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Nonparametric Bootstrap for Gupta’s Selection Procedure
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LMD S OEADEAFIERT LT 5. FREPAT7ZBEAESEZ X)) < X < < Xy
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ERETSD. ZDL Esup,e |P(W) < z|X,) — P(W, <z)| =0, wpl. DEHILD.
I W, DN E% o TREMMZ - W, DAGEIZEL TR D 7.
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Otj—é if:, E(XH) = W, ~V(X11) = 0'2, E(|X11|3) < 0 %’f}iij—é if: E(Xll) = O,
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s EIREST D, DL E
P <alt) = [ @ g dat)+ i ) o), @)

BHER 1T alZ DWW TR D LD, 272U 4, = (nk) P30 S0 (X — X0)%/63. TH 5.
(3) RM 5

sup
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DD IDZ DN b.

P<W;§x

Xn> - P (Wn < x)‘ = o(n"Y?), w.p.l.
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LEHET S, 22T, UTOREZEZ 5.

X, = izn:Xja §=— (X = X)) (X, - X)T (2.1)

NIA=F 0cOz%

RE 2.1.
(A1) n,d - 0 2 d/n— p € (0,1) £T 5, LIg, TNz (n,d)-asymptotic &S,

1



(A2) Hn,d ZEELLTFTDOZ 0D cO T2, ZDLEE, 5O = (a1,az,03) €O C
R3 DMEFEEL T, (n,d)-asymptotic FTLAF2IE D 37D,

g4 _y g(oo) (2.3)

ZDE)BEMEDTT, ROME 0 2 EHT 2.
(b XTs'X,
0=16,|=[1"8"'X, (2.4)
ég 1dTS_11d

EE 2.2, E D FTRVIALT 5.

ZDEE, ROMEEMBEONS,

a.s. 1

~ 1
Oél—i—i, 0, “3 a.s.
p

a9, 93 —

2.5
T % (2.5)

®23. 0=r-0(nd), 4+ 40, 0,)7T L¥5, COLE, KEDDOFT, KIPWILT 5.
6 =5 9> (2.6)
200 DEHEER 0 2T, BR7aY T4 7O -BHEERBE S NG,

TR 24. REZDDPFT A
Sugllfeﬂf(’v; 0) — Lege(v:0°))[| “5 0 (2.7)
04

N AVRVASN

I 2.5. i 0 = (01,0,05) T 1K LCHRE B0 O FCRAIRET B,

V(6 — 6) 3 N3(0,Q) (2.8)
Z 2T,
1 202 + 4oy + 2p * *
Q= 15 2001 o a% + a3 + as * (2.9)
—P 2001 03 2009003 203
Th5.

EE 2.6. leg(7:0) = (00pt (13 0), propt (7;0)) &L, Leg 130 € R EFb ) THMOTEETH S LT 5.
DL E,

Jn (zeg( 0) — Log(- ;0)) B No (0, fegr (- ; @) Qe (- 1)) (2.10)
DAL B, T IT,
' a0, T v —27603+1 ’793592
geff(' 10) = ( aaﬁ> = 2 —213292 72905—1 (2'11)
v 05 03

Th 3.



Rank tests for an ARMA model against other tv-ARMA models

Shunsuke Sakai and *Junichi Hirukawa

Abstract For a class of locally stationary process introduced by Dahlhaus, we apply the idea of the problem of
testing ARMA model against other non-stationary ARMA model. When testing the problem, we use linear serial rank
statistics and contiguity of LeCam’s notion. And then, if null hypothesis is white noise, under null and alternative, the
asymptotic normality of the proposed statistics is established by using the locally asymptotic normal (LAN) property.
We incorporate the locally stationary phenomena in the testing problem.

Nonparametric methods have been developed for analysis of univariate and multivariate observations without the
distributional assumption (e.g., Gaussian assumption). The nonparametric procedures are even desired in the area of
time series analysis. Hallin et al. (1985) considered the systematic time series oriented study of testing for randomness
against ARMA alternatives. They proposed the statistic of the form

T T T
- = Z (R, R, RT),
t p+1

where RET) denotes the rank of the observation Xt(T) in an observed series X (7) = (X 1(T), e ,X;T)) of length T, and
er(--+) is some given score function. These statistics are so-called linear serial rank statistics (of order p).

1 Locally asymptotic normality of time varying ARMA models

We consider the sequence of locally stationary ARMA (p1,p2) (tv-ARMA) models

)

(T) + Z Agra+r) (7 Xt(T;)c 7 = beo) ( 5t + Z be<k> €t k, t €Z,
where {et; te Z} is a discrete-time stationary white noise, i.e., a family of i.i.d. random variables with mean E[e;] = 0,
variance E[e?] = 1, t € Z and density function f. Let by (1), age+r) (1) be
bow (u) = 05 + (8% — 6) (by (u) = 1), k=0,....,ps,
— g(p2+k) + (9(p2+k) _ 9p2+k>(6~lep2+k (u) —1), k=1,...,p1,

Agpa i) (W)

where the functions by, (u), ao,, , (u) are sufficiently smooth bounded functions.
Consider the null hypothesis H(f;6) and the alternative hypothesis K(f;0r) as follows;

H(f;0):0%) =6, (k=0,...,p1+p2), K(f;0r):0® =6% =6, + "=k =0,...,p1 +pa).

where 0 = (0o, ..., 0p,1p,) €O C RV b — (hg . hy 1) €5 C RPHP2F1 Under the two hypotheses, the
coefficient functions byx) (u) and agp,+r) (1) are given by

oy = [ (H(5:0) oty (H(5:0)
o0R) 6, + fbok( W (K(f:00)), 9(p2+k) gk+%a9m+k(u) (K(f;0r)).

Under null hypotheses H(f;6), for the Fisher information matrix I'(f) of Lemma 5, —%h/F(Q)h can be written as
follows;

”hr( /Z u) + By (u) + Cy(u) + Dy.(u))du.

For the definitions of Ag(u), Bg(u), Cx(u) and Dg(u), refer to the master thesis.
In the special case of the white noise null hypothesis HéT) : Xt 7 = Opes, we can obtain

srem=-10 (; dz<u>> du

where

~ 2
ﬁ (W) (E[e2¢?(er)] _1)’ k=0

p2+k (U) p2+k — %[;ak (U)hk 1 S k S min(p17p2)
g, 1 (W)hps 41 p2 <k <piif pp <p

—a-boy, (w)hy, p1 <k <p2if py <pa.



Under null hypothesis H(f;60), we derive the central sequence Ar(f) of Lemma 5 for locally stationary ARMA
model

W Az (6 Z e ZD; )Xot = bay () (L (e)en)ho | + (1),

=p+1

\foot

For the definition of D}, (%), refer to the master thesis.

In the special case of the white noise null hypothesis HéT) : X1 = Opes, we have

p
h/AT Z {(b Z Xt kT — bt%( )(1 + (b(f:'t)ft)ho} + Op(l)7
\FGO t=p+1 k=1
where
: @0, 11 () ok = ;00 (7)1 <k < min(pr, po)
dk(f) = NGPth (%)hpz-‘rk p2 <k <pif po <p:

— a0, (F) I p1 <k <p2if p1 <pa.

2 Main results

Now, we attempt to derive the asymptotic distribution of the linear serial rank statistics S) under K (f;0r). If we
T1/2(5(T) — m(T))
Ar(0,0r)
normality of linear serial rank statistics S¥) under K(f;0r), from LeCam’s third lemma (see, e.g. Hajek et al.

(1999)). In what follows, we assume that the null hypothesis is white noise hypothesis H(()T) : Xor = Ooey.

From Hallin and Puri (1985), we can establish the asymptotic equivalence of (T'— p)'/2(S™) —m(™) with .#(T) —
AT (For the definitions .#(T) and .# (™), refer to the master thesis). Furthermore, we can show that the U-statistics
%}T) — 62//(;) which are asymptotically equivalent to T-1/2(#(T) — (1)),

We define the U-statistics % j(fT) associated with the central sequence .Z(T) = h'Ap(0) as follows. Then, we show
that this U-statistics is asymptotically equivalent to the central sequence T—/2.2(T),

Consider the function Gy r(y) (of (p+ 1) arguments y = (y1,...,Yypt+1) € [0, 1]PT1) where

can derive the joint asymptotic normality of ( ) under HéT), then it will lead to the asymptotic

Gir(y) = (F~ (1)) Zdi(%)F%(yiJﬂ) -

=1

) L

Additionall
dditionally, put i1

< T T T
(I)D(i’ ’p+1)T( Y, )’ ’thfﬁ)l) p+1ZGth ( ))7

where Yt(T) = (YtET) .. Y,(;)rl)’ = (F(Xy1/60), ..., F(Xe—p1/00)), p+1 <t < T. Then, the corresponding
U-statistic is

-1
T T—0p T T _ _
vyl = ( ) > OF, (YA YD) = 1722 o (7712,

p+1 tpt1
pH1<t1 < <tp41<T

From the above, we can use the theory of asymptotic normality about U-statistics.

Our purpose is showing that the following joint asymptotic normality;

(1) T1/2(S(T) _ m(T))

Under H ( Ar(6,07)
where V2 is given by Hallin et al. (1985), Proposition 4.2.

If we can derive this joint asymptotic normality, from LeCam’s third lemma, we can derive the following desire
results;

Under K(f;07), T'/?(S™) —m(T) is asymptotically normal, with mean @ and variance V2.
Therefore, we need to prove this joint asymptotic normality and so that calculate the covariance Q.

is joint asymptotically normal, with mean 0 covariance ve @
is joint asymptotically n , Wi _%hlr(e)h vari 0 h/F(G)h ,

References

[1] Hallin, M., Ingenbleek, J-Fr., and Puri, M. L. (1985). Linear Serial Rank Tests for Randomness Against Arma
Alternatives. Ann Statist. 13 1156-1181.

[2] Hirukawa, J. and Taniguchi, M. (2006). LAN theorem for non-Gaussian locally stationary processes and its appli-
cations. Journal of Statistical Planning and Inference 136 640-688.



R 7z o #R B A

=t ZCHI

2015411 H 17 H

1 BRITIMER (B) oIk

NHREEE A STEE TR EEREE DRSS EPHRERE A5, 20X WRIIE, &
B pEE UT, BEARD n KR pIRTEDORER ETHMLTWDEER6ND, NG OE
G, AR p DA =KX =1 102 FRE T, n DA =K =1+ (10%) RS KEWATH D, ZDH
BlEn>padDT, —R, BRGGMERLIZFEZA R, UDXUEBPIZIEHLT T AN DT,
KB T —ZDRTTIE p TlER\V, —DDHNT TV INVERN c pEI TR, FEEMIZ
c— 1 HDOERPEET D EEZOND, BIZHT TV INEBEREROFEN 2T d DA —X—
X, P TH5B, R c DA =K =110 72D T, d = 10190 > 100 < n &40 ERT/MEAR &
EL LN

EHOBHEH L, HOBRER 2 W2\ WD T — 0o &35, LA UKREHBIRHIETIX n
i COEBDHZHNE720, O X5 LIBREERIABETH S, —FH. EERENEZ I
RIGEIZHERDH D, TN c 2T I 22l 5\, FOBEFEENRIRIE d IZ8Nd
b, Mo TARETIEIn ZBEELTd— oo EWHMNEHMZE XS, FOMBEREHDRD O IZ/VK
EHI GRT Y v 434a:Po) 2 WAL, MRERAE DHLD HW ST HIC A S L 725,

2 BRI EIROBEHR

DFEROFEMNZIRTGd DA — X =B T LEFELVWDT, UFTIHJ 50 &T5, £
78§ RV DERE F . NEEEE Sy =Y I(Fjy =i),i €N, TRT, ZORZ MLE
Sy i=(S1.7,50.7,...) CHB, RERE N, TET,

KL DHOCERIZIROME 1 2B, BRBEEET Y V5 CP(u, q) & HERREIS G(2) =
exp(A(g(z) — 1)), A >0, TEHT D, 272U g(z) = Y o0y qiz" \FIEDEEE LD 5345 DR ELBIEL
Th>d (¢ i DEREES),

B 1 WEREWF; 5,5 € [J], PHNTLICHFEE EORMHEITHES LT 5, ZORFJ — oo DIEIRT
(87,N7) = (L Po(ug). CP(1 q) (1)
MELS B 2 L IFBITFO&RME (2) & (3) BKLT 22 & LRETH 5.

lim maxP(F;;=14) =0, €N, (2)

J—oo J



lim E(Si,J) = pug;, €N (3)
J—o0

fir 1 13 Hoshino (2012) DGR 2 EFEEE L 7z, TEEE S,y DFEASHEEIRT Y v O G
BB, Sl (2) & (3) X, BT Y ¥ D ISR TEMIIHER TN S W HIRIEB O M (E
1) PR 2 Z L 2EKRLTWS, DF DRRER (1) CTHERELSRT Y V2616 S Blm i, /I
BOEANZ AR 5 700,

RH 1 IZHWT Ny OMERSAADY CP(pu, q) £72 5 Z &ld, RO K S IZHHAR S, HERZE
N7 ML

S = (51,52,...) ~ ijﬁl Po(uq;)

LU &S, ZOWS; ORERFBEIL exp(ugi(2—1)) TH D, iS; ORERFEIEUIL exp(pgi (2t —1)) &
15, S I FMNLARDT N =00, iS; ORERFBIEUL [T, exp(pgi(z°—1)) = exp(u(X; 2'qi— 1))
£7%, T CP(u,q) DHERFEETH D, Ny =Y,iS, s OWRAAEGAZ TS, ZOH
SERART YV IR D HERERDOBBEDORE U TOEERT Y VD ERBIX “composed
Poisson” L IE XN 5
ZZTSDNRETOREMNENHEEEZL D, ENNVEZHEAZH WL 2 =il ¢ DI
_exp(—p)

P(N =n) = By (px1, ..., puxy), n € Ny,
n!

LEFB, N~CP(u,q) 2o7-DT, HEERT YV Vi DMHERELBUIL NIV LIHR %2 W TERB A
BEE WS Z kB, FEE

i Ty 4% oy
HZ—]. ? Sl! (4)

IP)(‘S:S|N:n):B (ux1, ..., uxy)’

lZlxy=ilg, k=Y 18 WD &IliRbd,

5374 (4) 1Z CCP 3D J — 0o 2B DRI MATH 5, 1> ToHAh (4) 2R (1, @) D Limiting
Conditional Compound Poisson (LCCP) 724f & PR, fiilgz R, LCCP 246 i BAREDIER
DEWERNERDEIRTH D Z LD 5,

LCCP 734k (% Ewens 7347 7 EENTHNICHU D T NDE G 5l e & A, e L TOMEB R T
5, INETITHEEIIALAMHPEA Y FZ2PHSNITLTWS,

£ 3R

[1] Hoshino, N. (2012). Random partitioning over a sparse contingency table. Annals of the
Institute of Statistical Mathematics, 64, 457-474.



Some multivariate asymmetric kernel estimators for density functions
O0 00 (0ooo)

1. 00000000000000000000000000000 (Silverman (1986),
Wand and Jones (1995)) 0, 0000000 000 RYOO0 (0000 [0,1)¢0
[0,00)00)0000,00000000000.0000000000000,00
000000000 fpai K(5Y)F(v)dv = Jya K()f(x = hu)du ~ f(x) (b — 0)
0000 (000, K(—v)=K(v), [aK(V)dv=1000)0,0000000000
00000000000000000.00000000000000000000,
00000000000000000000000000 (Jones (1993)). 00, 00
00 f000[0,1]/00000 [0,00)00000000, Chen (1999,2000) 0000 /
0000000000000000000,0000000000000000000
(AKOODO)0ODOOO0O0O0000.00,00000000.

2. 0000 AKOODOOOOOoOoOooO Xy,...,X,~id fO00O00O (O z €
0,00) =R, 00) AKOODOOODO, n~' Y, kep(X,) DOOODOL 00D, ke
O f0000 R, 0000000O00O00,b=0(n)>00n—-occl00000000O
gobbbuoooobboboogoboo.bboogoboboog,goboood
(Chen (2000)), Birnbaum-Saunders (BS)/0 0000000 (Jin and Kawczak (2003)),
0000/0000000000 (Scaillet (2004)), 00000000 (Koul and Song
(2013)), 000 BSOOOOO (Marchant et al. (2013)), 0 BSOO O OO (Saulo et
al. (2013)), 000000000000 (Igarashi and Kakizawa (2014)), 0000 O
000000 (Hirukawa and Sakudo (2015)), 0000000000000 (Igarashi
(2015; to appear)) 0O O .

3. 0000 AKOOO 400000000 Xy,...,.X, ~iid f (D00, X; =
(Xu,..., X,y 000)00000, f(x),x=(21,...,2¢) €ERI 000000000,
3.1. (000)AKOODOOOOO k()0 20000000,000000d000
00000000,00000 (D00)AKOOODD00 n 'S, Ty kay, (Xy) O
00000.000,b =bj(n) xbn) 000 (Bouezmarni and Rombouts (2010) O,
Chen (1999,2000)0 000 /0000000000 (0O0D0)AKOOOOODOOO).
3.2. (DOOO0)AKOODO Koul and Song (2013) 0000000000 OOOOO,
00000000 (Kotzet al. (2000000 0000000000000O00OO, 000
000000000000000)000,000000000000D000000O
000000 (00,0000000000000).
go,dggdgobobobuoogobobbuooobobooob,bbbuooon
000000000000000000000. 000000, (0000)0oooo
0000000, 0000000((@OC0OO)AKOOODOODOOOO (2015, 0000

00000 “0000000” (000, Siliverman (1986, Subsection 2.9: General weight function
estimators)) 0 0 0 O, Chen (1999,2000) 000 “000000000O0’000000000.



O000000)0000000.00000,000 BSOOO (DOOO0)ooooOo
O0o0o00O0O0O0O0O0OD0D0OD0,0000000000000(00,0000000 BS
ooooooooon).

4. 000 BSOOOOOOoOOOooOooDOoo
4.1. 00 (0D00)0D00DO0O0DOODO 00000

k(si, 9) = o TN ACD e (BS)

« af
(Birnbaum and Saunders (1969)) 00000, 0 BSOO BS(a,) 000000,
¢~ BS(a,)000.000,0,8>0000,a(t) =t"?— A, (>=é(tw+t3/g)
$(u) = 7= exp(—%). Kundu et al. (2010)000000000000 BS(BBS) O
BBS(ay, o, By, fa, )DDDDD(DDdDDDDDDDDDDDDD,DDDDDD):

s1/01) a(se/p 2 A(s;/B;

k(s; i, oz, B1, B, p) = ¢p((1/ ) ols/ 2))1_[ (5,/5) (s = (s1,52) € RY).
a2 j=1 ;B
u2 u2_ U1 U

000, an,aq9,B1,8: >0, |p| <1, ¢plur, ug) = W exp{—%}.
4.2. 0000000000 ODOOOO0O0O0 (DOODO0OOO BS,0ooooO)oO0O
0000000000000 000000000,0000000000 (DDDOO)AK
00000000000.0000,00000000 (o, )000,

b 1/2
ape(x) = (1’ n bc) . DBre(z)=ax+bc (OO0, c>0)

oo000,(0000)ooo BSDDDDDDDDD(dDDDDDD)

A(BBS BBS . o 2
f(bl bg) (01 02 Z k(bl b2 Cl 62 Xi’ X) ? X = (I'l, 1'2), E R+

DDDDD(p:ODDD(DDD)DDDDDDDDDDD).DDDDDDDDDD/
00/00000000/00000/0o000000,000ooooooo.
4.3. 000 Jd00000000DO0ODOOO0O,000000000000.
(h)BSOOUO,000000 ¢000000O0O0. 00 ¢oO0O0O0OO0ODODOOODOOO,
000000000000 (BSOOOOOOoooooooooooooooo).
(IHh 0000000 0o00o0o0oo0O0000,0000BSO0DO0DO0OOOOOOO
1 1
= — —— (1 —p)? eR LN
fix(s) = ——=— exp{—55 (logs — )’} (s €Ry) (LN)
000000000. 000000000072 =a(é®9/8)/a~N(0,1)0000 a0
1
— (1 —t7¢ 0
a[q](t): 2q( )7 Q% 9
logt, q=0
(Yang (2006)) 0000000000000 0O0OOOOOO.
000000000000000O000000ooDO0O0 (DoooooO,00000
ooooog).



gobobbooooobooood

ugbodg:-gboooobgon

1. 000od

ugbogboobooobgooboibb 000000000000 0O00O0O0bOO000bO0O00O0O
000000000000 p(z|f) D00 ¢00DLOOODDOOOOOOODOOOOOOODOOODOO
U doooboboboobooobuobbobbobooobobobobooboobooobo
gboboboobooobooobobbobobobooboobbooboboobooboooo
goooobooobooboobooboboboobboobooboobboobboooboooon
gbbobooobooboooboooon

2. 00000000

0000000000000 00000000000000O00OU0ODO0O0ODOO0ODOOO p(x|0)
00000 «(¢) 0000000y 0 2000000000000 (DOO)ODDODOODOOOOOO
000 pyle)y DOODO

2.1. 000

0000000000000 pr(ylz) O Aitchison (1975) 000000 OO E{p(y|0); =(0| z)}
0000000000 yO 2 000000000000D0O0000O0OO(OOOOOOOOO)
0doo0odooooDobdboooooooooooOooDoooooooooDoooboooonoo
000000000000000000000000000 Corcuera and Giummole (1999) O O
00000000b0b0O000 « OOD0O0ODO0O0OD00OD0O0DO0DO000D0O0DO0D00 m-000 e-
0000000000000 0O Yanagimoto and Ohnishi (2009) 00 000000000000
000000000 Kullback-Leibler sparator 000 D000 00000000 O0OOODOOODOO
ooo0odoooOdoboobooooOobobooooOooOOooOooOooDooOooDooOobooooonoo
oooooooobooogooono

Definition 1. 00000000000000000:

1) pe(y; m) = exp{E[log p(y|0); (0)]}k1,

2) pm(y; ™) = E{p(yl0); =(6)}.

3) pe(ylz;m) = exp{E[logp(y|0); m(0]x)]}k2 and

4) pm(ylz; ™) = E{p(y|0); 7(0]z)}
000 ky = exp [E{D(pe(y|z;m),p(yl0)); 7(0] 2)} ( = exp{pp}).
2.2. 00000

000 pylr) 0000000000000 logp(ylz) 000000 z0 «(f) 0000000
00000000000000000000000000000000000000000000



goboobogoboobooboobooboobooobooboboobooboon
Definition 2. Definition 1 00 0000000000000 O0OODOOOOOODOOODO.

1) Le(m; x) = pe(z; ),
2) Lin(m; ) = pm(z;7),
3) Le(w|z) = pe(z|z;7) - exp(—2pp) and

4) Lin(x| ) = pm(a; m) - exp{D(pm (y|z; ), pm(y; ))}-
2.3. 0000000000

00 L,(rm ) 000000000000000000000O0O0O0O0OOO0O0O0OOOOOO0O0
000000000000 00000000 Le(rlz)y 0000000 -200000 Spiegelhalter
0 (2002) DO0O0OO DICOUOOOOOODOODOOOOOOOOODOOOOOO pluginOO00OO
0000000000000 00000000000000 pp000D000C0OODICO BUGSDO
00000000000000000000000000 (000 Spiegelhalter O, 2014)0

0000000000 pu(ylz;») 000000000000 00O000OO00OO0O0O0O (D00 Gelman
0. 2014; Spiegelhalter 0, 2014)0 000 0000000000000 0O0OO0OOOOOOOOOO
gooobooobooboobooboobooboobo m-bO0DDbODODODOODOODO
gbboobooboobooboooboobooobooboobooan

3. 0O
uboogbouoobooboooboobobbooboooo
3.1. Jgboooboobobobobboan

ubogboobooboobooboboooboobbooboobobobobboobobooan
gooooboooboobooboboobooboobooboooboboobbooboOoboo
0O00Oo0dooooooo plICcO0doOoooDooOO000oooOoO0ooooooooOooooDoon
gbobobooboobooobooboobobboobooboobboobboobooboo
googoood

3.2. 00000

Spiegelhalter 0 (2002, p168) D00 DIC O AICOODOOOOOOO0O0O0 (000000)00
000000000000000000-05x000 DICO logLe(r|z) 00000000000
00000000000000000 DICO AICOO0O0O0O0O0O0O0O0O0O00000000000
00000 BICOOOOOOOO0O0O0O000000000000000000000000000
00000000000 000000000000000000000000000000000
Oooooooo

3.3. Lindley’s paradox

Libdkey paradox OO0 0O O0OO0DOOOOOOOODOOOOOOOOOODOOODDOOOOCOO
gbboobooboooboobooboboobobbobbobooboobboobooboo
gbobobooobobobob bobobobobbobbooboboboboboobOoobo
gbooao
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YO (=1, .gi=1,...mj=1,...,p) 2% | BIZET MMk i D t; B TOB
HifEe U, IROBEHIET NV EEZS.

q
Y =00 3" A an(ty) + ¥ (1)

ZTT, a(t) (k=1,...,q) FHREEE 0 JEREBERDT T X LR, &) 138
HERFAE T,
2 (i=1,...,n5l=1,...,9) S N{( (gl),TQ),
e® (l=1,...,g;i=1,....,n55=1,...,p) "Q'N(O,UZ)
95,

0 2T RTORMBEENARZRT MV, Y 2T RTCOBREREZN R 7-HERTH] &
L,OY) 2 Y ILEBBAMERL T, AMNY - 54T 5—XA 77—V AT
BOKETNVORIIE, Z %2 Y EHANLIZHE U SAIZHE S HERITH & LT

Risk(f) = —2EyEgllog f(Z; 6(Y))] (2)

ThHzO6N5. 22T, f(Y,0) 1%, Y OFRHEREEBEBTH .

v ey zi(t) -0 me(t)
Y(l) = . E(l) = . X = . .
Yz‘g) 553 T1(ty) o we(ty)
651) . /Big) bl — (b§1)7 L b’fg))’
B=| : ]
OO el:(O,...,O,},O,...,O)T

LB E, BHLBATIIC OV T rank X = ¢, 1TX = 0] &{KET 5.

>\2:O-2+p7-27 B:(IB(l)?""IB(l)7"'7ﬁ(g))

B, 02,0280, 80 (1=1,...,9) OEBIHEERIZ

1 1
gy =—1ty01,, BY=—(XTX)'XTY"1,,
mp n

S1 So :
— S <(p—-1
() sise-vs

S1+ S S;+ .5
np ' np

(6%, =

) if Sl > (p— 1)32
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1
S1 = > {url(1, = GYO (L, = G )(Y) " + 15 (YD) (1, - G, ~ L) YL, |
ny
=1
5=y v, - e
p =1 ’ l l "
! 1 1 -
YO — v -’Y%z(f)]? G,, = n_ll’”lzl’ G, = ];1p1g, Iy = X(X™X)"1XT

ThH5b. (2) & (—2)x HANBEE —2log f(Y;0(Y)) ITLoTHET AL EDNAT
Yz

Sl - ’I’LIO'2 SQ - TZQ)\2
E51,52

Si{n(p—1)}1! Son~1
2 2 2 2
nyo NaA n1o° + ng A
E 1 _ —
" SLSQ{ (= Usé}{Agl{"(P'—’l)}_l.+>55n_1 0914—5E)(np)_1}]’
ni=n(p—1)+gq, na=n—g

ERING, TTITIARBEHEZAWTAS T AZIMT S Z 12X D IROFER 257,

EE (0,1) L0 C3HEEB H(z) D v =py= (p—1)/p B BHRED

gp(p —q—1 2p?

ThdLd5.
d

1=2(-pr2- V-2 +2), d=2(-p+2+ VP - +2),
20 —p+ 1)+ 963’ — (T+ap+4a+1))

¢ plp—1)

&L,

AIC, = —2log f(Y;0(Y)) +2 {{g(q L1y pop g9t Dlag+2) | g+ Do+ 2)}

np—1—-q9—-2 n—g-2
np S1 ¢
np—(qg+1)g — 2{ {%>p—1+%1} . g;>p—1+df}}{ S1+ 5, * n}

LEETDL

E[AIC,] — Risk(f) = O(n™*/?)
%7z d
AIC, = —2log f(Y; é(Y)) + 2[{g(q +1)+2) - 1{Sl>(p—1)52}} + Op(n_l/z)

THY, 02 N2 ORLHEEMIP/NT A — R DT {(02,N2); 02 =N >0} LiZhdL
Ei%, BH O AIC DFIIEE D 85 X — XM EFE—D9 (FHEHE LTI 2) BT A
S mbh ot Eio, BIEEBRIZ L D O(n)) £T/A T AEMIE L7 AIC, DA
MPHER I N7z,



Distribution Theory and Its Asymptotics in Shape Analysis
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1 INTRODUCTION

This paper is concerned with developing some families of distributions on the shape
spaces. The “shape” of an object is the geometrical information that remains when al-
lowance is made for changes in location, scale and orientation. The shape of a set X (m x k)
of k (not totally coincident) labelled points in the m-dimensional real space is transformed
by the Helmert matrix (centred and scaled) to give a “pre-shape” Z (m x (k —1)). The
“(similarity) shape space” is then the coset space of the pre-shape space obtained by the
special orthogonal transformations UZ of Z for U in the special orthogonal group SO(m).

It is useful to identify distributions on the shape space with distributions of Z that are
invariant under the special orthogonal transformations UZ for U in SO(m). Here we can
construct the “reflection shape space” obtained by the orthogonal transformations UZ for
U in the orthogonal group O(m), removing the effect of both rotations and reflections. The
distributions on this reflection shape space can be identified with distributions of Z that
are invariant under the orthogonal transformations UZ for U in O(m).

The main parametric families of distributions which are concerned in this paper are
1. Shape Bingham distributions having densities proportional to exp[tr(AZ’Z)], and

2. Determinantal shape angular central Gaussian distributions having densities propor-
tional to some power of the determinant of ZAZ'.

We consider the derivations of the normalizing constants of these distributions.
Also we can consider

3. the distributions without reflective symmetry, the volume Fisher-Bingham distribu-
tions, and the cardioid-type distributions.

Asymptotic behaviours of the distributions are considered for the large concentrations
and for the large labels.
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ARG AT OHEE BT 5 MR TH 5. /RO HLSEATHIOHREE ik & U TIFEAR
HOBATH DAV S 3, REARTIZEWTIE AR - EEMEMEZRIES 15 TR WHEE D W] 68
THD. LU, RGP EABE RTINS K ZWEE (LTFERICEIFER) I2B8WTIE, mK
(/M) EHEMED N7 AT % (Johnstone(2001)) Z &%, IEEMMER RIS RN &
PEEH I NT WS, Lo T, BIRTG FCBIT A2 ESEITHOLI D BVWHEENEENTES
D, BE L DFEMREINT VS (FEL < 1F Pourahmadi(2011) TE <A SN TW3). FTH
Pourahmadi(1999) 12 X 2E1E 2 L A ¥ — 43 & W 7z R FTEAN O W 1, HEE &0 0% 3 EEME
VARSI T 5 2 &, LASSO(Tibushirani(1996)) 7 ¥ OB E FLDOF 2 = v 7 B SHTE
% Z & » 5, Huang et al(2006), Chang and Tsay(2010), Levina, Rothman and Zhu(2008) 7
CEETVAF =02 AW SN E REHCEIREINTWS. L ULE S DOFETIEES
MG (ET V) ZIRE L 72 ECOHGRMNEBE L2 S0 > TE 5T, MEBPRMDOGE DR I I34E
FAEE N TV, 22 TARIE T, Eo#khd 2z EEMEDADKED FT, EIEIVAF—57
fife % FN 72 [ PRI D g/ NUHEE B DI FE, KEEATIZE TS ) A7 O S Blamry M E O
B ZAT o 72 W E IO R» &, SR A — X OB IEZRET 508, ST A —-RIZE
DESBATHINE TN T WS-, TOMHEREIZD W TEEERZT - 7=,

2 IREFE
RE 1. Y = (Y1, ¥n)s ¥i =" Np(0,%), T = (o) : IEEMH

RE1DTFT, SOHEZITW WL T L. AR TIIMEE 2 L 2% -2 Pourahmadi(1999)
ERWHEER Y LT, HRRE ¢, (/T 2iNMER 2 W E B prsp 2IRET 5.

&; prsp = (Y 1 Yjo1+M\Io1) Y 1y
A A j=2p Q)
AJQ' PLSE = %(y(j) - Yj—1¢j PLSE)I(y(j) - Yj—1¢j PLSE)

ZIZT, Y = Wik s Unk)y, Y = (Yay, 5 Yuy)s o7 prsp = 921)9(1)/”7 Aj 20
ThHo, N\ =0(1) &3 5. [FEEEFFHHIZ Ridge B ETH] (Hoerl and Kennard(1974)) Z# L
ZHDT, FIRITGE (n <p) IZBWVTH, N\ > 0 THNIRXRA L HANL 0122620, ED
EO BRI TICB VT IEEMERHEEEIFERLTE 5.

3 YR DOEHEELL

KL v 2232 < ) A7 Qa2 W TEIRIN I XA =X D#EREZEZ L. AT A=



UT, A2 DTN = (A, -+, Ap) EHBDETHT (Ao, -+, 20) = (A, ,A) D280 % (1) ~
RALZEED KL YAZDE/MbEFT > 7=,

2 ln>pniEtakEw p: EE, (o, -, ok1x) # 0k =2,--- ,p)(%) DT
T,0n™2) FTDVRITERINETBNT A= XN, M, 2ZTDVYAZIZIRTH 5.

E [KL(E, EPLSE(A*))] = g(p + )t {1% (10p + 21p + 13) — f(E)} n"2+0(n"%)
g
_ 2 Okk-k—1 1 Okk-k—1
f(z): trz_l ———, A =trY,  ——— k=2---.p
,;2 (tr) 1T D Ll oy
E[KL(S, Spisp(0)] = Lo+t + {1% (1052 +21p +13) — g() } + O(n~¥)
_ 2 _
9(2) = ( Z:z trzk—ll) _ z=2 trzk—ll
p ¢;E;—11¢k ’ i p ¢;E;—11¢1§
k=2 opp.p_1 k=2 opp.p_1

22T, = (om), 1<k, 1<, 0jjj-1 =055 —¢;8j_10;, j=2,- ,p TH5.

() BIZIE (01p, -5 Oho1p) =0 8T 2. ZDLENLIE, ¢ =0 THBD, HEEHO &
B =00 725, 2N, = O(1) THH I L 2L TWRVWDT, 20 &> ikt
R CRMREE M OB EE R RAE S R, LA LD S, A = 00 THEEEG, prog =0 L7
Bz, ELUWHERE (FI0]) 217> TWB L 5% 5.
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RxRIERF /7 TV IEARERIZBENT, (i,5) CIViERE p,; £T5 (i=1,...,R; j=
1,..., R). AL (DES) €T IVIFIRD & 5 IZEFE I N5 (Tomizawa, 1992):

- O Hdy_y (1 # 9),
Y Vi (i =j).

DES € 7L, CIVHERBER AT U THIRTH 0, S SIZERALRITIH - THK
22T 2GR £ D, ¥ERAIRECEI (QDES) €T /WIIIRD L S IZEH I 13 (1K,

Yamamoto and Tomizawa, 2014):

Di = aiﬁjd\j—ﬂ (Z # j)7
Y i (@ :j>-

FRZ a=8BWVWEIDETIVIIDESET IV THS. T8 E X, JIEH Y & L, F
YFA—B(ME)ETVEEX)=EY)& LTEHT 5. Ikiet al. (2014) IXEH TDES €
TIDIR D LD DBEAM1%, QDESET IV & MEE FIVDM AR D 32D Z
EThB]l HZT-.

QDES ETVIX, BAESA & U TN EDE L W 2EEIEHRA AP EEINE5E
WEWTELHEET S (Iki et al., 2014). RFEEHTIE, BESH L U THAZHROES
B2 LR W2 AR IEMAEPEEINDGEIIEWT, KKHATHET N2
35, X512, DESETNE QDESET LD bz %2 5.

2. ETILDIEE
ETNERDEDITIRET 5

g = L OBy (4 9),
’ ¢ii (’l :j)-

FFIZ 0, =1 2BWIEZIZDETNVIEDESETALTHS. Eo>T, ZOETINEZILRNH
REONFR (EDES) ETIVEIERZ £I29 5. I 61T, ETIVEIRD KD ITRET 5.

P :{ aziOC%QB{B%Qd\j—u (i #7),
(2 (i=17)
FHZ g = Bo =1 L BWVWIZZDETIIEZQDESETIVTHSB. £oT, ZTOETINVEIHL
ARHEST A HEBONFR (EQDES) ET IV EIERNZ 22T 5. £, a0y =B D ag = fr =1
EBWVWIEZDETIVIEDESET IV, a = B1 3D ap = By BV ZDETIVIZEDES
EFNTH 5.



3. ETIVDONE
R (MVE) €T V% E(X) = E(Y) 7D Var(X) = Var(Y) & UTEHT
5. MOEHEGS:

EIE 1. EDESETNADEK D L D7D DMBEADFM1E, EQDESETI)VE MVE €T
VDB NDZ & THD.

ETINVOHEGEEZRET 57-ODRELT A izt EE G2 5.

FEIE 2. EDESETIMIZNT S G? 1%, EQDES E Tz T % G2 £ MVE E TV
N9 B G? L DORITHHERIZFETH 5.

4. EFILDO—%1E
DESEF N & QDESETF VOt EZ 5. ERICGEZONZ k(k=1,...,R-1)
WX UT, ETIVEIRD LS IZIRET 5!

- _{ TTe, 0y (i #35),
(7 (i = 7).
k=10  EIIDESETLTHY, k=20  SXEDESETLTHS. Thbb, Z
DETIVIEDESETINZE —BALIB/ZETNTHS. ZDETIVE LIRAAELTIR
(DES(k)) ETFNEMRZ LIZT S, 6T, ERIGx6NZk(k=1,... R—1) I
HUT, ETNVERDISIZRET 5:

- :{ [T, of B dy (i # 3).
i (i=7j).

k=10 ZXQDESETNVTHY, k=20  ZIXEQDESETILVTH 5. T4b
L, ZOETIZQDESET IV —RILIBZETINTHE. ZOET N LIRUENA
FRECIFE (QDES(k)) ETIVEMERZ &I1ZT 5. /2, v =53 (t=1,... k) £BWVI=
QDES(k) ET)WVIEDES(k) ET LV TH 5.
FEzEzZoNZ kE(k=1,...,R— 1) 1z LT, kRELFEE B (MME(k)) €F
Wi EXH) =EY!) (t=1,...,k) LLTE&HTS. IROEHEE5:

EE3. ERICGAONZ k(k=1,...,R—1) 12X LT, DES(k) ET VDK 3L
D7D DBEF M, QDES(E) €TV & MME(K) €T VDM MR DLDZ & T
H5.

EE4. ERIZEZONZ E(K=1,...,R—1) IZH LT, DES(k) ETMIXT 3
G? 1%, QDES(k) ETIVIZHT 5 G? & MME(E) ET WIS 5 G? & DOFNTHRITIIC
A% TH5.
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IO X ITHTBENMREIC LD, WS IFFEENRT A=K 5, pladT 20 a0aMER L IEE
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Yokoyama (1995) 1% (2) D24 % FAli 9~ % 72 6D DIR DR

Ho: X =AN1,1), + 0°I,, A* >0, 6° >0 v.s. Hy : not Hy, (3)

IZOWTHERELTED, (3) 2RET 572D REHMBERGE —2log A ZEH L TW5. Yokoyama
(1995) & —2log A DIFEES 5 DL 4346 % , Inatsu & Wakaki (2015) 1% —2log A D43 15 O &
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Random walk Metropolis algorithm
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o x < x* with probability a(z,z*), 000 O
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Theorem 1 (Roberts et al. [1997])
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A, = a(Y;)dt + b(Y;)dW,
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