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ERTE » EBRRINCT T 2 28— X B/ 78T
AR DE L Bk — 2 Bs 34 RN EE

EMNRE  RIRTAAR
2TUNKRE:  BORZEWT SR
SRR BB T
TR BTN ST ERTIERE TR AT AT

1 HBE

ERITIMEIZERET — X OHGTERGEDFITICEE L, HOREEIZ R TEELRTFIET
Hb. BEZE TEXORTLp Y I n R LTRKEWGS, T2bEEXITD
REWLBUI B2 ERD IO BEATDH 5. EHRILDFKEIZBVT, 1ERDEMT T
BENENZ AL NTWS, RIS, AR—ZAREMIRZ MLOHEEIIE, Lh BV
BrEo-#HERD, FITHVIERDFKEICBWTIREINTE . AL, SXTOK
BB 2 A=A RE—FERTOHEEMEL, EHFRIIT -2 LU THEHAL, 1§64
LHEEEDHATMEEITO 22 ZHWE LTWa. BAAMICIE, Gaussian & D HEDEWN
r— Ak @ ERITE RN LT Lasso BID 28— R EWM G M FEEEHL, 556
NAHEEEDMHERRZBENCOWTiHEm S 5. X512, ERDFET i FiESLHAIAEARIC
X132 Lasso BEMD 77T & DL 24T o T <.

2 FHR

{ X} ez ZHERZEM (Q, F, P) LORP-H, FHH0 DEFBEL §5. BHRIX,,..., X, n e
NIZH LT, RDp x p EALDEATIING, 8T E X 5.

. 1 &
By = ZXtXtT, Yo = E[X. X/].
t=1

M, So DRKEFE ¢, \SHIET 2, RS NBE-ERDIRZ ML ¢° OHEERME
BFEZD. WEONRE L Z 7 X —=21F, B = dnaxq® & LTREOT 2 22 TE 3
H, T, RORELHEDRE LTHEZAbN 5 !

1
B = arg min %o = BB [F = o8’ = 18°138°,



REL, | lp @07 BN RV LTHS. ZIT, RATEESES={j: 8 £0}
TERT . Frg, B 1d so-sparse, DF D, |S| =50 TH2EIRETS. T, B DHEE
‘e LT, REERT S (van de Geer (2016)) :

Definition 2.1.
. (1
B = axguin {118, - BT I3 + apen(@) ) B = (8516 - Bl <),

72721, A > 013 tuning parameter, pen(-) IZETHIBIEL, n > 0 ITEYRERTH 5. FHg,
ARFFLTIERD Lasso HHEE RICEREZ LB T3.

~ 1 -

1._ ind |2, — B33 2.1

Bn argglelg{4|1 BB Iz +MllBl ¢ (2.1)

R (1.

52 := argmin {HZn — ,BBTH% + )\0||ﬁ||0} . (2.2)
BeB | 4

Lasso BUHEE R Z FWWC, WAREAME 02, ROWHIGT BB LS EH RS+ g
DHEERZRD XD ITHERT 2B TES !

Bl
134112
INSDHERITONWT, n— oo D E, mixing oh°, A1 ZHICE T 3542130

» T HEYRIERIZRAFD T T, a-mixing Gaussian process (X3 2 #HEE B IZDOWTRH
AL 5 Z e DRENS ¢

] 3/2 log p . log p
8% - 81 = 0, (30/ [ 22 > 1B - 81 = 0, (162 E2).

1 lo . lo
|Smax — dmax| = Op (Sg/z(bnlax\/?) s lan — q0||2 =Op (33/2 \/?) .

A{ENTIE, Gaussian process & D HEWEZEES 5 % sub-Wiebull process 1213 % Lasso
IHEE B DFRZAFH &, Gaussian process (¥ 3§ 3 [y (EALHERE B DFRZFHICOWT D
R, iid. case ¥ D ERIT -2, X512, LRl O#EEOWHINMEE 2R 2o
RENT OV TRl 2 1T - 7.

Dax = 1BL 13, G =
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“Unbounded largest eigenvalue of large sample correlation matrices: Asymp-
totics and applications” (KEARAEAAHBIATH D IEA 70 B K LE il o et
CIOH) O H THEHE L, FEAHEBIT T ARAR 0 BE T O S KE A EO MR T
DIR B FPNZDOWTkam L7z, 7272 L, REEFID I Z RITIER 72 03—
D p B3 > TERZEBOMAZEN S HBERED p > 012k -oTWVWE Z
ERERL. ZORER% equi-correlated normal population (ENP) &\

95 Z &IZL7. ENP I, intraclass covariance matriz [3] ZR0RATIIE T 5
IEHRENTH 5. #HZRDEBDITRo 7

1. ENP OREAMEITTA & A BUTH OWMIREEES A, p = 0 DEFE
OWREEEDHD 1 — p NIz VS, #EE D OER (1]
ZEBH L 7=,

2. WEEE 2B OREE [1] ofkike LT, —fD ENP 12t L C, Guttman-
Kaiser criterion 23HII 3 2 KT DEIEE, KIT p EFEADKE X n B
HITKRE WL X2, 51, 26D p/n BIEFIT/NI VL T, p A
0722 51X 1/2 CR U, FEAHBREDIER 51X 0 1R L, B2 0T
BEThrZrr2FELE X, HHERGTEDHZIREZ Z L
I DRNERTH o 7.

3. METOME L LT, EAHEBEITY R O KEHE N\ (R) Z R OW A
A pTElo72bDH p DIE—HHERTH S Z 2N L.

4. BFEFDFT— & & LT S&P500 DHD Y & — > OFEEHBERM DR R
H|% | FHBEIMEIEDY equicorrelation TH % GJR GARCH [2] TEHEL, #
DIRRIEE p 23 M (R)/p & DRR/NE WA, WliE O O &R Rk
BWed, BHICEHETE S \(R)/pVERTHZ 2 26U 2.

5. T FEYFITEBIT S binary multiple sequence alignment @ 7 — X 53,
Fex OBCEHIFER 1] LlHEE ORI E S 2 e 2R L 7.

6. DNA A 7u7LA47—XOMETIIO -~y 2R L, ZTh
LA FXERBELFH OB ST, Hy b~ - AP —RHEHRIE
FTAERILEIEADKEX L O, ZF1 THEZ 2L,



7. FEROMIL A E LT, A. Quadeer (BERMAEAMIAS), D. Morales-
Jimenez (Queen’s University Belfast), M. McKay (University of Mel-
bourne) O 7L — 7" ¢ DKM TH O 2R L TV HBTAI O E T L,
Tib b, AYERRFACHN L HBTAIT, Try ZEE Ny 7
729y FORMBENRSDD, 72720, 7ay 7% 4 XIEZALRITKEL
ZoinWInE, 7ay 7 OEEPHZ TWET LV ERL.

ENP OREARZEATHI O & KE A EO ML ERMEICOWT, mRKEHHED
F=RZKICCE T 24 — X =IOV THEREMRZ X h, FIEHKK X & HAE
e & BEESCHR [4, 5, 6] 3B X OREEE 0 ENP TH 2 0 OREFIHE L
THR [3] DfHRZHEMN SN,

BRAEEEOIITICE T 2 4 — X — 1OV TDOEH « HFIEDO—HDFHIZ
&0, 2022 FEOKOBUER (ALHRHERF) TOMEHE OFRRICHT 5, HERH
W& D & DERICE Z 2 RiAB %G, 3hbB, p> 0 TH 5 IEHAEH
DIERTEATHN D ERKEFEOHHEEFEICOWTOEM 217,

BT PCA BRSO F — R § 2 KXHEE I, BRITOHERMN
KF oM ORTREMEIC O W TERE L T, Hik %215 7.
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GMANOVA ETILICH T BFT-BRIEE R E BN (Be&E)
HRRKE BEAE KR kH B

AFETIE, n HOBEKIN LT, 2TOEKTHIERAZHIZ CTpEFIE L THRON S
REFAE T — X O EE 2 /2. DX I RBT—REIANT ¥ ZBRRGE 7 — & 2 W, %
TEATHER SR > TOARWVS DX T YN T ¥ ZBRRFE 7 — X b RIS, Zhoo
T=RXOHOENZ, T2 ORIBUENEEZ LRI H 5. R#HHEHTIX, N
7 ¥ AREERE 7 — 2 DI OV TE 2 7.

NT ¥ ZRERE 7 — X D3t DFRIZIX, Pothoff and Roy (1964) TIREZX Nz RD—
AL ZZ B 7787 H (Generalized Multivariate Analysis of Variance; GMANOVA) € 7L
BELEbNE 72D, KHHTH ZOETAZHW;

Y =1,/ X"+ AEX' + €, (1)
T, 1, EnXeOETH 1067857 ML, 0, & r ZTTOETH 0P 57257 ML,
Y ESATBSERTHE L TR LN EREIE T — 22 5725 n x p 75, A GSMERDRE
e R T HIER SRR E HOZE D 57 % rank(A) =k Dnx k{78l L, A'1, = 04
(FIHHZETH ML TV D) 2z L T0WS 2 L, X E3BRARD X 5 1C&T 0 HIER R D
B 5725 px gfTAITHD, ThoDY, A, X BBIHITH 5. 72, pld ¢ RoTRHIR Y
L, Bk x g RETTHITH Y, €1 E[E] = 0,0, Covlvec(£)] = X ® I, D n x p BAZEAT
Hle U, SWEERE p x p REUTHIE T 5. ZOETAMIBOVWT, E[Y] = 1,/ X' + AEX'
DERDH, FBFHE T — Z DM THINE LTWARBZFHNCHIELTWS Z e 2ME L.
CITHERSE L <ty < <t, LT, XDiFEZ @8], 1Y v ¥a i, &
REENZRAIERERD (¢ — 1) REEAXATHET 2 22 1CbT 2 2 e 2l L.

COETN(1)IZBVT, RO p & EOHEL LTI EONIHERIZX, XDV X7 %
RMNCTBpu ERRDEILTHEONSEZEEWRE LT,

R(p,E|X) = tr { (Y — 1,/ X' — AEX) S (Y — 1/ X — AEX’)’} . (2)

EBICZ DYV R ERINCT S fp £ Ex 2RKDB L, (X' ' X))y = X'S71Y'1,/n,
ExX'S7IX = (AA)TAYS I X Offr 2%, ZhoDSRREMRE us X Ex 21557
DIZ, ETN (1) 1BV T rank(X) = ¢ 2 RET 2 Z 220, ZOREIZRREFOHE
ICAVWABEBEHRLTWR 3 EX 6N 2 2HE L.

b Lrank(X) = ¢ RO (X' X)) IAEHET 5DT, oy = X'E7Y'1, (X' X)) /n
THD, By = (AA)TAYSIX(X'S7IX) v 0%, ERUCERLE2HET 283 T
DMARHNDT=D, ZDMFEHEERE S =Y/ {I, — 1,1, /n— A(A’A) LAY /(n — k — 1) b
hicfibind. ZOL X Elug|=p, E[Es]|=ETH5 I 2WME L7

—/ T, rank(X) < ¢ DHE, (X'E LX) I BFE LRV, T s OHEERIZE SR
V. F ZTAHEETIE, K (2021) 7 A FT RIS, @+ g = q ERDIEOBRE
G U, = (1, .., ;) (i ¢ XTTRZ b)), X = (X4, ..., X,) (X;; rank(X;) = ¢ D
px g iTAl), E=(B1,...,5) (Bis kx g 118l) e LT, ET V(1) ZRD K S ITHZFIRR T,



Y = 2 1, X + E AE; X!+ E. (3)
T X; D& 0, ’CfoCL\B%Kk, r=gq (oi D1FIFTORF2) &5 5L, rank(X;) =

G =187%%. DFD, X, DEHNDP0, TRVHBEETERALIENTEL I Wb L.
COEIICEZHITZETNIIBVWTD, YRZ (2) LEFEDOV A7 ER/NIT 5 X5 7%
By e R B, LB ZROTIIANIUR, rank(X) < ¢ TH p BL U E DHEEEIE LN
BV DON, KHD T AT 7 THolz. EBE, VA7 )0 pt B X HEILEED
BDOERATIUE, EFL B) G LY 22 R AE5N3. R Z2RNIT 5 fus & Zis
(i=1,...,7) LT, ZhPhOWERBDPED IS WCREZ0ERE L. 22T, 2hn%
KDT (118, fors) R (Brs,....Brng) £F 2L, p b EOHERIG S UL E OHE:
ENTES. LPLEDYSL, ZOXEREMT 2 ZNZNRED Z 512KV, REHETIE

KFF (2021) 2 FEIRIC, A'1, = 0, ICHERE LoD, EZ TR L.

ZORER, R = (1, .., pu \CBHHT 2T0) + (5y,..., B CHET 2H) e 0B TE3 %
WG L7z, Lo T, B—HZRINIT 5 py, ..., pu 2RO, BEIHEZER/NZT 2 Ey, ...,
iz iz kRDIUI IV, EE, L TEREZNRDZELLTDOEIITRZ e WG LTz

N _ _ (Y1, N
o> = (Xéz 1Xg) 1X22 1 ( - ZX]‘;L]‘{;) ,

p—
=)
(=79

j<t

Bz = | (AA)7TAY =) EisX) | 2T X(X2X,)
j<t
T, Y Xjin=0p Y EixnXj=0,0,ThHs. Zhi, (=1OBEOWSIIHK

7<1 7<1

D, ZNZRATE2ILTU=20 TOWEENFONDI L EZRL TV I ZHEL
oo ZThBHIBVT T O E SICESRA S Z L THERMHETE S, Zo#fEFER
K (2021) EEERIZ, (AT &22OFHIZR 2 N TW ARV DRBILDT-HDREAEHFRE
TH5ZeZWME L. 51T, rank(X) BT 2 Hl#972 L THEEDFIREL 72 2 DT, BIFE
FOHMEICAVSIEBAOHWUNIFFLTH BRI 2R L TWS I 2WE L. £,
INHOMERTHVWD EET L (3) NANS Z LT, BNELHIHEETE 3.

NS DHERDIFRZL LITOWT, YHOMETHRSE Lz, 7z, ZOHEERDHERS

KH (2022) & FEBRICHIDTEOHEERIZOWT S Y HOFETHRE L 7.
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ONAREAN—D T RZAWERA IHGFICOWT
th)l| 4852 !
| IR A T RIS SRR R

NA ZFREHZBWT, 3@HE OFR BN U T TIE R Wiz, AAUE D E X <
PO INTE 2. SEFETIXERZEE X D X 5 IEOEWMEIERIZH) (log-Regularly varying)
T 5ETMCET R4 AHEE D IRE SN, HEMNED 1 O TH 25 UEP S TN T — K22\
BN L AUEZ RV 7 — & 2 WS R DRI —85 % Z & (Posterior robustness)
DPRENTWS (Desgagné, 2015, 72 &).

— T, FEOEWS A OEEIIMERESEET VLD b —RIZETAANDINRIZES TlE
B, ENTZNDETNRT — ZHEICZ K o TSR EIZR 5. £ 2T, KK T, —DE
FTIVHRRDBE D TH ZRNR P REA NI 2 Y AR FAVIARA IHMEGRmEHZ 2 5. BANR Mg
RAN=T = v 2% 07 A ZHEELL, Hooker and Vidyashankar (2014) % Ghosh and Basu
(2016), Nakagawa and Hashimoto (2020) 72 EIZ K o TIREZI LTV 5.

AHEHTIE, UTOXA N=2 =2 ¥ ZEUE D(y, 0) Z V7 —RILERIMITOWTHA L .
foly) ZIRELIMETETLEL, y1,...,yn Z g(y) OHDOERE TS, Zor % —{LHEERED
g,

w0 exp(3_r, D(yi;0))
Oy = T B exp(>, D(y::0))d0

YEFEENL. LT, ZRZPRADOXA A= 2 ¥ 212HSL D(y,0) TH 5.

o Kullback-Leibler divergence: Dy (y;6) = log fo(y).

e Density power divergence (Basu et al. (1998)):

1
a+1

Da(y: 0) = éf@(y)a _ /fg(:c)"‘“dx (a>0).

e ~-divergence (Jones et al., 2001; Fujisawa and Eguchi, 2008):

—v/(v+1)
l%@wwziﬁwﬁ{/}wm“%M}vw

- — > 0).
7(7 )
Density power divergence, y-divergence IZB L TIZZNZENEANZ DX A N=T = Y R LTHI
HIRTED, bRA ZRBURD HHAUEICN T 2 THEMEDS R E T WS, —J5 T, Posterior robustness
DRI I LTV, ARifFFE T, Posterior robustness Ziii7z 37200 DX A N—T =~ A
HEEOEMF L LT T 25 R 7.
i SPID(z:0)}



Z DM, lim, o fo(2) = 0(VO € ©) Ziifi/zF & &, y-divergence % W 7e —fRILFR A1
WAIZA D VLD Z e M HUIC DB, —F5C, lH DHEEK DS Density power divergence % 7z
—BALFE R IAICE L T, TOREZHEI RN g o7z K1 K23z hZ2hDOER
THDERA LTS LN bDTHS. M1 2R THhrr2@D, @EOERDMINNELEA
PR CAIEZ RO MIETREE L T D, AIVEISHEEZ T2 e bh b, —F
T, M2 %" % & y-divergence & AW — AL HER D MIIANUE L B ATZER DM L IMUEZ RV
ToHRIADIZIEFRCTH 5.

ooooooooo parameter Localtion parameter

vae T ae

1: #EOFEBKRITM 2: y-divergence & F\W e — L HEZ D

HETIIOAB . UT, B DOEGE L IEFA & IR DA IO W T ORIESEEROFEM 2B
L7z, JBEFRA EEIFICOVWTIE, EEXERY VI7BEBEFIICHNE Z e TE, B2 MR
A AHEEZAREIC T 2 720121F, ONA M RA AN 2 VY RAEH W RERD 5 Z L el L.
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RKRKREAVWLKREI SRS ) TDELHEE TDOHE

SFHEE LS, AR i 23
VRBR R F B T2 AR, 2 RIROR 22K e N R R A 2R
3 BULZERR ST SR RIRERR B i Se 2 v & —

1. IF LI

WA, T— RO KB L EHEAI AR, T— R PO A R RIEREEET D2 L 2GRE
EBOTEY, BRENRT =R ORTEHEHE R UFEOBEBENEPHERIN TS, 7T AL
DY TER, T2 DOBHOY T AZEEERZHONIZT D200 R UEEDHIETHY, s
BOHTILKIGHINTWS. mERKRNZRT T LX)V 7iEE UT, k-means IERE T H5N5.
k-means (LI Z OFFHEM L HBE I A NDEINOLHINDG D, TOHMIBIZT—2DERKIC
HBEHR T T ARG E TR ONBZWATEEENH D, T D720, spectral clustering (von
Luxburg, 2007) & &, &Y FIMIZT T ALREEZ A SN HTEORMHEANEEZ LW, L»L, IN
O DEMEZ R, IR IARYEL, FHEIA NOHIEA K S ZHEE R >T W5,

H—RIRIZBIT 27 T AR VTR U TIE, A—FIWEIZRHME U 72 Nystrom 8% Random
Fourier Feature &2 £ DEFHE I A MENIENEA TS, —75T, Yan et al. (2009) TlZ, spectral
clustering M k-means %25 D <JEAE (KASP) BEEINT WS, KASP TlE, 7 7 A& H %
% < U7z k-means % KT — X ITHAL, BoN/z7 7 AR hibae T — X2 RET D H
95, LT, BoNAMREMDAIT spectral clustering 8 EEMER 7 Z AR ) VI EEEM L,
RFIINT 2 TNV % ZDOREFLUTENT — X EHD T X)L &5, KASP I, spectral clustering
KBROTERDI I ARY VIR UTHHATE N TED. ZOHIEOKRS LRSI, 28
PE, fEEME, SHE O A POEX, PHMETH D, 72, KASPOT IV T XL LIIAEMIZERD
M, R & U T subsample % FH\ % spectral clustering O EIEMIRE I N TS (Mohan and
Monteleoni, 2017). UM U, Terada and Yamamoto (2019) DEGgh 5, Z D F{%IF subsample (2
X943 normalized cut & FTH V), INHIIZE ML GIETIEZR .

AFERTIX, KASP O Z 5L, T OB R 2 B U2 NHRNZR KB 2 2421 »
TOEMIEEZRET S,

2. KASP OB@R EIREFE

KASP Tl&, 77— & DXL L U T, k-means kD27 7 ARk HWS. UMU, k-means &
WZE D THER U ZMREFRDSRE I NS RRAMIE, BEMAMZRKRT IR LIRS 2 0. BiR
FRZiE, RERORERD A, BEFSA LY BENENDMEIIPORT D ZEARED. TDAD,
KASP # HHOWCER 217D &, I AR ) U IRERIZALBWELTLES.

ZORMESDRE > Y FIVIEIRIE, FARSEY REA%R 525 2 £ TH5. K-means JEIZ
Mg BT MVETARIE, REFSTE L D Ly-Wasserstein FElf % /NI 92 & 5 74 #(supp(Q)) <
K % i 72 9 HEOHE %2 RO DRSS L TWD. ZDZehs, REMCHYREAZH5ZXDZ
& T, KASP OMJES A fEET DL NTES. — AT, RELADORBOMDO AL 26, RHEEF
MICBVWTEEZEDEORERERNE UTERING. T O DRERITIE, BRONEAIE D IRON
%720, WEMNEN.

ZOMEZREIT B 72012, H UWREKRFDERFETH D Density-Preserving Vector Quanti-
zation (DPVQ) 2249 5. DPVQ IXEAN F k-means IKO—FETH Y, BHITRKRAMZ EWR T
5. 72, DPVQ WK T 2 RE DR AL, WHEIZ T — X OEHRDO D AHNPERT D Z &



Algorithm 1 VQ,,(u|r, K) OB L7V TV XL

1t 02, 77 asdun n, 0 w2 5.

fort=0,...,7 do
i(i=1,...,n) ITHLT,
() = (¥ 15

U <u2] >nxK 2135,

o

—u|| EEANCT B2 T AR | REDHT, RIEIT

@

o _ J1 v i = w|| < | — Mg-t)H,
0 otherwise.
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~(t)r—2 . ~ (1)
(1) o0 =i [l = 7 >0,
pty = ulD; wll) = , )

R DI L L {a it s - 0] =0
ZIZT, 8> 03NS WIEDEBMTH .

INFHEERM 22 TIREIEL, M2 R TNEt—t+1 273 5.

6: end for

ot

MWRED. TD72H, DPVQIT & 2 REITIZFEFEREADE VIR O5ND 7280, R ZEL A
RTE%. —/T,DPVQ I, BEHMEZMLEL T D0, @RILT — 2K U TIEARLEL R D.
TIT, AREKRTIE, LFTEREIND order r DY MV FAbds & AW/ EHE L 15T 5.

n

1
VO 1K) = - min i — el
1

P 1<k<K
ZZT,r € (0,2 W, ||| 1R ED VA aq, ... %6R¢i§?“§ﬁMmeRdik§E
DY TAZHRD, = (p,...,px) THE. AFERTIE, SHREOBHENED2HIZ, || - || 1 Euclid /

WAEETD. r=2LFTEVQ, (1|7, K) I k-means & —FT 203, r %/J\Jé &b eTRE

OB & FHEFA DXL 2N F5 2 L TES. AKERTIE, VQ, (1| r, K) 1HF

2 AL E % il i < 726012, k-means like 2 7V T XA % 2% 9 5. Algorithm 1128\

T, VQ, (W |r, K) > VQ, (utV |r, K) &5 BERIEAMENEL Y LD 720, {58 AN DI MEA

RAETC X 5. EFEEZ HO25E D spectral clustering DTG, FHf 72 EmAMHE, DPVQ

Xr<2&UNT MVETAbEEZ AW ZRETFIE L KASP X subsample % W72 BEAZDELLTF

EOBUEFERRIZ K 2 I Y Hfih 9 5.

S R
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Recent progress in the Application of High-Dimensional Statistics to
Astrophysics and Cosmology

TrA %5 12, COORAY, Suchetha', KM 1 %, FHUG 3k °, A & 4 118 &3,
ENBEE] S, v Fe—RR 7, fIEF i L fTE RS
1 4 BRFHEPTER SR T PR,
2. MR BRI ZE TR OB B e 2 —,
3. FURKFHIEWE A,
4. FURERL R B TG e,
5. B KT PR LIERA MNP,
6. FL RFRHRF AR 2 —,
7. ELRHE ALMA 7'ay =7k,
8. HINKZFERILFHBFM L —

FRPT L, BEEMWE(TALRMEE), K EMENORDE R RKIKTHS. SRINIBTER
W FTREZ FH IS TREMEAFTEL TR, Fx O BICR A5 E (R TOFHOREAE
STWD, L UFHFA YK, WEOMITTE R THo7. SUNITEH ST EE
MEWEIRDNENZE > TERL, SRR EZRE THAEDEA~LELL TEIeDTH L. R
GIZJE PO SR DB FER0 T AR FE /2L, SR D E IV BB (2 SRR AF 3 DD THMEZ I
BTHDH, 2L TEDOER LT 138 (EEDOFHELDRE RO fhTHIEFICHEE LB RO
WD THHEE Z LI TN,

TR IO R RE/0x R HEE R RET DR LFITBWT, RIED O ERTF#RE S
HUME—DFEEN S HBINTHS. Lo LiEil7e o SEBIN L — A IEF IR R 23030, RIK
T~ UTCTMNEZR I S E S AR H Z BIX R S CldZe . Fin, RRIER ISR RIKT
HHZEHLZ, ELL0—AY, T —HOFFOMEF M OWIE d IZ LTV n BIER
IZ/hEN (N € d)EWIRIDAEL D, B RKTFE T, ZOLREIIRBREREMBLS
, BRI B L OT-OIZITT —% d OIFEHRE KIBIZE T, n J0/NSKUTHIT T 5fti7an a3 2
HILTVWe., LU YR, ZOLO72MERITRE T, FMEL 7 /VITIENE L HIENEELL. n L
d &7257 —XILEIRIT/IMEARHDLSS) T —Z EREIEID. KILFELSNO S8, 722137 A
FENT CILEAS T OREARE n ~ 100 (3 LR IEELS O ITTEA d ~ 10° LW o7 [ REIT R Tl
720N, HDLSS OREZ MR T 57201222 10 TR LICMEH PO HiEN B RITMETFE TH
D, BITELHE 2 EHTLWEI R AMGH10 T 5 (e.g., Aoshima 2018).

ARFZETIE, 1) B~y 7 BRI, BILON2) fD KROS5 B 2 SDOBAIZHONT,
R ICHE DO T IEZ AL, TERO R TII R TREE SV TR TN 2179, 1) T, B3
BRI NGC253 D4 e TV DO KAV 7 IV F 5 ALMA IZE > TotBlL 7= 8
B NN OWTRNT 5. 55~y 21 E— S RS R BRI 2 2R 23037080
ALMA DA BUR CTldi KT n ~ 200 F2E OB DG ONDREE THHDIZH L T E
(FREER) /0 HET I 1E d ~ 2000 OISR HD. LoT, ALMA O3~ 7 1R )7



HDLSS 7 —#Tdh5b. 1ERDORKILFTIE, T —#0oBof —RENbAHH Thoh b
D32 TNDNODDBERRD AL, ZE W T EEIT-> T2 Lo, ALMA OB
IZEoTC, 722 B BT BRI FEDOEIN Th - Th /0 BT RIF I B > T A 2R
TEAVHEIBAL, WELAYFTEDO R RO TS, BERTEDEHREDTZD, o TEOHE
LR D BRN BN TH D, AW TIL NGC253 D ALMA ~ > 712 @ik ot Ak
SYENT(PCA) &I A L7z, ZOFE R, mkIt PCA 1WA EE 5912 NGC253 F.LEEo
T AD Bl HEE B 2 IR SEIE ) D DO HFAF(T U 7 u—) & BB TEAZ a5 LT,
ZHUE, BHECR AT — X Tb T OEEOE A AR MU LS TR TEXHI LA EIR
7%. Yata & Aoshima (2022)D HiEIZE T, ENENDEAF AT MV A a—/L T 5D
HCN (FER) B L HNC 23+ CThHHZEL R LT, A RO L IR BB /3 fRBE D /NS
T =N ZOWTATH720, JDENWT =BT TIZELNTERY, 2RO ILICAE Cx5H
FENFFCH.

EBIZ2)DHATELT, J=—H— D1 KFEWIHR R (HI forest)iZ L5 T H BB B | O
REZHED TS, FHFEAEDD 1 EFELUNOYE], FHITR FIREEO KR TSk
REMNDEMEKBNITEALE DERFEZ D DIRE~DHRIB 2R LT, Z T B
TN TWDERTHD. ZOWIEITHNRON, FHYINIERENTZ) = —H— TN D K
KTHD., Vo—Y—I1IE RGBT T IR— VW E N T3 5281250, o3 LF—)3iE
HENTE KRR RNNF =D S RNEC TODRIET, HHPLERIE O ETEXHH THDL.
B T EREBEREER cm—% mOBSICER Lz, 72—V —OFANIKET ANTELE
THE, 72— —DOWBNWVERBEHIWIHREND T2 | ELTR2 %S, ZOWRIKROEITE KT
HY, REFERBLOFHMIIOWTEERIEREFF> TODLTENFTLNTWA, L, FH
HEHYIC T CIOBERS, L T2l 2 —Y— D30 720 /D7 nZERHBLT 2 ST
BY, BUEEER T O MEAE KB Kl & B 5T Square Kilometre Array (SKA)ZH > TL T
HEHELOR SN2 ETFREIN TV, 77005, Zx—3—0 HI forest DI BRI
72 HDLSS 7 —X T 5. Fx X HI forest 735225 2 SAHBIRAEEB I OE D5k, # L CFH
R KA MEA B OCHE BT D 1L TRRNT 32 5 1EE B LTz, Flims Iab — a3y lllustris
TNG OFT —2% HWTMRGED D, ZOFTLWTHEIZL > T HI forest 218 U 7= 5 H BB 09
BEDOZEMSABLOE LR CEEN RSN A% ORBENHSND.
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1 FL®IC

SNUFRRAZHEBREIE, FRAZEMENLIEBOT —2EEPHEOLNTOVIRICARAZBICET VERH
EL, RRAZHEOBERMEEZEZEBLANOETVOMELZITS HERTH S, RAZHBIIRESINIZET L
PIDETILDERMERMD ANE Z 2T, ETALEEROHEREIREZINS. v bV —7 lasso IERI{E
(Hallac et al., 2015) ZF\W7=Fik (Yamada et al. (2017); He et al. (2019)) Ti&, €7 ABICEHE X N/zE
IR FLDEEF/INLTHET 22 2I12&D, 752X )V PIEDSNF RRA7ERZETLTH
5. oL, ZTRHOFEOMER Y LT, 2 v hY—72 lasso IFALIZHEE R Y LTS 7 R &2HE, B3
IIRARZIBT B RAT DIEMICHELZFPLTVHENTFET . 22 TARMETIE, *v M7 —7 lasso
EAHLICE D S =V F XA R 7 F DO AICBNT, 7 7RAXRDELERTHIRNRT A=K e &R A7 TN
LTEALLVAF ZRRERFEERETS. 7 I7RAROBELICHTE T XA—-REHALLZLITLD,
FMNT K o TANAL 7 R%ZT 2HEER L BIREIT S 12D OHEERDDHESI N, HEED AL 7 ADBEHINS.
REFIRZ b FHRCHE D vV F R R 7 2EBFFIED Zhou et al. (2011) 23R 2 TOMEMTEZEL LT
AT ZenTE, MRLADTH 5.

REFEOEMEEEY T HLE + 32— avBIUOEFT—XHT 2 AL E L THRIET 5.

2 JIN—TEZEANLICE DK RILFRRIFEE

N, BOFAZRNCE T2 p RLT =X {xpizi = 1,... ;) BEE ny, HOBNEBICET 27— X
{Ymisi=1,...,np KNLT, TSSO {(ymi;Tmi), i =1,...,np} PHLICEZSNTWE 2L, HW
ZEANRT MV Yy = (Ymis - Ymn,,) | € R B XOEFHEFTH] X, = (@1 - - Ty, )| € RMXP 2 LTHR
F. CMBOME—DDERAILL, X5 T HOMET 2 X227 {(ym Xn)im = 1,...,T} 552 5T
W3e95. THEOXZZHLT, BWERHAZBOBRZ XD T o R EE 7 v

Ym = XmnWy, + €, m=1,...,T (1)

WEDHZS. 22T, wyn = (Wni,.- -, Wnp) ' Em BHOXZZIHIET 2 ARG LTHD, €,
BRBEENZNZIHNLIC N(0,02) IES BRREZENZ L TH B, (1) RS LT, RoFIMERFHE

T
) 1 2
el T{Eignlme&MMnb+A > anwmuwu} ®
m

""" =17 (m,l)e€
BEZD. ZIT, rpy BIFADMEZIS m BB [ BEHOX A OMBROREEI2RIEATHD, 13X

27 OMOEEERT. £, N EIFAOHENBEANL AT X —XThs. B HEEmBEEL | HHO
R A7V B ERREA Y F L w, wy ORERFTT S L, ) Vb7 N— FEECANLETS 5. (2) i3



q>1TH25E, MEHEILEETHZ2 ZepHIoNTED, KEBWRERIRONS. ¥, ¢=20DL %,
2 v bV —72 lasso IEHIL (Hallac et al., 2015) O##A L LTHZ 2 Z e TE 5.

3 BEFE AUFRARVVIICEDIKRILFRRIFEE

RMERIRE (2) I8BWTZ 7 RX ) > 7 2ETS 2% HHOIERLIAR, £i22 27 72X BT 5wk
BRI PARBITHNETY, HERENMET T2MEE2EATYS. ZOMEEBRET 2729, Yamada et al.
(2017) % He et al. (2019) T3> 7 A XY ¥ 7 LA k-ABHEC X o TEA 1y, OEZ5ZTVS. X
7z, Zhou and Zhao (2016) % Shimamura and Kawano (2021) Tl r,,; ZETVICEFNEBELER L L
TEZ, ZOAETLVIV ALZRRELTWVWS. LaeL, BMUEE (2) BT 2EA r,, ZEBEERE LT
HEE 3 2 TR ENBEBOIEM 2L L, KENEEREZ15 5 2 & 2 WEEIC 72 2 FEMET 5.

Z DREIFFREARZ PV ORI S 2 B Z RS 572012, AMETEIUATORMEMEZEZ 5.

T 1 A T
. 1
oo § 2 gl = Xl 3 =l s =l
(3)

m=1
ZIZT, Up ERPIEMBHDRRAINETZ 7 FAXDENIETE7 X=X, A, A IZIEQOEZH S IE
At T X =R TH 5. AHETE, TOFiE%E MTLCVX (Multi-Task Learning via ConVeX clustering)
LIS,

BMERTE (3) OB _HEB L UHE=HHIE w, KEL TN AR ) Y 72 FTT2HTH 5. fMb
fIRE (2) L EERD, BRERE w,, KB L TREEMNEITHOT, u, KL THNEITS. 20T, 2
Hick b, MMEEXINTz u,y ODED T w,, ZHET 2 TIOALFRRAZEREPETING. UKD,
W, WKL TEL ZH/NCET 2L 7 AP IND. F/2, B/IMERRE (3) & wpy,, wy, (B L THEKRME
HTH27:0, ZOMIKBNRERL 722, TV THLa - ¥ a2l —yarBlUOET—XEITOMRIC
DWVWTIEYHHET %,

SE X
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EREIOGICED GESS lasso AP AT woNblRETY VYT

BROBERERFAGEHE LAl FI ET
JUNKFRZEGRIREDFEBE N5 FH—

1 FLC®IC

MET 2O TR LT, aY R T 4 v ZEFETIVCIEANLIEZED AN s Z &
TT—XDANR—ARMHE Y THNCRKM X 2 2 FERIGEFFEHZED TV S, N4 X
OB D e, EANRIEEIRREBICH N ERI M2 REST 2 2L e LTIRAES Z
EMTE S, PTHRA Y7 Vil lasso (Kyung et al., 2010) t&, [EIFfRE L B3 20
IRIRE DTS 75 ABHI DM ZRET 5 2 & T, ZHERB LOZEBOMHFEZAIREICT
5. oL, 777 REFAITMICIEAKRIEL 0 L HEE S 2 X & 2@ a b
THLWHIMERDYD 5.

COMERZRIRT 5720, ARG T, KEERTDMN (Carvalho et al., 2010) % @i
T HEFRRBOERE LTI AT 4 v ZHERETAERRRE L. #HE ELE LTIE
Polson et al. (2013) IZ X 2 LE DRI ZH WS Z e TXF 7 AY 2 7Y 7R A[RRICS
5. k7, BUESEE 2@ L CIREFEDOARMMEZRGE L 7.

2 EREFAFICLIEFlasso T AVEOS AT v ZERETIL
“fEeYR T4 v 7HRETAEEZRS.

1

i=1,...,n. (1)

ZZT, Prlyy = 1 | ) B, BDEABNID Ty = 1 LRBMEE, B 3YIRIHE,
B = (B, B, Bp)" BEIRREANZ PV TDH 2.

() KovrI 2T 4 v ZEFETICBNT, BIRFEBICT 77 2502 IREL, Bl
R DE IR ERIDMEZRET 52 Z2&E X 5. Pélya-Gamma 7711 % W7 L E DR
JEZRHL (Polson et al., 2013) ZFHWT, IBRETIVIIRD XS ITRIN5.

1
Yi | wiaﬂ)ﬁ()awi ~ Binom (17 ) )

1 + e~ (Bot+=]B)
w; ~ PG(1,0),
B; | A1 ~ Laplace (0, 5\1) , (2)
Bi = B | A5, 7 ~ N (0, A7)
Aj ~ C*(0,1),
7~ CF(0,1).



ZZT, 27 X—=&a>0,b%FD Pélya-Gamma 77 IIROIERBEREMTRINS.

1 > Jk
PG(z | a,b) = E =
2m? k=1 (k- %)2 + (4m2)

g WA V=7 Gala, 1) IHES NI HERZICTH 5. 7z, Laplace(r | 0,)\) 1&, HER

o " A - oo

HHEBIH Laplace(x | 0,)) = Joxp (= Alz]) TRIND I TIANMTHY, CHa]0,1)
I 2 W s .

SHEREEBIB O (x| 0.1) = gy TRENS =2 —HHTH L. BEHHS

i %83 2 BRI D ZES 2 2 & T, BEREROZED S BIE0IHESINLENE
ERRDEE I N SN D Z e AT HEDITR 5.

IEFRRERES (Andrews and Mallows, 1974) & 2 — > — M OFEERIL (Wand et al.,
2011) ZFHVWE 2 2) RDETNVIIRD LS ICRES.

) 1
Yi | @i, B, Bo, wi ~ Binom (1’ 1+ 6—(Bo+wiTﬂ)) ’

B; | 7']-2 ~ N(O,Tf),

5\2
77 ~ EXP -5 ,
(3)
21, 11
A v~ 1G (2, Vj) ,
2 11
#1en1c ().
1
Vi, .. 0,6~ 1G (5,1).
(3) RDOREBRIUC XD, FIRFEEOMETTEE LTEX IR - H TV U IHERTE .

BE 3k
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ONLINE ESTIMATION OF ERGODIC DIFFUSION PROCESSES
WITH CONVEX OPTIMIZATION

fhbirets (RECR P RZEBER G SLIFZER)

Let us consider the parametric estimation of the following d-dimensional stochastic differential
equation (SDE):

dX™ = b (Xf"’) dt+a (Xf”’) dwy, Xo=z €R?, ¢t >0.

SDEs describe dynamics with randomness and allow for flexible model structures under mild
conditions. Therefore, they are used to model phenomena in broad disciplines such as finance,
biology, epidemiology, physics, meteorology, and machine learning. In this study, we propose
an online parametric estimation method of b based on discrete observations {X Z.“};I:L }i=o0,...n With
hy > 0.

Online estimation, where the estimator is updated as data are acquired, is a typical and
significant concern in time series data analysis because it is quite useful for real-time decision
making. However, most studies on the online parametric estimation of SDEs depend on the
setting of continuous observations {X}' ’b}tzo [3, 1, 2], which is restrictive in real data analysis.
Hence, we aim to propose online estimation methods for SDEs with discrete observations.

We provide uniform risk bounds for the parametric estimation of both diffusion and drift
coefficients of SDEs with discrete observations and model misspecification via online gradient
descent with convex loss functions and their convex approximations. Those bounds give theor-
etical convergence guarantees of the proposed online estimation method for SDEs with discrete
observations, which are the main contribution of our study. To derive the bounds, we combine
the three theoretical discussions: (i) model-wise non-asymptotic risk bound for the stochastic
mirror descent (SMD) with dependent and biased subgradients; (ii) simultaneous ergodicity
and uniform moment bounds for a class of SDEs; and (iii) the proposal of loss functions for the
online parametric estimation.

Selecting drift estimation as an example in this section, we set the convex and compact
parameter space © C R? and the triple of measurable functions (b™, M, J) such that b™ (z, 0)
is the possibly misspecified parametric model, M (x) is a positive semi-definite weight function,
and J (@) is the regularization term. We set the function

1
6 (@,9,0) == M (x) |(y = ™ (@,0)°] + 7 (6).
Assume that ¢ (z,y,6) is convex in 6 for all z,y € R? and has measurable elements in the
subdifferential for all z,y, and 6. {6;;i =1,...,n+ 1} defined by the following online gradient
descent algorithm

. hn a,b 1 b
9i+1 = PrOJ@ <01 — \fﬁaggﬁ <X(i—1)hn’ FnAiX“7 701‘ s
with an arbitrary initial value 8; € © and a sequence of discrete observations {Xff;i;i =
0,...,n}, is then well-defined as a sequence of random variables by choosing measurable sub-

gradients, where A; X% = Xfﬁi - X Zﬁfl) I and h,, > 0 is the discretization step. Note that the
learning rate chosen here does not lead to the best convergence but is simple and approximately

the best in our study. Our contributions (i) and (iii) provide the following risk bound for the

This work was partially supported by JSPS KAKENHI Grant Number JP21K20318 and JST CREST Grant
Number JPMJCR21D2 and JPMJCR2115.
1
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estimator 0, := 2 37" | 6; with a fixed (a,b): for some ¢ > 0,

ab [ pab (g \| _ pab < log ”h% B/2
sup (B2 (7 (0n)] = £ ) < (W + i ) ,
where § € [0,1] is a parameter controlling the smoothness of b, E2? is the expectation over
{X) Yo with X% = 2, [0 (8) = [ M (€) (™ (£.6) — b ()T (d€) + 7 (0) is the loss
function, and TI%? is the invariant probability measure of X}’ * The contribution (ii) yields the
existence of ¢ such that the inequality holds uniformly in S := {(a,b)}, a class of coefficients
of SDEs satisfying the same regularity conditions; hence, the risk bound is uniform in S. Note
that 0, estimates the best § € © (or the quasi-optimal parameter; see [4]) with b™ (,0) closest
to the true b in the L2 (Ha’b) -distance. Moreover, if the model b™ correctly specifies b, that is,
for all (a,b) € S there exists 6 such that b = b™ (-, 6), then we can obtain the following bound:

_ log nh?
Ea,b a,b an < n + hﬁ/2 .
(as,zl)IG)S ‘ [f ( )] = ( \/ nh% "

One simple but significant outcome of the above discussion is a non-asymptotic risk guarantee
of the following online gradient descent for linear models such that an arbitrary initial value
0, € O,

0141 == Proje (ei + \2 (0™ (X520 0) ) (A — ™ (K32, 9>>> ’

where b™ (z,0) is the possibly misspecified parametric model whose components are linear in
§ € ©. Note that it corresponds to the case M (z) = I, J (6) = 0. As evident, the uniform risk
bound for the estimator 6, := %Z?:l 0; over a certain family S of the coefficients a, b holds:
for some ¢ > 0,

sup sup (E” [ / 6™ (€,8,) — b(&)|5 11 (d&)] - / 6™ (&, 6) — b (&) |31 (d&))

(a,b)ES 0O

2
<c log nh, +hB2 .
V/nh?

If we assume that b™ correctly specifies b, then

a,b m 0\ 2 rrab M 8/2
ones [/Hb (&:6n) — (|11 (df)]SC(erhn .
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NON-SPARSE HIGH-DIMENSIONAL ASYMPTOTICS:
THEORY AND PRACTICE

MASAAKI IMAIZUMI!

YThe University of Tokyo

1. INTRODUCTION

This talk will deal with the recently developed high-dimensional asymp-
totics. Traditionally, high-dimensional statistics based on sparsity have
been mainly investigated. In contrast to the literature, in recent years, sev-
eral high-dimensional analysis without sparsity has been attracting attention,
motivated by the recent success of non-sparse large-scale statistical analy-
sis. For example, there is a high-dimensional analysis using the spectrum of
data matrices and an analysis of high-dimensional models using the Gauss-
ian comparison theorem. In this presentation, I will overview those theories
and introduce some research results applying them.

This presentation consists of several studies. First, we present an ex-
tension of the concentration inequality for empirical averages of high-
dimensional random matrices (Koltchinskii and Lounici, 2017), and related
over-parameterized linear regression studies (Bartlett et al., 2020). We ex-
tend these results to distributions with thick hems. We then present methods
for dealing with high-dimensional models under Gaussianity. These are
done using the Gaussian comparison theorem (Thrampoulidis et al., 2015,
2018) and the proud message propagation method (Bayati and Montanari,
2011; Sur and Candes, 2019). We develop M-estimators under general
regularization as well as generalizations of these estimators in the case of
unknown link functions.

Date: December 8, 2022.
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In various statistical applications, we often face a sequence of positive-valued observations
such as machine failure time, store waiting time, survival time under a certain disease, an
income of a certain group, and so on. A common feature of the data is “sparsity” in the sense
that most of the underlying means of observations are concentrated around a certain value
(grand mean) while a small part of the means is significantly away from the grant mean. To
reflect the sparsity structure, a useful Bayesian technique is an idea of “global-local shrinkage”
(e.g. Carvalho et al., 2010; Polson and Scott, 2010; Datta and Dunson, 2016) that provides
adaptive and flexible shrinkage estimation of underlying means; when the observations are
around the grand mean, the posterior mean strongly shrinks the observation toward the grand
mean, but the observations that are away from the grand mean remain unshrunk.

In this presentation, we consider the following gamma inverse-gamma hierarchical model:

%

i | Ai ~ 0i
Yi | Ga( N,

) y N w ~IG( + Tuy, Brwg),  uwp~w(s), i=1,....n,

where 8 > 0 and 7 > 0 are unknown hyper-parameters for which we assign conjugate gamma
priors, and \; is a parameter of interest. The prior mean of \; is E[\;] = [, so that [ is
interpreted as a grand mean of underlying heterogeneous means. A fixed constant ¢; is selected
in given context. As considered in Liu and Stephens (2016), if y; and A; are sampling and
true variances, respectively, the choice is §; = n;/2, where n; is a sample size used to compute
y;. Moreover, if y; is a sample mean based on m; samples generated from an exponential
distribution Exp(1/A;), it holds that é; = n;, and it reduces the framework of a sequence of
exponential data when n; = 1, considered in Donoho and Jin (2006). Unlike existing shrinkage
priors, our new prior is a shape-scale mixture of inverse-gamma distributions, which has a
desirable interpretation of the form of posterior mean and admits flexible shrinkage. In fact,

the posterior mean of A; is given by

iy + BT

ElN |yl =E
i ] [51‘4-7'%'

yz} =yi — E[si | yil(yi — B),



where rk; = Tu;/(0; + Tu;) € (0,1) is known as shrinkage factor that determines the amount
of shrinkage of y; toward the grand mean . As desirable properties of k;, E[x; | ;] should
be close to 1 when y; is close to the grand mean, leading to strong shrinkage toward S, while
E[ri | yi] should be sufficiently small for y; having large y; — 8 to prevent bias caused by
over-shrinkage. We also note that the global parameter 7 determines the overall shrinkage
effect, whereas the local parameter u; allows k; to vary over different observations. As priors
of u; that satisfy such desirable properties, we propose the following scaled beta (SB) and

inverse rescaled beta (IRB) priors.

() = g
BT B ) (T )
1 1 {log(1 + 1/u;)}b~t

TRE () = B w1+ w) {1+ log(L+ Lju)) e’

where a,b > 0 are hyperparameters and B(a,b) is the beta function. We discuss the roles
of the hyperparameters, a and b, of the proposed priors, and then we propose particular
choices of the hyperparameters. Under the proposed priors, we can construct an efficient
sampling algorithm for posterior inference via Markov chain Monte Carlo (MCMC) method.

Furthermore, we show that the proposed priors have two desirable theoretical properties;
(i) robust shrinkage rules for large observations, and
(ii) Kullback-Leibler super-efficiency under sparsity.

The performance of the proposed method is demonstrated through numerical studies, and
we apply the method to two real datasets related to the average length of hospital stay for

COVID-19 in South Korea and variance estimation of gene expression data.
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Minimum information dependence modeling
for mixed domain data
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Abstract
In this talk, we introduce a joint statistical model for mixed-domain data that is
proposed by [1]. The proposed model contains multivariate Gaussian and log-linear
models. We show the existence and uniqueness of the proposed model under fairly
weak conditions. To estimate the dependence parameter in our model, we present
a conditional inference together with a sampling procedure and show it provides a
consistent estimator of the dependence parameter.

1 Minimum information dependence model

Let (X;, F(X;),dx;) for i = 1,...,d be measure spaces and denote their product space by
X =TIL, & and dz =[], dz;. For index i, use the notation —i to indicate the removal
of the i-th coordinate, e.g., z—; = (), X—i = [[,; &j, and dz_; = [, dw;.

Let i (z1;v),...,1q4(xq;v) be statistical models of marginal densities on Aj,..., Xy,
respectively, where v denotes parameters characterizing the marginal densities. We can as-
sign, if necessary, independent parameters to each r; as r;(z;; v;) by setting v = (14, ..., vq).

We consider a class of probability density functions

d d
p(z;0,v) = exp <9Th($) - Zai(xi§07 v) — (0, V)) ri(zi;v), (1)

i=1 i=1

where 6 € R¥ is a K-dimensional parameter representing the dependence, and h : X — RE
is a given function. The functions a;(x;; 0, v) and (0, v) are simultaneously determined by
constraints

/p(x; O,v)de_; =ri(x;;v), i=1,...,d, and (2)

d
/Zai(xi; 0,v)p(x;0,v)dx = 0. (3)

Note that the density (1) is reduced to the independent model H?Zl ri(z;v) if 6 = 0.

Definition 1. A statistical model (1) together with the constraints (2) and (3) is called a
manimum information dependence model. The parameter 6 is called the canonical param-
eter, v is the marginal parameter, h(x) comprises the canonical statistics, a;(z;;0,v)s are
the normalizing functions and ¥ (0, v) is the potential function.

1



Figure 1 displays a two-dimensional histogram of samples from the minimum informa-
tion dependence model for mixed variables (discrete and [0, 1]) with negative correlation,
which shows that the minimum information dependence model easily expresses the depen-
dence between mixed-domain variables.
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Figure 1: Two-dimensional histograms of 10000 samples from the minimum information
dependence model with the Beta Beta(10, 10) and Poisson Po(3) marginals. The canonical
statistic h(z,y) is given by h(z,y) = z/(y + 1). The joint histogram and marginal his-
tograms are plotted. (a) Joint histogram with # = 0. (b) Joint histogram with 6 = 100.

Let po(z) := Hle ri(z;;v). We say that a function H € Lyi(po(x)dz) is feasible if there
exist measurable functions {a;(z;) : i = 1,...,d} and a real number ¢ € R such that the
function p(z) = eH(x)*Zgzlai(‘“)*wpo(x) satisfies

/p(:r)dz_i =ri(x;v) foreachi=1,...,d and

d

/ 2_; a;(z;)p(z)dr = 0.

Theorem 1 (Theorem 1 of [1]). A function H € L;(po(z)dz) is feasible if there exist
{b; € Li(r;(z;)dx;) :i=1,...,d} such that

/ H@ =S i@ po (g < oo, (4)

Furthermore, if H is feasible, then 3¢, a;(z;) and ¢ are unique.
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In my presentation, I have presented two topics: (1) Learnability of convolutional neural net-
works for infinite dimensional input, and (2) High-dimensional asymptotics of feature learning.
Each topic is based on the papers Okumoto & Suzuki (2022) and Ba et al. (2022) respectively.

1 Learnability of convolutional neural networks for infinite
dimensional input

In the first part, I have presented a recent result about the learning ability of convolutional neural
networks for infinite dimensional input Okumoto & Suzuki (2022). Let A be the uniform proba-
bility measure on ([0, 1], B([0,1])) where B([0, 1]) is the Borel o-field on [0, 1], and let A> be the
product measure of A on ([0, 1]°°, B([0,1]*°)) where B([0,1]>°) is the product o-algebra generated
by the cylindric sets Nj<q{z € [0,1]* : z; € B;} for d =1,2,... and B; € B([0,1]). Let Px be a
probability measure defined on the measurable space ([0, 1]*°, B([0,1]°°)) that is absolutely contin-
uous to A*° and its Radon-Nikodym derivative satisfies || 35X || 1o ([0,1<) < 00. Then, suppose that
there exists a true function f° :[0,1]* — R, and consider the following nonparametric regression
problem with an infinite dimensional input:

Y = fo(X) + €,

where X is a random variable taking its value on [0, 1]*° and obeys the distribution Px introduced
above, and £ is a observation noise generated from N(0,02) (a normal distribution with mean 0
and variance o2 > 0). Let P be the joint distribution of X and Y obeying the regression model.
Then, we analyzed the estimation accuracy of deep convolutional network to estimate f° from n
input-output observations (X;, ;)i and investigated how the smoothness of the target function
f° affects the convergence rate.

Among a wide range of success of deep learning, convolutional neural networks have been exten-
sively utilized in several tasks such as speech recognition, image processing, and natural language
processing, which require inputs with large dimensions. Several studies have investigated function
estimation capability of deep learning, but most of them have assumed that the dimensionality of
the input is much smaller than the sample size. However, for typical data in applications such as
those handled by the convolutional neural networks described above, the dimensionality of inputs
is relatively high or even infinite. In our analysis, we investigated the approximation and estima-
tion errors of the (dilated) convolutional neural networks when the input is infinite dimensional.
Although the approximation and estimation errors of neural networks are affected by the curse of
dimensionality in the existing analyses for typical function spaces such as the Holder and Besov
spaces, we show that, by considering anisotropic smoothness, they can alleviate exponential depen-
dency on the dimensionality but they only depend on the smoothness of the target functions. Our
theoretical analysis supports the great practical success of convolutional networks. Furthermore,
we show that the dilated convolution is advantageous when the smoothness of the target function
has a sparse structure.



2 High-dimensional asymptotics of feature learningt

In the second part, I have presented the asymptotic analysis of predictive accuracy of two layer
neural networks with feature learning developed in Ba et al. (2022).
We consider the training of a fully-connected two-layer neural network (NN) with N neurons,

1 Y 1
() = \/—N ;aia(<w7wi>) = ﬁaTU(WTa:),

where € R W € R¥™N aq € RV, ¢ is the nonlinear activation function applied entry-wise,
and the training objective is to minimize the empirical risk. Our analysis will be made in the
proportional asymptotic limit, i.e., the number of training data n, the input dimensionality d, and
the number of neurons N jointly tend to infinity. Intuitively, this regime reflects the setting where
the network width and data size are comparable, which is consistent with practical choices of model
scaling.

We showed that the first gradient update contains a rank-1 “spike,” which results in an align-
ment between the first-layer weights and the linear component of the teacher model f*. To char-
acterize the impact of this alignment, we compute the prediction risk of ridge regression on the
conjugate kernel after one gradient step on W with learning rate n, when f* is a single-index
model. We consider two scalings of the first step learning rate 7. For small 1, we establish a Gaus-
sian equivalence property for the trained feature map, and prove that the learned kernel improves
upon the initial random features model, but cannot defeat the best linear model on the input.
Whereas for sufficiently large 7, we prove that for certain f*, the same ridge estimator on trained
features can go beyond this “linear regime” and outperform a wide range of random features and
rotationally invariant kernels. Our results demonstrate that even one gradient step can lead to a
considerable advantage over random features, and highlight the role of learning rate scaling in the
initial phase of training.
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All computing devices, including quantum computers, must exhibit that for a given input, an output is produced
in accordance with the program. The outputs generated by quantum computers that fulfill these requirements are not
temporally correlated, however. In a quantum computing device comprising solid-state qubits such as superconducting
qubits, any operation to rest the qubits to their initial state faces a practical problem. On the implementation of
the scalable quantum computers, the health check (or stability check) algorithms are needed. We propose that the
quantum random number generation is one of the candidates of the health check algorithms in any quantum computing
devices.
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Bootstrap for Selecting a subset which contains all populations

better than a standard
Jun-ichiro Fukuchi, Gakushuin University, Tokyo, Japan

1 Framework

When samples are obtained from k populations with the different means, statistician is often interested
in finding populations whose means are larger than that of the standard population. For the case of normal
populations, Gupta and Sobel (1958) formulated subset selection approach. In this approach, the goal is to
select a subset which contains all populations better than a standard. At this presentation, we only describe
the method for unknown standard case. The method for known standard is similar and it is omitted. Papers
related to this methodology are Paulson (1952), Dunnet (1955), Tong (1969), Huang, Panchapakesan and Tseng
(1984) among others.

A related problem is selecting a subset which contains the population with the largest mean. The basic
framework is built by Gupta (1965). Swanepoel (1983) investigated the bootstrap method for subset selection
of the largest mean. Fukuchi (2020) proved consistency and the second-order correctness of the bootstrap under
the assumption that population distributions belong to the same location family. This type of homogeneity
assumption is needed for the selection of largest mean problem since the statistic used for selection rule depends
on the distribution function associated with the largest mean asymmetrically. Subset selection problem of better
than standard is simpler in some sense and as a result the bootstrap is shown in this paper to be successful
without homogeneity assumption on the distributions even when sample sizes are unequal.

2 Selection rule and the infimum of the probability of the correct selection

Let IIy,...,II; be k populations with means p,...,ux, and the common variances o2. Let IIy be the
standard population. Denote the distribution function of II; by F;, ¢ = 0,1,...,k. It is assumed that the
functional forms of F; are unknown. Let pp) < ppg < --- < pupg) be ordered means. Let {Xi; :j =1,...,n;}

is a sample from the population II;(¢ = 0,1,...,k). Let X; be the sample mean of {X;;,j = 1,2,...,n;},
i=0,1,...,k and S? be the pooled variance.
2.1 Equal sample sizes case

Consider the following selection rule proposed by Gupta and Sobel (1957).
Selection rule R; : Retain the population II; in the selected subset if and only if

Xi>Xo— %S (1)

where ¢; is the smallest constant such that infg P(CS|Ry1) = p for prespecified p € (kfl,l). Let Q :=
{(oy 41, - -y k) = s € Rji=0,...,k}. We make following assumption.

Assumption 1. For each ¢ =0,...,k, F; belongs to a location family, that is F;(xz) = G;(xz — ;) for some
distribution function G;.

Theorem 1. Under Assumption 1,

i _ Xo— Mo Xi— M
s = (s (S8 =57 <)

2.2 Unequal sample sizes case

In this section, we consider the unequal sample size case. Consider the following selection rule.
Selection rule Ry : Retain the population II; in the selected subset if and only if

. T 1
X > Xo— 28—+ —, (2)
no ez

where ¢y is the smallest constant such that info P(CS|Rs) = p for prespecified p € (k~1,1). See Bechhofer,
Santner and Goldsman (1995), p130 for this selection rule for normal populations.

Theorem 2. Under Assumption 1,

inf P(CS[R2) =Po | max <oy



o _ -1
Let T 5, := maxi<i<k ((XO — o) — (X, — u,-)) (S L4 n%) . Then ¢y is the p-th quantile of 15, where p

no
is prespecified number.

3 Estimation of c; by bootstrap

Estimating ¢ = co(p) amounts to estimating the distribution function of T3 ,,. Since F;’s are unknown, the
constant ¢ = ¢, (p) needs to be estimated from the sample. Let n = (ng,n1,...,nx) and
Xy ={Xij:j=1,...,n;, i=0,1,....k}. Let Xy ={X: j=1,...,m;,i=0,1,...,k, } be the bootstrap

sample. Let P* denote the conditional distribution of X3, j =1,...,n;,4=1,...,k given X),. Based on the

e v — ~1
bootstrap sample Xy, the bootstrap version T3, := maxi << ((X0 - Xo)— (X, — XZ-)) (S*. / nio + ni) is
computed. The bootstrap estimator é(p) of co(p) is defined by the p-th quantile of the bootstrap distribution
P (T 50 < x) Theorem 3 states that bootstrap method described above is consistent. Unlike the bootstrap

for subset selection of the largest mean, the bootstrap for subset selection of better than standard is consistent
under rather weak assumptions on the population distributions and the rates how sample sizes increase.

Theorem 3. Let X;1,...,X;,, be i.i.d. random variables with E(X;;) = p;, V(X;5) = 02,i=0,...,k.

Assume that

(1) {Xoj}j2y,- - {Xk;}7%, are independent.

(ii) There exist d; € [0,00], i = 1,...,k such that n;/ng — d;.

Then, as min n; — oo

0<i<k

sup |P*(Ty,, <z) — P(Tz,n < )| — 0, as. (3)
zeR

and |é2(p) — ca(p)| — 0, a.s. for any p € (1/k,1).

When sample sizes are equal and population distributions are absolutely continuous, by Theorem 3 of Fukuchi
(2020), bootstrap estimation of T ,, is second-order correct meaning that bootstrap approximation is better
than normal approximation.

4 Concluding remarks

In this presentation, properties of bootstrap when it is used to estimate the constant in subset selection rule of
selecting better than standard are investigated. We assumed the common unknown variance. Consistency and
second-order correctness for the proposed bootstrap method are proved. Results of simulation study is given
at the presentation.
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