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L-SPACE KNOT ® ALEXANDER ZTHZ

L-space knot @ Alexander ZJH:1%, flat 5> alternating
[Ozsvéath-Szabd]
A(f)=1—1t" 4+t — ... — =1 4

O<n<n<---<nk1<n,=29)

il

m trefoil: 1 — ¢t + 2
m (2, n)-torus knot:

(t2n 1)(t 1) 2 n—3 n—2 n—1
( 1)( )

m (—2,3,7)-pretzel knot: 1 —t + 3 — t* 4+ 15— 16 + 7 — 194 10



FORMAL SEMIGROUP
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TREFOIL

Trefoil : A(t) =1 —t+ 12




TREFOIL

Trefoil : A(t) =1 —t+ 12

A(t)_1—t+ t2
1—t 1-t 1-t
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TREFOIL

Trefoil : A(t) =1 —t+ 12

A(t)_1—t+ 12
1—t 1-t 1-t

1
=14+ —
+t -

=14+ P21 +t+2+...)ezZ[{]

§=1{0,2,3,...} ={2a+3b|ab>0}=(23)




TORUS KNOT

_ (1-tPH(1-1)
T(p,q): A(t) = (1 —tP)(1 — t9)

A(t)  1—tH
1—t (1-tp)(1—19)

(1 + t9 + t2q dbooodh t(p*1)Q)

R
—(1+P+PP+ P+ ..)

+ 191+ tP+ 2P+ £3P )
EHE (ISR = PR R REE )

+HPTNIA 4P 2P+ 1P )

S={ap+bqg|ab>0}=(p, q): semigroup




CABLING FORMULA

K: nontrivial L-space knot
Ko.q: (P, q)-cable of K (p: longitude 751])

S. Wang
p=2%2q=>p2g(K)—1) 25

Skpq = PSk + Q>0 = {pa+qb| a € Sk, b > 0}

*[Hedden], [Hom]
Kp,q %3 L-space knot <= p > 2, g > p(2g9(K) — 1)




XA ICE S 5 748

m (p, g)-torus knot 1Zxf LT, FEAVEEEX (p, Q)
m cable knot iZ¥}35 % cabling formula

Wang’s Question

iterated torus knot Ti&72\> L-space knot T, TR EEED RIS
BR5HDIED DD,




XA ICE S 5 748

m (p, g)-torus knot 1Zxf LT, FEAVEEEX (p, Q)
m cable knot iZ¥}35 % cabling formula

Wang’s Question

iterated torus knot Ti&72\> L-space knot T, TR EEED RIS
BR5HDIED DD,

SRR AR
hyperbolic L-space knot {2x LT, FERAEEHIZFEHETIIR W,

595U AR

doubly primitive, hyperbolic knot (2% L T, FERNIFERIFERETIE
20,




MONTESINOS KNOT

hyperbolic Montesinos L-space knot (Z¥f LT, FAUXIELW.
TbB, ERAERHIERE TR,




MONTESINOS KNOT

hyperbolic Montesinos L-space knot (Z¥f LT, FAUXIELW.
TbB, ERAERHIERE TR,

m (—2,3,g)-pretzel knot (q > 7,0dd) DA%, hyperbolic
Montesinos L-space knot [Lidman-Moore], [Baker-Moore]

m E. Hironaka i1z XU

N 91 —1
Ag= — (t—1
A T

— (1913 — 192 4 (19 — 1)+ (P - D)+ 1)
— (==t (T2 -t ) - (P - 12))

9



PRETZEL KNOT (—-2,3,9),9q>7

A

1
9 _ _(49t2 9. 8 _
— = SR i +t+t)+1_t

(-t (12— (B - B)
1
= 1—4—(z“7+"‘+1r)—(1“7‘1 +193 4+ 4+ )




PRETZEL KNOT (—-2,3,9),9q>7

A 1
Tf?:—0“2+ﬂ+~~+ﬁ+4y+717
(-t (12— (B - B)

1
::iA:TE-—(tq+2—%t)-—(tq“—%tq‘3—+---4—t4—%t2)
1 2 3

ZRALT




PRETZEL KNOT (—2,3,q), q > 7

A 1
=P P )+
+ (17T (TF = 1T 4 (P - 1))
1
=7 ) - (T 0 4 )
1 2 3
T =t E P e 2]
ZRALT
Aq

ii7=1+W+P+ﬂ+~~w¢%+ﬂ+ﬁ“+u“ﬁh”)
§=1{0,3,5,7,...,d—2,9,g+ 1} UZsq3 £ 2o T, FHTIE
K. (3eS, 6¢S)




DUNFIELD’S LIST OF L-SPACE KNOTS

Dunfield Identified 630 L-space knots among 1267 knot
complements in S® with at most 9 ideal tetrahedra.

import pandas

exfil = pandas.read_csv("exceptional_fillings.csv")

ghst = pandas.read_csv("QHSolidTori.csv")

S3knot = exfil.loc[(exfil['kind'] == 'S3')]['cusped'].to_list();
knownFloerSimple = ghst.loc[(ghst['floer_simple'] == 1)]['name'].to_list();
unknownFloerSimple = ghst.loc[(qhst['floer_simple'] == 0)]1['name'].to_list();
Lspaceknot = list(set(S3knot) & set(knownFloerSimple));

Lspaceknot.sort(); Lspaceknot.sort(key=len); # for ordering

maybeLspaceknot = list(set(S3knot) & set(unknownFloerSimple));

D = Lspaceknot + maybeLspaceknot

* C. Anderson, K. Baker, X. Gao, et al.
L-space knots with tunnel number > 1 by experiment,
arxiv:1909.00790, Jan 18, 2021.



9 ASYMMETRIC L-SPACE KNOTS

Knot S Defect
K8 290 | 0,4,7,9,12,13,15,17,18,20, 21, 22,
24, ... 485,848
K8 296 | 0,5,9,12,15,17,20,21,24,25,27,29, 30,
32,33,35,36,37,39 — 42,44, . .. 55,1048
K9 620 | 0,6,9,12,15,17,19,21,23, 24, 26,27, 29,
30,32 — 36,38, ... 9e€S8,18¢4 S
K9 624 | 0,6,9,13,15,18,21,22,24, 27,28, 30, 31,
33,35,36,37,39,40,42 — 46,48, ... 6cS5,12¢ S




9 ASYMMETRIC L-SPACE KNOTS (CONTINUED)

Knot S Defect
K9 674 | 0,7,12,15,19,21,24,27,28, 31,33, 35,

36,39,40,42,43,45,47,48,49,51,52,

54 — 57,59 — 64,66, ... 7€8,14¢ S8
K9 679 | 0,5,8,11,13,15,17,18,20, 21,23 — 26,

28, ... 58,108
K9 680 | 0,6,9,12,15,17,19, 21,23, 25, 27,28, 30,

31,33,34,36 — 40,42, ... 9€85,18¢ S8
K9 685 | 0,5,9,11,14,15,18,19,21,23 — 25,

27 —30,32,... 58,108
K9 723 | 0,5,8,11,13,15,17,19,21,22,24, 25,

27 — 30,32, ... 58,1048



13 TUNNEL NUMBER TWO L-SPACE KNOTS

Knot S Defect

K8 186 | 0,4,6,9,11,12,14,. .. 485,848

K8 189 | 0,6,10,14,16,... 6cS,12¢ S
K8 195 | 0,5,8,12,13,186,... 58,10 S
K8 220 | 0,4,7,10,12,14,15, ... 48,848

K9 412 | 0,8,14,18,22,26,28, ... 8c€S5,16¢ S
K9 429 | 0,7,10,14,20,22,24, ... 7€8,21¢S8
K9 481 | 0,7,10,15,17,20,23,... 7€8,14¢ 8
K9 497 | 0,5,9,11,14,16,19, ... 5€8,10¢ S
K9 511 | 0,5,10,14,16,19,21,24, ... 5€8,15¢ S
K9 513 | 0,7,12,16,19,23,25, ... 7€8,14¢8
K9 524 | 0,4,7,10,13,15,17,18, ... 4¢85,8¢8

K9 565 | 0,10,14,20,24,28,31,34,... | 10€S5,30¢ S
K9 656 | 0,5,8,12,14,16,... 5€85,10¢ S8



MORE EXAMPLES WITH AT MOST

TETRAHEDRA

8 IDEAL

Knot | S Defect

m016 | 0,3,5,7,8,10,... 35,648
m071 | 0,5,7,10,12,13,15,17 — 20,22, . .. 7€8,14¢S
m082 | 0,3,6,8,10,11,13,14, 16, ... 3€85,9¢S
m103 | 0,5,8,10,13,15,17,18, 20, 22, 23,

25 —-28,30,... 8e€S5,16¢ S
m118 | 0,4,7,9,11,13,14,16 — 18,20, ... 4¢85,8¢8
m144 | 0,3,6,9,11,13,14,16,17,19,20,22,... | 3e€S5,12¢ S
m194 | 0,5,8,10,13,14,16,18,19,21 — 24,

26, ... 5€8,15¢ S8
m198 | 0,5,7,10,12,14,16,17,19,21 — 24,

26, ... 585,204 S




SNAPPY IN SAGE

teragaito — IPython: Dropbox/dlist — python3 « python3 /private/var/tr

yr mfld in D:
M=snappy .Manifold(mfld)
A=M.alexander_polynomial()
R.<a>=PowerSeriesRing(QQ)

S=A/(1-a)
(mfld,S)

016 1 + a*3 + a”5 + a*7 + a8 + a"1@0 + a"l1l + a”*12 + a”13 + a*1l4 + a”15 + a”1lé + a*1l7 + a”18 + a"19 +
071 1 + a”5 + a7 + a*1@ + a’12 + a*13 + a*15 + a*l7 + a*18 + a®19 + 0(a”20)
082 1 + a"3 + a6 + a8 + a"1@ + a’1ll + a®l13 + a*l4 + atlé + atl7 + a’18 + at19 + 0(a”20)
103 1 + a*6 + a8 + a”1@ + a*13 + a”15 + a*17 + a*18 + 0(a"20)
118 1 + a4 + a*7 + a9 + a1l + a’13 + a’l4 + atl6 + a*l7 + a”18 + 0(a”20)
144 1 + a3 + a6 + a9 + a1l + a”13 + a’l4 + a*l6 + a”l7 + a*19 + 0(a”20)
194 1 + a5 + a8 + a*1@ + a”13 + a”1l4 + a*16 + a*18 + a"19 + 0(a”20)
198 1 + a5 + a7 + a*1@ + a"12 + a”1l4 + a*16 + a*l7 + a*19 + 0(a”20)
211 1 + a™4 + a6 + a”9 + a"1@ + a’12 + atl4 + a*15 + atlé + at18 + a*19 + 0(a”20)
223 1 + a*3 + a*5 + a’7 + a"9 + a"1@ + a”12 + a*13 + a’l4 + atl5 + atl6 + atl7 + a’18 + atl1l9 + 0(a”20
239 1 + a4 + a7 + a*9 + a”1l + a*13 + at1l5 + a”l1l6 + a*18 + a*19 + 0(a*20)
240 1 + a4 + a*7 + a*1@ + a®1l1l + a*l4 + a*15 + a*17 + a*18 + 0(a”20)
270 1 + a*5 + a”8 + a*11 + a®*13 + a*16 + a*17 + a*19 + 0(a”20)
276 1 + a”5 + a9 + a1l + a’l4 + a”1l6 + a”18 + 0(a”20)
281 1 + a4 + a8 + a1l + a®13 + a”15 + a”17 + a*19 + 0(a"20)
042 1 + a”5 + a”1@ + a*12 + a*15 + a*1l7 + 0(a”"20)
068 1 + a5 + a*1@ + a”13 + a*15 + a"18 + 0(a”20)
086 1 + a3 + a6 + a9 + at12 + a’l4 + atlé + a*l7 + a*19 + 0(a”20)
104 1 + a7 + a*1@ + a*l4 + a*17 + a*19 + 0(a”20)
114 1 + a7 + a”11 + a”14 + a”18 + 0(a”20)
294 1 + a®5 + a”9 + a*11l + a*l4 + a*1l6 + a*18 + 0(a”20)
204 4 4 AAE .

AAMQ L AA12 4 AAME 1 AA]8 4 o(anza)
16 17 + o(ar20) 4



RESULT

FEER
Dunfield DV 2 D5 %, K8 201(t09847) ¥ K9 _449(09_30634)
DA o 628 fEliz 2T, JERAVFERHIFERETIE R 0.




RESULT

FEER
Dunfield DV 2 D5 %, K8 201(t09847) ¥ K9 _449(09_30634)
DA o 628 fEliz 2T, JERAVFERHIFERETIE R 0.

*ideal tetrahedra 9 &L~ @ 1-cusped hyperbolic manifold 1Z2x}3 %
Dunfield DEFETIX, 09 30150 & 09 31440 %3 L-space knot 7>
¥ 9 AR 572, — Baker-Kegel-McCoy 73 & I TR,

7B, TNoOEANHFRHIFRETIER .




COUNTEREXAMPLE: K8_201(109847)

K8_201 = (o4 020304)8(01_102_1)7

A()—1—t+t4 O+t — 2411013 4 114
—{0478101112}UZ>14—4710

\
t3




COUNTEREXAMPLE: K8_201(109847)

SnapPy 1z XU, 18, 19-surgery 3BiISH).




COUNTEREXAMPLE: K8_201(109847)

SnapPy 1z XU, 18, 19-surgery 3BiISH).

Montesinos trick 2> 5

m 18-surgery: M(—1/2,2/7,3/8)
g — L-space
: m 19-surgery: Graph manifold
5 D?(2,3)u D?(2,3)




COUNTEREXAMPLE: K9_449(09_30634)

K9_449 = L13n9734(0,1)(0,0)(—2, 1)

A =1—t+t*— O+ —t7 418 — 11 4 112
S =1{0,4,6,8,9,10} UZ>15 = (4,6,9)




Two COUNTEREXAMPLES: K8 201, K9 449

* K9_449: Montesinos trick X b, 14-surgery—
M(—-1/2,3/8,2/9) T L-space surgery




BAKER-KEGEL @D KNOT

(n > 1): hyperbolic L-space knot — K; = K9_449

% )

2n + 1




BAKER-KEGEL @D KNOT

(n > 1): hyperbolic L-space knot — K; = K9_449

% )

2n + 1

S = (4,4n+2,4n +5)




BAKER-KEGEL @D KNOT

(n > 1): hyperbolic L-space knot — K; = K9_449

% )

2n +1

S = (4,4n+2,4n +5)
*S = (6,6n+4,6n+8,12n+ 11,12n + 15) D5EH




IRASHY 75 [

SEH]

L-space knot IZxf LT, ZDEAKIHEDFRHCTR 208 50D
TIKFEIAITR DD ?




DOUBLY PRIMITIVE KNOT




DOUBLY PRIMITIVE KNOT

L-space knot

Lens space knot

Doubly primitive knot

= Berge knot




DOUBLY PRIMITIVE KNOT

H c S8: standard genus two Heegaard surface
S8 = Hy Uy Ho

knot K € H#5, m1(Hy) & m1(Ho) DEEAERITETSH % & &,
K % doubly primitive ¥\ 5.




DOUBLY PRIMITIVE KNOT

H c S8: standard genus two Heegaard surface
S8 = Hy Uy Ho

knot K € H#5, m1(Hy) & m1(Ho) DEEAERITETSH % & &,
K % doubly primitive ¥\ 5.

RADFHY : surface slope T surgery 5% &, lens space #E1L %.

* doubly primitive position 1&—& £ 1ZR 5 2.



DUAL KNOT

doubly primitive knot K %> %, lens space L(p,q) 85605 & X,
L(p,q) N surgery core K* %, (associated) dual knot &5,

Fact

dual knot K* i%, L(p,q) N simple (1,1)-knot 1272 5.
— integer triplet (p, g, k) THR/RATHE.

*simple (1, 1)-knot: 2 ©® defining arc 23 % 1% 41 meridian disk (2
D5.




DUAL KNOT (5,1,2)

L(5,1) @ Heegaard & V4 U Vo IZxf LT,
KnV,=t cD,

*(5,1,2) ~ (5,1,3)



ALEXANDER ZIER

(p,q, k) =(18,5,7) DEARS {ng (mod p)}

©,10,15,@,7,12,17,@,9,14,1,®,11,16,3), 8,13, 0.

i 0 1 3 4 5 6

76) 18 11 4 15 8 1 12

(1) 6 3 1 5 2 0 4
pd(i) — kW(i) | —18 —23 —10 —15 —20 —7 —12
EFJf) | 5 0 13 8 3 16 11
FRFE (mod k)| 5 0 6 1 3 2 4
FG@EmMG) | 0 0 1 1 0 2 1

*W(k) =5, (k) =2 — pd(k) — k¥U(k) =1 [Saito’s condition]




& [m] A

WAk 3ORD, AU E B p - k




frive s 7 7

i 01 2 34 5 6
ELTA) |5 0 13 8 3 16 11
FRE (modk)|5 0 6 1 3 2 4
FEEmMG) [0 0 1 1.0 2 1

B EV(k)=5
W& p— V(k) =

A =14+@-D({+ '+ 2+ 2+ 1Y
=1 —t+82 -4+ -0+t — 940




GAP SEQUENCE

TR 2 7 XD NeH 2851 (1,2,4,6,9) %,
[Borodzik-Livingston] (& gap sequence & X A 7.

S =Z>o — {gap sequence} — S = {0,3,5,7,8} UZx>19

*(18,5,7) 1% (-2, 3, 7)-pretzel knot 12 * it



DOUBLY PRIMITIVE KNOT OJER L EE

doubly primitive knot {Zxf L TiZ, gap sequence (ay,ap, ..., ag) <
£oT
At)y=1+(t—1){t" +t%2 + - + t%)

72DT

1
Tt T e t)

=(1+t+B+B 4+ ) — (3 + 1% 4. + %)

Z>o — {gap sequence} BIEAHFEHE 52 5.




BERGE KNOTS

Rasmussen’s table

q = —k? (mod p)

Type | Order Constraint

(@) | p==£(2k —1)d (mod k%) | d|k +1,%% : odd
lli(b) | p=£(2k +1)d (mod k?) | dlk — 1,551 : odd
V@) | p=+(k —1)d (mod k?) | d|2k + 1

IV(b) | p==+(k+1)d (mod k?) | d|2k — 1

V(@) | p=+(k+1)d (mod k?) | dlk+1,d:odd
V(b) | p=+(k—1)d (mod k?) | dlk—1, d: odd
Vi k? + k+1=0 (mod p)

VIl [ k2—k—1=0 (mod p)

IX p=1(2k? + k+1) k=2 (mod 11)
X p=1:(2k% + k+1) k =3 (mod 11)

d > 2 for hyperbolicity



DOUBLY PRIMITIVE KNOT

TYPEIX: p= (2K + k+1), k=11j+2



j=1:(32,23,13)

f(3)) = 34, f(4))

[c] 1 2 3 4 5) 6 7 8 9 10 | 11 12 13
32 7 14 | 21 28 3 10 17 | 24 | 31 6 13 | 20 27
12 2 5 8 10 0] 3 6 9 11 1 4 7 10
32 |-27 22 17 | -44 39 34 |-29 24 | -51|-46 | -41 36 |-31
19 24 | 29 | 34 7 12 17 22 | 27 [¢] 5 10 15 20
6 11 3 8 7 12 4 9 1 [¢] 5 10 2 7
1 1 2 [¢] 0] 1 1 2 [¢] [¢] 0] 1 1
351
301
251
20+
151
101
5L
I I I I I I I I I I I I

=7 — £(3]) = 3f(4)) (mod k)



107 | 60 |13 | 73 [26 | 86 |39 | 99 [ 52 5 65 | 18 | 78 [ 31 [ 91 [44 [104a | 57 | 10 | 70 [ 23 [ 83 [ 36 | 96 | 49

-107 |-156 [ -98 | -147 | -89 | -138 [-80 [ -129 | -178 | -120 | -169 | -111|-160 [-102 [-151 [-93 |-142|-191|-133|-182 [-124 [-173 [-115]-164 |-106
84 | 35 |93 | 44 [102] 53 |111| 62 | 13 | 71 | 22 | 80 | 31 | 89 | 40 |98 | 49 0 58 9 67 | 18 | 76 | 27 | 85
12 |11 |21 |2 [6 5 |15 | 14 |13 |23 | 22 8 7 17 | 16 | 2 1 0 10 9 19 | 18 4 3 13

P T S S I NI Lo ¥
012345678 91011121314151617181

f(3j) = 111,1(4j) = 13 — £(3j) = 3f(4j) (mod k)




DOUBLY PRIMITIVE KNOT

TYPEX: p=L(2k2 + k+1), k=11j+3



f(2j) = 39, f(6j + 1) = 5 — £(2j) = 5f(6j + 1) (mod k)



11

~139 [ -190 [-125 [ -176 [ -111 [ -162

69 | 18 [ 83 | 32 [ 97 | 46

-97
111
11

100 |-

80

40l

20

T T S S S N N
012345678

f(2j) = 120, f(6j + 1) = 9 —» £(2)) = 5f(6j + 1) (mod k)

o e ¥
011121314151617 18 192021222324



BERGE KNOT IZDW T

2020 FEET
m BE
m A BN

Berge knot @ Type VII & VIII LIAHZDOWTIE, hyperbolic D355,
JERHERED:PREC R B 720,

* p < 500 T b HEFEH A
*k <10 T HERIE A



Type VII: (19,8,7)

(0} 1 2 8 4 5 6 7
19 12 5 17 10 3 15 8
6 3 1 5 2 [0] 4 2
-19 |-27|-16 |-24 | -32|-21|-29|-18
13 5 16 8 0] 11 3 14
6 5 2 1 [0] 4 3 [0}
1 [} 2 1 0] 1 [} 2

f(6) = 3 — £(2) = 3£(6) (mod k)




TypPe VII: (37,11,10)

37 27 17 7 34 24 14 4 31 21 11

-37|-48|-59|-33|-44 [-55]|-66|-40 |-51|-62[-36

I I I I I I I I I
0 1 2 3 4 5 6 7 8 9

£(7) = 26, f(9) = 4 — £(7) = 4£(9) (mod k)




TypPE VII: (61,14,13)

0] 1 2 3 4 3 6 7 8 9 10 11 12 13
61 48 35 22 9 57 44 31 18 5 53 40 27 14
12 9 6 3 1 11 8 5 2 0] 10 7 4 2
-61|-75]-89|-103|-56 |-70 |-84|-98|-112(-65|-79|-93 |-107 |-60
51 37 23 9 56 42 28 14 [¢] 47 33 19 52
12 11 10 9 4 2 7 6 0]
3 2 1 0] 4 3 2 ] 3 2 1 4
50+
40f
30f
20F
10
L PR, L
o 1 2 3 4 5 6 7 8 9 10 1 12

f(4) = 56, f(12) = 5 —» f(4) = 6f(12) (mod k)

41 / 41
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