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Introduction
Lens space

Definition 1
K c S3: a knot

53

p/q
p/q:slope

(K): p/q-Dehn surgery on K

Problem
When can a knot K produce a lens space?

Theorem 2 (Culler-Gordon-Luecke-Shallen)

3
Sp/ q
Then

(K) is a lens space.

K unknot or torus knot or other.
The other has integer slope.
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Introduction
Lens space knot

Definition 3

K c S3: a knot
If SS(K) is a lens space, K is a lens space knot.

Definition 4

K C S3: a knot
If S3(K) is an L-space, K is an L-space knot.

Y: QHS3 Y is an L-space
if HFH(Y,s) = HF*(S3,5) for any spin® structure.
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Introduction
Lens space knots

Lemma 5 (Fintushel-Stern)

7

Pr(—2,3,7) is lens space knot.

Definition 6 (double-primitive)

K C S3: double-primitive knot

kR !
if K C ¥ C S3 (Heegaard surface) _u_
K

[K] € m1(H;): a primitive for i = 1,2 L,
Known all lens space knots in S* are double-primitive.
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Introduction

Theorem 8

‘All double primitive knots' are listed as follows:

(Ne:p=ik+1, ged(i,k)=1

(Ny:p=ik+1, ged(i,k) =2, i k>4

(1)(a)+ : p=£(2k — 1)d (K?), d|k + 1, XFL: odd
(IN(b)x : p=£(2k +1)d (k?), d|k — 1, E5L: odd
(IV)(a)x : p=4(k—1)d (k?), d|2k +1

(IV)(b)x : p=+(k+1)d (k?), d]2k — 1

(V)(a)+ : p=£(k+1)d (k?), d|k + 1, d: odd
(V)(b)+ : p=H(k—1)d (k?), d|k — 1, d: odd
(VIl) : kK +k+1=0(p)

(VI = k2 —k —1=0 (p)

(IX): p=5(K2+k+1) k=2 (11)

(X): p=1:02k*+k+1) k=3 (11)

Each of the family is called a Berge's knot or Berge's lens space.
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Lens space knoCs
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Introduction
Lens space surgeries from the Poincare Sphere

Theorem 9 (T.)

Y : an L-space homology sphere (not S3)

Each of the following list gave a double-primitive knot K C Y such

that Y,(K) = L(p, q).

L(p, q)

Ar | L(142 + 70+ 1,(70 + 2)?)

Az | L(200% + 15¢ + 3, (5¢ + 2)?)

B | L(302 +9¢+1,(6¢+ 1)?)

C1 | L(426% + 230+ 3,(7¢ + 2)?)

Co | L(420% + 470+ 13,(7¢ + 4)?
(
(
(
(

)

Dy | L(52/7 +15¢ + 1,(13¢ + 2)?)

D, | L(520% + 630+ 19, (13¢ + 8)?)
)

E; | L(540%2 + 150+ 1,(27¢ + 4)?
E, | L(54¢% +39¢ +7,(27¢ + 10)?)
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Fi | L6977 +17¢ +1,(237 + 3)?)
Fo | L(69¢% + 297 + 3, (23( + 5)?)
Gy | L(85/% 4 19¢ + 1, (174 + 2)?)
Gy | L(85¢% 4 49¢ 4 7,(17¢ + 5)?)
( )

)%)

2

(
(
(
(
Hy | L(99¢% + 350 + 3, (114 + 2)?
Hy | L(99¢% + 53¢ +7,(11¢ + 3)?
(
(
(
(
(

L | L(12007 4 160 + 1, (12¢ 4 1)?)

h | L(120¢% + 36¢ + 3, (124 + 2)?)
I3 | L(12002 4 20¢ + 1, (20 + 2)?)

J | L(120/% +104¢ + 22, (12¢ + 5)?)
K | L(191,15%)

Each of them is realized by double-primitive knot in (2, 3,5).
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Introduction
lens space knots
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Introduction
lens space knots
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Introduction
lens space knots

Km\okam ﬁama‘lo\ - Xc\\ hara -~ Saito- T?\'aj'azt'l-o _T

Ldendkoy (£ _\)(Jt_\ ) .
B A=t G;jﬁgg) ma -)

6

s 5‘63 + Qj«f
(B) Ozsyath gjL\OS-&
Ng = 07 +2L(~l)”’(f i £)
29l =p
4,

Ae cother ot L Lottt

‘ qaﬁo‘?" +@y 9

%/<--'<nh_

[\
<a

Motoo Tange Lens space surgery realization



Introduction
lens space knots
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Conjecture 10 (Goda-Teragaito)

K : Hyperbolic knot, SS(K ) : a lens space
Then

—1
pT§2g_1§P_9

Theorem 11 (Rasmussen)

K : a lens space knot
Then

p—>5
— <2g-1
5 =<8
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Introduction

Theorem 12

K : L-space knot
S3(K) bounds a neg. def. 4-manifold X (Hy torsion free)
then

28 —1<p—/p—1 (Istineq.)
If X is sharp, then

26 —1<p—+/3p+1 (2ndineq.)
IfFX = X(p,q) (Sp(K) : lens space), then

4p+1

2g(K)—1<p-—-2 (3rd ineq.)
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Theorem 13 (Greene(2010))

IfS3(K) = L(p,q),
then 3B: a Berge's knot s.t. S3(K) = S3(B)

In particular. Berge's lens spaces are complete lens space
constructed by integral Dehn surgery in S3.

Theorem 14 (T.(2010))

Y : an L-space homology sphere
Ys(K) a lens space and |q — k| : small
Then the lens space is one of the following

my knots in A to H

{Berge 's knot

Y is realized as S3 or ¥(2,3,5).
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Conjecture 15

Y: an L-space homology sphere
Yo(K) is a lens space then Y,(K) is
Berge's family or Hedden's family or my family.

Y: L-space homology sphere
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Introduction
Cabling conj

Conjecture 16 (Cabling conj.)

If S3(K) is reducible, then K is a cable knot Cq(K') p = gr
(cabling slope)
S3(K) = S, (K')#L(r.q).

v

Theorem 17 (Gordon-Luecke)

If SS(K ) is reducible, then p is integer. A lens space summand is
contained.

Theorem 18

If Sg(K ) is reducible, then at most three conn. comp’s are
contained. If it has three, then two are lens space of coprime
orders and the third is a homology sphere.

(graph theoretic argument)
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Theorem 19 (Matignon-Sayari)

If S3(K) is reducible, then K is a cable knot or p < 2g — 1.

Theorem 20 (Greene)

If SS(K) is a conn-sum of lens spaces, then K is one of the
following:

K — T(q,r) p=qr
Cor(T(s,t)) g=rst£1
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Preliminaries

W, E)

,/—’_'1
Spin“(L(p, q)) = Z/pL @@rkmdk
W,(K) : 2-handle attachment LTJ
IW,(K) = S3(K) K
te SpinC(Sg(K)) ds € WP(K) 5\53(K) =t HZQN?(\:))")NQ(Q?Q\:)-)
[X] € Ho(W,(K)) = Z (generator) —-H l(.WP(F))
(ci(s), [X]) +p=2i o

where i mod p does not depend on the choice of ext. of s.
Spin(S3(K)) = Z/pZ (bij)

Motoo Tange Lens space surgery realization



Introduction

Y :QHS3.

d-invariant (correction term)

d:{(Y,s)|s € Spin°(Y)} - Q Cxis s2)
rational spin¢ cobordism invariant. (w 5
(minimal degree of tower component of HF (Y, s)
Theorem 21
Y : QHS3 ney
X*: neg def. 4-manifold s.t. Y = 0X*.
X
then ( ) Q{,D

Vs € Spin°(X) for s|y = t.

c2(s) + ba(X) < 4d(Y, 1)

. c2(5)—30(X)—2x(X)
The absolute grading is moved by -2 4 X
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