustering
and classification (Rokach & Maimon, 2005). Clustering, which is categorized as an exploratory
paradigm, detects the underlying structure behind the data and grasps the rough image before
proceeding to more intensive and comprehensive data analysis (Tukey, 1980; Dubes & A.K.Jain,
1980). On the other hand, classification predicts unknown class labels of test data based on
models constructed by training data with known class labels. The former is called supervised
learning, while the latter is called unsupervised learning in pattern recognition (Jain, 2010).

Clustering algorithms fall roughly into three categories: hierarchical, partitioning, and mix-
ture model-based algorithms (Ghosh & Dubey, 2013). In hierarchical clustering, each obser-
vation is considered as one cluster in the initial setting. Then clusters are merged recursively
based on a similarity matrix defined beforehand. The resultant clusters are expressed as a
dendrogram. The partition algorithm starts with a fixed number of clusters and searches for
the cluster centers to minimize an objective function such as the squared distances between
the centers and observations. It finds the centers simultaneously. The model-based algorithm
assumes a mixture of probability distributions, which generates the observations, and assigns
the distributions to one of the mixture components. A Gaussian-mixture distribution-based
approach is widely used in this context.

In this paper, we propose a new clustering, called Pareto clustering in the framework of
quasi-linear modeling (Komori et al., 2016; Omae et al., 2017; Komori et al., 2017). It com-
bines the cluster components by the Kolmogorov-Nagumo average (Naudts, 2011) in a flexible
way. We consider a generalized energy function as an objective function to estimate cluster
parameters, which is an extension of the energy function proposed by Rose et al. (1990). The
objective function consists of a survival function of the Pareto distribution, which is widely used
in extreme value theory (Beirlant et al., 2004). We investigate the consistency of the parame-
ters, resulting in the underlying probability distribution of the generalized energy function. We
find that k-means (Cox, 1957; MacQueen, 1967) and fuzzy c-means (Bezdek et al., 1984) have
the underlying probability distributions with singular points at the cluster centers. This fact
shows a clear difference from the model-based clustering such as a Gaussian-mixture model-
ing. Moreover, we show that the quasi-linear modeling based on the the Kolmogorov-Nagumo
average connects k-means, fuzzy c-means and a Gaussian-mixture modeling using the hyper
parameters of the generalized energy function. See (Hathaway & Bezdek, 1995; Yu, 2005) for

the discussion of the relation between k-means and fuzzy c-means.
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