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Abstract

Bugeaud [6] introduced the number of digit changes to measure the
complexity of the base-b expansions of algebraic irrational numbers. We
give lower bounds of the number of digit changes which are generalizations
of results in [12]. We also study the number of occurrences of words in
the binary expansions of algebraic irrational numbers.

1 Introduction

Let b be an integer greater than 1. Then, as is well known, the base-b expansions
of all rational numbers are ultimately periodic. However, very little is known
on the base-b expansions of algebraic irrational numbers. For instance, it is still
not proven that the digit 0 appears infinitely often in the decimal expansion of
V2.

We recall the definition of normal numbers. We call a positive real number &
to be normal in base b if and only if, for any word w on the alphabet {0,1,...,b—
1}, w occurs in the b-ary expansion of ¢ with average frequency tending to b=lwl,
where |w| denotes the length of w. Borel [4] proved that almost all positive
numbers are normal in any integral base b. He [5] conjectured that each algebraic
irrational number is normal in any base b. However, it is generally difficult to
check whether a given positive number is normal in base b. For instance, there
is no algebraic irrational number proven to be normal in base 10.

We introduce known results on the digits of the base-b expansions of algebraic
irrational numbers. In what follows, Let N be the set of nonnegative integers
and Z* the set of positive integers. We write the integral and fractional parts of
a real number x by |z]| and {z}, respectively. Moreover, let [z] be the smallest
integer not less than x. Let £ be an algebraic irrational number and b an integer
greater than 1. In what follows, denote the base-b expansion of ¢ by

R

e= Y s, (1.1)

h=—o00

where sg’) (&) is the h-th digit in the base-b expansion of £ written as

sO(e) = &b~ —bleb"" € {0,1,...,0— 1}
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and R = R(b;€) is the maximal integer with sg(§) # 0. The base-b expansion
of € is often written as £ =>4, anb™", where M is an integer and ay, is the
—h-th digit of £ in the base-b expansion. However, we use the representation
(1.1) because it is convenient for introducing symmetric signed expansions of
integers and real numbers.

We first consider the block complexity. Namely, we count the number
Bp(&; N) of distinet blocks of length N occurring in the base-b expansions of

&. The number §,(&; N) is written as

By(&; N) = Card{s” (€)st” 1(€)... st y 11 (6) | h € Z, h < R},

where Card denotes the cardinality. If Borel’s conjecture is true, then any finite
word w on the alphabet {0,1,...,b — 1} appears in the b-ary expansion of &.
That is, we have

Bu(& N) = b
for any positive integer N. Ferenczi and Mauduit [10] showed that

Jim (By(& N) = N) = o0,

applying a reformulation of Ridout’s theorem [14]. Adamczewski and Bugeaud
[1] verified that

lim By(&; N)

=0
N— 00 N ’

using the Schmidt subspace theorem by Adamczewski, Bugeaud, and Luca [2].
Moreover, Bugeaud and Evertse [7] proved for any positive real number § less
than 1/11 that

imsup 22EN)
N—o0 N(log N)5 ’

improving the quantitative parametric subspace theorem from [9].
Next we estimate the number of nonzero digits in the base-b expansions of
algebraic irrational numbers &. For any integer N, put

A(&N) = Card{h € Z| -N < h < R, s\ (¢) # 0}.

In this paper O denotes the Landau symbol and > the Vinogradov symbol.
Namely, f = O(g) and g > f imply that |f| < Cg for some constant C. f ~ g
means that the ratio of f and g tends to 1. If £ is normal in base b, then we
have
b—1

MlEN) ~ T5=
as N tends to infinity. Let D be the degree of £. Bailey, Borwein, Crandall, and
Pomerance [3] showed that if b = 2, then

Xa(& N) > Cy(E)NYP (1.2)



for all sufficiently large N, where C1(§) is an effectively computable positive
constant depending only on . Moreover, Rivoal [15] improved the constant
C4 (&) for certain classes of algebraic irrational numbers &.

Bugeaud [6] introduced the number of digit changes to measure the com-
plexity of the base-b expansions of algebraic irrational numbers £. Put

(& N) = Card{h € Z| =N < h < R—1, s (&) # sy}, ()}
If € is normal in base b, then we have

b2 —b b—1
WEN) ~ —o= N =——N

as N tends to infinity because
Card{(i,j) € N* | i,j <b—1,i# j} =b>—b.
Bugeaud [6] proved, using a quantitative Ridout’s theorem [13], that
(&5 N) > 3(log N)! /(O (loglog N) 71/

for any sufficiently large N, where w(b) means the number of the distinct prime
factors of b. Bugeaud and Evertse [7] improved the quantitative parametric
subspace theorem by Evertse and Schlickewei [9]. Consequently, they showed
that

(log N)*/?
(log 6D)1/2(log log N)1/2

for all sufficiently large N, where Cs is an effectively computable positive ab-
solute constant. In the case of b = 2, the author [12] improved (1.3) as
follows: Let £ be an algebraic irrational number with minimal polynomial
ApXP + Ap ( XP~1 ...+ Ay € Z[X], where Ap > 0. Suppose that there
exists an odd prime number p which divides the coefficients Ap, Ap_1,..., A1,
but not the constant term Ay, which we call the prime divisor assumption. Then
there exists an effectively computable positive constant C3(§) depending only
on & such that

(& N) = Co (1.3)

Y2(&; N) > C3(€)NM/P (1.4)

for any sufficiently large N. We give a numerical example of (1.4). We consider
the case of ¢ = 1/4/3. Then the minimal polynomial of £ is Ay X2+ A; X + Ay =
3X?2 — 1. Thus, p=3 satisfies the prime divisor assumption because 3 divides
Ay and Aq, but not Ag. Let € be an arbitrary positive real number less than 1.
Then there exists an effectively computable positive constant Cy(e) depending
only on € such that

1 1—-¢
72 ( \/§’N ) > 7 VN
for each integer N greater than Cy(e).

The main purpose of this paper is to generalize the inequality (1.4) to any
integral base b. We also estimate the number of occurrences of words in the
binary expansions of algebraic irrational numbers. In Section 2 we state the
main results, introducing the symmetric signed expansions of integers and real
numbers. In Section 3 we study more details of the symmetric signed expansions.
In Section 5 we prove the main results, using the preliminaries in Section 4.



2 Main results
We introduce signed digit expansions of integers and real numbers in integral

base b > 2. Heuberger and Prodinger [11] showed that any integer n is uniquely
represented as a finite sum

n= Z o ()t =: (agy (n)...o (n))b, (2.1)

where the word crg}) (n)... a(()b) (n) satisfies the following conditions which we call
the digit conditions in this paper:

1.
0] b

lo,/ (n)] < 5 for any h; (2.2)

2.
1t 0® () = 2 then 0 < 0® (n) < 2 1, 2.3
Op, (n)—i, en —0h+1( n) 575 (2.3)

3.
1 oe®m) = -2 th b 1 <o® () <0 2.4
Th (n)—_§7 en _§+ Opia(n) . (2.4)

(2.1) is called the symmetric signed digit expansion of n. In what follows, we
denote it by the SSDE of n for simplicity. We call

Z |J(b)

the cost of the expansion (2.1). In the case of b = 2, SSDEs coincide with
non-adjacent forms or signed separated binary expansions. In a sequence of
signed bits, we will denote —a by @ for any integer a. For instance, we have
(101)3 = 32 — 1 = 8 and v3(8) = 2. In Section 3 we show that any real number
is represented as

M

g= Y @ = (73O .0(©0%) ), (25)

h=—o00

where the sequence a,(lb) (&) (h=M,M—1,...) satisfies the digit conditions. We
also call (2. 5) the SSDE of £. Note that (2.5) converges absolutely because the

sequence O’h (f) (h=M,M —1,...) is bounded. Although the SSDEs (2.1) of
any integers are uniquely determlned, the SSDEs (2.5) of real numbers are not
generally unique. For instance, we have

= (0.1°)3 = (1L.17)3,



where, for any nonempty finite word v, we denote the right-infinite word vv . . . by
v¥. In Section 3 we prove that the SSDE of any rational number £ is ultimately
periodic. Namely,

&= (o400 (©:0%(©) ..o L") .
where v = v1 ... v, is a nonempty finite word. Assume that r is the least period
of the SSDE of £&. We call p = >, _, |vp| the cost of the period of . For
instance, the cost of the period of 1/2 = (0.1¥)3 is 1. Lemma 3.2 implies that
the period r and the cost p of the period are uniquely determined by & although
the SSDE of ¢ is not generally unique.

We state the main results on the number of digit changes of the (ordinary)
base-b expansions of algebraic irrational numbers, using the SSDEs of certain
rational numbers. The key observation is as follows: Let 1 be a rational number
with || = p/q, where p > ¢ > 2 are relatively prime integers. Assume that ¢
and b are also relatively prime. Then the SSDE of 7 is not finite. Namely, the
cost of the period of 7 is not zero. In fact, if the SSDE of 7 is finite, then we
have = A/b' with A € Z and [ € N, which is a contradiction.

THEOREM 2.1. Let b be an integer greater than 1 and & a positive algebraic
irrational number with minimal polynomial ApXP + .- + Ay € Z[X], where
Ap > 0. Assume that there is a positive integer u satisfying the following three
assumptions:

1. w and b are relatively prime;

2. u does not divide Ag(b— 1)P;

3. u divides Ap(b—1)P~" for any h=1,...,D.
Let r be the least period of the SSDE of

Ao(b—1)P
u

ni= -

and let p be the cost of the period of n. Then, for an arbitrary positive real
number € less than 1, there exists an effectively computable positive constant
Cy(b,&,€) depending only on b, &, and € such that

W(E&N) > (1 —e)u(E) NP

for any integer N with N > Cy(b,&,¢€), where
1 p\1/D Ap\ VP
WO =53 (?) e (u) ’

Note that if b = 2 and if u is a prime number, then the assumptions in
Theorem 2.1 coincide with the prime divisor assumptions which we mentioned in
Section 1. We give a numerical example of Theorem 2.1. Consider the case where
b= 3 and ¢ = 1/2v/2. Then the minimal polynomial of £ is Ao X%+ A; X + Ay =
8X?2 — 1. Thus, u = 8 satisfies the assumptions in Theorem 2.1. In fact, u
divides A;(b—1) = 0 and Az(b—1)° = 8, but not Ag(b—1)? = —4. We get



n=1/2=(0.1*)3. In particular, » = p = 1. Moreover, since the SSDE of As/u
is (1)p, we have vp(As/u) = 1. Hence,

“(va) =5

Let € be any real number less than 1. Then Theorem 2.1 implies that

1 1—e¢
3 (2 7 N) > — VN
for any sufficiently large N.

However, we cannot apply Theorem 2.1 in the case of b = 3 and &' =
1/4/2. In fact, the minimal polynomial of ¢ is AL X2 + A} X + A = 2X? — 1.
Suppose that u’ satisfies the third assumption in Theorem 2.1. Then v’ divides
AL(b—1)° = 2. Hence, u’ does not fulfill the second assumption in Theorem
2.1.

In the rest of this section, we consider the number of occurrences of words in
the (ordinary) binary expansions of algebraic irrational numbers £. Recall that
the binary expansion of £ is (1.1) with b = 2. For any nonempty finite word w
on the alphabet {0, 1}, put

F(&w; N) == Card{-N < h < R—|uw| + 1|52}, () ...5,7(€) = w}.

If Borel’s conjecture is true, then we have

N

as N tends to infinity.
First we consider the case where the length of w is 1. Let D be the degree
of £&. Then (1.2) implies that

f(&1;N) > NP

for any sufficiently large N. Take a positive integer M such that 2 > ¢. Using
(1.2) again, we get

FE,0;N) = f2M — ¢, 1; N) + O(1) > NV/P,

Next we consider the case of |w| = 2. We have

FEOLN) = Joal& N) +0(1), (26)
FE10:N) = Z3nl(E N) +0(). (27)
Thus, by (1.3), (2.6), and (2.7), we get
, (log N)*/? _ (log N)3/2
f(& 0L N) > (loglog N)172’ f(&10; N) > (log log N)1/2

for any sufficiently large N. If £ satisfies the prime divisor assumption, then
(1.4), (2.6) and (2.7) imply that

F(€,01;N) > NYP | f(¢,10; N) > NV/P



for every sufficiently large N. However, for any algebraic irrational number &,
it has neither been proven that

lim f(£00; N) = o0
N—o00
nor that
lim f(§,11;N) = 0.
N —o0
On the other hand, for any positive irrational number £, we have

lim (f(£,00; N) + f(§,11;N)) = o0

N—o00

In fact, if

lim (f(&,00; N) + f(§,11;N)) < o0

N —o0

then the binary expansion of & is written as & = (sps...80.5—1...5-1(01)%¥)a,
which is a contradiction.

We now give lower bounds of the number f(&,00; N)+ f(&,11; N) for certain
classes of algebraic irrational numbers ¢ as follows:

THEOREM 2.2. Let £ be a positive algebraic irrational number with minimal
polynomial ApXP + ... 4+ Ay € Z|X], where Ap > 0. Assume that there is a
positive odd integer u' satisfying the following two assumptions:

1. ' does not divide 3° Ay;
2. ' divides 3P~ Ay, for any h=1,...,D.
Let v’ be the least period of the SSDE of

/ 3DA0
ni= -
u

and let p' be the cost of the period of n'. Then, for any positive real number
e less than 1, there exists an effectively computable positive constant Cs(§, )
depending only on & and € such that

F(E,00;N) + f(E,11;N) > (1 — )/ (NP

or any integer N with N > C5(,¢), where
Jor any integ 1€),
1/ 1/D Ap -1/D
W =5 () velr)

We consider the case of ¢ = 1/4/5. The minimal polynomial of & is Ay X2 +
A1 X + Ay =5X? — 1. It is easily seen that u = 5 satisfies the assumptions in
Theorem 2.1. Observe that the SSDE of 7 is

n= % = (0.(0101)),.



In particular, we get » = 4 and p = 2. We have v5(Az/u) = v5(1) = 1. Thus,

(%5) =7

"\V5) vz

Let € be an arbitrary positive real number less than 1. Theorem 2.1 implies
that

V2 (\}5;1\7) > 1\;;@

for all sufficiently large N. Hence, using (2.6) and (2.7), we obtain

f (\}5,01;N) > %x/ﬁ f (\}5,10;1\7) > 12—\_/25@

for every sufficiently large N. On the other hand, v’ = 5 satisfies the assump-
tions in Theorem 2.2. The SSDE of n’ is

9 _
/ w
W=z = (10.(0101)%),, .
Thus, we get ' =4 and p’ = 2. Since v5(As/u’) = 12(1) = 1, we obtain
()2
"\VB) T evr
Hence, using Theorem 2.2, we deduce that

Gom) () i

for any sufficiently large V.

3 Symmetric signed expansions of real numbers

In this section we prove for any integral base b > 2 that each real number £ has
at least one SSDE. In the case of b = 2, Dajani, Kraaikamp, and Liardet [§]
showed that any real number has the SSDE, or signed separated binary (SSB)
expansion, and studied their ergodic properties. Now we assume that b is odd.
Then the SSDE of ¢ is given as follows: There exists a nonnegative integer R
such that [¢] < b%/2. We have

bR
0<£+7<b3.

Write the ordinary base-b expansion of ¢ + b%/2 by

RS ) bR
f"‘?: Z Sy, (§+2>b.

h=—o00

Since



we obtain

R-1
B )

h=—o00

Let us define the sequence (o (b )(f))h__oo by

e 0 (h = R),
Th (5)—{ s (€+bR/2) — (b—1)/2 (h<R-1). (3

This sequence satisfies the digit conditions defined in Section 2 because \Uéb) | <
(b —1)/2 for every h. Hence, the SSDE of ¢ is

oo

e= Y e

We now consider the case where b is even. Recall that any integer n has a unique
SSDE > aflb) (n)b". Heuberger and Prodinger [11, p.388] showed for any h € N
that o (n) is re ted

b presented as

“Qbhﬂ J, (]<b/2)+b/2J

P b T b+ 1)
n J o I(G<b/2)+b/2
b {bh“ 3+ S na D J) (3.2)

where

wem-{3 5

We construct the SSDE of a real number &, using (3.2). For any integer h, put

b—1
(b) I(j <b/2)+b/2
e = X (|g i
£ J oo I(G<b/2)+b/2
b {bh+2+b+ b+ 1) D (3:3)

THEOREM 3.1. Let b be an integer greater than 1 and & a real number. Then
the sequence (o (b )(f))h—foo satisfies the digit conditions. Moreover,

e= Y aPen", (3.4)

h=—o00

where 0,(:7) (&) = 0 for any sufficiently large h.

Proof. We only have to show Theorem 3.1 in the case where b is even. Put
a = (o, () (€))7 _ - We verify that ¢ satisfies the digit conditions. First we
c0n51der the case where ¢ is an integer. Heuberger and Prodinger [11] showed



that (2.2), (2.3), and (2.4) hold for any nonnegative integer h. Observe for any

integer k that 0,(1 )k(f) b) (€bF). Thus, (2.2), (2.3), and (2.4) holds for every
integer h. Let

== {bl‘nmz}

If € € =, then g satisfies the digit conditions because

ONES ()
o () =l
for all integers h and .

Let & be an arbitrary real number. Note for each integer h that o, () is
an integer and that the function oy, (+) is right-continuous. In particular, there
exists a positive real number d(h, &) depending only on h and £ such that

on(+x) = op(€)

for any real number z with 0 < z < §(h,£). Hence, we deduce for any real
number £ that o fulfills the digit conditions because Z is dense in R.
Let § be a positive real number less than 1. Put

s\ (5;¢) = th +5J {bf_ﬂ +5J .

Note that sg’)(é;f) = 0 for any sufficiently large h because § > 0. a;f’) (¢) is
written as

() Z 55 < ; > , (3.5)

where

I(j <b/2)+b/2
b(b+1)

Thus, a,(f)(g ) = 0 for every sufficiently large h. Hence, for the proof of Theorem

3.1, it suffices to check (3.4).
Let again § be a positive real number less than 1. Then

St - 5((§ ] ol o)

h=0
= [£+4]. (3.6)

sh (0:6) = 8= b0 — {,fwé} {b,ﬁﬁé},

the sequence s(_bz(é;f) (h=0,1,...) is bounded. Thus, we get

() = % + € (0,1).

Since

-1

S s (0 6)b"

-z (el - 2 (e )
={{+d} -4 (3.7)

10



Combining (3.6) and (3.7), we obtain that

o0

S s e =«

h=—00
Therefore, we conclude that

b

i (3 i s\ < b) b= ¢.

h=—00 j=0h=—

I
—

I\
o

Finally, we proved Theorem 3.1. [

Theorem 3.1 implies that any real number ¢ has at least one SSDE. We
determine the condition when & has distinct SSDEs. Let

[ (b=1)/2 (if bis odd),
b= { b/2 (if b is even).

Moreover, if b is even, then put by := b; — 1.
LEMMA 3.2. Let & be a real number.
(1) Assume that b is odd. If & has distinct SSDFEs, then they are given by

5:(,_.(571)5‘1))17: <...saw)b,

where s is an integer.
(2) Suppose that b is even. If £ has distinct SSDEs, then they are written as

E= (o5 = D)(ib2)*), = (-..5(b3 1)),

or

f = ( .. (S — ].)(bgbl)w)b = ( .. S(bl bg)w)b,
where s is an integer.

Proof. Assume that b is odd. If necessary, multiplying ¢ by b~ with suitable
R € N, we may assume that || < 1/2 and that the SSDE of ¢ is denoted as

-1

€= > o

h=—o00
Then the ordinary base-b expansion of £ + 1/2 is given by

—1

£+%: > <oh+b2> b (3.8)

h=—o00

Thus, if € has distinct SSDEs, then & +1/2 has distinct (ordinary) b-ary expan-
sions of the form

£+%:(...(A—l)(b—l)“’)b:(...AO“)b, (3.9)

11



where A is an integer with 1 < A < b—1. Comparing (3.8) and (3.9), we deduce
that the SSDEs of £ are written as

5:(,,.(3—1)51”)1;: (...Saw>b»

where s = A — b;.
In what follows, suppose that b is even. Let

W= {a=(ay),__ |asatisfies the digit conditions}.

Then W is a nonempty compact subset of {—b/2,...,b/2}" endowed with the
weak topology. For any a = (ay,) €W, put

h=—o0

-1

p(a) = Z apb™.

h=—o00
Now we show that

p(@)] < (0.(biba)*), = Q(blfjl) (3.10)

Since ¢ : W — R is continuous and since W is compact, the image (W) has
the maximal element

where w = (wh)_17 € W. Note that

h=—o00

1 b6 1 /b x
5 : 5 + b72 <2 - 1) + be = (O.blbgw_lw_Q . ')b S QD(W)

because the sequence bibow_jw_s ... satisfies the digit conditions. We get

o0
w_1 w_9 W_p w_1 w_9 X
= _— _— < —_
. b +b2+Z;M S T TR
1 b 1 /b T
< .24+ (221 — < A1
= b2+w<2 >+W—L (3:11)

where for the first and last inequalities of (3.11) we use the maximality of z. In
particular, the equalities hold in (3.11). Using the equalities of (3.11) and the
maximality of z, we obtain

b+2

vla)se =55y

Since (W) is symmetric with respect to the origin, we deduce (3.10).
We define the sequence u = (uy),L___ € W as follows:

h=—o0

B b/2 (h is odd),
Un = b/2—1 (his even).

12



Then we have p(u) = z. Let again a = (ap);L . € W. We claim that if
1

p(a) =z, then a = u. We also claim that if p(a) = —z, then a = (—up),-_ .

Suppose that ¢(a) = = and that a # u. Put
—R =max{h < —1|ap # up}.

It is easily seen that u is the maximal element of W with respect to the lexico-
graphic order. So we have

u_p>1+a_g.
Observe for any integer h that
uhbh + uh,lbh_l - ahbh - ah,lbh_l Z —bh, (312)

by the definition of u and the digit conditions on a. Hence, using (3.12) and
p(a) = ¢(u), we obtain

-1 -1 —R-1

0 = > wd"= > anb" >0+ 3 (up —an)t”

h=—00 h=—o00 h=—00

b—R _ i b—R—l—Qh > 0’
h=0

Y

which is a contradiction. Therefore, we proved the first claim. The second claim
follows from the first one and the following observation: for any a € W, we have
¢(—a) = —p(a), where —a = (—an);’_..

We now check the second statement of Lemma 3.2. Write the distinct SSDEs
of & by

R R
=Y opd =Y ot (3.13)

h=—o00 h=—00

Put
M =max{h € Z | oy, # o}, }.

Multiplying ¢ by b=, we may assume that M = 0. Namely, o), = o), for any
positive integer h. If necessary, considering the numbers & = £ — Zle opb"

instead of £, we may assume that o), = o}, = 0 for any positive integer h. Thus,
(3.10) and (3.13) imply that

-1 -1
log — o] = Z opb — Z opb"
h=—0oc0 h=—o00
b+ 2
< 2x=——<2.
= T

Hence, we get

oo — oy = 1.

13



Without loss of generality, we may assume that
oo =0p+ 1. (3.14)

Note that (o_1,07 ;) # (=b/2,b/2). In fact, if (6_1,0" 1) = (=b/2,b/2), then
the digit conditions on (o7,)9 and (o})9___ imply that

h=—o00

IN

-1,
2

which contradicts (3.14). Assume that o_; = —b/2. Using (3.10) and o/ ; <
—1+ b/2, we obtain that

b
1—§§00§0,0§06

0 —1
Z opb" =14} + Z opb" > 140 —x

h=—o00 h=—o0
1/b 1
/
= — 771 _
00+b(2 >+b:1:
0

—1
1
> Jé—i—allb*l—i—g Z oy b = Z o bt =¢.

h=—00 h=—00

2"
I

Thus, the equalities hold in the inequalities above. Using (3.14), we obtain

—1 -1
3 b 1
Z opbt = -z, 0" | = -1+ 2 Z oh b=

h=—00 h=—o00
By our claims in the proof of Lemma 3.2,
!/
Op = —Up, Op_1 = Up

for any negative integer h. Namely, we deduce that the distinct SSDEs of £ are
represented as

€ = (00:(b2b1)*), = (1 + 00).- (b1 b2)*), -

Similarly we prove Lemma 3.2 in the case of 01 > 1 —b/2. By (3.10)

0
¢ = ) ot
h=—o00
1 AN -
> 1 ! —(1—- = - b
> +00+b< 2>+b ZUh 1b
h=—o00
1 b 1
> 1qob4-(1-2)—=
= +0’0+b< 2) b
0
= oytx> Z opbt =¢
h=—00

Since the equalities hold in the inequalities above, we obtain

-1

1
b
o_1=1-— 2 Z oph_1b" = —z, Z oh b = 1.

h=—00 h=—oc0

14



Our claims in the proof of Lemma 3.2 imply that
Op—1 = —Up, o), = up
for any negative integer h. Hence, the distinct SSDEs of £ are written as

€ = (00-(b1b2)*), = ((1 + 0)-(b2 b)), -
Therefore, we verified Lemma 3.2. O

In the rest of this section we prove the ultimate periodicity of the SSDEs of
rational numbers.

LEMMA 3.3. The SSDE of any rational number £ is ultimately periodic.

Proof. We may assume that the SSDE of ¢ is unique by Lemma 3.2. In par-
ticular, the digits of the SSDE of £ are given by (3.1) and (3.3). In the case
where b is odd, the SSDE of ¢ is ultimately periodic because the ordinary b-ary
expansion of ¢ + bf*/2 is ultimately periodic, where R is a nonnegative integer
with |¢] < bR /2.

Suppose that b is even. We use the same notation as in the proof of Theorem
3.1. For any j with 0 < j < b — 1, the sequence s(_b;b(é(j);g/b) (h=0,1,...)is
ultimately periodic because

o) (805 ) = 600) = 08 — =" + 6000} + b{er 2 + 50}

Hence, using (3.5), we deduce that the SSDE of ¢ is ultimately periodic. O

4 Preliminaries

We study the cost function v,(-) defined in Section 2, where b is an integer
greater than 1. Heuberger and Prodinger [11] showed that the SSDE of an
integer n gives the minimal cost among the signed digit representations of n.
That is, assume that n = 2520 apb”, where R € N and aj, € Z for any h with
0<h < R. Then

R
vy(n) < lan. (4.1)
h=0

In particular, we have

vp(n) < |n| (4.2)
because
n=1+---+lorn=—-1—---—1.
—_—— ~—_———
In In

Note that vp(n) = vp(—n) for any integer n.
Bailey, Borwein, Crandall, and Pomerance [3] proved the following: Let n
be a nonnegative integer with ordinary binary expansion n = ZhM:O 52", where

15



sp € {0,1} for h=0,1,..., M. Write the cost, or the Hamming weight, of this
expansion by A\(n) := Zﬁio sp. Let m and n be any nonnegative integers. Then
we have

A(m +n) < A(m) + A(n), A(mn) < A(m)A(n),

which we call the convexity relations in this paper. We show for any integral
base b > 2 that the function () also fulfills the convexity relations, which are
generalizations of Lemma 2.1 in [12].

LEMMA 4.1. Let m and n be integers. Then we have
vp(m +n) < vp(m) + vp(n) (4.3)
and

vp(mn) < vp(m)vp(n). (4.4)

Proof. We can easily check (4.3) and (4.4) in the case of mn = 0. So we may
assume that mn # 0. For simplicity, put v(k) := (k) for an integer k. Let

A= {£b" | h € N}
Then there exist t1,...,%,(m),t],. - ,tfj(n) € A such that
v(n)

v(m)
m= Zti,n:Zt;.
i=1 j=1

We get

v(m) v(n)

m+n= Zti—i—Zt;
i=1 j=1

and
v(m) v(n)

mn = t;t.
DD tit]

i=1 j=1

Hence, using (4.1), we obtain (4.3) and (4.4) because t;t; € A for any i and
J- O

Combining (4.2) and (4.3), we get
vy(m +n) — vy(m) < vy(n) < [nl
and
vp(m) — vp(m +n) < vp(—n) < |nl.
Hence, for all integers m and n,

v (m + ) — v (m)| < [n]. (4.5)

16



LEMMA 4.2. Let € be a positive real number and B a positive integer. Then,

for any k € ZT and N € N, we have

vy(| BFONVER ) < vy (BWNVE])E + 28 BR max {1, ¥},

Proof. Write the ordinary base-b expansion of £ by

R
=Y s

h=—o00

where R € Nand 0 < s, <b—1 for any h with h < R. Put

R —N-1

& = Z Shbh7 & = Z shbh.

h=—N h=—o0
Then we have

£1<E & <N
Observe that

BRoNeh = BRWV(6 + &)

k
K\ ok i
= BkbN§f+BkbNZ<i) 1T

=1

For any real numbers x and y, it is easily seen that

lle+y] = (lz] + Lyl <1

and that

e —y] = (=] = lyDl < 1.
Thus, using (4.6), (4.7), and (4.8), we get
| B*oN ek | < | BRFbN e

and

| BFbN¢F |

IA

IA

=0
= [B*N¢F] + |28 B max{1,¢"}] + 1.

In particular, we have

[[BFONER] — | BFONEF || < |28 BF max{1,€F}| + 1.

17

k
| BFbN ek | + {B’“bNZ <’:> figgJ +1
=1

k
| BFbN e + {B’“ > (’Z) max{l,{k}J +1

(4.7)



Hence, using (4.5), we obtain
W(LBXVER|) < my(|BEOVER]) + [2BP max{1, €5 + 1. (4.10)

In what follows, we estimate the value v;,(| B¥6™V¢¥|). Note that BbN¢ is an
integer. Lemma 4.1 implies that

vy (BFYMNER) < uy (BON &)* = vy (B WV E))E. (4.11)

Denote the SSDE of B*b*N ¢k by

M
BN eF =N o b".
h=0

Put
M
01 := Z opbl (=N
h=(k—1)N
and
—14(k—1)N
0y = Z O_hbhf(kfl)N.
h=0

Then we have |62 < 1 because |op| < b/2 for any h. Using 6; € Z and
01 + 0y = BFN¢F,
we get
|| B*bN ek | — 6, < 1. (4.12)

By (4.5), (4.11), and (4.12), we obtain

M
w(BWYE]) < 14wm(0) =1+ Y ol
h=(k—1)N
M
< 1+ lonl = 1+ w (B¢
h=0
< 1+ u(B[DVE)E. (4.13)

Combining (4.10) and (4.13), we conclude that
W(LBYBYER ) < my(BLOVE]) + 2 B max{1, €5},
O

In the rest of this section we give lower bounds of the costs of certain classes
of integers.
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LEMMA 4.3. Let n be a rational number. Let r be the least period of the
SSDE of n and let p be the cost of the period of . Assume that p is positive.
Then there exists an effectively computable positive constant Cg(b,n) depending
only on b and n such that

w(16Vnl) = EN = C(b,m)

for any N € N.
Proof. Denote the SSDE of 1 by

M-1

h
n= g opb" = (op—1...00.0-1...0-0%),,
h=—o00

where L is a positive integer and v is a finite word of length r. For the proof of
Lemma 4.3, we may assume that N > L. Put

M—-1
nN = Z (Thbh.
h=—N

The SSDE of bV ny € Z is written as
anN =0opM-1---0_1, UV...V 1}/,
L[(N=L)/r]

where v’ is the prefix of v of length r{(N — L)/r}. In particular,

N-L
(BN nn) > p { " J . (4.14)
Since
~N-1 ~1
BVn —oNgn| = BN D ond| =] > ononb"| <1,
h=—o00 h=—o00
we get
[6Vn) — oV nn| < 2. (4.15)

Hence, using (4.5), (4.14), and (4.15), we obtain

w([b¥n)) 2 (b ) =22 EN - Cy(b.m).

5 Proofs of the main results

We give lower bounds of the number ~,(&; N) of digit changes in base b > 2,
using the cost function vp(-).
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LEMMA 5.1. Let b be an integer greater than 1 and & a positive real number.
Then

u (6= DIEVY ) < (26— B)m(& N) + 1
for any N € N.

Proof. Without loss of generality, we may assume that |£b" | > 1. For simplic-
ity, put v := 7,(&; N). Then the ordinary base-b expansion of b | is written
as

LbeJ:(al...alag...ag...av...aw),
—— " ~— /)b
Uy 12) I(7)

where a; € {0,1,...,b—1} and [(¢) € Z* for each i. Thus, we get
v
(b= DLV = ai (b = b"),
i=1

where ¢; and f; are nonnegative integers for any i. Using (4.1), we obtain

v ((b—1)[&N]) <2 ail. (5.1)
=1

For any ¢ with 1 <4 <y — 1, at least one of a; and a;;1 are less than or equal
to b — 2. Hence,

.
i
1<2(|2 - < (20— . .
2§yw_2ﬂg+w 2)7) < (26— 3)y+1 (5.2)
Therefore, (5.1) and (5.2) imply Lemma 5.1. O

Proof of Theorem 2.1.
Let N € N. Since ApéP + -+ + Ay =0, we get

D
N _ Ap(b—1)P=h Ry N ch
nb 7’;1#(1771) bV eh, (5.3)

In what follows, we estimate the cost of the integral part of (5.3) in two ways.
By the first and second assumptions of Theorem 2.1, the cost p is positive.
Thus, by Lemma 4.3,

w(lnbY ) = EN = Co(b ). (5.4)

The third assumption of Theorem 2.1 implies that u divides Ay (b — 1)P~" for
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any h with 1 <h < D. Using (4.5), (4.8), (4.9) and Lemma 4.1, we get

Vb(LnbNJ) =1 (\‘Z A}L(%UD_}]([) _ 1)th€hJ>

h=1
D B b )
=M (Z A"(b%wubf 1)th§’@> *ZM
h=1 —
D ' o )
< Zyb (Ahb—l)D}L(b_ 1)th§hJ> _’_ZM
h=1 Pyt
D
< Zyb <Ahb1)> Up (L(b _ 1)th§hJ)

h=1
D
[An| (b — )P
+h§_:1 - : (5.5)

Using Lemmas 4.2 and 5.1, we get

w(L(0 = 1MVE")) < (26 = 3)m(& N) +1)" + 27 (0~ 1) max{1,6"} (5.6)
for any h with 1 < h < D. Combining (5.4), (5.5), and (5.6), we obtain

gN < P(w(&N)), (5.7)

where P(X) € R[X] is a polynomial with leading term
A
(2b — 3)Pu, ( D) xP.
u

Hence, for any positive real number u, there exists an effectively computable
positive constant C7(b, &, u) depending only on b, £, and u such that

W& N) > u

for any N with N > C7(b,&,u). Let ¢ be an arbitrary positive number less
than 1. Then there exists an effectively computable positive constant Cy(b, &, €)
depending only on b, £, and € such that

POMEN) < (1) 22~ 3)7m (52 ) 2l )P, 5.9

for any integer N with N > Cy(b, &, ) because (1 — )~ P > 1. Using (5.7) and
(5.8), we conclude that

W& N) > (1—e)u(§)NVP

for any N > Cy(b,&,€). Therefore, we proved Theorem 2.1.
In what follows, we assume that b = 2. We use the same notation as in
Section 2. Put

F(&N) = f(&00;N)+ f(§,11;N)
= Card{-N<h<R-1]s{() =56}
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LEMMA 5.2. Let & be a positive real number. Then
va(3[€2V]) < 6F (& N) +2
for any N € N.

Proof. Let v = s,_1...8150 be a finite word on the alphabet {0,1}. For any
nonnegative real number x, put

v¥i=wv.. v,

——
L=]

where v’ is the prefix of v of length |{z}|v||. Recall that

L-1
(7))2 = Z Sh2h.
h=0
For the proof of Lemma 5.2, we may assume that [2V¢] > 1. Then the binary
expansion of |£2% | is written as
[€27] = (vt wi v wd o e ), (5.9)
or
12N ] = (v wi virwd? .. ot e ), (5.10)

where, for each i, v; € {01,10}, 2x;,y; € ZT, and w; € {0, 1} is the last letter of
v;". The last block of the right-hand side of (5.10) is different from that of (5.9).
For instance, assume that v; = 10 and that 2; = 3. Then we have v;* = 101010
and w; = 0. By the definition of w;,

F&GN) =D ue

i>1

First we assume that [£2V] is denoted as (5.9). Let i be a positive integer.
Then we get

3(vf),=(11... 1), =2 —1
or
3(vf), = (11...10)y = 2% — 2,
where k is a positive integer. In particular,
va (3 (v7),) < 2. (5.11)
Similarly,
va((wi')z2) <2

because (w)*); = 0 or (w}")2 = 2™ — 1, where m is a positive integer. Thus, by
Lemma 4.1

va (3(wi")2) < va(3)ra (wi*)2) < 4. (5.12)
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In particular, if [ = 1, then we have

va(3[2V¢]) = v (3(v]*)2) < 2 S 6F(&N) +
So we may assume that [ > 2. (5.9) is rewritten as

|2V | Z2t f12+22“7 (w¥)a,

where t; and wu; are nonnegative integers for each . Using (5.11), (5.12), and
Lemma 4.1, we obtain

l
2 (3L£2NJ) < Z 12 3 2% (v 2) + Z Vo (3 QUi (wi/f)Q)
l -1
= ZVZ +Zl/2(3(wgi)2)

< z+ A41-1)=6(1—-1)+2

< GZyi+2_6F(§;N)+2

i=1

Next we consider the case where [£2 | is written as (5.10). Namely,

where ¢; and w; are nonnegative integers for every i. By (5.11), (5.12) and
Lemma 4.1,

l

!
w(3le2V]) < Z va (325 (vf)s) + Z Vo (3 2% (w!)s)

i=1 =1

A

l

l
= Z 1] (3(1);67)2) + Z %] (S(wf‘)g)
i=1 i=1
l
< 2A+4=61<6> y; =6F(&N).
i=1

Hence, we proved Lemma 5.2. O]

Proof of Theorem 2.2.
Let N € N. Using ApéP + -+ Ag =0, we get

D
3D—h g
=> Thsthgh. (5.13)
=1

We estimate the cost of the integral part of (5.13) in two ways. Since v’ is odd
and since v’ satisfies the first assumption of Theorem 2.2, the cost p’ is positive.
Hence, Lemma 4.3 implies that

wll2¥)) 2 LN — Co(2.1)). (5.14)
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By the second assumption of Theorem 2.2, u’ divides 3°~"A,, for each h with
1< h < D. Using (4.5), (4.8), (4.9) and Lemma 4.1, we obtain

D _
a(l/2V)) = v Q W?’”N@D
h=1

(£ g2

h=1 h=1

D 3D-h g 3D-h|A
o (20 ) 329700

h=1 h=1

D D—h D aD-h
30— A 304
<> w (u,h> vy ([3"2Ve" )+ % (5.15)

h=1 h=1

(]

IN

IN

By Lemmas 4.2 and 5.2, for each h with 1 < h < D,
vo(|3"2N ¢ ) < (6F (& N) +2)" + 2" 130 max {1, £"}. (5.16)
Combining (5.14), (5.15), and (5.16), we obtain that

o / .
PN < P/(F(EN)),

where P'(X) € R[X] is a polynomial whose leading term is

6" v (A’f) xP.
u

Let € be any positive number less than 1. Then, in the same way as in the proof
of Theorem 2.1, we deduce the following: There exists an effectively computable
positive constant C5(&, ) depending only on ¢ and € such that

F(&N) = (1-e)u/ (NP
for any integer N with N > C5(&,¢). Finally we verified Theorem 2.2.
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