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1 Introduction

We consider the case in which a few manually labeled data points are provided before the arrival of continuously
streamed unlabeled data points. The goal is to predict the label of the newly arrived data point correctly and
quickly under severe memory constraints. To handle above problems, online Semi-Supervised Learning (SSL)
methods have been proposed [1, 2, 3]. These methods adopt a similar strategy: At each time, firstly the data
adjacency graph is recompressed after incorporating a newly arrived data point, and secondly the label of new
data point is predicted by using the graph and an offline semi-supervised algorithm. On one hand, the several
graph compressing algorithms [1, 2, 3] are employed in the first step. On the other hand, the method employed
in the second step is often fixed: Label Propagation (LP) [4]. However, LP is not robust against outliers but also
computationally not efficient. The computational compleixity of LP is known as O(n*) where 7 is the number of
data points. These drawbacks make the online methods underperform.

In this paper, we propose an offline SSL algorithm named Robust Label Prediction (RLP). RLP is not only
more robust against outliers but also more computationally efficient than LP. This proposed method is intended to
assist online graph-based SSL algorithms. The efficacy of RLP in creating new online algorithms is demonstrated
in numerical experiments.

In the following, the labeled dataset and the unlabeled dataset are denoted by L = {(x;, y;)} f: yand U = {x; fZ;‘H
respectively, where x; € R” is the feature vector, and y; € {l,...,S} is its label. The total sample size [ + u is
denoted by n as well. The set Ly means the set of feature vectors in L, i.e., Ly = {x,-}f.zl, and U means the predicted

U,ie., U= {(x;, §i) Y= |, where jj; is the predicted label of x;.

i=l+1’

2 Proposed Method

We propose an offline SSL algorithm named RLP. This algorithm consists of three steps. On the basis of the
neighbor graph, RLP first selects some unlabeled samples that represent the global structure of the data manifolds.
The selected points are called hub points. The second step assigns labels to hub points by using a special type of
LP. The third step predicts the labels on the remaining unlabeled samples by using Geodesic k-Nearest Neighbor
(GKNN) [5]. The detailed procedure of RLP is as follows.

1. Construct the graph G = (Lx U U, E), where E is defined by kNN manner with the Euclidean metric.

2. Build the hub dataset H such that |[H| = h, where the elements of H are top & highest degree nodes on G.
Thereafter, define non-hub dataset A by U\ H.

3. Define the geodesic metric dg by computing the graph shortest path distance on graph G.

4. For predicting labels of H, conduct a special type of LP on Ly U H. In this LP, a different number of
neighbors k;, and the predefined geodesic metric dg are employed. The predicted set is denoted by H.



Table 1: The averaged prediction accuracy with the standard deviation on unlabeled data in eight real-world data
streams (Yale to USPS). In each dataset, / denotes the number of labeled data obtained before the arrival of each

stream. The size of stream is denoted by 7.

] H (L,T) \ Online QRLP  Online QLP ‘
Yale (75,85) 0.528(0.046) 0.471(0.048)
ORL (80,220) 0.722(0.029)  0.656(0.058)

UMNIST (60,240) 0.637(0.028)  0.544(0.059)
COIL (80,120) 0.660(0.034)  0.592(0.062)
Vowel (100,1300) | 0.969(0.004) 0.966(0.002)

MNIST (100,1900) | 0.679(0.021) 0.663(0.019)
optdigits (10,4990) | 0.971(0.002) 0.961(0.031)
USPS (100,1900) | 0.700(0.020) 0.612(0.050)

5. Update the labeled dataset by L «— L U H. Then, by using L, predict the labels of A by conducting GkNN
on G with k = k,. Finally, output U = H U H.

For the theoretical computational complexity of RLP, by summing up each step of above procedure, we can get
0 (h3 + pn® + k(ky + log n)n) where k = max{ka, k,}: see [5]. Since the number of hub data points & is the
hyperparameter, by introducing the upper bound to %, we can make RLP faster than LP, i.e., the complexity of RLP
is O(n?).

3 Numerical Experiment

In this experiment, we evaluate how helpful employing RLP is in online algorithms. The evaluation is based on
the replacement of LP in the previous online SSL algorithm named online Qunatized LP (QLP) [1]. The replaced
method is named online Quantized RLP (QRLP). In both online QLP and online QRLP, Doubling Algorithm [6] is
employed for the graph compressing algorithm. For this evaluation, we applied both methods on eight real-world
datasets. The result is shown in Table 1. Note that the hyperparameters in both methods were already tuned
appropriately before handling the datasets. As we can see in this table, online QRLP outperforms online QLP in
all datasets. Since, except label prediction part, both online methods are the same, we can conclude RLP tend to
be more helpful in creating an online algorithm.
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(e.g., RV NIHEDT I/ BEFIDOWEFEER) LGN H 5. R TIE, AU AR (GP) & 2O FEHKEZ W, B
2, (2 10 & o THRE S MRS BN RIS W 2 SRR BEIE T 2 2 & T, ANB IR ML 2T v X LR RO
560D LSE 072 OREIFEE 2 IRET 5.

E

N
Xa

B f:D - R %, DcCR!TEZRESNZFM A NDFEW black-box B T5. KANx e DizxtL, B f(x) O
fHIE f(z) +e ELTBIIIND L T5. 720, ¢ BIEBDM N(0,0%) 120D, N7/ A XCThHd. ZOLE, D DOHK
WG Q LT, fIZxT 5 Level set estimation (LSE) 2% % %:

Definition 2.1. Fifiz h &35, Z0& &, fIIHT 2 LAEAS HBLUOTMHESL %
H={xecQ| fx)>h}, L={xecQ| f(x) <h} (2.1)
TEDD.

HIZ, AT, AJNITH L 32 MR L 2 RHEEESES RIE B XS, 32 o, 1, 0<c1 <cp < -+ <
BT T RaA e, i {l,.. .k} =kl ANz € QIINL, 2 E ANUAEBICEBIC AL S 051 s(x, ;) &
RSB S(@, ) B ODT Y X AERET S, 272U, s(z,¢;) € D 7D S(wm, c;) RIEHIDBEEBIE g(s|0%)) 2O v+
5, ZOBREDT, MAANETELRIFNILK U EMES HBLUO MRS L2AETHI L 2HELT 5.

3. LRty NEE

5, RHBE f ICHTBETY V2L LT, H9 AR (GP) 2\ 5. B f (83 5 Hii4161c GP, GP(0, k(s, s'))
ZRETSH. ZIT, k(s,8'): Dx D = RIZFEEEN =2 NVTHS. 7405, AJLBHOM {(s;(x),ci;), v =) B
ASNFLE, [ OWEAIEIC GP L7220, f(z) OFETH py(e), WEAM 02 (z) B & O ky(x, @) BTRTH
UFTHEAONS:

pe(x) = ky(x) T CTlyy, 02 (x) = ky(x, ), ke (2, ') = k(z, ') — ke(x) T C; kg ().

22T, ki(x) = (k(s1(x1,c1,), @), ... k(se(Te,¢1,),2) T, Cp = (K + 0%L,), ye = (Y1, -, ye) | BEC I & ¢ REAAT
HThs.

WIZ, FRle e QITHL, B tdITRICE TS f(x) ICHT2ERAKEZ Quz) = [li(x),w(x)] TEDS. 7L,
li(x) = () — B 200 (x), ue(x) = () + Y %04(x) THY, Y2 >0 THD. ZOLE JEENT A=K e >0 2V
T, HBLXOLZUTO H BEOL; ZHWTHET 5:

H={xecQ|l(x) >h—¢}, Li={x Q| w(xr) <h+e} (3.1)



4. ®RE*®

ANMAZ PG U7 T v X LMEE2RDEED LSE OO OREEIFEEZIRE T 5. ZD7OIT, RICHHIEi§ R E ALK
BL, TOANROBHNICEPLT A M EZRET DO DESHBE G A 5. R TIE, 2] EBFZXHZHRHAT 5. 2]
DHE ZTE, Fl e miniib o 7 & & DR E BAED P FIED D, JIFHERIZHR S K E <82 mZ RO & § % &\
SEZATTHSD. —7, KIFRDFEEIZ, AJID X MIKAE L = AMEFEM 2R D72, 16 OGSz BEEMA TS 4
W, FZ2C, MBS EBIMEDO AONGIZETAHMAHERZ A N TEI-2EDEEZ L. Thbb, BiAaA MDD, A
T ORHEEMEZER L 72, MIAHER 2 BNEZE X 5. HIZ, e-greedy DFZ FEMAZLELZ LT, 7LITVALN
e 1 CURS B Z L 2{RIETE S,

BFUOIZ, LA A S &7 DATIDAHEEN 2E 8 U I HIFHER 2 DB NE 2 EHT D, ms* 2HoBATmE L,
y* = f(s*) +eMEFoNe T 5. M (s*y*) BEMI N ED, HB XU L OMEESE Hi(s*,y*), Li(s*,y*) & &
L. ZDEE, ARz e QDBHENZ A ¢; 2RI ED, BALIA NHH D AT DARMEFEZZR L 72, FIRHAR 2
SHEEINE ar(x, ¢;) FEARTH RSN 5:

ar(z,c;) = c;! /Ey*UHt(S*,y*) U Li(s™,y") = [He U Lelg(s7105 ) )ds™. (4.1)

7E, A (4.1) FOMRHEMEITIE 2 R DoAY, Z I TIZAKT 5.
RIZ, e-greedy BB IZEED W7z, Ml (2, ¢;) ZHERANTESIFEICOWTHHATS. EAECE2C={(z,¢) |z €Q, i< [k}
EUTEL. MREB C, % C DILITMEZ IS BEBERZ L L U, ZOMRBBUILL T TEAONS LT 5:

pe, (x,¢;) =P(Cy = (x,¢;)). (4.2)
I E, QR MEZ MR ZFF O N OMRBEREE X 5:

Definition 4.1. % i € [k] 128U, k; 2 0 < k; < 1 WL, 2D Y5 [Qlk; = 1 27T LT3, ZOLE po, (=, ¢:)
ZUTTEDS:

pct (m, Ci) = Kj. (43)

BBIZ, N (4.1) & (4.3) ZHOEZRET LT ZLIZDOWTHRRS, ARTRET 27V TV AL, FilfTRcB»T,
WE1—p,0<p; <1T (41) ZRAKETEM (x,¢;) 2B, WK p, T (4.3) ITEDEM (,¢;) 2EZBLDTH S.
ARSI BT B, WL O DOHFHRER B X CBIHEEROERIC OV TIRYHBRET 5.

EER

AWFED i, BEERZEE (17H00758, 16H06538) , JST CREST (JPMJCR1302,JPMICR1502), AL 52 7 4 4
HEEM ALy 2 —, JST 1 /) R—=Y a YN TR - [HRESMYE - MRRERA =751 702521 C
fFbhr.
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Predictive properties of forecast combination,
ensemble methods, and Bayesian synthesis

Kosaku Takanashi* & Kenichiro McAlinn'

Forecast combination has recently received a surge in interest across multiple fields due to
an increase in usage of more complex models, added with the increasing availability of density
forecasts. In statistics, especially in the Bayesian literature, Bayesian model averaging (BMA) has
been a staple, with theoretical justification under certain conditions and recent developments to
topical problems in statistics. In machine learning, ensemble methods, including boosting, bagging,
and stacking, have been used extensively to mitigate overfitting, which machine learning algorithms
tend to do and benefit from in certain contexts. In econometrics, the field is stimulated by the
increased availability of formal forecasting models that yield full density forecasts and the need to
improve information flows to policy and decision makers.

We contribute to the growing literature of forecast combination, model averaging, and ensemble
learning by developing a novel strategy based on continuous time stochastic processes to evaluate
and assess the theoretical predictive properties of classes of combination strategies. Our develop-
ment is motivated by the recently introduced Bayesian predictive synthesis (BPS) (McAlinn and
West 2017; McAlinn et al. 2017), which is a general Bayesian framework for forecast combination
that encompasses other methods as special cases. The motivation is driven by the fact that a certain
class of BPS, proposed in the papers, substantially improve forecasts over standard and advanced
benchmarks in the literature. We show that this class of synthesis defines a broader class of what
we call non-linear synthesis. We further show that this class has properties that we identify as the
source of improved predictive performance; namely an extra term in the stochastic process that
acts as a shrinkage term on the error process. Finally, we prove that this class of BPS outperforms
any and all linear combination of forecasts, including popular methods such as Bayesian model
averaging, equal weight averaging, etc. We note that our development of using continuous time
stochastic processes to evaluate predictive performances opens up several avenues of research that
goes beyond the analysis conducted in this paper and has further potential to be applied to other
contexts.

*RIKEN AIP, Tokyo, Japan. Email: kosaku.takanashi@riken.jp
TBooth School of Business, University of Chicago, Chicago, IL 60637. Email: kenichiro.mcalinn@chicagobooth.edu



References

McAlinn, K., Aastveit, K. A., Nakajima, J., West, M., 2017. Multivariate bayesian predictive synthesis
in macroeconomic forecasting. arXiv preprint arXiv:1711.01667.

McAlinn, K., West, M., 2017. Dynamic bayesian predictive synthesis in time series forecasting.
Journal of Econometrics Forthcoming.



BERKEILNIL NERBICHSITE2HEOE—AVMILS
“EERRE

TEEX - @AEHETYN RS 5%

1 EC®IC
iid ji.d.

P,Q%EbI~)L NEMH EOMERNMEE T2, ZBAX, ..., X, """ P, Y,....Y, "X
Q 2D ME
RN Hy: P=Q vs. XiARE Hy : P # Q

EFZ D, 2—2 1) v REMTO MEAREIZT TITEE2 RIREFENFERSINTVEH, IR
IV NNl % & DHERAEBIIN T 2 ZARMEEFZ R D I LT, SR T — ZIIKT 5 AR M
EDFaMmESZ 5., MIRTT—RIINTE7 7a—FL LT, h—xWEEWS HERDB. 71—
FIVEER W ZEARRBE L UTC, Maximum Mean Discrepancy (MMD) (25D < ZAKME A
[ Iz& b FTITERmSNTNSA, 20O MMD &FHROEZFIZED, 2RDH—F )LD MMD
&k B T BEAMEEEZS.

2 BEREIRNILNEBTOE—XAY NOESR

MREH X ~P, Y ~QZIEEMAI—2NEIZE>T, TO kIZHIETBHEAER L IL~L b2
M H(k) B2, 20ENnk(,X), k(-,Y)ICE0EHETS. 20k &, Z0k(,X), k(-.Y) DV
HEDLOD2IRE—A YV b Ti(P), Sp(Q) &, ThEhe L)L~/ H(k)®? = H(k) @ H(k)
TOMFE Sk (P) = Exop[(k(, X) — p(P)®2), B1(Q) = Eygl(k(-Y) — n(Q))®?] 12 & -
TEDOSNTWVWS. 22T, u(P), wQ) X k(,X)D1LRE—AY b u(P) = Explk(-, X)],
w(Q) =Eyglk(-,Y)] THY, @ FT VY NHEXRLTE D, {LED fe Hk) 2L, o2 =
feof={ Yuupl TH.

3 MEMESTEDHER
2Ok X) Ek(LY)D fe Hk) ~OREDE—R Y b3

o | (fs 1(P) = (@) gy iy | = [1(P) = (@) g
H(k)y=1

2D, 20004 DENERS DA, Maximum Mean Discrepancy (MMD) &IEEN 5 H DT
»H5. FAEROZEZFZEY, (k(X)—pu(P)®? & (k(,Y) — (@)% D A€ H(k)®2 ~DH
DE—A Y P&

sup (A, Bk (P) = Zu(@) gz | = [[B6(P) = (@)l g py o2

HAHH(k)®2:1



2D 22000 HDEVEZHIS. Zhik, MMD O L3 4d3ONHOENER>TWS, Z0O
B |3 (P) = Zk(Q )HH(k)®2

2

~

T2 = |[Su(P) - ()

H(k)®2

Lo THEET HZ N TES. 772U,

1 & 1 &
Q) = 5 L) — Q)™ BQ) = 13 kY
Thb.

AFKFETIE, ZOREHIHE T? OWHEZEENIC OWTHE 2T 7. B, RIERH Hy: P=Q
DE LT, BV B EOMBIZRES TSI LT, T2 OWHEN A, MALAREEE L D 2 5
HDOEAMIEDEMBAOETHROND Z L (2] BH), TOEAZT —XIZEDWTHET 5/
BIZOWCHWE AT o7, £, WG Hy P £ Q Db & TD T2 OHRESHEY 0 D FH
DI TVWDB Z2IZDWTHRE 2T 7.
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Power Series Kernels {Z 3D <
J UINT A NY Y ZEEDDDEBGERE

MHAZR, BBAE!, SRR, 80 mEE S, SR

U BALAWISE R RRE G v & — 2 R LERT, P A ERE, P AR TR

1 BA

B DRk~ RETEIZ B WT, 2H0ERIE, FEULZET VORI 4 =< YV ADA L, HE
IR O ZER R R OB SR ITEER R A TH D [4]. MILETNVEEL /ST R
NV 7 EEOPRATIE, 2 < DEBERD 72O D HIEPREINT WS —HT, /23T A
NU w72 BIC B B EBORIGEDIZEIL, T OEEMICIER LU CTRENTH 5 (1, 3. K5
T, A—FRNVIKIZK D VXT AN Yy Z%E (=20 v VR, 71— 3 )VEE %
R EZREGL) ITB T2 EHGEREZRET 5. BRIZIL, power series kernel £S5 7 5 A
DA —)N%EHAWTET Y > 2 L, non-negative garrote BLDEHNIZ & > TEBCER %2175 .
AR, IRREIED 5 VRGO N TEBERDO — B2 O I A RIns. ZoWEIX,
VIFIVD (FIEE TIVIZKTT B) non-negative garrote DEHGEIRD —HMED, 71— IVikIZ
HOKHTEE HILET V) NOIGREMNE DT o b, b, st EEEROMERILY HHE
5.

2 [IREERTE

XZEARTY Y TNVER k- X x X - REA—FVERE T2, LITHIET 2HEZKE LR
VhEMEH EEE, TOLEONER (f,g), /VLZE|f| =V f) &EL (f,g €H).

L DFEFTNTY) ALTIE, X—7 v b & T 2B HE X ERbA & R ERE K R/NMERT
e L TENMETES .

min L(f) + AR(f) (1)

AR TIE, FCE& L LT2WIBR L(f) = L(f,Cf) — (4, f), 2REAMBE R(f) = L) f> 2%
Z5. J1—)V )y VEE 1 — RIVEEHEE, 1 — 3OVEEREE, density-ridge HEE R ED
JUNTAR) IRBEIDOI TAET S [ A—ANKIZKDZ =7y FEBOHE R
3 fIBEHEETOER x = (11, ..., 20) IHEIFTHDY, 2T TREDZ =7y BB 13s < d
ADEHDAMEFEL T VB EL, IS [F LK THIERARETHIL2HNE T3,

3 Adaptive scaling & power series kernel IC & 3 ZHUEIR
3.1 Kernel’%&IZ$&1F % Adaptive Scaling

ZRCER 2 FBS 5 72912, Breiman D non-negative garrote (NNG) (Z & % adaptive scaling
% RKHS ETWVIZH#MAT S 2. feH L, EeRUIHLUT, fe(x) = f(Eox) LEDD (o lFK
DHOE). fe DHEEER fé ZEHT 72007 Y T X L% Algorithm 11237,



Algorithm 1 Two-stage kernel-based estimator with NNG.
Input: Training samples, and regularization parameters, A and 7.

Step 1: Find the kernel-based estimator f by solving (1).
Step 2: Let us define fg(z) = f (€ o z). Find the optimal garrote parameter £ by solving

win L(fe) +nllglh, st €€ o.1)"

Output: The estimator fg(a:)

3.2 Power Series Kernel & DAZE M4

BEBIZBIAHAET VL, — MBI H = UgepaaMe, He = {felx) | f € H} 052 H
A—FINWVETINERDE. B U, EED EITHUT He PARZEM (He CH) ZFD% 0, H="H
DAL L, ZEI—XIVOFEZ[EET 5 Z LW TE 5. Power series kernel

wawaya
k’(il),y) = Z W, wa:l'?l"'l’gd, a!:OZ1!"'OZd!
aeNg '

WX EBRDAENZFFON—FNVD I FTATHY, ZIHAT— 2 VBN —2VIEZDI TR
WZEENDE. —HT, AR =2 NEIDI T AR EENT, ~fRITAEM 22 S 720,

4 ZEEERO—HHE
R—=7"y MEBEL fld s < dEDEBD AT T 2D T, i NNG N T A —RiF & =
(€5,€5) = (1,0) e R x Ri—s L FHIF B Z LTI EHT 5.

Theorem 1 ([5], Assumption 1~3, Theorem 1). W< DDRED F T, REEIC & 2 ER
XM TOMEERD.

1. E & ITHERIURT 5 .
2. YU TNHAZXNRFDRENE E £ =& DWEVIHELETHRD L.
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Principal component analysis (PCA) is a multivariate statistical technique in-
troduced by Karl Pearson [5]. Many fields, such as ecology, biology, economics,
psychology, and zoology, employ PCA.

Suppose we have a p x n data matrix X = [x1, ..., x,] where x; = [x;,...,x,;]",
j=1,...,n, are independent and identically distributed as a p-dimensional distri-
bution with mean zero and positive definite covariance matrix. The sample co-
variance matrix is S = n~'XX”. The eigenvalues of sample covariance matrix are
M>X>--->A4,>0.

PCA finds new components to illustrate a great part of the variance in the data
by using the sample covariance matrix S of that data. The new components are
called principal components (PC). A principal component is a linear combination
of the original variables. It corresponds to an eigenvector u of S. Then the variance
of the PC is the eigenvalue A corresponding to u. The greater A is, the more
“significant” the PC is. When reducing the dimension of data from p to g, we
can choose g principal components corresponding to the g largest eigenvalues of S.
PCA has been useful to various data with p < n.

Recently PCA is employed to the analysis of microarray datasets [1]. The
microarray dataset contains the relative activity of thousand of genes from a single
sample. Size n of observations in microarray datasets is less than the number p
of variables. The microarray datasets have large number of variable because the
single gene has many components to measure.

We consider the 7 x n dual sample covariance matrix Sp = n~' XX with u; >
U > --- > U, > 0 being the eigenvalues. Note

n— {,ui (1 -gigmin('p,n)) 0
0 (min(p,n) <i<p).

The representation of large dimension p of microarray datasets is difficult, so
we reduce the dimension p with PCA to g by taking g principal components.

The stopping rules are methods to determine the number ¢ of important prin-
cipal components. We concern two types of stopping rules, the first based on em-
pirical results and the second based on statistical distributions. Guttman-Kaiser



criterion [7] and Jolliffe’s rules [4] are the first types, while a broken stick model
[1, 2] of the second type.

The question of stopping rules is to balance the accuracy (or fit) of the model
with ease of analysis and the potential loss of information. In this paper, we apply
the three methods to 16 publicly available microarray datasets [6] and summarize
the results. Then, we have

(Guttman-Kaiser) > (Broken stick model) > (Jolliffe’s rule). (2)

Our results contrast with result for p < n datasets. For simulated datasets with
p < n, Jackson [3] gave

(Guttman-Kaiser) > (Broken stick model), 3)

while Cangelosi and Goriely [1] did

(Broken stick model) < another Jolliffe’s rule min {i

0.7 &
Ai>—) Aip.
> p; }

In view of the inequality (2) and the inequality (3), broken stick model may deserve
further study for general setting.
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Similarity Measures and Statistical Models in
Recommendation Problems

Kotaro Sudo (NS Solutions Co.), Naoya Osugi (Recruit Technologies Co.,Ltd.),
and Takafumi Kanamori (Tokyo Institute of Technology)

In this paper, we study recommendation problems, in particular, the reciprocal recommen-
dation. The reciprocal recommendation is regraded as a kind of edge prediction problem of
random graphs. For example, the job recruiting service provides preferable matches between
companies and job seekers. The corresponding graph is a bipartite graph, and nodes are cat-
egorized into two groups; one is job seekers and the other is companies. Directed edges from
one group to the other one mean the expression of user’s interests. The job recruiting service
recommends unobserved potential matches between users and companies. Another common
example is online dating services. Again, the corresponding graph is expressed as a bipar-
tite graph with two groups, i.e., males and females. The directed edges mean the preference
expressions among users. Then, the recommendation system provides potentially preferable
partners to each user. The quality of such services totally depends on the prediction accuracy
of unobserved or newly added edges. The edge prediction has been widely studied as a class
of important problems in social networks [15, 10, 8, 11, 1].

In recommendation problems, it is often assumed that the similar people like or dislike
similar items, people, etc. Based on this assumption, researchers have proposed many
similarity measures. The similarity is basically defined through the topological structure of the
graph that represents the relationship among users or items. Neighbor-based metrics, path-
based metrics, and random walk based metrics are commonly used. Then, a similarity matrix
defined from the similarity measure is used for the recommendation. As the other approach,
statistical models such as stochastic block models [13] are used in order to estimate network
structures such as clusters or edge distributions. The learning methods using statistical models
often achieve high prediction accuracy in comparison to similarity-based methods. Details are
reported in [12] and references therein.

The main purpose of this paper is to investigate the relationship between similarity-based
methods and statistical models. We show that a class of widely applied similarity-based meth-
ods can be derived from the Bernoulli mizture models or from the stochastic block models in
general. More precisely, the Bernoulli mixture model with the Expectation-Maximization
(EM) algorithm [5] naturally derives a completely positive matrix [2] as the similarity ma-
trix. The class of completely positive matrices is a subset of doubly nonnegative matrices,
i.e., positive semidefinite and element-wise nonnegative matrices [3]. Also, we provide an
interpretation of completely positive matrices as a statistical model satisfying exchangiabil-
ity [6, 16, 7, 4]. Based on the above argument, we connect the similarity measures using
completely positive matrices to statistical models. First, we prove that most of commonly



used similarity measures yield completely positive matrices as the similarity matrix. Then, we
propose an algorithm that transforms the similarity matrix to the Bernoulli mixture model. As
a result, we obtain a statistical interpretation of similarity-based methods through Bernoulli
mixture models. We conduct numerical experiments using synthetic data and real-world data
provided from an online dating site, and report the efficiency of the recommendation method
based on Bernoulli mixture models.

This work is based on [9, 14].
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1 Introduction

Suppose we have independent and d-variate two populations, IT;, ¢ = 1, 2, having an unknown mean
vector p; and unknown covariance matrix 3; (> O). We assume that limsup,_, . [|g;]|? /d < oo
and tr(3;)/d € (0,00) as d — oo for i = 1,2, where || - || denotes the Euclidean norm. Here, for a
function, f(-), “f(d) € (0,00) as d — o0” implies liminf; ,o f(d) > 0 and limsup,_,, f(d) < 0.
Suppose we have a d x n data matrix X = (1, ..., ), where x;s are independently taken from Iy
or IIy. Let

n; = #{jle; € II; for j =1,...,n},

where #A denotes the number of elements in a set A. Note that n = ny + no. We assume that n
and n;s are independent of d, and n; > 1 for ¢ = 1,2. For the sake of simplicity, we assume that
tr(El) S tr(Eg) and

x;cll; forj=1,...,n and z; €lly for j=ni+1,...,n. (1)

In this talk, we studied asymptotic properties of the kernel PCA in the HDLSS context that
d — oo while n is fixed. Yata and Aoshima (2015) showed that the linear PCA enjoys geometric
consistency properties for the PC scores in high-dimensional mixture models. Let K be an n x n
gram matrix with the (j,j') element k(z;, z;/) = ¢(z;)T ¢(x;), where ¢(-) is a feature map. Let
P,=1,— n_llnlg, where I,, denotes the n-square identity matrix and 1,, = (1, ..., l)T. We define
the (centroid) gram matrix by
Kyg=P,KP,.
Note that rank(K(y) < n — 1. Let 5\1 >0 > 5\n_1 be the eigenvalues of Kg. Then, we define the
eigen-decomposition of K by
n—1
Ko=) M), where @; = (i1, .., @iin) 7, [|@;]| = 1 and @ @y = 0 for all i # 4.
i=1

The ith (normalized) PC score of x; is given by

Vni; (hereafter called s ).

We note that > 7_, s7;/n = 1 for all i. Also, note that Y7, sij = 0 when Ai > 0 from the facts that

104, = 3" | s;5/v/n and 1T K1, = 0. Since the sign of an eigenvector is arbitrary, we assume

j=1
that (17, —1% )&, > 0 without loss of generality.



In this talk, we considered the following two typical kernels:

(I) The linear kernel:  k(x;, x;) = :B]Ta:j/; and

(IT) The Gaussian (radial basis function) kernel:  k(x;, x;/) = exp(—||z; — z;/||>/7),
where v > 0.

2 Kernel PCA with the linear kernel (I)

In this section, we consider the KPCA with (I). We assume the following condition:
(A-i) Var(||z — p;||*|z € II;) = O{tr(X?)} as d — oo for i = 1,2.

If II;s are Gaussian, it holds that Var(||xz — p;||?|z € II;) = 2tr(X?) for i = 1,2, so that (A-i)
naturally holds. Let K and s;;;) denote K¢ and s;; given by using the kernel functions (),
respectively. Let A, = || — po* and Ay = [tr(21) — tr(Z2)|. We assume

(A-ii) tr(X7)/A% = o(1) as d — oo for i = 1,2.
Then, we have the following result.
Theorem 1. Assume (A-i) and (A-ii). Assume also

Ay

(A-iii) limsup <1 when ny > 2.
d—oo N18ay

Then, it holds that as d — oo

Vna/ni+op(l)  when j=1,..,n, @)
S14 =
(D —v/ni/n2+op(l) when j=n1+1,...,n.
Remark 1. Yata and Aoshima (2015) gave the results similar to Theorem 1 under Ayx/A, = o(1)
as d — oo. Note that (A-iii) is milder than Ay;/A, = o(1). When ny = 1, (2) holds under (A-i)
and (A-ii).

Remark 2. If tr(3;) > tr(32), (2) holds as d — oo under (A-i), (A-ii) and the following condition:

limsup Ay /(n2A,) <1 when ng > 2.
d—o0
From Theorem 1, under (A-iii), one can classify x;s into two groups, effectively, by the first PC
scores. If A, /Ay, is small, we do not recommend to use the linear PCA.
In this talk, we investigated asymptotic properties of KPCA with kernel function (II). We showed
that the Gaussian kernel gives better performances than the linear kernel in HDLSS settings. Finally,
we checked performances of KPCA by numerical simulations and actual data analysis.
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iR LERY M R

1 ([EL®IC

BT — 2% (yi,x;) ERxRY (i=1,...,n) T 2IMERIFETIVEEZZS. HBIZH D EOD[HFE
WEEIER PO AN—-ATHB LT 5: 20, f*(z)=E[y| =] = Z?Zl fay) D S* = {j| ff Z#0} I
HUTs=|S*|<dTHb. Fan et al. (2011) 1& B-A T 71 VK %2 I\ TR AR 28T 2 12 i
U, HEE U 72 BIB 5 12 LTSNS = (G| 15112 > A} 1D & o TEBURINT 5 2 & 22K L7 (NIS). Z
T, || - |ln 1 EHEER o OV L) N IFBE YR EETH 5. NIS I3 sure screening property, 2 X 0, #4725
Db &, LIZPURT2HET S C SNS 2iEdT5Z Ao NTWS.

AR TIE, SIBERE TIVITN T 5 BHCERINIEHE » U THRE X 117z sure independence screening (SIS:
Fan and Lv, 2008) & HARIZHEMEEIFE TN LIRS 2 Z & T, BAEKE V)L M ERIZB T 5 HEE
TINZEED K Hi7- B BOENFHEZ G T 5. F72, Z OABOERIRELHUED sure screening property % jii 72 9
&R,

2 KRIS: Kernel Regression based Independence Screening

DHLEBATIIDFINRY bV z1,...,2g eR" & L7z 2 &, SIS |2 y|/n 2 AT ) == T DRDDA
27 L UTRIAIL, 8515 = {j | [2]yl/n > A} B B8E BT 5. 22T, y FEKEL, \, 3%
TA=RTHS. SISOATT % “FHALH & HNZBOMHBE", » 2\ % “aRjmoHER” & U THIR
52 LT, SIS IR T E S (B AIX, Fan et al., 2011; Li et al., 2012; Balasubramanian et al.,
2013; Zambom et al., 2018) 3, T Z Tl&, RO & S ICIEAMbHEER L U THIRT 5.

R 1. SISICE o TEIRINDLHE S5 = {j | |z]y/n| >N} £ T5. ZDLE,

A 1
ML . 2 .

B = ar mln—g i — i B:)° + AnlBil, =1,...,d 1
J Z%eJR om i:l(y iBj) 1551 J (1)

L3 huig, SMU = {j | MU £ 0} = SIS Y0 3L,
iR 11X, (1) O HMESBE AL T 5 Z 2T, MOBEAEEZEZEZ D LB TES.
. 1 <&
fi =arg min — > "(y; — fi(2:;))” + Ml fillae,,  G=1,....d. (2)

fieM; N

72U, Hj 3 —3)V k; 28> RKHS TH 5. REEH (Kimeldorf and Wahba, 1971) & b, (2) O fxi#E
ﬁ@ci fj = Z?:l aijkj(’ymij) <‘.’. 75‘“'%)75) 6, (2) ﬂi‘(ﬁ@%ﬁﬂfﬂ%%% < Z (‘.’_ k%ﬁﬁf%é

1
G = arg min §||y*Kjaj||fL+)\m/a;rKjaj, j=1,...,d. (3)

aj=(a1j,...,0n;) T ER?



172U, K = (ki (@pgs i) )pget.om &, ki ICHETL 25 BF5ITH S, KKT RMFE D &, £0 (LA
T, fi20)THBHI LY, |lyllk, /n > A WEMTHS. M EXD, B — VAR IS < Z5RULHEY LT

S = {5 1yl /n = A} (4)

FA, TNz KRIS EIPRZ 22T 5.
HURGEMEDE &, ROEHERT I ENTES.

EHE 1. )\, = 2n—0)/0UF68) Z D2 & LRED ¢ € (0,1) T LT, 4 fbod &,

1<j<d

P ( max | f5 = f}lln, 2 An) S dlexp(—nc) + exp {—Cn(3+2”)/(2+3”)}

2/ (2430 oy {_130n2/(z+3n)} +exp {_2n(3+25)/(2+3n)}‘|

MDD, 72720,k & EEENTN, h—2VEBOEEHES L, /1 XIZEET @8 TH D, C 1
universal constant TH 5. X 51T, minjecg- ||f]MHH] > 2\, 5 IE,

P(S* c SKRIS) > 1 5 lexp(ng) + exp {—Cn(?’”")/@*?’”)}

2/(2+43k) 2
+n exp { 10

3 n2/(2+3n)} +exp {271(3*2”)/(2*3”)}]
LN ARVASH
SEEE 1D, n OB O KNERIZETE T hIE, KRIS 12 & 5 28GRI,
log d = O(?’LC + n(3+2"‘€)/(2+3"€))

725 EIRITTH R RN EBOERIRZT A5 Z LIRS, £/, s OWREEZX S LT, A—3 )
k; DEAEPE DT 2IEE, KONIBRI T FV2METESZ L 005.
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Ho< - BAN=I 2 As/MBEIZE DS BN A M D R
I\ — A 75 8]

HHIEXRTY IS 7
MRt BCERITIERT R TR

1 FELC®»HIC
KL ZAN=Y v ZZEDL[EIRE, IRDXDIZEETE 5,
Dk r(g(ylz), f(ylz;0); 9 /DKL (y|z), f(ylz; 0))g(x)dx,

=720, glyle) B& G g() 1%, T—REEBTDHMT, fyla;0) ST A NI Y IZETILTH
5. g y\x ) B LV g(x) &2, TNFTNREREEEK G(y|z) & g(z) TEEHZA DL, EFOKL XA
IN=P ¥ 2D Al O REERHEE (X A E T E D K ERIZ B 5. X7, @Yl T X
MY IZETNEBERTEILET, i, VAT 4y I7BLTRT Y VElkE W 72 FE 2 A
ETND%L & — ALK RO RAATHRZ 5 Z 22 TE S (Nelder and Wedderburn, 1972).
LA L, KLEAN=Y VAL, ANEIZFEHN. 22T, FLE, ONZRMREANN=TV VA
LLUTHIONT WS, Vv - XA N—Y = A (Fujisawa and Eguchi, 2008) (25D < [0])f %%
Ab. Elz, THIZAN—ZEAMLEMAGDESD I LT, BN MDD A= X730 & E K
ERAR

2 AU - HFAN=—UxzVRICEDLLONR MDD R/NN—2 (O
¥, Hov - XAN—V VA% ARMEOHREIZISI T L7012, LMEMNEHEGELS R
ZERHDH V< - RAN—V Vv ANLHEEFFS. BRAOH V< - X4 N—Y v 23D
ToXTRINS.

D, (g(ylx), f(ylz); g(x))

zibg/</ﬁ@WV”@>dqﬂ@M7

—110 // Syl g(x,y)dydz.
" (J f(yla)+rdy) T

INORBHEERFZZ, AN—AFEAMLZNMAZED2E/MET B2 T, MFORXTEHINS
TN N D AN— 22 [AF D P A ER S 5.

argmlnD((y!@ fyla;0); g(x)) + AP(0)

: 1 ¢ f(yilzi; 6)7
= arg min — log { —— } + AP(0). (1)
¢ 71;5; (J f(ylwi; 0)'F7dy) ™

3 HE7ZILIYXLA

FREROREAE, EEOFIETIE, #ETVITY XLOEHAKRIPKREEL 5. 2T, MBI
HEDO—D2THD, MM 7L TV XL (Hunter and Lange, 2004) D& 2 fiz w5 Z & T, HNEA



BOMIZBE U CHEGANEE B OHEET NV TV XLOERIZEII L. HIUBEEK (1) 2xhnd 3 MM
TNTY XLDFEZAZHD BB TOoRNTERINS.

argemin hasv (G\G(m)>

oLy f (il 0)"
—argmin—— Y ; (6 )log Y ap),
e (e
=72,
¥ (0(m)) = S (ke 0 / En: AR
<ff(?J’Hci;e(m‘))lﬂdy>m =1 (ff(ym7 )1+7d )7

HRf & LT, $PEIGE+LL ER{E (Tibshirani ,1996) 2R & UZEHBEDO MM 7V 3 ) X LD
FEZICEOLHET VT ALFTORTRINS.

m —2l'p)? L
log o2 +VZ 2t BZQ ) +)\Z|Bj"
i=1 j=1

arg min
%ﬁﬂ20+)

JERERE FIRICHE D, KD BARNRE NI A - ROHEHFARU N TREINSD.

m+1) Za(m . xiTﬁ(m)).

) ) 02(m) n
m+ ) = Z a; — 7" ]):U,-j, 77 A / Z agm)w?j .
i=1

P = (L) Y= 7 =T AP

27U, Sa,\) = sign(a)(la] = Ay, 7t = Y wifhe FEMHIE, R E DA LHEIRL
TeH BRAN=Y 2V ADOUNZ ME - BEFEBROMERIZOVWTEREZITS.
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