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Abstract

The main purpose of this paper is to study the arithmetical properties
of values >~ | B~ where 3 is a fixed Pisot or Salem number and
w(m) (m = 0,1,...) are distinct sequences of nonnegative integers with
w(m 4+ 1) > w(m) for any sufficiently large m. We first introduce the
algebraic independence results of such values. Our results are applicable to
certain sequences w(m) (m = 0,1,...) with limy,— e w(m+1)/w(m) = 1.
For example, we prove that two numbers

- B~ Le(m)] , N B~ La(m)]

logm _ log log m

are algebraically independent, where p(m) = m and a(m) =m

Moreover, we also give the linear independence results of real numbers.
Our results are applicable to the values > >°_, 6~ "] where [ is a Pisot
or Salem number and p is a real number greater than 1.

1 Introduction

Throughout this paper, we denote the set of nonnegative integers (resp. positive
integers) by N (resp. ZT). We write the integral and fractional parts of a real
number z by |z| and {z}, respectively. Moreover, [z] is the minimal integer not
less than x. We use the Vinogradov symbols > and <, as well as the Landau
symbols O, o with their regular meanings. Finally, f ~ g means that the ratio
f/g tends to 1

In what follows, we investigate the arithmetical properties of the values of
power series f(X) at algebraic points. For simplicity, we first consider the case
where f(X) has the form

Fx) = 3 K,
m=0

where (w(m))2>_, is a sequence of nonnegative integers satisfying w(m) <

w(m + 1) for any sufficiently large m. We call f(X) a gap series if
. wim+1
lim g =00
m— oo w(m)
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We say that f(X) is a lacunary series if
1
lim inf M

> 1.
m—oo  w(m)

Note that if f(X) is a lacunary series, then there exists a positive real number
0 such that
w(m) > (14 6)™

for any sufficiently large m.

In the rest of this secction, suppose that « is an algebraic number with
0 < |a| < 1. In paper [7], Bugeaud posed a problem on the transcendence of
the values of power series f(X) as follows: If (w(m))S°_, increases sufficiently
rapidly, then >, (™) i transcendental.

Corvaja and Zannier [8] showed that if f(X) = >_oc_ X®(™) is a lacunary
series, then Z:;:o a®(™) is transcendental. For instance, let 2, y be real numbers
with > 0 and y > 1. Then two numbers

i NECDIN i alv™
m=0 m=0

are transcendental.

Adamczewski [1] improved the result above in the case of @ = 37!, where
B is a Pisot or Salem number. Recall that Pisot numbers are algebraic integers
greater than 1 whose conjugates except themselves have absolute values less
than 1. Note that any rational integers greater than 1 are Pisot numbers.
Salem numbers are algebraic integers greater than 1 such that the conjugates
except themselves have moduli less than 1 and that there exists at least one
conjugate with modulus 1. Adamczewski [1] showed that if

i LM+ D

> 1,
m—o0 w(m)

then Y7 B~w(m) is transcendental for any Pisot or Salem number f.

We now introduce known results on the algebraic independence of certain
lacunary series at fixed algebraic points. First we consider the case where f(X)
is a gap series. Durand [10] showed that if « is a real algebraic number with
0 < a < 1, then the continuum set

{ i o le(mn)]

m=0

xER,x>O} (1.1)

is algebraically independent. Moreover, Shiokawa [17] gave a criterion for the
algebraic independence of the values of certain gap series. Using his criterion,
we deduce for general algebraic number @ with 0 < || < 1 that the set (1.1) is
algebraically independent.

Next, we consider the case where f(X) is not a gap series. Using Mahler’s
method for algebraic independence, Nishioka [15] proved that the set

{ia’“’" k23}

m=0




is algebraically independent. Moreover, Tanaka [18] showed that if positive real
numbers w1, ..., w,, are linearly independent over Q, then the set

{ i qlwik™]
m=0

is algebraically independent.

On the other hand, it is generally difficult to study algebraic independence
in the case where f(X) is not lacunary. In Section 2 we review known results
on the criteria for transcendence of the value Y~ /8 —w(m) where A is a Pisot
or Salem number and (w(m))>_, is a certain sequence of nonnegative integers
with

i=1,...,m, k:2,3,...}

lim 7w(m +1)

=1.
m—o0 u)(m)

In Section 3 we give the main results on the algebraic independence of real
numbers. Our results are applicable to the algebraic independence of the two

values
o0 o0
Z 67 Lmlog ™| ’ Z 57 Lmlog log ™| .
m=1 m=3

In the same section we also investigate the linear independence of real numbers
applicable to Zi:o B~Lm") for a real number p > 1. The main criterion for lin-
ear independence, which is used to prove the main results, is denoted in Section
4. For the proof of the algebraic independence and the linear independence, we
need no functional equation because our criterion is flexible. We prove the main
results in Section 5. Moreover, we show the main criterion in Section 6.

2 Transcendental results related to the numbers
of nonzero digits

In this section we review criteria for the transcendence of the value Z;’ozo t,B7",
where (t,)22, is a bounded sequence of nonnegative integers and S is a Pisot
or Salem number. First we consider the case where § = b is an integer greater
than 1. We denote the base-b expansion of a real number n by

n=> sPmp",
n=0
(®)

where sy’ (n) = [n] and s (n) € {0,1,...,b — 1} for any positive integer n.
We may assume that SS’) (n) < b— 2 for infinitely many n’s. For any positive
integer N, put

Ap(m; N) := Card{n € N | n < N,s{?)(n) # 0},

where Card denotes the cardinality.

Borel [5] conjectured for each integral base b > 2 that any algebraic irrational
number is normal in base-b, which is still an open problem. For any real number
p>1, put

Yps X) =y xtm
m=0



If Borel’s conjecture is true, then v(p; b~1) is transcendental because v(p; b~ 1) is
a non-normal irrational number in base-b. However, the transcendence of such
values is not known except the case of p = 2. If p = 2, then Duverney, Nishioka,
Nishioka, Shiokawa [11] and Bertrand [4] independently proved for any algebraic
number o with 0 < |a| < 1 that v(2; «) is transcendental.

Bailey, Borwein, Crandall, and Pomerance [3] gave a criterion for the tran-
scendence of real numbers, using lower bounds for the numbers of nonzero digits
in the binary expansions of algebraic irrational numbers. Let n be an algebraic
irrational number with degree D. Bailey, Borwein, Crandall, and Pomerance [3]
showed that there exist positive constants Ci(n) and C3(7n), depending only on
7, satisfying

Xa(m; N) > Cy(n)NV/P

for any integer N with N > C3(n). Note that Cy(n) is effectively computable
but Cs(n) is not. For any integral base b > 2, Adamczewski, Faverjon [2] and
Bugeaud [6] gave effective versions of lower bounds for Ay (n; N) as follows: There
exist effectively computable positive constants C5(b,n) and Cy(b,n), depending
only on b and 7, satisfying

Ap(n; N) > C(b,n)N'/P (2.1)

for any integer N with N > Cy(b,n). Using (2.1), we obtain for any real number
p > 1 that y(p;b~1) is not an algebraic number of degree less than p. In fact,
v(p; b~ 1) is an irrational number satisfying

Mo (Y(p; 1) N) ~ NP

as N tends to infinity. Thus, (2.1) does not hold if D < p.

By (2.1), we also deduce a criterion for the transcendence of real numbers
as follows: Let ) be a positive irrational number. Suppose for any real positive
real number € that

. N)

lﬂlglof —Ne = 0. (2.2)
Then 7 is a transcendental number. Note that the criterion above was essen-
tially obtained by Bailey, Borwein, Crandall, and Pomerance [3]. Note that if
S, XM is lacunary, then n = > ov_ b~ %(™) satisfies (2.2) by

m=0
Mo(n; N) = O(log N).

We give another example of transcendental numbers. For any real numbers
y>0and R > 1, we put

p(y; R) = exp ((log R)'*Y) = RUe 1",
Moreover, we set

Ey; X) =1+ Z x Le(yim)]

m=1
Note that £(y; X) is not lacunary by

sm 41
i PwimAD

m—oo  @(y;m)



We get that n := &(y;b~!) is transcendental for any integer b > 2 because 7
satisfies (2.2).

In what follows, we consider the case where [ is a general Pisot or Salem
number. We introduce results in [14] related to the S-expansion of algebraic
numbers. For any formal power series f(X) = > " ¢, X", we put

S(f) :={neN[t, #0}.
Moreover, for any nonempty set A of nonnegative integers, we set
AA; N) := Card(AN 0, N)).
We denote the degree of a field extension L/K by [L : KJ.

THEOREM 2.1 ([14]). Let A be a positive integer and let f(X) =Y .7t X"
be a power series with integral coefficients. Assume that 0 < t,, < A for any
nonnegative integer n and that there exist infinitely many n’s satisfying t,, # 0.
Let B be a Pisot or Salem number. Suppose that n = f(87') is an algebraic
number with [Q(B8,n) : Q(B)] = D. Then there exist effectively computable
positive constants Cs(A, 3,n) and Cs(A,,n), depending only on A,B and n
satisfying

N \UD
‘N) > A
A ) = Cala o) (o
for any integer N with N > Cg(A, 58, 7).

In the rest of this section, let 5 be a Pisot or Salem number. Using Theorem
2.1, we obtain for any real number p > 1 that

[Q(v(p: B71),8) : Q(B)] > [p]
by
A(S(y(p; X)); N) ~ NV/? (2.3)

as N tends to infinity.

Note that Theorem 2.1 is applicable to the study of the nonzero digits in
the B-expansions of algebraic numbers. We recall the definition of S-expansion
defined by Rényi [16] in 1957. Let T : [0,1) — [0,1) be the S-transformation
defined by Ts(x) = {8z} for x € [0,1). Then the S-expansion of a real number
n € [0,1) is denoted as

n=> sPmp,
n=1

where s%ﬂ)(n) = LﬂTB"_l(n)J for any n > 1. Note that 0 < S%ﬁ)(n) < | A] for any
n > 1. Put
Ag(n; N) := Card{n € Z*,n < N,sP () # 0}

for any positive integer N. Applying Theorem 2.1 with B = ||, we deduce
that if n € [0, 1) is an algebraic number with [Q(8,7n) : Q(8)] = D, then

N \D
Ag(m N
s8> (oo )



for any sufficiently large integer N.

Using Theorem 2.1, we also deduce a criterion for the transcendence of real
numbers as follows: Let f(X) be a power series whose coefficients are bounded
nonnegative integers. Suppose that f(X) is not a polynomial and that

b ing (SN

m—oo N¢

=0

for any positive real number €. Then f(37!) is transcendental. Note that the
criterion above was already obtained in [13] and that the criterion is applicable
even if the representation > ° /t,3~" does not coincide with the S-expansion
of f(871). In the same way as the case where 3 = b > 2 is an integer, we obtain
for any positive real number y that £(y; 371) is transcendental.

In the end of this section we introduce a corollary of Theorem 2.1, which we
need to prove our criteria for linear independence.

COROLLARY 2.2. Let A be a positive integer and f(X) a nonpolynomial
power series whose coefficients are bounded nonnegative integers. Assume that
there exists a positive real number & satisfying

A(S(f);R) < R0+Y/A

for infinitely many integer R > 0. Then, for any Pisot or Salem number B, we
have

[Q(F(87).8):Q(B)] > A+1.

3 Main results

3.1 Results on algebraic independence
We use the same notation as Section 2.

THEOREM 3.1. Let B be a Pisot or Salem number. Then the continuum set

;B ) lyeR, y>1} (3.1)
is algebraically independent.

Note that if 5 = b is an integer greater than 1, then the algebraic indepen-
dence of (3.1) was proved in [12]. Moreover, Theorem 1.4 in [12] implies that if
y1 and yo are distinct positive real numbers, then the two values £(y1,b~!) and
&(y2,b1) are algebraically independent. However, the algebraic independence
of the set

{&y; b7 |y eR, y> 0}

is unknown. Next, we generalize Theorem 1.4 in [12] as follows:

THEOREM 3.2. Let y; and ys be distinct positive real numbers. Then the
two values &(y1; 871) and &(y2; B71) are algebraically independent for any Pisot
or Salem number (3.

We now give further results on the algebraic independence of two values.



THEOREM 3.3. For any Pisot or Salem number § the two values

S gty S g
m=1 m=3

are algebraically independent.

Many results on the algebraic independence treat the values of power series
with same types, for instances, the values of Fredholm series anozo X5 for
k=2,3,... (see also Section 1). On the other hand, our results are applicable
to the values of two power series of different types. We now introduce a typical
example as follows:

THEOREM 3.4. Let y and x be real numbers with y > 0,2 > 1. Then, the
two values &(y; 1) and Y00, B~ are algebraically independent for any
Pisot or Salem number (.

3.2 Results on linear independence

Let F be the set of nonpolynomial power series g(X ) with bounded nonnegative
integral coefficients satisfying the following two assumptions:

1. For an arbitrary positive real number e, we have
A(S(9); R) = o(R7)
as R tends to infinity.

2. There exists a positive constant C' such that
[R,CR]NS(g) #0
for any sufficiently large R.

In this subsection, we study arithmetical properties of the values of power series
with different types. In particular, we study the linear independence of the
values f(B1)*1g(B71)*2 (ki,ke € N), where 8 is a Pisot or Salem number,
f(X) = v(p; X) for some p > 1, and g(X) € F. In order to state our results,
we give a lemma on the zeros of certain polynomials. For any positive integer
k, put

Gr(X)=1-X)"+(k-1)X —1

LEMMA 3.5. Suppose that k > 3. Then the following holds:

1) There exists a unique zero oy, of Gi(X) on the interval (0,1).

2) Let z be a real number with 0 < x < 1. Then Gi(z) <0 (resp. Gi(z) > 0)
if and only if x < oy, (resp. x > o).

3) (ok)724 is strictly decreasing.

Proof. Observe that G4 (X) = —k(1 — X)¥~! 4+ k — 1 is monotone increasing on
the interval (0,1) and that G7,(X) has a unique zero oy, on (0,1). Thus, G;(X)
is monotonically decreasing on (0, 0%] and monotonically increasing on (o, 1).
Hence, the first and second statements of the lemma follow from Gj(0) = 0 and
Gr(l) =k—2>0.



Next, we assume that £ > 4. Using
Gr-1(ok-1) = (1 = o))" " + (k= 2)o%_1 — 1 =0,
we get
Grlop-1) =0 —op_1)f+(k=Dop_1 —1=(k—2)o2_, >0.
Hence, we obtain o < o;_1 by the second statement of the lemma. O

THEOREM 3.6. Let A be a positive integer and p a real number. Suppose
that

{ p>A  ifAL3, (3.2)

p>oyt ifA>4.
Then, for any g(X) € F and any Pisot or Salem number 3, the set

{v(os 87" g(B71)™ | kr, ks € Noky < A}
is linearly independent over Q(/3).

We give numerical examples of 0,1 (n > 4) as follows:
o, =5278..., o0;'=8942..., o5'=13.60....

COROLLARY 3.7. Let A, p be as in Theorem 3.6.
1) For any real number y > 1 and any Pisot or Salem number (3, the set

oo

k2
Yp: M (Z ﬂ“””) ki ks € Ny < A

m=0

is linearly independent over Q(5).
2) For any positive real number y and any Pisot or Salem number (3, the set

(Vo By B | kay ko € Ny by < A}
is linearly independent over Q(/3).

Using the asymptotic behavior of the sequence (0,,)%_5, we deduce the
following:

COROLLARY 3.8. Let € be an arbitrary positive real number. Then there
exists an effectively computable positive constant Ag(e), depending only on €
satisfying the following: Let A be an integer with A > Ag(e) and p a real
number with p > (e +1/2)A%. Then, for any g(X) € F and any Pisot or Salem
number 3, the set

{v(p: B g(B™N) | k1, ko € Ny < A}

is linearly independent over Q(/3).



4 Main criterion for linear independence

Let k be a nonnegative integer and f(X) € Z[[X]]\Z[X]. We denote the
Minkowski sum of S(f) by

_ {0} (k=0),
kS(f) '_{ {s1+ - +sk|s1,...,s.€8(f)} (>1

~—

Moreover, for any (k1,...,k-) € N” and f1(X),..., fr(X) € Z[[X]\Z[X], we
set

> knS(fn) = {s1 4+ 5, | sn € knS(fn) for h=1,...,r}.
h=1

REMARK 1. Suppose that 0 € S(f;) fori =1,...,r. Then, for any (ki1,...,k.) €
N" and (ki,..., k) € N" with k; > kj for any i = 1,...,r, we have

D EknS(fr) DD kS (fn)-
h=1 h=1

Let A be a nonempty set of nonnegative integers and R a real number with
R > min A. Then we put

O(R; A) :=max{n € A|n < R}.

THEOREM 4.1. Let A,r be integers with A > 1 and r > 2. Let f;(X) =

Yoo o ti(n) X (i =1,...,7) be nonpolynomial power series with integral coeffi-

cients satisfying
0<tin) <Cy

foranyi =1,...;r and n > 0, where C7 is a positive constant. We assume
that f1(X), ..., fr(X) satisfy the following three assumptions:

1. There exists a positive real number § satisfying
A(S(h)iR) = o (R77F1/4)

as R tends to infinity. Moreover, for anyi = 2,...,r and any real number
€, we have

A(S(f:); R) = O(A(S(fi,l); R)€>
as R tends to infinity.
2. There exist positive constants Cg, Cy such that

[R,CsRINS(fr) #0

for any real number R with R > Cy.



3. Let ky, ..., k. be nonnegative integers. Suppose that

ki<A-1 ifr=2,
Then we have
r—2
R—-0 (R; Z EnS(fn) + (14 kr—l)s(fr—1)>
h=1
i (4.2)

< 77
[T=1 ACS(fn); R)*
for any sufficiently large R, depending only on ky, ..., k..

Then, for any Pisot or Salem number (3, the set

{AB LB (BT ke, ke € Ny < A}
is linearly independent over Q(f).

REMARK 2. Theorem 4.1 is a generalization of Theorem 2.1 in [12] be-
cause Theorem 4.1 is applicable to more general linear independence results.
The third assumption of Theorem 2.1 in [12] is essentially as follows: Let
ki,...,k-_1, k. be nonnegative integers. Suppose that there exists a positive
integer k = k(k1,...,k-—1), depending only on kq,...,k,._1, satisfying

r—2 R
R-96 (R, hzz:l knS(fn) + HS(frl)) < T S0

for any sufficiently large R, depending only on k1,...,k._1, k.. In Theorem 4.1
we only consider the case of K = 1 + k,_; for simplicity, which is sufficient to
prove our main results.

5 Proof of main results

In this section we prove results in Section 3, using Theorem 4.1.

5.1 Proof of results on algebraic independence

Proof of Theorem 3.1. Let y1,ys,...,y, be real numbers with 1 < y; < yo <
-+ < yp. We show that f;(X) :=&(y;; X) (4 = 1,...,r) fulfill the assumptions
of Theorem 4.1 for any positive integer A. Recall that we proved Theorem 1.3 in
[12], showing for any integer b > 2 that f1(b™1),..., f-(b~!) satisfy the assump-
tions of Theorem 2.1 in [12]. In particular, we verified the third assumption
with kK = 1 + k,_1. In the same way, we can check that fi(X),..., f(X) fulfill
the assumptions of Theorem 4.1. O

Proof of Theorem 3.2. We can show Theorem 3.2 in the same way as the proof
of Theorem 1.4 in [12] by checking the assumptions of Theorem 4.1. O

10



Proof of Theorem 3.3. Put
a(R) := exp ((log R)(loglog R)) _ Rloglog R
for R > 3 and
(o)
A0 =14 30 X100 fy(X) = (1 X)),

m=3

Then f1(X) and fo(X) satisfy the second assumption of Theorem 4.1. We
denote the inverse function of a(R) by b(R). For simplicity, let ¢(R) := ¢(1; R).
Note that the inverse function of ¢(R) is

W(R) := exp ((log 3)1/2) .
Then we have

(log b(R))(loglog b(R)) = log R = (log :(R))*.

Thus, we see
log b(R) 1

= = 1
log R loglog b(R) o(1)

as R tends to infinity, and so, for any positive real number ¢,

A(S(f1); R) ~ b(R) = o (). (5.1)

Moreover, using

log(R)  (loglogh(R)\"*
vt = (eesin )=o)
we get, for any €,
A(S(f2); R) ~ w(R) = 0 (b(R)?) = o( A(S(f1); R)°). (5.2)

Hence, we showed that the first assumption of Theorem 4.1 is satisfied for any
positive integer A. In what follows, we verify that the third assumption of
Theorem 4.1 is fulfilled. It suffices to show the following: For any positive
integer k and any real number € with 0 < & < 1, we have

R —0(R;kS(f1)) < Rb(R)**e (5.3)

for any sufficiently large R, depending only on k and e, where the implied
constant in the symbol < does not depend on R, but on k and ¢. In fact, let &k
and ko be any nonnegative integers. Using (5.3) with k = 1+ ky and e = 1/2,
we get

R—0(R: (1 + k1)S(f1) < BYR) ™M = o [
(R; (1+ k1)S(f1)) < Rb(R) (Hh_lA(S(fh);R)kh)

as R tends to infinity, where for the last inequality we use (5.1) and (5.2).

11



We first consider the case of k = 1. Note that
a(z)’ 1+ loglogx

(log a(x))l =

a(x) x
Using the mean value theorem for log a(x), we see for m > 3 that
a(m) < a(m+1) < a(m).

Using the mean value theorem for a(x), we get that there exists a real number
p with 0 < p < 1 satisfying
a(m +1) — a(m) = '(m + p)

_ 1 +loglog(m + p) a(m)
= s a(m+p)<<(m+1)1_s.

For any sufficiently large R, there exists an integer m > 3 such that
la(m)] < R < |a(m+1)].
Thus, we obtain

R—0(R;S(f1)) =R— la(m)] <a(m+1)—a(m)+1

< a(m <
(m+1)i—= b

(@m 1)1 = bR

which implies (5.3) in the case of k = 1.

Next we assume that (5.3) holds for a fixed positive integer k and an arbitrary
positive real number €. In what follows, we verify (5.3) for k41 with fixed ¢ < 1.
Put

Ro =R - Q(R, k‘S(fl))
It suffices to consider the case of
R

Ry > W (5.4)

In fact, suppose that (5.4) does not hold. Since 0 € S(f1) by the definition of
f1(X), we have
0(R;kS(f1)) € kS(f1) C (k+1)S(f1)

by Remark 1. Thus, we get

R
R—-0(R;(k+1)S <R —_—
( 7( + ) (f1>) S fip < b(R>k+1’
which implies (5.3).
In what follows, we assume that (5.4) is satisfied. In particular, applying
(5.1) to (5.4), we see

Ry > R'¢/* (5.5)

for any sufficiently large R. Moreover, the inductive hypothesis implies that

R

R _,
0 < b(R)k—</2

(5.6)

12



Let
n:=0(R; kS(f1)) +6(Ro; S(f1)) € (k+1)S(f1)-
Observing that
R—n=Ry—0(Ro;S(f1)) >0,
we see

0(R; (k+1)S(f1)) = n.
Thus, we get

R—0(R;(k+1)S(f1)) <R—n
Ry

= Ry — 0(Ro: S(f1)) < b(Ro)1—</1

where for the last inequality we apply (5.3) with & = 1 because Ry is sufficiently
large by (5.5). By (5.5) and (5.6), we obtain

R
R—0(R;(k+1)S(f1)) < bR A=)t (5.7)
Using the fact that (loga(x))/(logx) is ultimately increasing with
x=0b(R) >z’ = b(R*™/%),
we get
logR  loga(x) < log a(x’)
logh(R)  logz ~ loga
_ (1 _ E) _ logR
N 4/ logb(R'—</4)’
Consequently,
b (R175/4) > b(R)178/4,
and so
1 1 1
b(RL-¢/4)1—</4 < b(R)(1—</9)? < b(R)L—</2 (5.8)
by (1 —¢/4)? > 1 —¢/2. Combining (5.7) and (5.8), we deduce that
) R
(O <)R — H(R, (k + I)S(f1)) < b(R)kﬁ’
which implies (5.3). O

Proof of Theorem 3.4. Let
AX) =8 X), LX) =D X" f(X) = €2y X).
m=0

Then f1(X) and fo(X) satisfy the second assumption of Theorem 4.1. We
denote the inverse function of ¢(2y; R) by

1/)(2?4; R) = exp ((log R)l/(1+2y)) )

13



Then we have
A(S(f2): B) = 0 (1:(2y: )*) = o (A(S(f): R)°)

as R tends to infinity. Thus, fi(X) and fo(X) satisty the first and third as-
sumptions of Theorem 4.1 because we checked in the proof of Theorem 3.2 that
f1(X) and fo(X) fulfill the same assumptions. O
5.2 Proof of results on linear independence

Proof of Theorem 3.6. We show that the assumptions of Theorem 4.1 are sat-
isfied, where A is defined as in Theorem 3.6, r = 2, f1(X) := v(p; X), and
f2(X) := g(X). The second assumption follows from the second assumption of
F.

In order to check the first assumption, it suffices to show that

1 1
p <7 (5.9)

by (2.3) and the first assumption of 7. We may assume that A > 4 by (3.2).
Using

1\ > q
> —AiA—"——l—L
—~ o A-1

we get by A > 4 that

Hence, we obtain

which implies (5.9) by (3.2) and the second statement of Lemma 3.5. In what
follows, we check the third assumption of Theorem 4.1. The following lemma
was inspired by the results of Daniel [9].

LEMMA 5.1. Let k be a positive integer. Then
R—0(R;kS(f1)) = O (RO (5.10)

for any R > 1, where the implied constant in the symbol O does not depend on
R, but on k.
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Proof. First we consider the case of k = 1. Using the mean value theorem, we
see that

L(m+1)P| = [m?] = (m +1)” =m” +O(1)
=0 (m) = 0 (me 717 (5.11)

for any positive integer m. For any sufficiently large R, take a positive integer
m with
[m?] <R < [(m+1)"]

Then we get
- Q(RQ S(fl)) <|(m+1)?] - |m"] =0 (R171/p>

by (5.11).
Next, we assume that (5.10) holds for a positive integer k. Let

Ry :=R—0(R;kS(f1)) € Z*.
The inductive hypothesis implies that
Ry=0 (R“—l/f’)’“) . (5.12)
In the same way as the proof of (5.3), putting
n:=0(R;kS(f1)) 4+ 0(Ro; S(f1)),
we see
R—0(R;(k+1)S(f1)) <R-n
= Ry — 0(Ro; S(f1))-
Consequently, using (5.10) with £ =1 and R = Ry, we obtain
0<R—0(R;(k+1)S(f1))
=0 (Ry™") =0 (RO
by (5.12). O

Put logp = := (logz)/(log R). Using Lemma 5.1 with k = 1 + k;, we get
log Fi(R) = log (R = 0(Rs (L4 k1)S(f1)) )

<(1-2) " e

as R tends to infinity. Moreover, using (2.3) and the first assumption of F, we
see

R k1
logp F2(R) :=logp (Hf_l GO R)k> =1- n +o(1).

15



Thus, we obtain
1
logg F1(R) — logg Fo(R) < Gy, (p) +0(1)

as R tends to infinity. For the proof of (4.2), it suffices to show that

1
G1+k1 (p) < 0. (5.13)

If ky =0 or k; =1, then (5.13) is clear by G1(X) = —X and G3(X) = - X (1 —
X). If ky = 2, then we have G3(X) = —X(1 —3X + X?) and 03 = (3 —/5)/2.
By (5.9) and (4.1), we get

1 < 1 < 1 1 <

el < o4

p AT 1+k 3 %
which implies (5.13) by the second statement of Lemma 3.5. Finally, suppose
that k3 > 3. Using (3.2), (4.1), and the third statement of Lemma 3.5, we
obtain

1
; <0aA <014k,

which means (5.13). Therefore, we proved Theorem 3.6. O

Proof of Corollary 3.7. The first statement of Corollary 3.7 follows from Theo-
rem 3.6 by

o0
S X e F
m=0
The second statement of the corollary is similarly verified by £(y; X) € F. In
fact, the first assumption of F follows from the fact that, for any real number
M,

ey R)
A RN
Moreover, using the mean value theorem for log p(y; R), we can show that
R+ 1
fm PUEED
R—oo p(y; R)

O

Proof of Corollary 3.8. By Theorem 3.6 and the second statement of Lemma
3.5, it suffices to show that (e + 1/2)A2 > o;!, namely,

osea((3+) ")

for any sufficiently large A, depending only on € > 0. We now fix an arbitrary
positive real number . In the proof of Corollary 3.8, the implied constant in

16



the symbol O does not depend on A, but on €. Observe that
1 -t !
log (1 - (2 + 8) A2>
1 -1
:A<— (2+e> A2+O(A4)>

= - (; +e>_1A_1 +0 (A7)

(1 - (; + 5)1 A—2>
= exp (— (; + s) B AT+ 0 (A3)>

1oLy 71A*1+1 1y 72A*2+O(A*3)
- 9 "¢ AR ‘

and that
A

Thus, we get

1 -1
GA<(2+€> A2>
1 -t 4
:(1—<2+a) A‘2>
1 (1 I
—1+(2+5> A —(2+E> A
1 -2
:_5<2+5) A2 40(A%) <0

for any sufficiently large A, depending only on €. O

6 Proof of Theorem 4.1

Put

- ,_ fi(X) if £;(0) # 0,
ﬁ““‘{1+MX>ﬂﬁ@=0

Then f1(X),..., fr(X) satisfy the assumptions of Theorem 4.1. The second
assumption is easily checked. Moreover, the first and third assumptions are also
seen by

0 (R; z_: knS(fn) + (1+ kr_l)S(fr_1)>

h=1

r—2
>0 (R; > knS(fa) + 1+ kmﬁ(fm))

h=1

17



and, for h=1,...,r,
A(S (fn) s R) ~ M(S(fn); R)

as R tends to infinity. For the proof of Theorem 4.1, it suffices to show that
{AE LB F (37

is linearly independent over Q(3). In particular, rewriting f;(X) by fi(X) for
t=1,...,r, we may assume that f;(0) #0 for any i = 1,...,7.
For simplicity, put, for i =1,...,r,

&= f:(B71),8: = S(f;), \i(R) = A(S(f:); R).
Using Corollary 2.2 and the first assumption of Theorem 4.1, we see that

[Q(&1,8) : Q(B)] = A+1

and that &, ..., &, are transcendental.

We introduce notation for the proof of Theorem 4.1. For any nonempty
subset A of N and any positive integer k, let A* denote the n-fold Cartesian
product. For convenience, set

Fika, ke €N,y < A}

AY = {0}.
Let k € Nand p= (p1,...,pr) € N¥. We put

o 0 (k=0),
P '_{ pr+-+p (B>1)

and, fori=1,...,r,

— 1 ( -
ti(p) -—{ ti(p) - ti(pr) (b >1

Moreover, for any k = (k1,...,k,) € N" let
xk=T[xk, e =]Je" A)* =] r@)k.
i=1 i=1 i=1

We calculate §k in the same way as the proof of Theorem 2.1 in [12]. The method
was inspired by the proof of Theorem 7.1 in [3]. Let k € N"\{(0,...,0)}. Then
we have

r ki
¢ =11 ( > ti(mi)ﬂ_mi>

i=1 \m;€S;
=11 > timos ™! = > 87" p(k;m), (6.1)
=1 8% m=0
where
p(k;m) = > t1(my)---t,(m,) € N.

k
myesil . mpeskr
[my |+ +mp|=m

18



Note that p(k;m) is positive if and only if

m € Z khSh.
h=1
We see that
p(k;m) < 3 k< ¥l (1 4 m)lkl. (6.2)

mlesll ,,,,, m,-eSﬁ’
[ % [ |=m

We give an analogue of Lemma 4.1 in [12].

LEMMA 6.1. Let k € N"\{(0,...,0)} and let N € Z". Then we have

N-1
>~ plk;m) < CFIAN)® (6.3)
m=0
and
Card{m € N |m < N, p(k;m) > 0} < CIFIA(N)¥. (6.4)

Proof. We see that (6.4) follows from (6.3) because p(k;m) € N for any m. Put
S(i;N):=S8;N[0,N) for i =1,...,r. Then we get

—

Z p(k;m) = Z tl(ml)"'tr<mr)

= k cr
0 mlesll.“‘,mTGS,ﬁ’
g [+ lmp| <N

<o 3 > Y

m1ES(1;N)*1 moeS(2;N)k2 m,€S(r;N)kr

= AR,

N—
m

which implies (6.3). O

Assume that the set {§k | k= (k1,...,k-) € N, ky < A} is linearly inde-
pendent over Q(5). Then there exists P(Xy,...,X,) € Z[5][X1,..., X+ ]\Z[f]
such that the degree of P(Xy,...,X,) in X; is at most A and that

P(glvagr) =0. (65)

Let D be the total degree of P(X7,...,X,). Without loss of generality, we may
assume that X,.(—1 + X,.) divides P(X,...,X,) and that if » > 3, then X,._;
divides P(X1,...,X,). Put

P(Xy,..., X)) = Y ApXF, (6.6)
keA

where A is a nonempty finite subset of N” and Ay € Z[B]\{0} for any k € A. For
any k = (ki,...,k.) € A, we have k,, > 1 because X, divides P(Xy,...,X,).
Moreover, if r > 3, then

krfl Z 1 (67)
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because X,_; divides P(Xy,...,X,).

The lexicographic order > on N” is defined as follows: Let k = (k1,...,k;)
and k' = (K{,..., k) be distinct elements of N". Put [ := min{i | 1 < i <
r,k; # k;}. Then k > k' if and only if k; > k]. The first assumption of Theorem
4.1 implies that if k = k’, then

AN =0 (A(N)*) (6.8)

as N tends to infinity.
Let g = (g1, ., 9r) be the greatest element of A with respect to >=. Without
loss of generality, we may assume that

Ag > 1. (6.9)
We see that
gr—1 > 1. (610)

In fact, (6.10) follows from (6.7) if » > 3. Suppose that r = 2. Then g; is the
degree of P(X1, X2) in X;. Thus, g; is positive because & is transcendental.
Putting

Al = {k = (kla ceey kr—la kr) | kl =Jd1,.--, kr—l =0Gr—1, kr < gr}
and
Ao =1k = (k1,...,ke—1,k) | ki < g; for some i <r —1},
we see A = {g} UA; UAs. Using the fact that &, is transcendental and that
—14 X, divides P(X3,...,X,), we obtain the following lemma, applying the
same method as the proof of Lemma 4.3 in [12] with F(X,_1,X,) = 1:
LEMMA 6.2. Ay and Ao are not empty.

Set
e = (91, ceeygr—2, -1 +gr_1, 1 + D)
Recall that the degree g1 of P(Xy,...,X,) in X7 is at most A. Thus, we can
apply the third assumption of Theorem 4.1 with k = (k1,...,k,) = e. In fact,
we see

by — —1+¢g (fr=2),
1 g1 (if r > 3).

Hence, there exits a positive constant Cio satisfying the following: For any
integer R with R > (2, we have

M(R)>5 (6.11)
and
r—1 R
R—0 SwiR)| < —, (6.12)
(hz_:lgh h ) A(R)

In what follows, we set

r—1
O(R) :=0 (Z GnSh; R>
h=1

for simplicity. Using (6.11) and (6.12), we obtain the following lemma in the
same way as the proof of Lemma 4.4 in [12]:
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LEMMA 6.3. Let M, E be real numbers with

4M
M >Ci9,E> —.
- 12, — A(M)e

Then 1
M+§E<9(M+E).

Using k1 < A and the first assumption of Theorem 4.1, we get

lim i =0
R—o0 A(R)e N '
Thus, the set
N n

AN)E © Am)e

E::{NEN‘ foranyngN}

is infinite. We now verify for any k = (k1,...,k,) € Ay that
AN)® =0 (A(N)?) (6.13)
as N tends to infinity. For the proof of (6.13), it suffices to check
e~k (6.14)

by (6.8). If g; > k; for some i < r — 2, then (6.14) holds. Suppose that g; = k;
for any i < r — 2. Then we get —1+g¢g,—1 > k.1 and 1 + D > k, by k € A,
which implies (6.14).

Combining (6.5), (6.6), and (6.1), we get

oo

0= A =>" A > plkim)p™.

keA keA m=0
For an arbitrary nonnegative integer R, multiplying 8 to the both-hand sides
of the equality above, we obtain

oo

0=> Ax > p(k;m+R)B™™.

keA m=—R

Putting
Ypi=) Ay plkim+ R)5™™
keA m=1
0
==Y Ak Y plksm+R)BT, (6.15)

keA m=—R

we see that Yy is an algebraic integer because 3 is a Pisot or Salem number.
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LEMMA 6.4. There ezist positive integers C13 and Ch4 satisfying the follow-
ing: For any integer R with R > C14, we have

Yr =0, or |[Yg| > R™2,

Proof. Let d be the degree of 8 and let 01,09, ...,04 be the conjugate embed-
dings of Q(8) into C such that o1(y) =~ for any v € Q(8). Set

Cy5 = max{|o;(4k)| | i=1,...,d, k € A}
Let 2 < i <d. Using (6.15) and (6.2), and |3;| < 1, we get

R

lo(Yr)| = |>_ 0i(A) > plk; —n + R)oi(B)"

keA n=0

R
<> 015 P+ R <« (R+1)PH
keA n=0

In particular, if R > 1, then
lo(Yr)| < RP*2.

Hence, if Yi # 0, then we obtain

d
1 < |YR| H 0(YR)| < [Yr|RP+D(E-1),
=2

O

In the case of 8 = 2 and r = 1, Bailey, Borwein, Crandall, and Pomerance
estimated the numbers yy of positive Yg with R < N in order to give lower
bounds for the nonzero digits in binary expansions (Theorem 7.1 in [3]). More-
over, if 8 =0b > 1 is a rational integer and r > 2, then yx is applied to prove a
criterion for algebraic independence (Theorem 2.1 in [12]).

Now, we put, for N € Z*,

1
yN::Card{ReN ‘R<N,YRZB}.

In the case where 3 is a Pisot or Salem number and r = 1, then y is estimated
to give lower bounds for the numbers of nonzero digits in 5-expansions (Theorem
2.2 in [14]). In what follows, we calculate upper and lower bounds for yu, which
gives contradiction. First, we estimate upper bounds for yy in Lemma 6.5.
Next, we give lower bounds for yx in Lemma 6.10, estimating upper bounds for
R — 9(R; Q) in Lemma 6.9, where

1
Q:{RENYR>6}. (6.16)
In what follows, we assume that NV is a sufficiently large integer satisfying
D
1 B+1
14+ — —_—. 6.17
(1+5) <5 (617)
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LEMMA 6.5. We have
YN = 0 (N1—5/2)

as N tends to infinity.

Proof. Put
K :=[(1+ D)logg N1,

where logz N = (log N)/(log 3). Then we see

yn <K +yn—x =K+ Z 1

0<R<N-K
Yrp=>1/8
N-K-1
<SK+B8 Y. |Val
R=0
and
N-K-1 N-K-1
V| < Z ZZIAkIﬂ p(k;m + R)
R=0 R=0 keAm=1
= > [ Ak|Y (k: ),
keA
where
N—-K—-1 oo
> > B ™p(k;m+ R)

R=0 m=1

for k € A. For the proof of Lemma 6.5, it suffices to show for any k =
(kil,k‘g, R kr) € A that

Y(k;N) = o (NH/?) (6.18)

as N tends to infinity. Observe that

K N-K-1
0<Y(k;N)= B~ " p(k;m + R)

—K-—1
+ Zﬁmkaz)

= sW (k;N) + s<2 (k;N). (6.19)

23



Thus, the first assumption of Theorem 4.1 with € = §/(2D) implies that
S (k; N) < Ay (N)A H/\ ki g (Nl—w) : (6.20)

Using (6.2), we see

N—-K-1

SA(k; N) < Z g Z CP(m+ R+1)P

m=K+1
< Z B~™N(m + N)P
m=K+1

Note for any m € N that

m+1+N D< L D<ﬁ+1
m+ N - N 2
by (6.17). Hence, we obtain
2) ~K-1 D= e (BN
SA(k;N) < B8 NE+1+N)P >3 —
m=0

< BE-INDHL <, (6.21)

Hence, combining (6.19), (6.20), and (6.21), we deduce (6.18). O

In what follows, we estimate lower bounds for yy in the case where N € =
is sufficiently large. Recall that Ay is not empty by Lemma 6.2 and that 0 € S;
fori=1,...,r. In particular, for any k € A, we have p(k;0) > 0. Put

{TeN|T < N,p(k;T) > 0 for some k € Az}
=: {OZTl <Ty <"'<T7-}.
If N is sufficiently large, then (6.4) and (6.13) imply that
k| 1 e
< .
T< Y CUAN)R < < A
kel
For convenience, put 714, := N. Set
J={J=J0G)1<j<7}

where J(j) is an interval of R defined by J(j) = [T}, T14;) for 1 < j < 7.
In what follows, we denote the length of a bounded interval I of R by |I|.
Then we have
S 11

JeJ

s fres iz 425}

Jo = {J e l JC [CIQa )}

In the same way as the proof of Lemma 4.7 in [12], we obtain the following:

Let
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LEMMA 6.6. If N € E is sufficiently large, then we have

IUEE AN

Jel JET2

Recall that A; is not empty by Lemma 6.2. Let k; be the maximal element
of Ay with respect to >. Set

{ReN|R<N,p(k;R) >0 for some k € Ay}
:2{0:R1<R2<"'<R#}

and Ry, := N. Then (6.4) implies that
p< > OV < CraA(V)*r,
ke

where Cig is a positive constant.
Let
T:={I=10G)|1<i<upu},

where I(¢) is an interval of R defined by I(¢) = [R;, Riy1) for 1 <4 < p. Set

1
yn(2) := Card {R €I(i)|Yr > 3 }
for i =1,...,u. Observe that
S lIl=N
IeT
and that
n
> un(i) = yn. (6.22)
i=1
Set

T,:={Ie€T|IcCJforsome Je T},

> N 1
12016 A(N)kl

In the same way as the proof of Lemma 4.8 in [12], we obtain the following,
using (6.12) and Lemmas 6.3 and 6.6.

Iy = {IEIl

LEMMA 6.7. For any sufficiently large N € =, we have

N N
Sz Yz (6.23)

1€Z, 1€,
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In what follows, we assume that N € = satisfies
NO/2 > (14 Cg)C. (6.24)
Let 1 < i < p with I(i) € Zy and let R € (R;, R;+1). We now show that
p(k;R) =0 (6.25)

for any k € Ay U Ay = A\{g}. In fact, if k € Ay, then (6.25) follows from the
definition of Ry,..., R,41. Suppose that k € Ay. By the definition of Z,, we
have I(i) C J(j) for some j with 1 < j < 7, and so R € (T},T14;). Thus, we
get (6.25).

Applying the first assumption of Theorem 4.1 with ¢ = §/(2D), we see by
g1 < A that

AN)E =0 (N";/Hl)

as N € Z tends to infinity. Thus, we obtain for any sufficiently large N € =
that

1 N e

[1(2)] > 1500 AN > (6.26)

We can apply the second assumption of Theorem 4.1 with

. 5/2
po lIOI . N

T1i0s o102

by (6.26) and (6.24). Thus, we get that there exists V(IV,7) € S, with

[1(3)] :
< <
13 = V(N,1)

Put M = M(N,i) :== R; + V(N, ). Then we have

@)
R; + 1+ Cx

By the definition of R;, there exists k. < —1 + g, such that

Cs|I(3)|
1+ Cy '

<M<R;+ (6.27)

r—1

R; € ZghSh + k.S,
h=1

Using Remark 1, we see

r—1

R; € ZghSh + (=14 g,)S;.
h=1

Thus, we get

M e ZghSh (6.28)
h=1

by V(N,i) € S,.
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LEMMA 6.8. Let N € E be sufficiently large and let 1 < i < p with I(i) € Z,.

Then Yr > 0 for any R with R, < R < M.

Proof. We prove Lemma 6.8 by induction on R. First we show that Y3;_1 > 0.

We see
Ya1=Ag Y B "plgim+ M —1)
m=1
o0
+ ) AR B p(kim+ M — 1)
keA\{g}  m=1
= 8@ 4 54,
By (6.28)

A 1
SG) > 29 5(g: M) > —.
_ﬂp(g )_B

We now estimate upper bounds for |Sy|. Let m be an integer with
1<m< —1+[2Dlogg NJ.
Using (6.27) and (6.26), we get

Cs|1(7)]
i+1—M > Rip1 — R —
Rit1 >Ry — R 110
_ ()|
_1+C’s>m

for sufficiently large N € Z and

Ri+1>m+M—l>Ri.

(6.29)

(6.30)

(6.31)

Thus, applying (6.25) with R = m+ M —1 for any m with (6.31), we obtain by

(6.2) that
SOI< > Al >0 BTp(kim+ M — 1)
keA\{g} m=[2Dloggz N1
< Y 1Al Y BTGP (m+N)P
keA\{g} m=[2Dlogg N

oo

< Y. BT™Mm+N)P.

m=[2Dlogg N

Therefore, (6.17) implies that

2

|SW| « N72P (fZDlogBN] —|—N)D Z gm <1+6>m = o(1)
m=0

as N tends to infinity. In particular, if N € = is sufficiently large, then

1
@)« —
|S \<2 .
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Combining (6.29), (6.30), and (6.32), we deduce that if N € E is sufficiently
large, then Yy;—1 > 0.

Next, we assume that Yz > 0 for some R with R, < R < M. Using (6.25),
we see

Yr1= Z Ak%ﬂ(k;R) + Z Apg Z B~ "p(k;m+ R—1)

keA kcA m=2

= Sg )+ 5 Y A Y 5kt )

B keA m=1

— %plgi B) + Y. (6.33)

By the inductive hypothesis

A
Yr_1 > ?gp(g;R) > 0.

Therefore, we proved Lemma 6.8. O
Recall that € is defined in (6.16).

LEMMA 6.9. Let N € E be sufficiently large and let 1 < i < p with 1(i) € Zs.
Let R be an integer with

R +4Ci3logg N < R < M.
Then we have
R — Q(R, Q) S 2013 logB N. (634)
Proof. Put Ry := 0(R; ). In the same way as the proof of (6.33), we see for
any integer n with R; <n < R;y; that
A 1
Kh1=7§an%+BKV (6.35)

First, we consider the case of Yg > 1. Then (6.35) implies that

Yr_1 2>

|~

and that R — Ry = 1, which implies (6.34).
In what follows, we may assume that 0 < Yp < 1 by Lemma 6.8. Let
S := [Ci3logz N. Suppose for any integer m with 0 < m < S that
p(g; R —m) = 0.
Noting M >R>R—-1>--->R—S > R;, we get by (6.35) that

1>Yr=pBYp 1= =BYp_g=p""Yg 5.1 >0,
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where we use Lemma 6.8 for the last inequality by R; < R—S—1 < M. So we
get
B <Yl = Yr-sa| 7"

Since

R-S-1> 201310g5N > (14
for any sufficiently large N, we apply Lemma 6.4 as follows:
B < |Yp_s_1| ' < (R— 85 —1)% < NG,
Thus, we obtain
[Cizlogg N|+1=S5+1< Cizlogg N,

a contradiction.
Hence, there exists an integer m’ with 0 < m’ < S satisfying p(g; R—m') > 1.
Applying (6.35) with n = R —m/, we get by Yr_,,» > 0 that

A 1
YR-mr—1 2 ?“’p(g;Rf m') > 3
where for the last inequality we use (6.9). Hence, we deduce that

R— Ry <m'+1<2C13logs N.

LEMMA 6.10.

log N
limsup yy - 08 > 0.
N—oo N

Proof. Let N € E be sufficiently large and let 1 < ¢ < p with I(i) € Z,. Note
that

[1(0)]

lim
N—oo logg N

= o0 (6.36)

by (6.26). Combining (6.27), (6.36), and Lemma 6.9, we see that there exists a
constant Cq7 such that ‘
[L(2)]
log N’
Therefore, using (6.22) and (6.23), we obtain

. 1| N

> > .

Un = Z NOEDS C110gN = Tog N
1<i<p 1€y

I(i)EZy

yn (i) > Cr7

O

Finally, we deduce a contradiction from Lemma 6.5 and 6.10, which proves
Theorem 4.1.

29



Acknowledgements

This work was supported by JSPS KAKENHI Grant Number 15K17505.

References

1]

2]

[10]

[11]

B. Adamczewski, Transcendance < a la Liouville > de certains nombres
réels, C. R. Acad. Sci. Paris 338 (2004), 511-514.

B. Adamczewski and C. Faverjon, Chiffres non nuls dans le développement
en base entiere des nombres algébriques irrationnels, C. R. Acad. Sci. Paris,
350 (2012), 1-4.

D. H. Bailey, J. M. Borwein, R. E. Crandall and C. Pomerance, On the
binary expansions of algebraic numbers, J. Théor. Nombres Bordeaux 16
(2004), 487-518.

D. Bertrand. Theta functions and transcendence, The Ramanujan J. 1
(1997), 339-350.

E. Borel, Sur les chiffres décimaux de v/2 et divers problemes de probabilités
en chaine, C. R. Acad. Sci. Paris 230 (1950), 591-593.

Y. Bugeaud, Distribution modulo one and diophantine approximation,
Cambridge Tracts in Math. 193, Cambridge, (2012).

Y. Bugeaud, On the b-ary expansion of an algebraic number, Rend. Sem.
Math. Univ. Padova 118 (2007), 217-233.

P. Corvaja and U. Zannier, Some new applications of the subspace theorem,
Compositio Math. 131 (2002), 319-340.

S. Daniel, On gaps between numbers that are sums of three cubes, Mathe-
matika 44 (1997), 1-13.

A. Durand, Indépendance algébrique de nombres complexes et critere de
transcendance, Compositio Math. 35 (1977), 259-267.

D. Duverney, Ke. Nishioka, Ku. Nishioka, and I. Shiokawa. Transcendence
of Jacobi’s theta series, Proc. Japan. Acad. Sci, Ser. A bf 72 (1996), 202—
203.

H. Kaneko, Algebraic independence of real numbers with low density of
nonzero digits, Acta Arith 154 (2012), 325-351.

H. Kaneko, On the beta-expansions of 1 and algebraic numbers for a Salem
number beta, Ergod. Theory and Dynamical Syst. 35 (2015), 1243-1262.

H. Kaneko, On the number of nonzero digits in the beta-expansions of
algebraic numbers, Rend. Sem. Math. Univ. Padova. 136 (2016), 205-223.

K. Nishioka, Algebraic independence by Mahler’s method and S-unit equa-
tions, Compositio Math. 92 (1994), 87-110.

30



[16] A. Rényi, Representations for real numbers and their ergodic properties,
Acta Math. Acad. Sci. Hung. 8 (1957), 477-493.

[17] 1. Shiokawa, Algebraic independence of certain gap series, Arch. Math. 38
(1982), 438-442.

[18] T. Tanaka, Algebraic independence of power series generated by linearly
independent positive numbers, Results Math. 46(2004), 367-380.

Hajime Kaneko

Institute of Mathematics, University of Tsukuba, 1-1-1, Tennodai, Tsukuba,
Ibaraki, 305-8571, JAPAN

Research Core for Mathematical Sciences, University of Tsukuba, 1-1-1, Tenn-
odai, Tsukuba, Ibaraki, 305-8571, JAPAN

e-mail: kanekoha@math.tsukuba.ac.jp

31



