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9:50 - 10:00 A —7/=v 7

Fellg AR HIG Bk (BBER)
RITREMEL T 2B - DSAT WFZEHEEMRIFE M 16k (RIK)

10:00 - 11:10 vy a1

M2 BT TOUVIC X 2HR a1 7 4 )V ZEYYEFIT O FHl & w2 AHilgH
B B (BOEIIZER)

A7 0 EF~DIHT E ZDIRL — R IZDOWT
B 2 (B /BRIE ATP), B i (UK /BEWE ATP)

11:20 - 12:30 &ty > a v 2

Active learning for distributionally robust level set estimation
e S/ ENELNWN
TR (B &8 5 BNN 2w 2 A EEME IR ol & 2 o)t
B fhit (MRt 7 > v =), Bey H GRAUR/BEWE ALP), <R B CRIOR/PEDE AIP)

13:45 - 14:55 vy a ¥ 3

NL—t7ury 4 7OEREICHES L HNRA ZiGEL
S B3 (410KR)

MEEMN 2B Z 2 L 7= )L a 7888E v 5 H L aikoffn
R BRE (WOSEHF)

15:05 - 16:55 v a3 v 4: A >V RY Y A &I K DSAI FEH#EEAR L I F — & FEIFE

SR B AEE TIEIE O
WO WK (RTK)

A= FY U= IBFETFY YL Ry b — 2 FEH
K ¥ (PFN)

VEIESE DR & R
R f2— (BIFF)



12/19 (£)

10:00 - 11:10 &y a5

CNN T & 2 [FIZE GG 0 % 3k 05 e BR
R H (CERUK/HAE ATP), =N ¥z (F AIP)
WL IHETH S —FAHICBIT 2HIHED TIEOSAEME—
k. A
11:20 - 12:30 £y > a3 v 6
%IHO Yy b T NVCED S 2NEGEET — Y RORET — 8 Offiatii~y Fv 7« 7—%
Al
il B (RS SR, IR (BT
CEBEMAEN 2B L 7o BALINEE TV L Z ORIRN Rt E
A IEE REOR), MEE CGREIR)

13:45 - 14:55 vy a7
ERERICE DS KE 7 LI XL DOINFINE —BERNAER & Z s —
FIHL IE (ATKR)
ERENE & ZEROEFEICL B AR — ¥V 2D k0%
B s (RRRER), AR B (BlRaty v e =), R (BRHER)
15:05 - 16:55 v 3~ 8

RRILT — 2B 1T 5 BEEORBIC OV T
Hl B GRUERR), RH RIE (BUKR), IS 3k (K)
Gamma-divergence 1230 < ZEGEIRICOWT
R TP (15 B/ BEE ATP), KA ELAKE (55 K)
HHi A RFARL O R ERIEDFFE & 2 D WAIC & O g
U FAT (MW
16:55 - 17:00 70— v 7

Felg AR HIG Bk (BUBEK)
PR SR BOC (RITK)



R BORE TIIC K B H B a1 7 A )V ZREGSRETRAT O Tl &tk il £

BURIIERFBiRY +5 &

1. IZFC®IC

Flaa F AN AERIEDTRITDRRE > THAS RS —ERRBL LS L LTW5D. FEHEE I,
HATOWRAT O HIIA? &, BHRBELE 7V CARBEYIE DN 2170 [1], IR0 5 N
WMERMELUTERZ[2. 22T, ETIVEHRITOBMEIZOWTHMHAL, kT XSHEMEE 2
D JEGIE DL E % 1 2N RARBRIZTHT R B 720 D F U W2 HHEIE 45 ORI D W TR ERR
U7z

2. ETI

FZATVWBHEPHBKRDOHFTO t HIZB T D RBREDHERE S(t), BEDOHEZE I(t), Ho7z A
(+CL o7z N) DIEEZ R(t) 295, HIZSH+It)+RE)=1ThHs. FATWHEMDKE
TE NAEL, UTofEziEL. (RE 1) RIERED T2 L, HEIREBRE LD D TH L
12, R IZBEWT TS DY 1 HITM NIC B S 82 A 80% B(t) LitL, B ey, Lok
EXNN THEHRH, t HHEDOBEREFERIL IG)N THEH, ZOK;, t HEIZHZICRET 2 I8GH
DAL B)I()S(E)N THEZONEZED LT B, (RE 2) FREEHIL, BELZH»S DHREDE
BoThEHL Ry, BRhELS.

ZD2ODREDTT, BROHEMIZLLTD 3 DDt TEHIT 5.

St+1) = S(t)—BHIE)S()
I(t+1) = I{t)+BMIMH)S(E) — Bt — D)I(t — D)S(t — D),
R(t+1) = R(t)+ B(t— D)I(t— D)S(t — D).

51T, MOREEEL « (IKE3) FRla o F 74 I ZITER L TSR Z2 H9 5 £ 5127
L5HOHT, HBMIZERE L U THEI NG E (THERE L WD) ORRE—ETHS. Z0
%z 1/0 LiEL. (E4) ITBIEEEDEEL THRSITENORERINDL X TIZIW Hh b
HEDLT 5.

it COFBUTBIIBRE R Z P(t) L30T, H DIt TOFBUELE X, RESH ORI
N(S(t—-1)—S@t) THEAoNS. ZL T, THoDEREHEON1/C PITBUCHESI NS, BT
52D, BHRLUTHS WHETHE L LTWS. Lo T,

Pt+W)= %(N(S(t —1)—5(t)))

MALT 5.

(FERNAEER] Ry 1%, — ANDBRE DB MO BREE 1T T NBOMHETH S, KET IV
DBEITIE, “—ERELELU-E XD HBERE T TZOMIMMAICELE ST 27 &\ 5 Hffi{b L 7244
EEZW>TWEDT, Ry =p(t)S(t)D TH 5.

3. HEMRR & RE DR
BHRORNZRD D LCTHEERANITA—XIE, CL DTH5. DIF, T—RZXREFNHE»SH
EINHEZRELDTHY [1) TIERMEEHERLLTD =15%21FT05. COHEEIFHELWL. KEFIL

1



TIEHEHEHAKODHEBMEOHERIZHESOSWT CIZ23 2 LTWVWAD, CIIEZHDIZHRBEL>TH 10 ML R
hrrEZOND. 72, WIXFIOHETIE12H, ZOREIXIH L LTWa. #fEMEZX1IZRT.

4. NIR—=T Y REVINMNTL—r)EY bD

KEGGENDH IR E U TELLSEDLNEDMN, Noyx—=T VKX VATHSD. Tk, BEN
PERUTCTE o - BIFIEENZM/N LU CELNIESRZ 2 o C, BEVPNE-TE26, a2 - BF
MIEE 2 HEET 5, WO Z & THS. HATIE, 20204F 4 HOBREAHEETS I E LT, BYIL
OFMBHEIL L STICEHOHBIAES, LWHORTORELZRIN, TDO—FHT, GoTo ¥+ v
R—=V R EDRFIEH 2 BT B2 TOMKI fTONTE 2., 20, HRRONY =TV KE YV
ATH5b.

NY—=T Vv REVADREL, FHEEEERDO Y ba—)LE2175 L WO ITEIEEN W2 &
ThHb. W2, MPALELEEIAT, tha - RFESHZHEMT L7720, V-2 2 WA BOEE LV
NVDAY FE—UDHELL, FEBRASTE (RITVE—2%2 MR 5T L) 12, EFEMICHKET S
EMEBEBD AR T AMADN R OSND. TONEERY AT LIZhLEAEIEEAL, W O2hDHEDH
LI, BRVATLADRRLIZ 6N 2D, HET 2L E .

—J, AMMZEBULFEITFLTWTSH, 3EMEEOR L WTEIEI 2475 &, V1L AZIFIFER
ETBIEMTELDTHEDS, WATVIERLTERZS 3EMOB L WTERG TS 21313
HIZ U7z BT, 5l EHRWTHTIRITT 2 £ T, 37 HRRE (3% 0K 0] Bl - BFE# 217>
TW ZEZEVIRLUT, EHEMELOODHAZ2EE L TV ZEDRTELD TRV, LHEH
FEZTVWS., WHhIEZL— Uty FEFOTIHOETEOTHS. Zhid, #xX[1] TREL
TW5, /HEIHHE B2 0 RS BORZ MURMNIZIER L THEILSE DD D L 5.

EBIRNE, BHIEP VNI L TWT S, EBIFFTOICTESDTHSENS, ZL—h kY
N AR DRI RS (IRA WA O T) HMOREEEZFF> TV TEENL L IEk
WeEzZoND., ZOXDBERO RN & GHEMEZ BOEICHETT 2 2 S I3BRECHETH 5.

SE R

(1] 186 < B0 5 1 L ARHSED L D (2S5 — 242 BURIIEASEB AT ¢ A & 3
Vo = 8= 20-04, 2020 £ 5 H 30 H. (BGETHRAA RV —Ya v X - U —FITHEETE.)

[2] LB : http://www3.grips.ac.jp/tsuchiya .
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4 /LJ\E/J@ O

IEANDIMEE Z DI L — b

DWNWT*

BB 18, TS 20

AR AR A ST

1 [ELC®IC

DHEMEEIZB T S8 D 0 ZEHITEE o s F
HED—DIZ k ik (k-Nearest Neighbour, BEFR k-NN;
Fix and Hodges (1951)) 2'® 5. k GEfEETIEE T2
TVEFED kDT —XRT MVEBRRL, Xnd 57
NVDFIZZ LD 7 T ) DE T A)VEEREZ FHIT 5. &
ﬁ@%i%%oa&w%&t1575ﬁ4/mwﬁﬁ%

1oL, kiEEEOHEH— Bk, T&b%‘hﬁj\*ﬁﬁ%f
ﬁlﬂiﬁmkﬂﬂﬁﬁ'é & Cover and Hart (1967) 7%
CIZEORINTEY, £EZTOPRDES (PERL —
;) A% Chaudhuri and Dasgupta (2014) 72 &2 & DR
INTW3B

— /T, EROIRNVELTFTHHEH T T
A VHEOREEATD BAEDORERPNEL — ~
Audibert and Tsybakov (2007) iZ &bV H5EZX 6N TH
D, T RVDERMN E BIRHEDIEE 12 o 275111
kODEEITREL — M EERTER.

ESEBEIZIINA T AEN) TV AD ML= R4 739
B3 kERELTELITYNSE DT —XRT ML
DIRVDRERBINDEEDIZRY, N4 TABEKRKLT
LES. ABIETIE, WS2DD kIZDWT kiifHk%
v, FllEN7 I RVEREZ k= 0 (AR AMF T
B Z & THNEM A T A& A S, REBPERL —
MRS B YIVFRT—I EEEERIRET 5.

2 [EERE
X C R BFEraVAZMESEL, (X,Y) €
X x{0,1} 294 Q »SEMINBMRERL T 5.
YL TN D, = {(Xs, V), £2 TV (X,,Y.) 13
NI QIZRES 2T B, D, X, ZHVWTIITY &
5T —=RRIPMV X, e X DINNVY, €{0,1} % FH
TE0HEM §n 0 X — {0,1} 2FH UGS 5.
S M AR O FEAE I X s R L(g)

Px. v, (9(X.) #Y,) ZH W7z excess risk
E(Gn) == Ep, (L(gn)) — g:Xgl{foJ} L(g)

ZHW3. Excess risk £(g,) DYV TN n i2D20WT
DA =X —ZPRL — b LIPS,

3 ki {75 /f

x50 —27Yy FEHIZEDRZATZIA
NEZDL Xy — Xill2 € [ Xy = Xufl2 < -+ <
1 X(n) — Xill2. =V OHETZNTA-L keN ¥

* AFiiE Okuno and Shimodaira (2020) 232 L T\ 3.

? R R R SERY,

S BALSARRZERT AIP £ > & —

FIAS 1 272 BB wi, wa, ..., wp >0 ZAWVE

Z w;Y (s

EEAMME kB HEE R (k:—NN estimator) EIFT,

= w, = k7! HEAIZ kT
s P 77&4/W®ﬁﬁ% PN(XL) =
LX) 2 1/2) B EAME KRG D B
#% (weighted k-NN classifier) & FESR. PAETIZ 7 T
VX, ZEELULS AT 5.

A(kNN)

W, = Wo = ---

4 TIFRIT—I kEEE

NIk TO kLEfEEZRUZ. EAKED
EE EOEFEHEEEODIITNS WA, FMTRUEZEM
YOI (1T R) BREL B,

knn
02 03 04 05 06 07 08
|

f T T T T T
0 100 200 300 400 500

L kOEFHERR, T B (X)) = B(Y |
X,), Bty erFhornyIalb—varvies
33 kR RO T & A T

AFFETIE, 1<k <ks< - <ky <n(VeN)
BT kR FHEE R A<’“NN>,17,§’;NN>,...,77,§’;NN> %t
U, (k=)0EBENIMET DTN T AZRDSE
BRINFRU—IkEEEZRETSH. L0 BEENRF
i LTl

( ) ﬂé?j: Tk ‘= HX(k) —X*Hg (kj = kl,...,k‘v) %?F%
(2) ¥ ry, 2N UREIRBER f(rg,;0) AWT ki
e R A 2 PRI S

O = arg mln Z{n(kNN
v=1

(3)ro=0%LT, k=0 FT5:

flre,;0)¥

e = 1(0: ).

ST 27774 VO IVF A —)b kR $Ees
% Al(cMSkNN)(X )i=1 (n(MSkNN)( ) > 1/2) r4 5.



R TIRREDME I D IE D A THER & - % IHR,
f(r;e):90+91T2+92T4+...+90r20 (1)

ZEEREE e ULTHWS &, EFEEOPER L — b 2
THILEMNTS.

5 HEmARAT

AHITIE, SIVF AT =)V kEEENBE O kLR
DINHL — M 2WEL, L — M2ERT S Z & 2R
T mINS, RO EWIRME n(z) =E[Y | X = 2] (<M
TN DL DEMEFHT 5.

E% 1 (e-margin &), »2EH L, > 0, >
0,0 > 0 BEELT B(n(X) —1/2| < ) < Lat®
(Vt € (0,],X € X) £ T&5% ¥ & n ¥ a-margin £&fF
2 AR

EFE 2 (B-Holder &:fF). Ty x.[n] 25 X, € X TD
BE n © q(e No) k51 7 —EHLT 2. &5EHK
Lg > 0,8 >0 BFELT n(X) — Tig)x. )(X)] <
Lgl|X — X, | tTcE3r % neClP(X) I1F g-Holder
SMRT NS,

EZ& 3 (y-neighbour average smoothness &f}). £&
B C R zoWTEHINDHE n)(B) = E(Y |
X € B) ¥ X € X THEZE r O B(X;r)
ZoWT, HHEH L, > 0,y > 0 BFMALELT
nN(B(X;7) — n(X)] < L7 %2792 E n ik
~-neighbour average smooth THh 5 &9,

— BT a, B,y MREWVIFEDHEHBOINKRNEL 2 5.
BB, X OBEBEBIZOWTUTOLG2EHET DL
EHL A D SO,

E# 4 (Strong density assumption). X O ERE 1
ZD2WT, ®B3E tmin, tmax € (0,00) BFHEL T
Hmin S ,[L(X) S Hmax (VX € X) tf%%t% Hw &
strong density assumption (SDA) Ziii7z3 &\ 5.

EE 5 (K & o HHOMNEKL — b
Chaudhuri and Dasgupta (2014) & 4(b) ). £ &
X Bav 7 THY, nd a-margin & y-neighbour
average smoothness & %729 & 4 5. SDA »
BOYNDE UL, ke := k, < n2/+) v 437 »

E(GINNY = O(n=(1+a)/2r+d)),

M 51 y-neighbour average smoothness i %
WKES 57, b bz B-Holder &% IKET 5
e, WSO DEMEDFT v = min{3,2} BRYE
% (Okuno and Shimodaira (2020) E# 1). 2% b
B>2& LT B-Holder M%KET 5 L

E@) = O/ ()

L0, BAVKSREL B THIRL — FAINY
CRENTUES. ZRERFEEER (Tsybakov,
2009) LFRIMRDBELTH % (Hall and Kang, 2005).

iz, B-Holder &ED T TR NF AT — )b kEEE
DPH Y — + & AT OEH 6127R7.

T 6 (VI F AT =) kTSSO K
L' — b; Okuno and Shimodaira (2020) &2 2).
L= (51,62,...,&/) ERV Tl =1<ly< o <
by < o0 8BRZMLVEL, ki, = n?P/@F+d)
D kv,n = min{k‘ S [n] | HX(k:) — X*Hg >
Gl X k) — Xullo} 2T 5. EREEE LT (1)
ZHWS. () p, un BENZTH B-Holder Fe4: % Ji
72U, (ii) SDA Z{KE L, »2 (iii) C := |B/2] <
V-1&32s, HEEVPRBMLRNZODSE
£ (Okuno and Shimodaira (2020) (C-3)) D FT

~(MSENN - a
5(92 )) =0(n (1+-)6/(2B+d))_ (2)

X (2) TRUEZRVF AT =) kEFHEEOPERL —
ME, BEOT I A VRO 5 Rl L —
; (Audibert and Tsybakov, 2007) & —#§ 5.

6 FE&HEEMR

MEXY, BBEUAYIVF AT —)L kSRR EEE
EOPKRL — M 2%EL, REL— N2ERTHILE
AUz, mBIC, REICIRIREE L B EARE, =
AT E EEEEE DEBIZOWTDEMRm 2 Z 2D 5.

6.1 BFTZENE)EE DL

Audibert and Tsybakov (2007) T, &£ EHA A
J# (Tsybakov, 2009) % i\ 7275 7'+« VRID 5 HEEEH
Bl —MNEERT DI LERLTWS. FZEAR
#EZ7 ) X, e X C (RY) OFATD n DFA T —[8
PELEACHET S0, 1+d+d>+--+d° HD
REEWET DBERD LD, RELZIIVF AT —)
kSEFETIE (1) W8N 1+ C HOHEOHEE % HE T
572 TR.

6.2 EBEHAE LEFEEE DL

Bl kEpE L MR E2 M ASDEADITEET L Z
EMTEDLINF AT —) kEfEikiE, HOMKRE L
T, [liZE A URERIZEAN & b EHEORBUEDH
Bowi,... wp € REFHEL TV LARES.

HAMNE b EBETIEN, FADEADAZE X
. FADEADHREZ D54, BlREAZHVTS
IR L — b ASEAE VR kEFEEE H UIZR->TL
5 VSN TWS (Samworth, 2012). Samworth
(2012) TIEE 51T excess risk DT 1 7 — & % midifb
THEBDOEAZHIUTEREL — b (2) PERTEZ D
ZEmRLTWS.

REUESIVF AT —)V kREEEAERZ AL T,
Samworth (2012) i% excess risk D7 7 — & D &H
fEENUTHAZREST D25, ZHh652D00F
ETRONDIEBHEDOEAIIFA—TIER VA, £556%
RV — bEERT S, LA L Samworth (2012) @
FIETIET A 7 —BHEZEACE L Chol{td 2 B8
HY, RELBEADFEVEMICZ>TUEDS. REE
IR 2 U CA B I ARG R 2 ATaIC 9 5 Fh
H5.



Active learning for distributionally robust level set estimation

WA AED

VAR LAY MR ER 2 BYLAIR TSR AR At v 2 —

1. =

ARl 2 A S AYED black-box BIEL f 2%, 2V MO —VHRERZE R ¢ LA U -V TERWVWH S04 P IS EH w
ZHOVT f(z,w) ERINDT—RAEFZ V. ZOLE w OLFIZEHUTHENA MNRREZFIETEIL%2FEZS. AN L
MHORELUTHRIZEZEZONDZEDDV DL LT, B2 5XAONLMMEL % LR 2MHELRE2EZEZ LI LNRNTES. 2k
probability threshold robustness (PTR) RJE & WX, (A TR Y b QLMD RIEREEIZ S5 1T 5 chance-constrained
optimization FDEHBRINT VS, ULLRDS, ZOREIEFNG P 28> TRELAZGGIFuANA MRE LS U TE#EY)
TR, ZZT, A6 N=ZBHRHEOH TORETS —AD PTR 2% X % 2\, “distributionally robust PTR measure
(DRPTR)” 2% 2 5. AFiTi%, DRPTR REIWICBEUT, »5ArEDHER o % LW 2K, reliable set % ZI=RMIZFEE T 2
Mz E25. Zhid, DRPTRIZHT 5L~y Mg (LSE) e LTERMET 2 Z e TES. @HD LSE 1T L
TTI0F 47T ELHERET LA NTWS MILE 2 IFFEN 2 EEEKE, ABRCITHEE L 2 EREREIRET
5. -, BUAERZ@EL, REEOVREZMHERT 5.

2. BRE

X

BB f: A XxQ—>R%Z, X xQ CERI NG 2 A MD2E W black-box B T5. 72720, X BLU Q IZERE
HBLT5. EAN (z,w) € X x QIZH L, B f(z,w) DMEIE f(e,w) +e ELTBHIEND T 5. LU, e FEH
DA N(0,02) IZHED, WAL72 ) A X TH 5B, £72, w ZHDRAOHM PTIc> DL L, 3Y bE— L TERVEK
5. 2EL, ERFIZBWTIE, w ORBRIIWEEL T3, 72, A% P ORELGHEE T 5. ARTIE, A2 LT,
A={pmf p(w)|dp(w),p*(w)) < e} 2FEZ5. 272U, ,p*(w) FEBRENVIRE LZSBAMGTH Y, d(-,-) 1dH 25016
MEMTHD. £/2,e>0L92. 20L& HEZOoNEMERDOFR, &z e X 2T 5 DRPTR, F(z) 2L R TEHRT 5:

F(z)= inf Y 1[f(z,w) > hlp(w).

p(w)EAwEQ

ATOHMWIE, 552 oNzifER o€ (0,1) IZHL, F(x) > a 2729 X OHFSHEE H (reliable set) % ZNRMIZFE S
5ZLThHb:

H={zxeX|F(x)>a}, L={xzc X | F(x) <a}. (2.1)

2.1. Gaussian process

ARTI, RABEK f 28T 2EFY 272 LT, Gaussian process (GP) 2 W5, B f 1Z T 2 HFi0 41
GP, GP(0,k((z,w), (z',w’))) 2KET 5. ZIT, k((z,w), (@, w)) FIEEMEI—FNVTHE. 45, T—KEv b
{(zs,w;, y;)}_, BEASNETF, f ORBESHEIFHE GP 220, f(z,w) DFHEEY puy(z, w), FHESK o2(z, w) 1XZ
NENLTTHEZONS:

pe(x, w) = k) (2, w)(K; + 0*I,) 'y, o2 (z,w) = k((z,w), (z,w)) — k; (x,w)(K; + c2I,) 'k, (x, w).

3. BREE
3.1. Credible interval and LSE

B (z,w) € X x QITRL, &t RITRHICB T2 f(z,w) WHNTEEARME Qi(z,w) = [li(z, w), u(x, w)] TED
5. 72720, (@, w) = iz, w) — B oy (@, w), u(@, w) = ez, w) + B o (x,w) THY, B2 >0TH5B. FkIC,
1[f(z, w) > h] CHT BEHRKEE Qux, w) ILHIEHET 5. 2 2C, HAINEIEDZDIZ, HBEDKE T A—X g



EAWT, 1[f(z, w) > h] OEAKHE Q(z, w;n) ELATO &5 ICHET 5

1,1] if ly(z,w) >h—n
Qt(w,w77])5 [Zt<$,wa77)aﬂt(1’7'wﬂ7)] = [071] lflt(waw) Sh*UaHd ut(m7w) >h
[0,0] if li(x,w) < h—1nand u(x,w) <h

ZhEAWT, F(z) offAER QY (x;n) = 11 (z:n), ul™ (z:n)] 2kcEHT 5.

7 (@) = inf thwwn (w), uf (@sn) = inf 3" iy (a, win)p(w).

p(w)GA p(w)eA Bpr

IRE, DGR d(-, ) £ UT LIl % -84, EORIBBIBHEREL < 2 2 ITHYS T 5. M, d(,) 2 LT
LO-JHf % AN - 534513 2 ORI 2 < 2 L ICHIN T 5. WPNOBE S, SRIERD 2 Z L RTE B Y LA—
FAET 50T, 25 ONmRIEERME V725813 Q) (x;n) 2 ET 2L IESTHS. 20X, HB LU L O
EEEUTTED B

={zeX |1 an) > a), L ={zecXx | (@) <a} (3.1)

3.2. BSEK

T, WISTHIT R E AT AR T B b OREEEE 52 5. fxid, RIS TIRE S hz MILE BERE1C 3
SRS ERET 5. MILE OF X /1%, Hilz 72 8050b 5 72 £ & 0488 & BUED B0 £, JIFHERIZ B s Kk %
K BBEEROFMALT B LN EXLTHS. AT, FHEIA N OEE b, ROBESNO SAMIEHERIZ ST
FUL HABEIND D LN HHE D W SRR IR ET 5.

M, w* BB ATEREL, v = f(z*,w) + e DFONIL T 5. M (xf, w*,y*) BEMINAZLED n=0%,L
ra0 F(z) OEAREO Tz 17 (@;0ja", w*,y*) LEL. 2oL E, UFOMEME a(z*, w*) 22 5:

w*) = Y By (117 (202", w*,y*) > ). (3.2)
xecU;

Z T, BATZETIE, AV Y9 r o MILE #AEBUZ S EEZEN U 72 RMILE & IFIEh 2 EAMBEREL TV, T
zk b, AV IF LD MILE OMREEAZHRETE S 2L E2RULTWS. AKOEXHT2HWT, AZREIZBWTH, BIEES
B 2R KT 5.

Definition 3.1 (fRFHEMEEK 1), a(z*,w*) % (3.2) THEALGNDHDEL, y ZEDNRNTIA—RLTEH. ZDOLE, E
BAFIE ol (27, w*) AT CTED, WO E (@441, wii) = ATGMAX (g 1) X X alV (x* w*) L X D ET B
al" (", w*)) = max{as(z*, w*), v, (", w*)}.

Z 2T, REEEBBUL S BUE you (¥, w*) ZHITEMLTWED, b i, RMILE 28T 52 &HTE 5. EE,
T3 0F 4 ANEHEREE LTIEZIHS5DIES HMENT WS

Definition 3.2 (fRFHEMEE 2). a(x*,w*) % (3.2) THEALGNDEIDEL, y ZIEDNTA—RLTEH. ZDLE, ZE
BB ol (27, w*) ZATFTED, WOFMAE (£41,Wis1) = ATEMAX gr pe)cvn 04 (€, w") 12 & D BT 5

a§2) ((z*,w")) = max{a;(x*, w*), yRMILE; (x*, w™)}.

AL BT 5, WL D O ERERB L CBIEEROEIIZOWTIIYHERE T 5.

A

AAFFED—I%, BEFEHZEE (20H00601, 16H06538), JST CREST (JPMJCR1502), HAbLAHZEHT EH MRERT & 155 &
v 2 — DBz Tirb i/,



TR Z &S E 5 BNN Z W
AHEFMERT R O L & Z DILH]

il R (Rt 7T > Y —) AR H (CRAEURY: /BN AIP)
AR WO (B LR /FWE AIP)

1 FL®IC

BRGNS T T v = T o I iEa VAR — 2 v b OFEBIC Neural Network (NN) O X 5 & Fll€
TABMEDNS X 51272D, ZAbaryR—3 v b 2FR L GEEEIILS 2T 2ADOEIED SN TNS.
HEERHENL S R T AT, WEICHT2E2MCMA T, EFEEEZOD00ZEMICHIGT 2 Z 225k
» BN 5. Safety-critical MEIHE T2 XA 7 2BV, WEICH T 2ZeM e U TEEHMTH 2 H8HE%E
EADTIEDBRERP HRD SN TWS, FEIEBLS 27 2I2BWTE, FRUTMA T, EHHEREDIERER R
W3 2L 2MEER S Safety Of The Intended Functionality (SOTIF) NOXfEd KD SUHRH TV 5.
AT ALV TOREWEDERD D, 2V K=Y LV TE, THIETVORHEEEZERILTE
%N A XM= Bayesian Neural Network (BNN) NOBDLAEE > TW5. EE#HEZEIEABLS 27 4
DEHIZ, TA T —RICBOWTEWHREZZN T 27213 TR L, THITMD X5 BRIETAEEMEZE R
THILHEETHS. PHEEEZER(LTENR, BIEMFTHICL2EI S0T Y T LTTHlas
FEOWVTWE20 00270, BIZIEENL T 2 v 2o TEHMFONAZRT 7 A V- TR AT A
ERBTE2. 7, MHEEREOESWY Y Izt U TRt IcH AT 2 E8I#E b rliE L 2 5.
TR B TERITZ 2345 2 LT Monte Carlo Dropout (MC-Dropout) [1] 23%1 5 41T W
2, VZNRXA LM RERS AT AITE > TZDHIEFFTERERI#E2D 3% %, MC-Dropout i,
dropout JE% FIWTHIKD NN 29> 7V v 7 LTENZNCIEEE (74— K7 47— F) 52 2 L TFH
S EE2HETHS. MC-Dropout ORI THEEE L BB ICERILTE 20, ROoNLFHEEFETTY
TNAEA LEDRDONZEIEELS AT 222 5T, BBEID 7 4 — R 7 47— FIFFTHEARMBAZ V.

2 FEOHE

NN &EO AN ZHERERE B L TER O M\REBOMFEE e T, ¥ 7Yy 78
FRE—ED7 4 —F 74T — RTFUNHEFHETE 2 X512k % [2,3,4]. R, affine J§TIIHMEERE
5, EHLE TS Y R BITEIRHE L 02 F 5 % Variance Propagation Bayesian Neural Network
(VPBNN) i22oWT, REMZBICBT 258 E2EX 1I1TRT [4). NN OKEZ2UIRFHE L 2B E T 381
BEZTI74—F74Y—FF5Z282T, MC-Dropout & h d&E#ICFREIDHEHNELNS LIk B.

R 1UICRLULIERERNREOFHBEZICH L DHAEHLED % Z T, Convolutional Neural Network
(CNN) % Recurrent Neural Network (RNN) T —EHD 7 4 — F 7V — FTTFHITMBHRLNS X5



x1 EoAihzzhzhi o,y b Lt 2D NN BXLUX VPBNN 2B 2 RENLETORE. pldHE
BRE 2R S 7DITHR IR FIA—ZTHD, NUF—>arty PEFALCHEIREIICRETE 3.

Layer NN CTOiFtHE VPBNN TOiH

Ely;] =32, Wi Elz;] + b; ,
Varly] < (1= p) 5, W2 Varfu] + p (5, Wi/ Varle;])
Ely] = pE[z]
Var[y] = pVar[z] + p(1 — p)E[z]?

E[y] = E[z]®(r) 4+ +/Var[z]o(r),r = E[z]/+/Var[z]

Affine Yi = Zj Wijl‘j + b;

Dropout y = dx,d ~ Bern(p)

ReLLU = max(0,x
=m0 aly) & (B2 + Verlel)8(r) + Ele] y Vel (r) — Bl
oo B
Sigmoid y = s(x) Ely] ~ (m)
Varl] ~ £~ B (1~ et
~ 9 2E[r] _
Tanh y=2s(2z) — 1 Elyl ~2 <\/1+0T\hr[x]) 1

Varl] ~ 1+ BB (1~ B (1~ i)

1272%. CNN TELN B BEAAAERLFE T — 1 7Bk affine B2 X ¥/7-ETH 372, VPBNN
X CNN IZHEHTE S, [AkkiC, RNN O—fT&» 2% Long Short-Term Memory (LSTM) i, affine &,
sigmoid J&, tanh BEiHAGOEEr Risd 3729, VPBNN X RNN b HEHATE 5.

3 BERER

VPBNN O & D, LSTM ZHVWAETEET VY7 IREVWTHF Y U 7L -y a VHIRMBBLAZ 2k,
CONN % H W7z Out-of-Distribution BHIZBWT AT > T2 I D XFTES X HICkhb L, THERE
OB NY Y TP LERZETI NI ET—XROEEROE S Z & 2R L.

BE X

[1] Yarin Gal and Zoubin Ghahramani. Dropout as a Bayesian Approximation: Representing Model
Uncertainty in Deep Learning. In Proceedings of The 33rd International Conference on Machine
Learning, 2016.

[2] Janis Postels, Francesco Ferroni, Huseyin Coskun, Nassir Navab, and Federico Tombari. Sampling-
Free Epistemic Uncertainty Estimation Using Approximated Variance Propagation. In The IEEE
International Conference on Computer Vision (ICCV), 2019.

[3] Alexander Shekhovtsov and Boris Flach. Feed-forward propagation in probabilistic neural networks
with categorical and Max layers. In 7th International Conference on Learning Representations, 2019.

[4] Yuki Mae, Wataru Kumagai, and Takafumi Kanamori. Bayesian Neural Networks with Variance

Propagation for Uncertainty Evaluation. submitted.



BHFEE S v B2 o BERAE - EHY - oo & AT Bt~ o B
2020 4F 12 H 18-19 H s

NRL—=h78Y7 1 7 DFRHREICEI < SENNT XRE1L
il B, At T

M=

D BHINBIE D RN L 2 % 2 2 % HNiREI3RR~ 2P T2, & 2 3R
SRFEMEICHEICEIN S, 22T, HWBEBEEISRADORITOE HINER#ELZ &
Zy NA RREGICHED W T L — MrER 2 RR T 5 MEZE 2 5. Fic, H—ED
RA RFGEALTRVGEERBIEZER T 2 2 LRGN T 3 [EREICHE D 77 —FIC
BEHT %, ZHINRELICEVTE, RROEENK DML -0, HREICESI T
0 — FUIIER MR DGR N & 7 2 7517, BB O t L — A 7 2 il
5 A =T RITEBNoNDEDHETH o, KRFHERTIE, L — Mo 232 HIBIEL
HOEATHZ L —h7uv T4 7OEHEZEAZS 2 LT, HNBEEEO L —FA
7 %2 ERE LoD, ORI ERICEHEIAT Z 2 IEIVERTE, RO R R
BETHDIEZMNT 5.

% H Bl 12 U 5 5787 O FLERIN R PRERMEIC BN 2 . Bl 2 ISMRIBAFE T, Y
F 7 LA F BB OREY: & LEED AR R &, BRD7 5 —v v A% R
LT 2HAMBOFREBLEN T E, HD 0, EEFEDPHE E L OEFEEER—2
DHIBEL AT LDF a—=v 7T, THUKEE Ry b7 =27 DFHREZED I L — 47
DOEELFEAET 2. 2D &) RRTEIZ IS, LIEORMEI f1(x),. .., fE(x) ZFHEE
WChGEIL T AR E L THRA 2 2 e TE S, L HINRECIRETE, 2 HWBIEmICIE
FL—FA703% ) B—D il ¢ FEEL BV, 22T, L O8A13 5L — M
W EMHEN LB Z NSz OEAGDWRREEEZ D, KEPICIE, AL — Mp#% x i3,
HIWBEEE DR 27 b v fo= (fY(=), ..., fE(x)) 22T HBNBEBLIZ OV TR I gGE
THMhD & BFEL B\ K9 RREE L L TR 6 s, £, 22T L — Ml
% x DEGIVMED f, DEGE L= 7R YT T F* T 5,

AFELTIE, Sv—tr7rr 747 F BT 21E#ER (entropy) 2525 2 LT, 4
IR R R Z IRIET 5 71 & L T Pareto-frontier entropy search (PFES) [1] Z A/
%, HREICEO VT, ZHINARA ARtz & 2 2 TR0 F 25 b oicid 2] & [3] 28
H5. 2] TiE, S — Mol z OEGISHT 2EREEFZ 2008, THUCIFIERICE
MZERDEIEIBIETH ), FHELEM R I 2, ROZHDOIERHTOER & & DR TR
T 200 bHLTIEE L, —HT, 3] 3Z2NFhnoHWBEEO %L L TR
HEMEOEIRR 2 E 2 2IHE2 IR L 7208, ZHESHNREICEBIIS2 L — Rt 73
B2 BRI T 215 CH 2. PFES ICBWTIE, EHEN— 2kl oM ¢
LG E v 7 v SRR R T 243, 2 LA ZIERRTIIC G I TR e FR R
BTES, iU, SL—bt7u0rT47 FBERT 2 HIVBEEE D 2 % w1 5 E
252 LT, HRERHENEYICEHECE 29 770y 713352 ENTELDIC
EREND, o, HUBEBMO L —FA 78883 2 LickD, Lofrifse
DM ZBEET 2 2 ENTE S,



¥/, AFEETIE, HWBIEARNDOZ HiVR#ELIZE 1T % Tdecoupled setting) (224>
THHMNL, PFESHZOFEL I | 23 TE B L b2, J@H, HIVBEK
OB ZES L &EX f, ORTORILHBFERHCBIIE NS 2 L ZBICHET 528, DO
TETIE A DRTE fL(x) DMEABNCBIIICE 2858% 52 5. HSRY ZoOFREICHHL T
W5 DIE (2] & PFES[1] 7217 CTdh %238, Kk LI ICHEL MR ZROBELELoN
5. Bz, ElMEOLENE L BEREORELOFIZ2EZ L, ZNZENONEEL >
Sal—vavitE (BPH¥ELRLE) TRONIGGE2FEZ 5 L, LEN LEEEE
MrADy T2 —vaVitETiHiiINns, BUNEPEEDEa R o, ER3mg
DB ZEHZDIFBHT L HIPRME XS A VAN H 2, £, 20ZnoBlic)
DBHARIBRELIEOH D BIZIE, (FEEOFHED ST HYLEMEDFHE X D b FFHili 2
A M 3E) . PFES ZFEIEII OGO R % decoupled setting TH 5 EHEE, H
R ERRDERTEL I ERT,

BRI, IR &8I Z2 N2 NDFEICDOWT, WL DDV F2— 7T
DM ZHNT B, 72, BREO 7 7o —FRNAESE L, % HWRELUNOFE
CHHEHTEETH D, ZDfth, EED fidelity D3FET 2 o LR~ F) [4] 12>
WCH IR OFFTHIPECEFICE /L, S 6R3REOHEZERT 5.

[1] S. Suzuki, S. Takeno, T. Tamura, K. Shitara, and M. Karasuyama, “Multi-objective
Bayesian optimization using Pareto-frontier entropy,” in Proceedings of the 37th In-
ternational Conference on Machine Learning, H. D. IIT and A. Singh, Eds., vol. 119.
PMLR, 2020, pp. 9279-9288.

[2] D. Hernandez-Lobato, J. Hernandez-Lobato, A. Shah, and R. Adams, “Predictive
entropy search for multi-objective Bayesian optimization,” in Proceedings of The
33rd International Conference on Machine Learning, vol. 48. PMLR, 2016, pp.
1492-1501.

[3] S. Belakaria, A. Deshwal, and J. R. Doppa, “Max-value entropy search for multi-
objective bayesian optimization,” in Advances in Neural Information Processing Sys-
tems 32. Curran Associates, Inc., 2019, pp. 7823-7833.

[4] S. Takeno, H. Fukuoka, Y. Tsukada, T. Koyama, M. Shiga, I. Takeuchi, and
M. Karasuyama, “Multi-fidelity Bayesian optimization with max-value entropy
search and its parallelization,” in Proceedings of the 37th International Conference
on Machine Learning, H. D. IIT and A. Singh, Eds., vol. 119. PMLR, 2020, pp.
9334-9345.
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$E% BFE (ISM, CREST JST)

AFRIZ2 OO THEREINS. O0rDld, vLa7EEEY T HLaEICHEENT %
BAT2HADINTH 2. Metropolis et al., 1953 IC X DIRRINHDHTDO~ILa 7 EHH
EBVTHNRETHE 7Y XL +—2 + X baRYU R (Random-walk Metropolis) &, 7
VELY A =PI EBRERMIET S I THREOHRDM 2T 2FETHE. 7 VX A
Vo — ZEGEM L ORI LTI E R i, BAIGIRETH . BARREICA R
NBF 2=V IRIRA—REXVSAVEBRT S LT, REMCED ROIGHE EBT 2%
EEREEHNTILAT7EHEEYTHILO (Adaptive Markov chain Monte Carlo) &2 5.
HEWZRD L Z T a ek, BfHED TEMICR 25, 5% DT 2N
e NN

WolES T, HERSOMERMBO NI R LT, RECEECHME R 5 ik
7 Rossky et al., 1978; Duane et al., 1987 IC X > TIRE XNz, T LAEFEENIILEFZ
TreEZTAILOKEHEIN, HAETH IIFDOATVS. ARF 2=V T RF X —
XDIEERABPAARTDH L. THAHDFHEREFIART, A PBRVRA N[ AT 4 YT R
(Metropolis—Hastings) #ED—MTH 5.

W, RN THZIETDOX FRERY R - AL AT 4 VI RIEORE R, WERNZIRD & HEE
W72 BRI ICHIMEIC T T 2 28T, Fa—= VIR A - X OFBITHMEE O FEZ L OEH L
3L T 5iAD Song et al., 2018 R ¥ TiTbhz. ZNEMNATRICEET, @HEDOX K
YR+ NART 4 YT REZRHAT 208035 5.

RREZEM (B, E) Eo~wnarh—3 Pz, A) ldx € Ex®1EDZ T8I Px,) 2 (B, &)
LOMERS D, AcE RIEDSHTLIC e > Pla, A) 25 EAIICA S bDTHS. A bn
RYR - ~NART 4 ¥ A (Metropolis—Hastings) i#%iE, 52 60 ERoMm L2720,

I(dz)P(z,dy) = lL(dy)P(y, dz)
YRBEINATH— L P RT3 FHETHE. LoREMATEE, PRILNBTHS L

Wi, b, warzh—xvQH, HHE p (FHERBETIERLTEWY) I LT u-iig
T, II(dz) = w(z)u(dz) &EFHIT 2725,

Ple.A) = [ Qaagmin {1,504 pwa. )
A m(z)
E¥2e, PRIAMCKS. Z2TR(A APz 28RS 1%, 5 TRVAEL0 %

ETBMCHB. £7, R(z) 1% Ple,) #<Aa 7 H—3VICT 210 OREESTHD, =2

i3
R@%:LiéQ@Awmm{Lﬂg}

YEXTELIN, UFTEIRLEWV. SLa7h—3b QD p-FTidi<,
pw(dz)Q(z,dy)J (2, y) = p(dy)Q(y, dz)

1



2 B IFADTREIE J(x,y) DRER L ZIF,

P(x,A) = /AQ(x, dy) min {1, :rrg‘z;J(x, y)} + R(x)0,(A)

&35 I-MFME 2R,
R ) : E — E1CE T Q(1, A) = 6y (A) I B ED, L A p-RAIG,

T5bb
p(p~1A) = v(4)

LD, o () =z BEETRS,

P(z,A) = 6y(s)(A) min {1, Zéi;} + R(x)

EFTBZETI-MIMEZ O~ LT -2 AR TE L. -REUFERTRVE X,
BIEZ D) 5 Z & CRIMOMRDAIEES. HERTIX, Song et al., 2018 52 k%, Generative
Adversarial Networks % {5 7z ¢)(x) DT 2T 5.

AFERDOS S —D2F, MENEBE LYy Y I THREINS, EREENTILITIBE
(Piecewise-deterministic Markov Processes) Z{fi o7z €Y 7 h L aiEDHNTH 5.
AREIO Y » ¥ FLANE, HEEHNZERZITS . EE, BN 73> 7V ¥ 7 (Peters and
With, 2012) % ¥ 774> 7V > 7k (Bierkens et al., 2019) Z4aH ¥ LT, MEN~La 7
WEEHo/zEY TAAVREMEHEINTWS., 72208 L CEEARZ L TUHT %
CEDAEETH B T H 2. ARRTEZNL DIFOMIBREHRT 5.

[E]
5]

iﬁi
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FEEEDHIRE [ENHUEEl OERLMER
EDER (RRTEARF)

1 #&IC

SR ERAE I ARBEEfT 2 TR Y el &2 S 7z
TAREETH > T, N ALEOMHLEFE) % E
HTWVWD, KiTIE, TOERZBAR, BEFEH
BMEZMNT 5,

2 T

d% 1 EDEKE T2, R D5 R ADIEA
DfEMTEEE f(x) WEAOATEE, f(r) DE
HEEGUCARGHES U oW TE—9E#%

() = /U f(zydz (z€C)

EEFZTDHE. ((2) 1F Re(z) > 0 TIEAIBIEL
Thh, BRFEE2MICEHRMERE LT—E
ZIRT e T B Z RN TE B, 2. FOMIZ
TARTHOEHETH S, & F AT VIGZE
(=\) &L, ZDhiEE m £ $T2LE A >0
ZREGHEBMEL LS, m 22 EE LIS,

AR, LHOEHET A & m FERLHES U
IC BRI IR T 5, AT HEDLLTED
7IES BIGH ERERTH S, HIFLRVE D
IZEDINGEITIE U B LT inf 2H(5,

AR EEOMEE z =g(y) EZxDOYa—-¥
751 |g' (y)| ZHWT

() = / F(9))*1d @)\dy
9~ 1(U)
MDD Z e, EXNHEEIINEERE

E ThHHIENDN5,

3 EFERAEBK

t>0&95, V(t) 2GRLHES U ITEE
NBES f(z) <t ODRRET 2, THb5

Vt)=8E{zeU; f(x) <t} DKM

ZDEZEV(0)=0ThdH HiFEXE2<D
BEHIZEVWTEt > +0DEED V(L) - 40D
HI2PFAREZL BB ENDH 5, THIEFENE
BAMEIZ LD HDEH ¢ >0 BFEEL T

V(t)=ctM—logt)™ ' + /NS WA —K—

ThHdIebhrd, Thbb, FERBISMHE A
(SRR BIE f(2) DB RDEEDERBEIRTD &
SWETH 5,

FE. BLE fo) DERMV 1 HTHO, FERT
BIF ANy RITHIDHRSIE A =d/2,m =1
THb, bLH flz) =0 WRESE AW
k RTERRRTHNIE N = (d—k)/2, m=1T
Hb,

AR f(r) =0 PRRAZFO2EE. A & m
TR RS OB L R MEEIZ X D EE S, B
f(z) DPEEAHUC & b BREOMTRINS L
SERTEZELIFEND D, EHZETHD & &
I EN BB AR ICHETE 5, (FEOMH
BB R RAEERIC L > TIEBRAICE
HTEBDT, ZTDI & %HWTENBEME%E
KDBZENTE S,

4 ZBRERANDOILH

BeE e g stE (1) 12h B0 T, T TR
FREBBEIER L LT ZITHN S 2 &N
T 5, MREIFEHERR S ER D & S IR E
ISHEE R RDET N EDNT DB BEIT 2B,

(1) XA ZFRFHZ B VT T — X &2 FAE L7206
EFPPAED AN 7 - T4 T S IEHREDF
IEIZFEIPNERE LIEIE N T WS, T—XD
e n &35S FHPERAER N/n TH D,

(2) SRR E DR 5 K s % i E L %
Z TR oS IEHMERYE BIC &, SECLER
B2 BT TE RV E T ITIFELL A&
W, BICIZBIFTS (NTA—XE/2) % N ITE
M2 B ONRELWVWEDTH B,



(3) IHHREIME AIC DFIIEIHIZE T 587 A —
2 DEEUE— MU IZ T BEE TIE 2R <. W
REOROELRTERFERELETHS, R
5 EIXFBEME & 13 R 5 WA AL R T
BB, ENHEEOBIPIZHEONTERT S
ZeMWTED,

(4) FEHEGERIZHN 5 I EMEC R RS &
X, TRERELUEDMGEFEETIVOM S
HKIET 208, ¥b o T —REZTroHET
52 EHHRETH 0. EHRERIYE WAIC, WBIC
NEHINTWD,

5 B&pyafl
5.1 RHEAEEOEE

FRATBEEL f(2,y) = (22 —%)? D& T DR
HOEEZFENZEDORH 1 TH 5,

05

Yé-x’=0
****** (v°-x%)%=0.0001

-1 -0.5 0 0.5 1

X 1: f(z,y) = (2* —¢*)> &UT. f(z,9) =0
& f(z,y) = 0.0001 DfifgzfNZH D, K
HEAR f(2,y) = 0 1 2OCR A TH 5 DR A
FRRATH D, FMEADEHTIE flo,y) =0
ERDBDEEBDWIEN>TWBI bbb, R
ROERE DRI N BEEIC L > TEX D, Z
DFITIFFNEEMEIZ 5/12 TH 5,

WEETHIT S 2 R DB

HBA7H AgBo \ZIERMEE D3N > T n D
WA T — X475 5 iz & AB 2V

5.2

THWZTH5MEEEZEZ 5, ¥—XEBE7 0
R=Y 2L || BT

(Xz):‘/‘LAB——AOBOdeAdB
U

Thbd, ZOXY—XEEDSEF 5 LENEEAE
1 [2, 3] TEHINTWS,

04

—B— R XALBRE
—E— EXHEE/N

0.35

03 r

0.25

0.2 r

0.15 -

0.1 r

0.05 [

0 i 2 3 4 5 o
SEIY e
2: MRETATH 3 RIZ B 1T B INALER A & X
BEME D SEHR X NS HERME \/n DR, Ml
SLIRATHIDAEE A n =100 T A B 2 10x H
H x 10 D&% FER U 7z, inifie 13# 25
NI, FEERE & BIERMHIE & < —BL TWw B,

6 &

WEHAZETH HENHEMEDOER & ME
TR ARz,

Z5 3Rk

[1] S.Watanabe. Mathematical theory of Bayesian
statistics. CRC Press, 2018.

[2] M.Aoyagi. Stochastic complexities of reduced
rank regression in Bayesian estimation. Neural
Networks. Vol.18, pp.923-933, 2005.

[3] N.Hayashi. The exact asymptotic form of
Bayesian generalization error in Latent Dirich-
let Allocation. arxiv.org/pdf/2008.01304.pdf.
2020.



BRIEE ORCEHRE ) & FAR AT

HAMR— HRRRERERR - BCERPTR BN 8

ARECTIRUTORKEITo 7, FEFAEHIERMELCEBO LU 2 >Twd, L
L, INFETRELAOTREGATHMAZEN, 3 v a2 — 20 REERICKILL TH
EOLWRZ L CE2IcT v, i, Z Ol & YRE % (REE S 2 BEEm AR AT 1T
LIREAHIBD T E, NTA=ZE P BEaRE VR, IERIE 2 2+ BB JEPTE X
FTRCKEAEDL RNV ETIH2 L0 )M, FULEREICBE LTI A= 2%k T — %
BEICR L CEHIC RECHEPL L T EPULRRELAF TR ICHIET 2 L 0wH, £ 7L
TAEYFBZINTH B,

AR, PRGOS I, BERAIA E CHEAZZ, i, P 23 Pt RE v i,
7 VR LGEALEOIAMED & S EF ICREFEA B 2 Z L. L7z ht o TERIEYE 1L BER
TRATHIGELTE 2 L ) BAREANBREGA TV Iz, LA LEGmIZHEHFC, 2R
HE2HET 2103 L WHARRBETH 5, mRICEMER I NE G2 5, TNHBREED
HETH 5,

YDA E D E T L% regression DIGEICIRRNT 5, & D6, AHTIBRIZ ST 2
— X 0 THREINLERNMMITRIND, T A — X DZEHL Fisher [HWITHZ ) —~ v
AR ETIEMMEE T, PlEE L T 5EE L &V T4 v Cid, R N E iR
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1 Introduction

Deep neural networks have been widely used as models to approximate underlying functions in various
machine learning tasks. The expressive power of fully-connected deep neural networks was first mathe-
matically guaranteed by the universal approximation theorem in Cybenko (1989), which states that any
continuous function on a compact domain can be approximated with any precision by an appropriate
neural network with sufficient width and depth. Beyond the classical result stated above, several types of
variants of the universal approximation theorem have also been investigated under different conditions.

Among a wide variety of deep neural networks, convolutional neural networks (CNNs) have achieved
impressive performance for real applications. In particular, almost all of state-of-the-art models for image
recognition are based on CNNs. These successes are closely related to the property that performing
CNNs commute with translation on pixel coordinate. That is, CNNs can conserve symmetry about
translation in image data. In general, this kind of property for symmetry is known as the equivariance,
which is a generalization of the invariance. When a data distribution has some symmetry and the task
to be solved relates to the symmetry, data processing is desired to be equivariant on the symmetry.
In recent years, different types of symmetry have been focused per each task, and it has been proven
that CNNs can approximate arbitrary equivariant data processing for specific symmetry. These results
are mathematically captured as the universal approximation for equivariant maps and represent the
theoretical validity of the use of CNNs.

In order to theoretically correctly handle symmetric structures, we have to carefully consider the
structure of data space where data distributions are defined. For example, in image recognition tasks,
image data are often supposed to have symmetry for translation. When each image data is acquired, there
are finite pixels equipped with an image sensor, and an image data is represented by a finite-dimensional
vector in a Euclidean space R¢, where d is the number of pixels. However, we note that the finiteness of
pixels stems from the limit of the image sensor and raw scenes behind image data x are thought to be
modelled by elements Z in RS with continuous space coordinates S, where R is a set of map from S to R.
Then, 7 is regarded as a functional representation of data x. To appropriately formulate data symmetry,
we treat both typical data representation in finite-dimensional settings and functional representation in

infinite-dimensional settings in a unified manner.

2 Related Works

Functional Representation and Symmetry. Gordon et al. (2019) point out that, although data
symmetry cannot be treated in the set of finite pixels, it can be represented by a group action on
continuous space coordinates §. Moreover, the authors also show that functional representations x
instead of image data x are suitable for analyzing and considering data processing compatible with

data symmetry. As a related study about symmetry-preserving processing, Finzi et al. (2020) propose



group convolution of functional representations and investigate practical computational methods such as
discretization and localization.

Universal approximation of group invariant/equivariant networks. Yarotsky (2018) focused
on the action of compact groups and provided the network’s architectures based on polynomial layers.
He also describes a convnet-like model that is a universal approximator of equivariant transformations
for the group SE(2). Maron et al. (2019) considered a G-invariant model for an arbitrary subrepresen-
tation G of a symmetry group, using an invariant tensor network. Sannai et al. (2019); Ravanbakhsh
(2020) considered a G-equivariant model and proved universal approximation property of them by at-
tributing it to the results of Maron et al. (2019). Thereby, they proved universal approximation theorem

of invariant/equivariant networks for compact and finite group actions.

3 Owur Contributions

Our contributions are summarized as follows. First, we clarify some of the basic properties of equivariant
maps. In particular, we show that equivariant maps’ generators play an essential role in the analysis of
equivariant maps. Second, we formulate neural networks in general settings. Because of this formulation,
we can handle finite- and infinite-dimensional settings in a unified manner. Third, we provide a theorem
that can convert FNNs to CNNs. Using this theorem, we can induce the proofs of universal approximation
theorems for equivariant maps by CNN to those for continuous maps by FNNs. In particular, we obtain
the first universal approximation theorems for equivariant maps in infinite-dimensional settings. Fourth,
we also provide a novel universal approximation theorem for Lipschitz maps by FNNs in an infinite-
dimensional setting. This result enables us to derive universal approximation theorems for equivariant
maps for non-compact groups while almost all of the existing works could not handle the action of

non-compact groups.
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EH 1 (Nakayama et al., 2020). ERIGM: LR EZRET 5.

1



(A-i) limsup (1—}%2)

<1 when ng > 2.
d— oo A kN1

ZDEE, d— oo TIRDAD LD,

Vne/n1+op(1 when j =1,...,n1, (1)
—+/n1/ng + op( 1 when j =mnq +1,...,n.
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0)}, J.2n(0) = —0*{qzn(0) + n " log f(2 | 0)}/0006", 6., = argmaxgqz,(0), J»n(0) =
—0%q,(0)/0000" £ LT

N4z ,n* (éz,z,n*) — 10g(|<]z,z,n*(éz,zm*)|)1/2 +log f(2 ‘ 22m*)
— Gz (0zm7) +108(| Tz (Ozm=)|)'/? + Op(n?)

LB, ZNE O,y — 0.y =0p(n) THBHIE LD

log f(z | z;m%) =log f(z | B2) + Op(n™?)

MDD, T & DN (2000) 1%, XA P& FHHIA & RIHEE DN T AFHEEIXF Uiz
BHEEDEL, XA ZXFPUNIHT S GIC 2IBE L. —H, FZZTDNA 7 AFMIEEHIZ Op(n™!)
THbH, 2F0ZD GIC FKHNLHMTHRIESINZHD L ITVR R W), Op(n~!) O F THH
5L, TNIE

Az,z,m*

_ 1 A -1 0?2 A 0 A 0
= %tr [Jz,n*(ez,n*) {8080’ log f (2 ‘ ez,n ) - 87010gf<2 | ez,n )80’ 10g|Jzn ( z,n* )’}]

EETSE. D 21T 4 ’i’)\’hf%ﬁfﬁ%&oﬁ%@ &, 2 2 ANWTHARHEZ & o723 O Lk
FNZIXFEIZEIZZR D, (1) OFE—HEHEHE _HEHZGLEZE DI

1 « R .
I Z log f(zi | 0z) — Ez{log f(Z | 02)}
i=1

{L+op(1)}

1 s a1 & o . ) .
= ;ﬁr [sz* (ez,n*) {n ; ae%,n*(Bz,n*)ao,qm,n*wz,n*)}
LIHMiE NG, DX, TNOXEEEHNWDS GIC %, HELLTZEYTHLIWbhrb. ZZ
Tk, TZIHEHNE n* CZO—BHERTHS n ZRALTHWSZLIZTS. Z0D Op(nt)
DFf &L D,

S 108 f(2i | Bape) — Bi{log (2 | zim))
=1

1 0
= ﬁ (tl" [Jzn { Z aOQzl n* 80,(]% n* }

o, ZHNEFHTNE, STBREICARS ZHEREZRA LD DER—R L U EHREH
LK TE 5.

+Zam ) {1 +o0p(1)}
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