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Equality tests of high-dimensional covariance matrices
based on spiked eigenstructures

Aki Ishii !, Kazuyoshi Yata?, and Makoto Aoshime?
1Department of Information Sciences, Tokyo University of Science, Chiba, Japan
2|nstitute of Mathematics, University of Tsukuba, Ibaraki, Japan

1 Introduction

One of the features of modern data is that the data dimedsshigh and the sample sizeis relatively low.
We call such data HDLSS data. In HDLSS situations sucti/as— oo, new theories and methodologies
are required to develop for statistical inferences. Suppose we have two ctasses: 1,2, and define
independent x n; data matricesX; = [x;1, ..., Tin,], @ = 1,2, form;, i = 1,2, wherex;;, j = 1,...,n;,
are independent and identically distributed (i.i.d.) ag&@mensional distribution with a mean vecto
and covariance matri¥; (> O). The eigen-decomposition &; is given byX; = HZ-AZ-HiT, where
A; = diag(/\l(i), '-'7/\d(i)) having /\1(2) > e 2> )‘d(z)(z 0) andH; = [h'l(i)7 7hd(z)] is an orthogonal
matrix of the corresponding eigenvectors. We considered the following test problem:

Hyp:X1=%7 vs. H;:X; 7& 3. (11)

Aoshima and Yata [1] gave a test procedure based on the quantit}ft3,). They also discussed sample

size determination so as to have prespecified size and power simultaneously. Li and Chen [6] considered the
problem by using the quantity of{tf>; — X5)2}. The above literatures discussed asymptotic properties of

the test procedures whein— oo andn; — oo under the following eigenvalue condition:

A2
1(’; — 0 asd — oo fori=1,2. (1.2)
tr(X5)

Aoshima and Yata [2] called (1.2) the “non-strongly spiked eigenvalue (NSSE) model”. On the other hand,
Ishii et al. (2016) investigated asymptotic properties of the first principal component and considered the test
problem (1.1) wher — oo while n;s are fixed under the following eigenvalue condition:

(Ad) Y, N2/ N sy = ol1) asd — oo for i = 1,2,
The model (A-i) is generalized by
(Aii)  Timinf {A%m /tr(zf)} >0 fori=1or2.

Aoshima and Yata (2018) called (A-ii) the “strongly spiked eigenvalue (SSE) model” and showed that high-
dimensional data often have the SSE model. Ishii (2017a, b) considered two-sample tests under (A-i) when
d — oo while n;s are fixed. The SSE model is very difficult to handle because of the influence of strongly
spiked noise. Aoshima and Yata (2018) created a data-transformation technique for two-sample tests which
transforms the SSE model to the NSSE model.



2 A new test procedure for the SSE model

We focused on the SSE model and gave new test procedures for (1.1). First, we considered modifying the
test statistic given by Li and Chen [6] under (A-i). Li and Chen [6] proposed a test statistic as follows:

Tnl,nz = An1 + Anz —2tr (Slnl S2n2) ) (2.1)
whereS;,, is the sample covariance matrix havibgS;,,) = 3; and
1 - T 2
Ap, :m(m —) Z(wz]xlk) T (= 1 . Z cczja:,ka:”cczl
ik kA
1
T il = D — 2)(m, %ﬂ, T

Letm = min(d, n1,n2). We estimated,, ;s by using thenoise reduction (NR) methodologiven by Yata
and Aoshima [7]. Letil(i) be the NR estimator far= 1, 2. We proposed the following new test statistic:

~ ~ -1
~ 1 )‘? 1 /\% 2
Tnl,nz = 5 < TL(1) + 771(2) Tnl,ng + 1.

Then, we gave the following result.

Theorem 2.1. Under (A-i), Hp in (1.1) and some regularity conditions, it holds thatras— oo

Ty ne = X%-
Here, x? denotes a random variable distributed as fredistribution with1 degree of freedom.

We discussed the asymptotic poweﬂmm. In addition, we considered extending eigenstructures from
the model (A-i) to (A-ii) and gave a new test procedure. We find the difference of covariance matrices by
dividing the high-dimensional eigenstructure into the first eigenspace and the others. We also discussed
asymptotic properties of the new test procedure. we studied the performance of our test procedures in
numerical simulations. Finally, we gave actual data analyses using a microarray data set.
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The Dantzig selector for Cox’s proportional hazards model

REARDE PEILEE—
FLRE FH R

[EE S N2 B [0, 1] O FT, t~ Ni(t), i = 1,2,...,n, FFERIY Y > 7 URWVEHEGERRE L L, Th

TNDEE D,
Ni(t, Z;) = Yi(t) Mo(t) exp(Z] Bo)

ThHZOo6N%, Cox WHINY—RETNEEZEZ L. 72720, Yi(t) 1F at risk @FE, \o(t) ERRDR—ZF 1
YNF— R, Z; = (21,722, Z0)T ZE RS pRGE RN S MV, By € RP FRHIDRTA—RET D,
To:={j: B} #0}, Tp OEEOMERE S LBELLE, p=p, >n, S < nBIEHRT - AN—ABBED T
T By BLY, BER—A T 1 ¥ — FEK

/ No(t), te[0,1]

DHEFEE 2 AFEH T3k o 72 Bk T 7z Cox DR T I

=3 / {218 —1og(S} (8,u))}AN;(w),
=i

THEZO6N5. [,(8) D gradient % U,(B), Hessian % —J,(8) £ § 5. bbb,

(1)
Ua(8) Z /( o >) Ni(w)

) @) (1
n) =t =1 [ [g( (5, )—(%) (8,) | N

L5 2L, ST Bu) = 3 Yi(w) exp(ZT8) ZEF, N(u) = 3° Ni(u), &L#. X502,

i=1 =1

1
sup  sup 757(10(6775) sg)(ﬂat)H —P Oa 1:071723
BeERPn te[0,7] || T

o

B4 RAEBIE s\ (8, 1), RPAEBIEL s (B, 1), pn % pr ATHMEBIEL s (B,1) DIFFEEIREL, pr X pa
155 I,(5) 2D &> I E#HT 5.

i 5512) g)
L(B) == /0 S(o)(ﬁ,u)—<s(o)> (B,u) | s (8, u)Ao(u)du.

DL EQUEMIZ EEDNT, By OHEER B, #IRTEHET 5.

Bn = argérel}sn ||ﬁ”17 Bn = {B € RP~ . ||Un(5)Hoo < ’Yn}-



7272U, vy \& tuning parameter TH 5. ZOHEERIL, WY R IEHZEMA T T, —BMEE2FHEZT e PREIND
(Fujimori and Nishiyama, 2017). & &2, A#HTIRIXD & 512 Ty OHeER T, 2 EA L.

T = {5 : 1B > m}-
S B n ITEFELRVERTH S & &, IRDFEIKT 3, OEBCRIROFERO —~BUENRE N5,
Theorem 1. #4742 EHZMAD T T, WALT 5.
E&Hﬂzﬁﬁﬂ
Tn 2V Z 2L, By OHLEEMHEEREZRD &> THKT 5 Z e TE 5.
Theorem 2. RO AFADME LT, #ER 5 25E#T 5.
Un(B7,) =0, Bz =0. (1)

ZRELU, RZMVoeRP, BAET C {1,2,...,p} &L, vr &A% T ICHIRL THRE NS |T|XT
sub-vector ¥ LT\, MM ERRETT, A2 3kziliz-d.

V(B = Bor) g,y = N(O,Z7Y).
272U, TIE4750 1, (Bo) DFT L F1% Ty THIR U THK S 1172 sub-matriz TH 5.

517, B ZFIVTIRD & S ICBRA— AT 1 Y AF— RED Breslow BOHEREEHT 5.

. t dN (s
Mﬂ&/‘ ()m , telo.1].
> Yi(s)exp(Bn " Zi(s))
IO E, A) IZROFERTHNE FHREERTH LI LWREING.
Theorem 3. #2472 EHI&MFTT, f( — Boro )17, —pyy &5 KTRER DHERIEIEZ ¢ € [0,1] T2l

TN TH 5.

R o (1)
VR(®) - Ao(t)} + Vi [ (3%, Bor) " S5 Bomy )5} | 17,
0 n
X 517, BEOMRERITIHENIZ, 2EEBAIRTE X 515 Gaussian martingale & FBRDZAEIZHED .

t
/Aoi(s)ds,
o 5(9(Bory, 5)
f:f:“b; S(O)(BOT(W )_ Sn (ﬂOTn? )7 8(1)(ﬁ0T07 ) - SnTO(BOT(]a ) ELtTns.

B, A#HIZ 7L 7Y ¥ b Fujimori (2017) ICHS< D TH 5.
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2 BN NEBICEITBERS S

EILAOL 2B OB % BUD ER AR X DERI D L 1E, ERD he HIZHULT, HIZ
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ERHFEE VW, X ORED ERDMHEZ N(m,X) &R, 22T, HSH)IFH PS5 H~DEILR
Vhvaly MEFIROERTSH 5.

3 MREMETEDEE

A(P, N(mqg, %)) = ?1612 Ex~p [f(X)] = Eyn(mo,s0) [F(Y)]]| (1)

Ko THloNd Z A1k VSN TWS., 22T, FIdH LOFEBEBBO 7 5 ATH 5.
characteristic kernel k D FARL LIV ~V M2ER H (k) 120 U, Bi(k) = {f € HE) | [|fll gy < 1}
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BF =2 X1, X, K P RHNT, A% =[|u(P) — u(N (mo, So)ll3 ) &

< 1 & -
A2 = || LS ke v )
= Hk)
ZEoTHEEEINS., 22T,
1 n
m=— Xiv
nz:l
i:ln(xfmmzlfyxfm>(xfm)
n i n 4 i )y I H i

TH5. 512, p(Nm, X)) » (m,S) KB L THEBETHL L E, A2 A2O—BfER A5
TN RITEoTHISNT WS,

AFETIEH, TOBREHKITE A2 OWHERBIZOWTHEETo 2. KT, WEES H
P = N(mg,So) @b & T, B{L VKA ROMRICIWESE2 22T A2 OWHESAH, I
VARHEE LD 2 AHOEADESEEMOKCHSND Z L (3] ), 72, Ml
Hy : P # N(mo, %) Db & TD A2 OWLESAH, FEH 0 DERAHEICR->TWS Z L, B
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Support recovery of adaptive generalized lasso under

high-dimensionality
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High Dimensional Limit Theorems on the Stiefel Manifold

Yasuko Chikuse

Professor Emeritus, Kagawa University

1 Introduction

The Stiefel manifold is the space whose points are k-frames in the m-dimensional real space, and is represented by
the matrix space of m x k matrices X such that X’X = I. The case k = 1 and the case k = m are respectively the
unit hypersphere and the orthogonal group. On the manifold, some fundamental distributions, matrix Langevin
and matrix Bingham distributions, are introduced and utilized for the statistical inferences. See Chikuse (2003)
and those references cited in the book.

However, the density functions of these distributions on the manifold are expressed in terms of the hyperge-
ometric functions with matrix arguments. This fact makes the analyses on the manifold difficult, and we must
rely on the asymptotic solutions for the analyses, e.g., for large sample size, for high concentrations and for high
dimension.

This paper deals with the high dimensional limit behaviors of the statistics on the manifold. Stam (1982)
considered the limit behaviors of some statistics for the uniform distribution only on the hypersphere (k = 1).
This paper extends his results to some of the non-uniform distributions, 4 kinds of distributions constructed
from the matrix Langevin and matrix Bingham distributions, on the general Stiefel manifold. We derive the
high dimensional limit normality of the suitably normalized sample mean matrix (First Theorem) and the high
dimensional limit orthogonality (Second Theorem) of the iid samples, for these 4 kinds of distributions.
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Fig. 1: A map of contour integral-based eigensolvers.
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R 7 D Wasserstein 3ol F I HENT 2 O 0 72 BUGHH A

HE M NE R
BREHARY:  SeEBE T

WHE=a2—F )3y NOEERITCIX, =a—Fbxy NORMEZERERE AL,
FEOMEIZE > T=a—I 02y b 2T 5, Za—F) %y PONT A —XIIMEH 5
BRoTWTHAUE/REZRTILDRH D, BEEPH L W, WEHEICEHTSIE T, =a—
INNaxy FOEHEUTOUEZFARDLDIZAMNTH S, AiEHTIE, Gaussian denoising
autoencoder (DAE) LIFIENDEE =2 —J )2y bO—FD, T—XHHEDLTY +H
E— 2l o3 AMICHET 254 THL I L2l U7z, AFRORMEENIX, —MROME
D& D DAE ®, Blid 0 FHIZEISEE =2 —J )V %y b2EEELE U TEiRT 5
ZeThB,

1 Denoising Autoencoder

Denoising Autoencoder (DAE) [Vincent et al., 2008] & i, Fl#7T —XicbI &
MErzmz, ME2zRhETsL51=a—Ivxy b2ITAIA - vya—X—
DOHifETH 5, DAE OFHMEIL EE,,|g(x +¢€) — x|* # BB L T 2 R bfTE
(ZHME) cElichd, ZREEAHVCIOESHELZML &, 8 gi(x) =
T~ ey Jam EVi(E)T(T — €)de DFSND, ERMBEDHEITIE, Stein OIHERZ
WTE BT gf(x) = x + tViog[r x 1] (x) Lffify{bTE 5 [Sonoda and Murata, 2016,
DAE OFEFH S IZTHOHE L EMTH S Z L ITIERT 5 L, DAE #iE54& g/ (x) &
F Y (posterior mean) Ejz | 2] THDHZ &6, EEFNFEIZEI - THEPrO OGNS,

2 BWEICHEIT—I2TDEL

— R DL G g, : R™ — R™ & T — X5 g BNEZONTZGEIL, T— Xz ~7mg %
EIHE>TERLTRONDG T —R 2/ = gi(x) D T—X0Mi% mp L EH L, HEREK
DA & EHH T 5 2 & T, mp OWFFRRIEANTER R Oym(x) = — V- [ () v ()]
RS Z ey n B, iz, XTIV o BRT UV VBV, R™ -5 ROAFRE L

*RMFE S VAR Y Y A TREUEEHET — 2 OMER & ik, KO, BESEAOIGH]

 sho.sonoda@aoni.waseda. jp



THAHN 5 & E, Wasserstein (7 D FAMK 25 [Villani, 2009, Ex.15.10] 12 & b,
VV 2 & 556 HRERE, @Y B F 12 & % Wasserstein A B mp (XIS4T &4
%, sHife R R A B 2 v, IZEEICRTE S 5 )%, Wasserstein &)t % BT 1
ZRT v OVPLEE F ISR ISR L R WO T, SRR BREE RS BEICE BRI %
KT 5 Z eI B,

FRiZ EHMEE DAE 56, WEOHHEERZ MLVIFA 37 Viegny(x) THZ 6N
5, IhEHEBHERCRAT S L, F—XAHEOEMEINZ S GRER Oim—o(x) =
—Amo(x) 12785 2D 0h 5, 612, HEFEAIX Shannon-Boltzmann T2 bbb —
% PLBIE L 3 5 Wasserstein Afidifi L = grad H[m] TH B &h 5, ERHEE DAE 1E
Iy b= T K DITT — X [ & ik T%%&f?f%% EDH B,

— [\ O IERHES DAE %2 EREH At [ZHIX T, B5N72T — XM U THTERMES
DAE ##M35Z&T, LEDHEDAE glil :=glo-..og! BEoN 5, iz, EIC
BWTHEIZT Y bOE—4HRIZKES, 25 L THESNDE WH(R™) Lo#Efix, =
0¥ — AR O Fr ARE Ll (BEHRELL, Euler SBfl) TH 5, X 512, At — 0 O MERR/MbGiPR
TlE, #@iRMERED DAE g, e on b, MR E EHME S DAE X, EEORLt >0
IZBWTT Y ba YA e b,

3 —BOFEE=-_1—ZILRy NOEEENTICEITT

—RDOEE =2 —F )2y MW T AN OREZ NS 5,

£, Tsallis T b Y= H[r] = — [, TETE qg (2353 2 AR
ZALE N (backward porous medium equation) 0ymy = —Anf THBD, TD& %,
MeE Al g- Eﬁﬁj\fﬁkﬁé EMFRINDD, FEHIZIEE > TR,

I, BEIA D FETIE, &7 Xz 27 NVBRNEINTWS, BEHXizEy, AU S
Nwﬁi@ﬁuﬁo%,£&57&wﬁi®ﬁ@%§#é:aﬁ%%éM6o:@iitm
EBGNTZ R R DILE ST FER Oppy = Ay + R(py) & U TCEIRTE 5,

%7z, ResNet ® Highway Network IZR 6B AFy Fax 2> 3 i, ConvNet &3
ULSEL T 270D a— AT 4 VAL LUTRAIRTH D, AF¥y FaAXT Y a vidiik
BfemickUzEA  +f(x) THSH 5, ConvNet (25 W THEGEMHVEMTE S Z
LaRRLTWD,
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Locally Robust Methods and Near-Parametric Asymptotics*

WREER (BARRZE R B & B LA i T R R )

XIS, BEHEIZBII2RAANA MERIZOWTHMRT S, X1,..., X, ~iia f 2L, dE&E
B f OfEEMEE T2, t c RUIZDOWT f(t) DR T EZ 2l s, BlfeE, 27
AV, Tx—T Ly hRED I VATA N v T Ta—FIF, ZOMEAD—EDREGEZI TS,
ZOMENDNRTARN)y 77 7a—FiE, WbhWpdTSI77 - 4 v TEREINS. TbL, pikic/
TA—ROcOCRP THEINDMEYRNTA M) v ZETI g(t,0) 2L, 0 DHER O %75
7 AU, f(t) DHER f(t) % f(t) =g(t,0) THKT 2. 207 70—F1F, Mt aHER
721 Tl K B KIS R E & 2 52 TV B Dhb 5.

—TF, NIARV Y ZEFMIET B85 X — X —DHEFIZHEAHID, HRBIET, VT A MY Y
VBT Tu—FREYT B FEN 2] THERINTE Y, ZhEREFEEDONN—-YarThb. T
DT TA—FTlx, 0 OHERE S IKEI B THBL, ThERIEERI) LLTTI -
1oLt f(t) = g(t,0(1) 2 BAEERERL T2, RS A —ZHEEOBICKBERD W S h
Tz, JURIANI T T —FOEENMMAAEND I LIZR>TWS,

TAN—=I VR, EHEBRBMO T2 258 LT, FAN=Y VUV AEHABTS. BN

MEFZA N=Y = v ADBHETHAAL. Box-Cox 44

[P
— -1 A>0
Gi(x) = )\(x ) =
log , A=0

ERICT, Us(z) = 2(Ga(z) —1) £33, 22T, 0<A<12LTHBL. 20U, 0

Dx(f,90) = /Rd {UA(f(2)) = Un(g(x,0)) = (f(z) — g(x,0))Ux(9(,0))} dx (1)

B, RT—XAN=Ix VAR, TIT, U, BB, go() = g(-,0) THB. Uy &NThHY, Z
NiE Bregman XA N—Y 2V AD 12 TH 5. AV Da(f,90) > 055, Da(f,90) ZBRIINTT S0
PEELW. ANODLE, Uy(z) »zlogr —z &b, RT—XAN=I 2V AFANNNY T - 5
L7 T—RAN—V 2V A% EHEL I LITERT 5. NBEHEBPREEHTIRDDZ LT, #HEDT N
MEDBE S0 E ([1]).

BrE. BEOMEZHE L2V LITKEFEIEZETODHEERITS. 2O XS5kt TORAMLIE, &
B EMAADL Z e THREIND., FAREAES OB K(2),2 € R IFANTT K(0)=1%
=335, INEAVWDE, RT—=KA =Y VA (1) D t-fHirbi,

Dafian) = [ & (“7) {020 - Ualate0) = (7(0) - s O)UA (0D} o (2

* Spiridon Penev(University of New South Walwes, Sydney, Australia) & OILFEff5ETH 5.

1



&b, 22T, h>0EFAR T =NV NIET, BALOREZHIET 5. EBEKONIET, Stk
WIS TAT =X A N=Dx V2 (1) BEEREL, ¢ D SEENZIHA TIIBEL W2 21z b. D% D,
HREREZME L 72Vt OEFETOHRRVEEL 2> T VW5,

NIA—SDEEE. RENMGERE F, 95, XU—XAN=Y VA (1), (2) IZBWVT, 01TH
SHRWESIEEL L, FARLEZTHELND,

pﬂt%9%=<Ail> ( ){gw@ -1} - / <

) = (50 ) (ot 07 < 1y = [ a0 s

DHEHBERTEEL RS, RENTA—ZNEHERLT, ko (KSW5) #EE =0, 1%

) o(s,0)™1ds,

Or = argmax /R L P, 0)dFn(2) (3)

THROND. —f, Ht DAY DEHOATHESNS RATHER (L) &

Ox(t) = arg max /]Rd pox(t,x,0)dF,(x) (4)

5N 5.
BEHER. KEHER0, 07527 - AV THONBEEMERE g; (t) =g(t.0,) LT 5. Rk
ERON) T A0 Uik gt 0\(1) 13, BEREE,SHEBLTLES> DT, EHLLE

| ot 0x(@)iz

]Rd

PREINDIBEEHER LS. h > 00 DEE, pr(t,z,0) — pa(z,0) THE2056, h HRKEVKIZ
i, (3) ORIBHEE R 0y & (4) ORFHEE R 05(1) DBV FRL BTV, TOILITEET 3L,
KIMEERD T 52 - A 2k B g(t,0)) LIRFHEERIZES (5) O f(t) DEVERIBERHS.
FfbD A ) MIHBEDTHAIM0?

REFHIZBWTIE, fOBEHERE UTORIIIIOVWTHET 2L L2112, LD A Y v MZD
WTOHIREAZEZX -, ¥Iab—YarvBLU0ET—XAOEMIZ X 2 BHEMBREEIZ DWW T HHE
o7,

S 3R
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Minimizing a Density Power Divergence. Biometrika, 85, 549-559.

[2] Eguchi, S. and Copas, J. (1998) A Class of Local Likelihood Methods and Near-Parametric
Asymptotics. J. R. Statist. Soc. B, 60, 709-724.
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721 Real-world datasets

\ [ V] [ El [ 7570 | JIARRE
condmat 23,133 186,936 Social network 0.6334
slashdot 77,360 905,468 Social network 0.0555
amazon 334,863 925,872 ‘Web graph 0.3967

dblp 317,080 1,049,866 Social network 0.6324
road 1,379,917 3,843,320 Road network 0.0470
google 875,713 5,105,039 ‘Web graph 0.5143
cnr 325,557 5,477,938 Web graph 0.5586
skitter 1,696,415 11,095,298 Computer network 0.2581
uk-2002 18,520,486 298,113,762 Web graph 0.6891
webbase 118,142,155 1,019,903,190 Web graph 0.5533
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Z ZCIRAEFHRE DB =01, 2R EFIVEIFE T VBV TE—#E Y » PEIEZ 72 2]
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KH B-1/2-



22 REJITDZ—HIELYYDEATOHIRIFHEESE

Vw28 A T OERIMHEE BWTC, NI A—=Z OO DOKEFENRLETH S LV
AR D720, — i bV » VEFIC K DHEE & RO L2 W T HEE &2 A CTle e 4

L. DFY, EORTA—=HF N EIFADNRTA—F0; (i=1,...,p) EBHNTROHEEEREZRET D;
S\, 0) Y NS+ QeqQ)!

ZZT, O = diag(d), 0 = (61,...,0,), EHIT QLS DEAIdy,...,dy, (d; >0,i=1,...,p)
BRI~ D #HWT, QSQ = D LR HEZATIHTHS. 2D 8N, 0) 2 EEMAD L,
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(Xl...]l,...,Xl...lJM,...7XJ1...JA/I)T L5 X* FLIHSH Multg(n,p*) 72720, K =

M .
Hm 1Jmap *(pl A1y - -5 P1- 1JM7~~-,PJ1~-JM)T70<Pj1---jM <1 (]m:]-a?va m =

Lo M) BEOY M i, =LA 2T B,

3 mé%ﬂ_uﬁ@)%ﬂﬂiuﬁc‘:*ﬁmﬁﬁg SEARMSIVE ORI & ER AR 2 R T 0IC
KD KD CFHEEEET B, a(n,) = Yoy ST S - zj;; T
(Gm=1,...,dmym=1,... . M), 7272V aj,..j,, iy Gm =1,..., Im; m=1,..., M) & M

EDOHmAEEFO>RINET S, MFNTHWSoNSES P.(m,jm) & X~(m,jm) & Q.(m,5m) EREU
FETEZRINTVWEHD LTS, AREICBWTIE, M Rousn B3RO 52 M VR AR

H(J)\/I “Dji-im :Q(]1a7]M) (]m:177‘]m1 m = 1a"'7M)a

72720, Qi1 -, jm) :Hnj\;jzlp‘(m,jm) Gm=1,....dm; m=1,..., M) ZF%EUL 7. lFHEK
it HY 2ET 27200 ¢p- XA N—=Y = VAL J@to S MUER & oM X

& Djr--jar
cyl = 2”;:1 JleQ iy Jan)® (Q(jl,...,jM)> ,

LEZONE, =0, QU im) = [Io—y Botmnys Dineojus= 1" X1 inr Gm= 1o+ I
sm o= 1,..., M), pimjoy= 1" Xmjn) Um = LooJyum = 1,...,M), ¢(t) & ¢(1) =
$(1) =0 BEV ¢"(1) = 1 2T (0, 00) ’Gi%éﬂé%&%@iﬁ(t?é

4 HY OB & TOREMEBOSHEOEM: RIEKH HY Ob LT, BiEskitht cM 131
HEL =K Jn+M-—1 071 " RHNHEEBRNAE L THD. Yarnold [6] 1%
ZIENMDOEESEMRERFHE L U TO Pearson X2 FistE D BMIBEIKZD L & TR
FIZH D EBZREL . Z0EMDOE X% B £IT Taneichi and Sekiya [4] 1, M = 2
DG, 2D 2 RN FIRITE T 2 M MERGERFHE C2 OWNERE 25D < 248 DAL
P{C2? < z|HZ} ~ K{(2) + K§(2) 5 AT, 22T, K{(2) BEERT Yy V7 — RRHIC &
BIE, KJ(2) X RHERME % ZR U2 MSIETH 5. ARG TIX, ZOEME D M Koo #
FOTERMNIMEBE IR U7z, ZOFER, o(t) 45 6 MM TRECH 5 & &, KT T,

3

K{(z) = P{xi <z} +n7 ') dfP{xi40; <2} +0(n7?) (1)
j=0



EVWHERTHMMI NG Z &dbhrorz, 72720, x2 ITEHME L OF A Z R HAITHE S HER
ERAERT. 7, AT =0,1,2,3) IKBILT Y7 df =0 450 320,

5 ¢-FAN=Y YV ALETRERFEBOWE: AME T, ALRVEAKTS O} £
IR TED < BUEist R OMSEE HIg . B S N BH0E K3 (2) OFHlRI3HEHR 2
BHMTHD. 72, MEBSHPMIEE B 2> TRdz, ZIHET IV [3], 2REHERET IV [4],
—fALKRALE TV [5] 72 X2 B W T OBUERTEHE D 4348 OWiNE RH 12 5D EBLOFFFEIZ B W
T, MU BRI T NZES S DFGERZ LRV EDAIRNH L. ZhoDI e L C)f @
AEZHLUT, (1) RTEX 50D KL (2) DEHADAE T, MEKIZEIT 01 Rk
BPOHREZFZS. (1) Rz N—= MLy MEES KRB AHROESE L W BN DR
HE (e.g., Fujikoshi [2], Cordeiro and Ferrari [1]) Z@H L7z, (1) RiZHWT, ¢”'(1) = -1
WD ¢W(1) = 2 WK D EDHAITIE ) = —df BDdY =df = 0 DD LD, ZDT &,
N—=hLy MEENARER I L2 REKT 5. o TIDHAEITIE, 024 WZAN—=hNL vy MEIE%
i L 7= 2 AR (C) g = {1+ 2d)(nf) 1 }CM 2HEEETE S, (1) RICBVWTZ OO
BT, RGN ([2))

(€31 = (na+p)?log

1+ n}l)g {qu” + g ((CI)2 4+ (CY?)

—~

1 3y 97?2
sk (Glem+ et + e ) ).

727U, a = —LL+2){2(d5 +d5)} 1, B = —(L+2)d2{2(dS +d3)} 1, v = d2{(L+4)(dS +
d)}7L B, A= b Ly PRIZEGEEHR (1))

M 2df  2(d) +dT) . 20§ +df +d9) arol
=<1
(g )er { Tt a2 T mry G (G

EMETE S, IS ORMREE, I (1) TR C) OWBERMADREE H\W 7z L
T, P{(C}e <z} = <2} +0(n?) (£=B,I,CF) Lilizhs.
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Summary: %< O OHIEE N, 30 FELL OB T 21T OB B 72258
REEONR»oT2, LML, FEHIT 2015410 A 25 HIZE I TR S
Tt VAR Y 2 — A TTRE O FE R 6 927 V—T7"H, Microarray 7 — ¥ %
T LTERm L EHFE L, INLDOT—2RAHsn WA Laxm-o7-, 28 H
\Z& 7 — KL Shipp &DOF —# k& IP-0LDF (RIP) TH[BIT 2 &, H&/)
%A Minimum Number of Misclassifications, MNM)2S 0 CTd 5 FIZ, m
73 32 fH DB F DRI TN 0 TRWZ LRS- T-, 725 LASSO 25
¥, %< OWFFE T4 D Feature Selection WAFZE I L TWA D, il LAWY
THRICEEBR FOERRP T LI D, IHIZING DB %22

HENWTHRIT S &, FDEOMOBIE T MM=0 TH 5D Z &N hoT,
BOEHIZ 2N a0 IRT Z & T, BB FZEZRITDEE O E R 1% 2 T S
® Small Matryoshka (SM) & FESHEMAYZFIEES & 78D OFR5 ZE ML MNM 23 1
PLEOFIEASITHBES D Z &3y h o T-, % Z T Matryoshuka Feature
Selection Method (Method 2) #BA% L7z, & L C. ¥EEFHELE Y 7 b @D LINGO
TOFEFEESTOSMEZ 12 A 20 HIZAST 7, T7bb, #)54 HTZ ORE
(MRE ) 2R L2 122D, FOBLGFZERIZERITTHY, E5 LM
BEPNRL> TWA DM oirIR#EcCH L L vvbhvTng, LT, Zhvkx
DBET DO TR A DT 4 VE Y TRIERERZINTWS, LINGO
T Method2 21T21E. ZDO7 4 E ) 7 E BIRICHEIZITZ D,

AT, OB T HTIIIEE IR S TH DL b b9, 30 4Ll BT T
HRVERNTT, 2 OFEEDKZRICEIELEZ X H L IC>TWeD
PR EFIT, FAUTHICHEIATHIIBIE DS R RIS WTeh Th o Te b &
2%, ZhHZ%, “Small N Large P Problem” ” NP-Hard” 7 L EfifD R
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